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Preface

This handbook is the fifth volume in the series devoted to stationary partial differential
equations. As the preceding volumes, it is a collection of self-contained, state-of-the-art
surveys written by well-known experts in the field.

The topics covered by this volume include in particular semilinear and superlinear ellip-
tic systems, the fibering method for nonlinear variational problems, some nonlinear eigen-
value problems, the studies of the stationary Boltzmann equation and the Gierer—Meinhardt
system. | hope that these surveys will be useful for both beginners and experts and help to
the diffusion of these recent deep results in mathematical science.

I would like to thank all the contributors for their elegant articles. | also thank Lauren
Schultz Yuhasz and Mara Vos-Sarmiento at Elsevier for the excellent editing work of this
volume.

M. Chipot
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CHAPTER 1

Semilinear Elliptic Systems:
Existence, Multiplicity, Symmetry of Solutions
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Semilinear elliptic systems: existence, multiplicity, symmetry of solutions 3
1. Introduction
Semilinear elliptic systems of the type
—Au= f(x,u,v), —Av=g(x,u,v) ing2, (1.2)
and the more general one, where the nonlinearities depend also on the gradients, namely
—Au= f(x,u,v,Vu, Vv), —Av=g(x,u,v,Vu,Vv) in$2, (1.2)

have been object of intensive research recently. In this work we shall discuss some aspects
of this research. For the sake of the interested reader we give in Section 10 some references
to other topics that are not treated here.

On the above equations « and v are real-valued functions u, v: 2 — R, where £ is
some domain in RN, N > 3, and 2 its closure. There is also an extensive literature on the
case of N =2, but in the present notes we omit the study of this interesting case; only on
Section 4 we make some remarks about this case.

We shall discuss mainly the following questions pertaining to the above systems:

e Existence of solutions for the Dirichlet problem for the above systems, when §2 is

some bounded domain in RV,

e Systems with nonlinearities of arbitrary growth.

e Multiplicity of solutions for problems exhibiting some symmetry.

e Behavior of solutions at oo in the case that 2 is the whole of RV

e Monotonicity and symmetry of positive solutions.

Although we concentrate in the case of the Laplacian differential operator A =

2 ..
Z];’:l ;TZ many results stated here can be extended to general second order elliptic op-

erators. Of course, there is the problem of Maximum Principles for systems, which poses
interesting questions. See some references on Section 10.

The nonlinearity of the problems appears only in the real-valued functions f, g: 2 x
R x R — R. For that matter, problems involving the p-Laplacian are not studied here.
Some references are given in Section 10.

Here we treat only the Dirichlet problem for the above systems. Other boundary value
problems like the Neumann and some nonlinear boundary conditions have been also dis-
cussed elsewhere, see Section 10.

Some systems of the type (1.1) can be treated by Variational Methods. In Sections 2
and 3 we study two special classes of such systems, the Gradient systems and the Hamil-
tonian systems. We say that the system (1.1) above is of the Gradient type if there exists a
function F: 2 x R x R — R of class C? such that

OF

oF
u

f’ %—(&

and it is said to be of the Hamiltonian type if there exists a function H:2 x R x R - R
of class C? such that

oH

oH
P

o
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In Section 2, associated to Gradient systems we have the functional

1 1
@(u,v):E/Q|Vu|2+§/9|w|2—/QF(x,u,u), (1.3)

which is defined in the Cartesian product Hy (£2) x Hg (£2) provided
Flx,u,v) <|ul’ +|v|?, Vxe£2, u,veR

with p, ¢ < 225, if the dimension N > 3.

In Section 3, associated to Hamiltonian systems we will first consider the functional
q§(u,v):/ Vu.Vv—/ H(x,u,v), (1.4
Q Q

which is defined in the Cartesian product Hol(.Q) X Hol(_Q) provided again that
H,u,v) <|ulP +v|?, VxeR2, u,velR

with p, g < % if the dimension N > 3. However, as we shall see, the restriction on the
powers of u and v as above it is too restrictive, in the case of Hamiltonian systems. We
shall allow different values of p, ¢, as observed first in [26] and [84].

In Section 4 we discuss some Hamiltonian systems when one of the nonlinearities may
have arbitrary growth following [44].

In Section 5 we present results on the multiplicity of solutions for Hamiltonian systems
(1.1) exhibiting some sort of symmetry, we follow [9]. Also in Section 5, following [34], we
present a third class of systems which can also be treated by variational methods, namely

—Au=H,(x,u,v) in§2, —Av=—H,(x,u,v) in$2,
u(x)=v(x)=0 onoas. (1.5

In this form some supercritical systems can be treated, see [34].

In Section 6 we discuss classes of nonvariational systems, which are then treated by
Topological Methods. The difficulty here is obtaining a priori bounds for the solutions.
There are several methods to tackle this question. We will comment some of them, includ-
ing the use of Moving Planes and Hardy type inequalities. However the most successful
one in our framework seems to be the blow-up method. Here we follow [42]. This method
leads naturally to Liouville-type theorems, that is, theorems asserting that certain systems
have no nontrivial solution in the whole space R" or in a half-space R} .

In Section 7, we present some results on Liouville theorems for systems.

In Section 8, systems defined in the whole of R" are considered again and the behavior
of their solutions is presented.

In Section 9 we discuss symmetry and monotonicity of solutions.

And finally in Section 10 we give references to other topics that are not treated here.
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2. Gradient systems
The theory of gradient systems is sort of similar to that of scalar equations

—Au= f(x,u) ing2. (2.2)
This theory has also been considered by several authors in the framework of p-Laplacians,

Apu=div(IVulP2Vu), p>1.

We consider the system of equations

—Au=F,(x,u,v), —Av=Fy(x,u,v) (2.2)
subjected to Dirichlet boundary conditions, that is u = v = 0 on 92. In the context of
the Variational Method, here we look for weak solutions, namely solutions in the Sobolev

space H&(.Q). So the variational method consists in looking for such solutions of (2.2) as
critical points of the functional

1 1
¢(u,v)=—/ |Vu|2+—/ |Vv|2—/ F(x,u,v), (2.3)
2 )0 2 )0 2
whose Euler—Lagrange equations are precisely the weak form of equations (2.2), namely
fVuW):/ Fy(x,u,v)¢, /VUV¢>=/ Fy(x,u,v)p, (2.4)
2 2 2 2

for all ¢ € Hol(.Q). The functional (2.3) is to be defined in the Cartesian product E :=
Hol(.Q) X Hol(Q). So, due to the Sobolev Embedding Theorem, we require

F:2xRxR—-R isc! and
(F1) |Fu(x,u,v)| <CL+ul® 71+ v 1),

[Fotr,u, ] SO+ + ™),

where 2* = 22 N > 3, and then from the continuous imbedding H3 (2) ¢ L% (£2) it
follows that the functional @ is well defined and of class C! in E. In most variational
methods some sort of compactness is required, like a Palais—Smale condition (for short,

(PS) condition).

DEFINITION. Let X be a Banach space, and @ :X — R a C?! functional. We say that
@ satisfies the (PS) condition if, all sequences (x,) such that (&(x,)) is bounded and
®’(x,) — 0 contain a convergent subsequence.
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In this section we treat only subcritical problems, which means that the powers in the
nonlinearity F are strictly less than 2*. Such a restriction is done viewing some (PS) con-
dition to be obtained later. So we require, due to Sobolev imbeddings, that

(F2) |F(x,u,v)| <C(L+ul” + vf),

where 0 <r <2*and 0 < s < 2*,
Here, in analogy with the scalar case, a variety of problems have been studied. We single
out three noncritical cases, although many other combinations are of interest:
() r,s <2 (“sublinear-like”),
(1) r, s > 2 (“superlinear-like™),
(1) r =s =2 (“resonant type”).
Systems (2.1) satisfying one of the above conditions, as well as other problems, have
been discussed in [17,1]. Let us mention three of those results, in order to show the sort of
techniques used in this area.

THEOREM 2.1 (The coercive case). Assume (F1) and (F2) with r and s as in (I). Then
@ achieves a global minimum at some point (ug, vg) € E, which is then a weak solution
of (2.1).

This result is an easy consequence of the following theorem on the minimization of
coercive weakly lower semi-continuous functionals, see [32,48] for instance.

A THEOREM FROM TOPOLOGY. Let X be a compact topological space. Let @ : X —
R U +o0 be a lower semi-continuous function. Then (i) @ is bounded below, and (ii) the
infimum of @ is achieved, i.e., there exists xg € X such that inf,cx @ (x) = @ (xp).

Next, if we assume

(F3) F(x,0,0) = Fu(x,0,0) = F,(x,0,0)=0, Vxe52,

then clearly u = v = 0 is a solution of (2.4). And the next result gives conditions for the
existence of nontrivial solutions.

THEOREM 2.2 (The coercive case, nontrivial solutions). Assume (F1), (F3) and (F2) with
rand s as in (I). Then @ achieves a global minimum at a point («o, vo) # (0, 0), provided
that there are positive constants R and ® < 1, and a continuous function K : 2 x Rx R —
R™* such that

(F4) F(x, t%u, t%v) >t9K(x,u,v),

for x € 2, |u|, |[v] < R and small ¢ > 0.

REMARK. Asin Theorem 2.1, @ achieves its infimum. All we have to do in order to prove
Theorem 2.2 is to show that there is a point (u1, v1) € E where & (11, v1) <0. Let g1 be a
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first eigenfunction of the Laplacian, subject to Dirichlet data. The function 1 can be taken
> 0in £2. So we can use ui,v1 = l%ﬁﬂl, with ¢ positive and small in order to construct
(u1, v1).

Now let us go to the “superlinear cases.” Viewing the need of a Palais—Smale condition
we assume, in addition, a condition of the Ambrosetti-Rabinowitz type, namely

(F5) O0< F(x,u,v) <6,uF,(x,u,v)+60,vF,(x,u,v),

forall x € £2 and |u|, |v| > R, where R is some positive number and

<0y,0, <z,

2% 2

THEOREM 2.3. Assume (F1), (F3), (F5) and (F2) with » and s as in (I1). Assume also that
there are positive constants C and ¢, and numbers r,s > 2 such that

(F6) |F(x,u,v)| <C(jul"+ [v[),
for |u|, |v] < &, x € 2. Then @ has a nontrivial critical point.
The proof goes by an application of the Mountain-Pass Theorem [3,87].

THE MOUNTAIN-PASS THEOREM. Let X be a Banach space, and @ : X — R of class C*
and satisfying the PS condition. Suppose that ¢ (0) =0, and

(i) there exists p > 0 and & > 0 such that @ (1) > « for all u € X with |lu|| = p,

(ii) there exists an u; € X such that |u1] > o and @ (u1) < «.
Then @ has a critical point ug # 0, which is at the level ¢ given by

c:= inf max @(u),
yel ueyl[0,1]

where I" := {y € C([0, 1], X), with y(0) =0, y (1) = u1}.
The analysis of the resonant case requires the study of some eigenvalue problem for
systems, and this can be done even for systems involving p-Laplacians, see [17].
3. Hamiltonian systems
In this section we study elliptic systems of the form

—Au=H,(x,u,v), —Av=H,(x,u,v) in$2, (3.1)
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where H: 2 x R x R — R is a C1-function and 2 c RY, N > 3, is a smooth bounded
domain.We shall later consider also the case when £2 = RY, and in this latter case, the
system takes the form

—Au+u=H,(x,u,v), —Av+v=H,(x,u,v), 3.2)

and existence and multiplicity of solutions will be discussed in Section 5.

In the bounded case, we look for solutions of (3.1) subject to Dirichlet boundary condi-
tions, u = v =0 on 3£2. This has been object of intensive research starting with the work
of [26,35,69].

One of the first results on superlinear elliptic Hamiltonian systems appears in [26]. In
this work it is discussed the existence of a positive solution for the system below subjected
to Dirichlet boundary conditions:

—Au = f(v), —Av=g() Iing. 3.3)

In this case the Hamiltonian is H(u, v) = F(v) + G(u), where F(t) = fé f(s)ds, and

similarly G is a primitive of g. However, the treatment given in [26] of system (3.3) was

via a Topological argument, using a theorem of Krasnoselskii on Fixed Point Index for

compact mappings in cones in Banach spaces, see Krasnoselskil Theorem in Section 6.
The model of a superlinear system as in (3.3) is

—Au=|v|P v, —Av=1|ul""tu ing. (3.4)
By analogy with the scalar case one would guess that the subcritical case occurs when
1< p,g< % However, if p =1, system (3.4) is equivalent to the biharmonic equation

A%y = |u|?tu, and the Dirichlet problem for the system becomes the Navier problem
for the biharmonic, that is u = Au = 0, on 3£2. Since the biharmonic is a fourth order
operator the critical exponent is (N +4)/(N — 4), which is greater than (N +2)/(N — 2).
So this raises the suspicion (1) that for systems the notion of criticality should take, very
carefully, into consideration the fact that the system is coupled. It appeared in [26] and
independently in [84] the notion of the Critical Hyperbola, which replaces the notion of
the critical exponent of the scalar case:

1+1 2
p+1

g+1 = N’

In Figure 1 the higher curve C is the critical hyperbola. The lower parabola is the one
obtained by Souto [92], related to the Liouville results, and the two little curves are con-
nected with the work of Busca—Manéasevich [18], see Section 7 for an explanation of all
these curves.

We call a system (3.4) to be subcritical if the powers p, g are the coordinates of a point
below the critical hyperbola. And similarly, system (3.3) is subcritical when f(v) grows
like v as v — +o0, and g(u) grows like u? as u — +o0. A similar definition will be
given later for system (3.1).
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For N > 3, the “critical hyperbola” plays an important role on the existence of nontrivial
solutions. For instance, for the model problem (3.4) with (p, q) € R? on and above this
curve, one finds the typical problems of noncompactness, and nonexistence of solutions,
as it was proved in [97,26,77], using Pohozaev type arguments.

If the growths of H, and H, with respect to u and v as u, v — +oo were both less that
(N +2)/(N — 2) one could consider the functional

D(u,v) :=/ Vqu—/ H(x,u,v), (3.5)
Q 2

which is then well defined in the Hilbert space E = H(} X Hol. It is easy to see that the
critical points of this functional are the weak solutions of system (3.1).

However such a functional is not defined anymore if one of the powers p, g is larger than
(N +2)/(N —2). To overcome this difficulty one uses fractional Sobolev spaces. They are
defined using Fourier expansions on the eigenfunctions of (—A, Hol(_Q)). Let us briefly
remind how these spaces can be introduced. It is well known that the eigenvalue problem

—Au=Xiu ing£2, u=0 onos, (3.6)

has an increasing sequence of eigenvalues (1,) and corresponding eigenfunctions (¢,),
on € H}(82), [ lgal? = 1, with the following properties:

(i) A1 is a positive and simple eigenvalue, and ¢1(x) > 0 for x € £2,

(ii) A, > 400,
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(iii) [ gip; =/ ViVeg; =0,fori # j.

(V) [leil>=1, [|V@il? =1, forall i.

It is well known also that (¢,) is an orthonormal system in L2(s2) and an orthogonal
system in H}(£2).

Now we define the fractional Sobolev spaces as appropriate subsets of L2(£2):

DEFINITION. For s > 0, we define

u=Yy ayp, € L*(2): Ay a <0 3.7)
> > ik <o0).

Here a, = fg up,, n=1,2,..., are the Fourier coefficients of u. E* is a Hilbert space
with the inner-product given by

(U, v)ps = Z)L anb,, WherEU—angpn (3.8)

Associated with these spaces we have the following maps, which are isometric isomor-
phisms:

ASES — L2
(3.9)
U= Zan(/’n > A'u = Z)Ln an®n,
n=1
/A‘uASv = (u,v)gs. (3.10)

In this framework, the Sobolev imbedding theorem says that

“E* C LP*™ continuously if -3y > 3 — &, and compactly if the previous
inequality is strict.”

Instead of the functional (3.5), we have to construct one defined in these fractional
Sobolev spaces, which will be chosen depending on the growths of the Hamiltonian. Let
us impose the following conditions on the Hamiltonian:

(H1) H:2xRxR—RisCand H >0

(H.2) There exist positive constants p, g and ¢1 with

1>t b g2 1 (3.11)
>——+——>1——, p,g>1, .
P+l g+l N P

such that

| Hy e, 0)| < e (lul? + o] 55 + 1) (3.12)
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and
q(p+1)
|Hy(x,u,v)| <er([v]? + Ju] FT +1) (3.13)

forall (x,u,v) € 2 xR xR.
Choose s, ¢ > 0, such that s +¢ =2 and

1 1 = 1

p+1 2 N g+1

t

1
> - ——.
2 N

Thus E c LPT1(2), and E ¢ L911(£2), with compact immersions.
Letnow E = E* x E'. If z=(u,v) € E, then H(x, u, v) € L. So the functional below

@(z):/ A“'uA’v—/ H(x,u,v) (3.14)
2 2

is well defined for z = (1, v) € E and it is of class C?. Its derivative is given by the follow-
ing expression

(45/(1),17):/ (AsuAtlﬁJrAsaﬁAtv)—/ (Hu¢ + Hy ),
2 2

where n = (¢, ¥) € E. So the critical points of the functional & given by (3.14) are the
weak solutions (u, v) € E® x E' of the system

/ASq)A’v:/ H,$, V¢ e ES, (3.15)
2 2
/ ASuAlwzf HyW, Yy €E'. (3.16)
2 2
REMARK 3.1. The following regularity theorem was proved in [35]:
pt+l 1
“these weak solutions (u,v) are indeed u € W0 P2y n w2 and

, g+1 g+1
veW, * (2)n w2 , and consequently they are strong solutions of (3.1).”

The following result was also proved in [35]:

THEOREM 3.1. Assume (H1), (H2) with p, g > 1 satisfying (3.11). In addition, assume:
(H3) There exists R > 0 such that

1 1
?H W u, v)u + +1H v(x,u,v) v>H((x,u,v) >0

forall x € 2 and |(u, v)| > R
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(H4) There exist r > 0 and ¢ > 0 such that
|H (e u,v)| < e(jul? ™+ o)t

for all x € 22 and |(u, v)| < r.
Then, system (3.1) has a strong solution.

ON THE PROOF OF THEOREM 3.1. The proof consists in obtaining a critical point of
the functional (3.14). First we observe that @ is strongly indefinite. This means that the
space E, where the functional @ is defined, decomposes as E = E* @ E—, and E* are
infinite dimensional subspaces and the quadratic part

Q(Z)=/ ASuA'v, forz=(u,v)
Q

is positive definite in ET and negative definite in £~. This fact and (H4) induce a geometry
on the functional @ that calls for the use of a linking theorem of Benci—Rabinowitz [11] in
a version due to Felmer [54]. Conditions (H2), and (H3) are used to prove a Palais—Smale
condition.

REMARK 3.2. Condition (H4) in the previous theorem excludes cases when H, and H,
have linear terms. Indeed, on the one hand, the superlinearity condition (3.11) gives pg >
1, and, on the other hand, linear terms would imply that (H4) cannot be satisfied with
p =¢q = 1. Let us now treat this case.

Suppose now that H has a quadratic part, namely %cu2 + %bv2 + auv. In this case the
system becomes

—Au =au + bv + H,, —Av=cu-+av+ H,, (3.17)

where H satisfies part of the assumptions of the previous theorem. This situation has been
studied in special cases by Hulshof-van der Vorst [69] and de Figueiredo—Magalh&es [36].
The result we present below extends the previous ones, and it is due to de Figueiredo—
Ramos [38].

We replace conditions (H3) and (H4) of the previous theorem by the following ones.
In [38] we consider more general conditions.

(H3’) There exist R > 0 and a positive constant C such that

1 1
5 Hu (s, )+ S Hy (6w, 0)v = H (@, 0) > C(jul? o7t

forall x € £2 and |(u, v)| > R.

H(x,u,v) _

H4 el LA
(H4) lul +[v]—0 |u|?] + [v]?

0, uniformlyinx € 2.

And finally instead of having that H (x, u, v) > 0, we assume
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(H5) there exists r > 0 such that either

Hx,u,v , Vxe2, Yu|l+ v <r or (3.18)

)>0
)<0, Vxe, Vul+ v <r (3.19)

NV

H(x,u,v

THEOREM 3.2. Leta, b, ¢ be real constants and p, ¢ as in (3.11). Assume that H satisfies
(H1), (H2), (H3"), (H4") and (H5). Then system (3.17) admits a nonzero strong solution.

ON THE PROOF OF THEOREM 3.2. The proof relies on a Linking Theorem for strongly
indefinite functionals, see [74,75,90]. In order to state this result we need two further con-
cepts.

DEFINITION. We say that a functional @ : E — R defined in a Banach space E has a local
linking at the origin if there is a splitting of the space E = E™ @ E~, and a r > 0 such that

@(z)<0, VzeE™, |lzlg<r and @(z) =0, VzeE™, ||zllg<r

DEFINITION. Let (E;") be a sequence of finite dimensional subspaces such that

oo
EfcEf, ad | JEf=E".
n=1

Similarly, we have

o0
E, CE;, and | JE =E".

n
n=1

Let E, = E;f © E,7. We say that a C* functional @ : E — R defined in a Banach space
E satisfies a (PS)* condition if, every sequence (z,,), z» € E,, such that

|¢(Zn)i <const, and |¢/(Zn)77| <énlnlle, Vne Ey, €, — 0,

contains a convergent subsequence.
Now we state the theorem used to prove Theorem 3.2.

THEOREM 3 (Li-Liu-Willem). Let @: E — R be a C? functional defined in a Banach
space E which satisfies a (PS)* condition and has a local linking at the origin. Assume
that @ maps bounded sets into bounded sets. Suppose further that the following holds

®(z) > —o0, as|lzllg— o0, z€E, ®E.

Then @ has a nontrivial critical point.
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4. Nonlinearities of arbitrary growth

In the previous section we discussed subcritical systems that include the simpler one below

—Au=g(), in £2,
—Av = f(u), in 2, 4.1)

ulpe =vlpe =0
with
fs)~s?, g>1, and g(s)~s?, p>1 ass— +oo.

Existence was proved under the condition (3.11).

We should observe that under the hypothesis p, g > 1 we are leaving out a region below
the critical hyperbola and still in the first quadrant, that is p, ¢ > 0. One may guess that ex-
istence of solutions should still persist in this case. This section is devoted to this question,
see [44].

e Thecase N =2.

For N =2 any (p,q) € R* satisfies the inequality (3.11). Actually, a higher growth than
polynomial is admitted: by the inequality of Trudinger—-Moser, see [96,83], subcritical
growth for a single equation is given by the condition (see [46])

@zo, Ya > 0.

lt|—00 eot?

In [46] it is proved that system (4.1) has a nontrivial solution for nonlinearities f and
g which have this type of subcritical growth and satisfying an Ambrosetti-Rabinowitz
condition. Also existence results for certain nonlinearities with critical growth are given in
[46]. Here, we consider a different type of extension of these known results: we show that
if one nonlinearity, say g, has polynomial growth (of any order), then, to prove existence
of solutions, no growth restriction is required on the other nonlinearity f (other than a
Ambrosetti-Rabinowitz condition).

e Thecase N =3.
For N = 3 the critical hyperbola has the asymptotes po, = 2 and go, = 2. In particular, if
g(s) =s? with 1 < p < 2, then the cited existence results tell us that there exists a solution
(u, v) for the system (4.1) with f(s) = s, for any ¢ > 1. Also in this case, existence of
solutions can be proved requiring no growth restriction on the nonlinearity f (other than a
Ambrosetti-Rabinowitz condition).

e Thecase N > 4.
For N > 4 the asymptotes of the critical hyperbola are the values po, = ﬁ <land

oo = ﬁ < 1. Note that for an exponent p < 1, the corresponding equation in the system
is sublinear, i.e. we have a system with one sublinear and one superlinear equation. In this
situation, the approach used in previous sections is no longer applicable. However, in this
case a reduction of the system to a single equation is possible (see [56]), which allows to
prove again a result of the same form; moreover this approach also allows to extend to the
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whole range the cases N =2 and N = 3, thatisfor N =2: 0 < p < 400, and for N = 3:

O<p<?
We have the following theorems:

THEOREM 4.1. Suppose that
0<p, if N=2,

— P i
(1) g(s) =sP, with {0 it N >3

2
<P<nwN=2

(2) feC®),andset F(s) = [y f(1)dr;
— there exist constants

2, ifp>1,
0> 1—1—%, ifp<1

and sg > 0 such that 0 F (s) < f(s)s, V |s| > so;

— and for s near 0:

o(s), if p>1,

J6)= {o(sl/p), if p<1.
Then the system

—Au =P, in £2,
—Av=f(u)), in $2,
u=0, v=0 onas,

has a nontrivial (strong) solution.

THEOREM 4.2. Suppose that
; 1 1 2
(1) (p, q) satisfy 1 T T > 1-45,and
(2) f e C(R), and there exist constants 6 > £== and sg > 0 such that

OF(s) :=9/‘ () dt < f(s)s,  Vls| = so,
0

and
| f(s)| <cls|?+d, for some constants ¢, d > 0.
Then the system

—Au =P, in 2,
—Av = f(u), in 2,
u=0, v=0 o0onas,

has a nontrivial (strong) solution.

(4.2)

(4.3
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The proofs are variational and use fractional Sobolev spaces as in Section 3. For the case
when p > 1 one use the Linking Theorem, Theorem 3 of Section 3. For the case of p <1
we apply the Mountain-Pass Theorem to the functional

p p+l p+1
I(y) = —— Au 1’ — Fu) > ull S —ol|lull "
() / | | /Q (u) p—i—l” lc (el ")

which is a C*-functional on the space

p+1

E=w2" (.Q)ﬂWO " ().

Observe that since p < it follows PH 14825 % and thus

N2’

9 p+l
W= r (£2) € C(£2),

which implies that the second term of the functional I is defined if F is continuous, and so
no growth restriction on F is necessary!

5. Multiplicity of solutionsfor eliptic systems

In this section we discuss the multiplicity of solutions for elliptic systems of the form
studied previously. Namely

{ —Au=Hy(x,u,v) in$2,

. (5.1)
—Av=H,(x,u,v) In§2,

where 2 ¢ RN, N > 3, is a smooth bounded domain and H:22 x R x R — R is a C1-

function. We shall also consider here the case when £2 = R", and in this case the system

takes the form

— = i N
{ Au+u=H,(x,u,v) inRY, (5.2)

—Av+4v=H,(x,u,v) inRY.

As before we look for solutions of (5.1) subjected to Dirichlet boundary conditions u =
v=00n 3£2. In the case when £2 = R" we assume that some symmetry with respect to x
holds; for instance, that the x-dependence of H is radial, or that H is invariant with respect
to certain subgroups of O(N) acting on R™. We shall obtain both radial and nonradial
solutions in the radial symmetric case, thus observing a symmetry breaking effect. The
results presented next are due to Bartsch—-de Figueiredo [9]. Related results have been
obtained also by Felmer-Wang [57], see also [60,53,51].

Let us start with the case when £2 is bounded. In such a case, the following set of
hypotheses is assumed.

(H1) H:2xRxR—RisCland H >0.
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(H2) There exist constants p, g > 1 and ¢1 > 0 with

1 1 2
1- = (5.3)

l1>—4+ — >
p+1 gqg+1 N

such that
| Hy (e, u, )| < ea(jul? + [oP@t/pel 1) (5.4)
|Hy (e, u, )| < ea (o] + JudPHD/aHL 4 1) (5.5)

forall (x,u,v) € 2 xR xR.
The next condition is the nonquadraticity condition at infinity introduced by Costa—
Magalhdes [29]. It is related to the so-called Ambrosetti—-Rabinowitz condition and it is
devised to get some sort of Palais—-Smale condition for the functionals involved. In fact,
here we obtain a condition which is related to the so-called Cerami condition, see condi-
tion (PS)7 below.
(H3) Thereexistl<a<p+1landl< B <gqg+1with

1 1
—+ —=1, suchthat (5.6)
a B

1 1
—Hy(x,u,v)u+ EHU(X, u,v)v— H(x,u,v)
o
>a(|u|“+|v|"—l) (5.7)
forall (x,u,v) € 2 x R x R. Here a, 1, v are positive constants satisfying

1N 1 1 1 1
M>mmax{ }

2 2 p+17 p+1 g+1
and
1
U>Mmax{}_ 1 ’1_ 1 _ 1 }
2 2 g+1 p+1l g+1

It follows from condition (Hs) that
H(x,u,v) = c(jul* +vlf - 1). (5.8)
The next condition provides the symmetry assumed here.
(Hy) H(x,—u,—v)=H(x,u,v) forall (x,u,v) e 2 xR xR.
Now we are prepared to state the result in the case of £2 bounded. For that matter we

introduce a nonincreasing sequence of constants §,, n € N, with §, — 0, which will be
appropriately defined later, and which depend only on p, ¢, « and 8.
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THEOREM 5.1. Suppose that (H1)—(H4) hold. Then there is a kg € N such that, if

2H (x,u, 1
iminf 220w v) 1 (5.9)
[, v)|—o0 |u|® + |v|P Sk
holds for K > kg, system (5.1), subjected to Dirichlet boundary conditions, has K — kg + 1
pairs of nontrivial solutions.
Moreover, if

H(x,u,v)
|(u,v)|—o0 |u|® + |U|ﬂ h ’
(in particular, if H is superquadratic) then system (5.1), subjected to Dirichlet boundary
conditions has infinitely many solutions.

As already observed in Section 3, the solutions obtained in Theorem 5.1 are strong
solutions in the sense that u € W2P+1/P(2) N W(}”’H/"’(.Q) and v e W24tY4(2) N
Wy Y (2),

Let us now state a result for the case of system (5.2) considered in the whole of RV . We
shall need a distinct set of hypotheses. Namely

(HD) H:RVN xRxR—>RisCl, H>0, H(x,u,v) > 0 for |(u,v)| > 0 and H is

radial in the variable x.
(H5) There exist positive constants p, ¢, a, b and ¢y with

r.q>1, ﬁ+q_—tl>l_%’ l<a<p, l1<b<gq,
(5.10)
such that
| Hy (e, u,0)| < ea(jul? + [oP@tD/prL 4jy9) (5.11)
and
|Hy (e, u,0)| < ea (o] + JudPHV/AHL 4 )Y (5.12)

forall (x,u,v) € RN x R xR.
(H;) Thereexistl <o <p+1landl<p <g+1witha *+ g% <1andsuch that

1 1
—H,(x,u,v)u+ EHU(x, u,v)v = H(x,u,v)
o

forall (x,u,v) € RN x R xR.
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(H,) There are positive constants ¢ and  such that
H(x,u,v) > c(|u|f”+l + |v|q+1) for x € RN and |(u, v)| <r.
(Hy) H(x,u,v)=H(x,—u,—v) forall (x,u,v)e RN xR xR.
REMARK 5.1. It follows from (H3) that there are positive constants ¢ and R such that
H(x,u,v) > c(julP ™+ )9t for |(u, v)| > R. (5.13)
Then (5.13) and assumption (H;) imply that
H(x,u,v) > c(|u|er1 + Ivl‘”l) forall (x,u,v) € RY xR xR. (5.14)

THEOREM 5.2. Assume that the Hamiltonian H satisfies the hypotheses (H})—(Hz). Then
system (5.2) has infinitely many radial solutions.

As in the previous results, the solutions obtained in Theorem 5.2 are strong solutions in
the sense that they satisfy u € Wa ™7 (RN) and v e W24 (RN).

The next result exhibits the breaking of symmetry in certain dimensions. Let us just
mention an interesting result coming from [9], which in the scalar case was proved by

Bartsch-Willem [10].

THEOREM 5.3. Suppose that (H7)—(Hz) holds. If N =4 or N > 6 then system (5.2) has
infinitely many nonradial solutions.

5.1. Some abstract critical point theory

The two previous theorems are proved by Variational Methods, using some abstract critical
point theory that we explain next. It is then applied to functionals associated to the systems
as in Section 3.

We consider a Hilbert space E and a functional @ € C1(E,R). Given a sequence
F = (X,) of finite dimensional subspaces X, C X,+1, with | J X,, = E, we say that &
satisfies (PS)Cf, at level c € R, if every sequence (z;), j € N, with z; € X,,;, n; — oo,
such that

®(zj)—>c and  (1+]z)(@lx,,) () — 0 (5.15)

has a subsequence which converges to a critical point of @. In the case when X,, = E
for all n € N this form of the Palais—Smale condition is due to Cerami [23]. It is closely
related to the standard Palais—Smale condition and to the (PS)* condition that we defined
in Section 3. It also yields a deformation lemma. In the present form (PS)CF was introduced
in Bartsch—Clapp [8].
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Now suppose that E splits as a direct sum E = E* @ E~. Let Ef C Ef C --- be a

strictly increasing sequence of finite dimensional subspaces of E* such that Un2a Ef=
E*. Setting E, = E;f @ E; we can formulate the hypotheses on @ which are needed for
our first abstract theorem.

(@1) @ e CY(E,R) and satisfies (PS)7 for F = (E,),en and ¢ > 0.

(®2) Forsome k > 2 and some r > 0 one has

b :=inf{®(2): z€ ET, z L Ey_1, |zl =r} > 0. (5.16)

(®3) There exists anisomorphism 7' : E — E with T(E,)) = E,,, forall n € N, and there
exist K > k and R > 0 such that

for z=zt+z" eE{@®E" with max{|z*|.llz"[} =R
one has
ITz]| >r and &(Tz) <0,
where k and r are the constants introduced in (&7).
(@4) dg:=sup{®oT( +z7):zt€eEf, 27 €E™, |27, Iz I <R} < o0.
(Ps) D iseven,ie. &(—z) =P (2).
A stronger condition that implies (@4) and holds in our application is:

(®6) @ maps bounded sets to bounded sets.

THEOREM 5.4. Assume (@1)—(®s). Then, for every b < by, @ has at least K —k + 1
pairs £z; of critical points with critical values in [b, dk].

ON THE PROOF OF THEOREM 5.4. The proof relies heavily on properties of the equivari-
ant limit category defined in [8]. For a complete proof see [9].

As an immediate corollary of Theorem 5.4, we obtain the Fountain Theorem, which we
state below. Let us first introduce the following set of conditions.
(®5) There exists a sequence r > 0, k € N, such that by — +oc as k — oo. (Here by
is defined as in (@2) with r; instead of r.)
(®3) There exists a sequence of isomorphisms 7 : E — E, k € N, with T;(E,) = E,
for all k¥ and n, and there exists a sequence Ry, > 0, k € N, such that, for z =
v +z7 € Eff @ E~ with max{||z*l, [z~ I} = R, one has

ITxz|l > rr and @& (Txz) <O,
where ry is given in (@5).

(@) di:=supl{@(Tx(zt +z7): 2zt eEf, 27 € E7, 2P 271l < Re} < 0.
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THEOREM 5.5 (Fountain theorem). Suppose that (®1), (®5)—-(®,), (®s) hold. Then @
has an unbounded sequence of critical values.

5.2. A second class of Hamiltonian systems
To conclude this section we remark that Hamiltonian systems of the type

—Au=H,(x,u,v) in$2, —Av=—H,(x,u,v) ing2,
u(x)=v(x)=0 onas2, (5.17)

where £2 ¢ RV, N >3, is a smooth bounded domain and H € C1(£2 x R?, R), can also
be treated by variational methods. We assume that the nonlinear term satisfies

R(x,u,v) _

— VY

H(x,u,v)~ ul’ +|v|? + R(x,u,v) with
ul™+ vl (oo ul? + 0]

where p € (1, 2%), with 2* := 2N /(N — 2), and ¢ € (1, o0). So, we see that some super-
critical systems are included. General results about such systems can be seen in [34].

6. Nonvariational eliptic systems

In this section we study some systems of the general form (1.1) that do not fall in the
categories of the systems studied in the previous sections. That is, they are not variational
systems. So we shall treat them by Topological Methods. We will discuss here the existence
of positive solutions. The main tool is the following result, due to Krasnoselskit [72], see
also [2,12,31,39].

THEOREM 6.1 (KrasnoselskiTl). Let C be a cone in a Banach space X and T:C — C a
compact mapping such that 7' (0) = 0. Assume that there are real numbers 0 < r < R and
t > 0 such that
(i) x£tTxfor0<tr<landx €C, ||lx||=r,and
(ii) there exists a compact mapping H:Bg x [0,00) — C (where B, = {x € C:
llx]l < p}) such that
(@) H(x,0)=Tx for |x|| =R,
(b) H(x,t)#xfor|x||=Randt >0,
(c) H(x,t)=x has no solution x € B for ¢t > to.
Then

iC(T’ Br)zl’ iC(T’ BR)ZOa iC(T7 U)Z_lv

where U = {x € C: r < ||x|| < R}, and i. denotes the Leray—Schauder index. As a conse-
quence T has a fixed pointin U.
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When applying this result the main difficulty arises in the verification of condition (b),
which is nothing more than an a priori bound on the solutions of the system. It is well
known that the existence of a priori bounds depends on the growth of the functions f and
g as u and v go to infinity. We have seen when treating the variational systems that the
nonlinearities were restricted to have polynomial growth. This was a requirement in order
to get the associated functional defined, as well as a Palais-Smale condition. Here similar
restrictions appear in order to get a priori bounds.

A priori bounds for positive solutions of superlinear elliptic equations (the scalar case),
namely

—Au= f(x,u) ing2, u=0 ona (6.1)

was first considered by Brézis—Turner [21] using an inequality due to Hardy. The same
technique was used in [27] to obtain a priori bounds for solutions of systems

—Au= f(x,u,v,Vu, Vv),
—Av=g(x,u,v,Vu,Vv) in$2,
u=v=0 onadf2 (6.2)

under the following set of conditions:
(A1) f.g:2 xRxRx RN x RN — R is continuous,

(f2) liminf,_ o M > A1 uniformly in (x,s,7,&€, 7)) € 2 x Rx R x RN x RV,
(f3) there exist p > 1 and o > 0 such that

| fGx s 0. & )| < C(ItlP + 15177 + 1),

(g2) liminf,_, o &X2LED o 50 uniformly in (x,5,7,&,7) € 2 x R x R x RV x RY,
(g3) there exist g > 1and o’ > 0 such that

|g(x,s,t,$,77)| < C(|s|q + 2199 +1).

In the work [27], instead of the critical hyperbola, two other hyperbolas appeared, due
to the limitations coming from the method. This is precisely like in the scalar case in [21]
where the exponent %—j appeared instead of %—fg Observe that the intersection of the two

hyperbolas below is the Brézis—Turner exponent %—j:

1 N-1 1 N-1
p+1l  Ntlg+l N4l
N—-1 1 1 N-1
N+1p+1+q+1_N+1'
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THEOREM 6.2. Let £2 be a smooth bounded domain in RY, with N > 4. Assume that the
conditions f1, f2, f3, g2, g3 hold with p, ¢ being the coordinates of a point below both of
the above hyperbolas. Suppose that o, o’ are given by

L , K
o= —, o =—,
max(L, K) max(L, K)
where
2 2
_ P2 g4 2,
p+1 N g+1 N

Then the positive solutions of the system (6.2) are bounded in L°.

REMARKS ON THE PROOF OF THEOREM 6.2. As said above the proof relies on an in-
equality of Hardy, namely

u

< ClDullpa, Vue Wyl
91

La

Here ¢ > 1 and as before ¢1 is the eigenfunction associated to the first eigenvalue of
(=A, Hol(.Q)). In [21] they proceed an interpolation of the Hardy inequality (¢ = 2) with
Sobolev inequality

lullz < CllDull 2,  Yu e Hy,

obtaining the inequality below

—|  <ClDullz. VueH,

H (2]

L4
where 1 =1 — =T For the purpose of proving Theorem 6.2 one needs a Hardy-type

inequality which follows from the inequalities above, namely

PROPOSITION 6.1. Let rg € (1,00], r1 € [1,00) and u € L™ (£2) N W&”l. Then for all
T € [0, 1] we have

u - 1 1-—¢ T
— € L'(£2), where — = + —.
(pl r ro r1
Moreover
u 1—
H — | < Cllullgrg Il
@1 lLr

where the constant C depends only on t, rg and r1.
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In [39], moving planes techniques and Pohozaev type identities were used to obtain a pri-
ori bounds for positive solutions of the scalar equation (6.1). This method was extended by
Clement—de Figueiredo—Mitidieri [26] to Hamiltonian systems of the type (3.3). Although
one obtains the right growth for the nonlinear terms, namely f(s) ~ s7, g(s) ~ s? with
any p, g below the critical hyperbola, the method does not generalizes for other second
order elliptic operators, and there are restrictions on the type of regions £2.

Another interesting approach to obtaining a priori bounds can be seen in Quittner—
Souplet [82] using weighted Lebesgue spaces.

6.1. The blow-up method

The other technique used to obtain a priori bounds for solutions of systems is the blow-up
method, first used in [64] to treat scalar equations as (6.1). Since there is some symmetry
regarding the assumptions on the behavior of the nonlinearities with respect to the un-
knowns u, v, we change henceforth in this section the notations of these variables, and use
u1, up. So, let us consider the system in the form:

—Auy = f(x,u1,up) in £,
—Aup =g(x,u1,u2) in$, (6.3)
ur=ur=0 onoas2,

where u1, up are consequently real-valued functions defined on a smooth bounded domain
2in RN, N >3, and f and g are real-valued functions defined in 2 x R x R.
We then write the system as follows, assuming that the leading parts of f and g involve
just pure powers of u1 and us.
—Auy = a(x)uy™ +b(x)uy™? + hi(x, u, uz), 64)
—Aup = c()ui? +d@x)uy? + ha(x, ug, uz), '

where the «’s are nomegative real numbers, a(x), b(x), c(x), d(x) are nonnegative con-
tinuous functions on £2, and h1, k2 are locally bounded functions (the lower order terms)
such that

li a1 4 g a22y—1 h =0 (6'5)
M4y, 1) | 00 (X7 +d (x)uy**) " ho(x, ug, u2)| =0.

[ 1M g 0> 00 (@()u}™ + b)u3?) " (x, u1, up)| =0,

Now we treat the system (6.4) using the blow-up method. So let us assume, by contra-

diction, that there exists a sequence (u1,,, u2.,) Of positive solutions of (6.4) such that at

least one of the sequences u1 , and uy , tends to infinity in the L°°-norm. Without loss of
generality we may suppose that

g o |22 > fluz.q 122,
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where g1, B2 are positive constants to be chosen later. Let x, € £2 be a point where u1 ,
1

assumes its maximum: uq , (x,) = MaXyeg u1.,(x). Then the sequence A, = u1 ,(x,) P
is such that A,, — 0. The functions

vi,n(x) = )»fi Ui n (Anx + xp),

satisfy v1,(0) =1, 0 < v, < 1in £2. One also verifies that the functions vy, and vz,
satisfy

—Avy, = a(.))hgl-FZ—ﬁlallvg’l; + b(,))hgl+2—ﬁza12 Ugl; +h(), 66
— Aug = cOMEITPEEY G g ()fETETRR 02 (), '

in the domain £2, = - (2 — x,), where the dot stands for A,x + x,.

The idea of the method is then to pass to the limit as n — oo in (6.6) and obtain a system
either in RN orin Rf, which can be proved that it has only the trivial solution. This would
contradict the fact that the limit of vy, has value 1 at the origin. By compactness the
sequence (x,) or a subsequence of it converges to a point xo. We observe that the limiting
system is defined in R™ or in RY, accordingly to this limit point (xo) being a point in £2
or in 9£2. In the next proposition we make precise these statements.

PROPOSITION 6.2. The sequences (v1 ,) and (v2,) converge in Wli’c”, with2 < p < o0
to functions vy, v» € C2(G) N CO(G), satisfying the limiting system of (6.6) in G = RN or
inG = R_’X, provided all the powers of A, in (6.6) are nonnegative. This limiting system is
obtained by removing the terms in (6.6) where the powers of A, are strictly positive, the
terms where the coefficients vanishes at xg, and the lower order terms.

In [79] and [41] two special classes of systems were studied, (i) weakly coupled and (ii)
strongly coupled. The terminology is explained by the type of system obtained after the
passage to the limit. We next analyze these two classes, and later we present more general
results obtained recently in [42]. See also [2,8,45,100].

DEFINITION 1. System (6.4) is weakly coupled if there are positive numbers g1, B2 such
that

B1+2— Bra11 =0, B1L+2— Poazp >0,
B2+ 2— Praz >0, B2+ 2 — Boazp =0. (6.7)

DEFINITION 2. System (6.4) is strongly coupled if there are positive numbers 81, B2 such
that

P1+2— Prag1 >0, B1+2— Bra1p =0,
B2+ 2 — Braxy =0, B2 + 2 — Boaz2 > 0. (6.8)
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REMARK 6.1. It follows that if the system (6.4) is weakly coupled then necessarily we

should have

B1= 2 and By = 2
1_0111—1 2_a22—1

which requires that 11 > 1, g2 > 1 and

ap—1 a;p—1
a11 and o < o
a;;p—1 ap—1

22

REMARK 6.2. If the system (6.4) is strongly coupled then

2 1 2 1
_ (@12 +1) and = (a1 +1)
apap; — 1 agpop; — 1
which requires that a12a21 > 1 and
o1 < a21+1a and o < a12+1a
I Lo 2< o

REMARK 6.3. We observe that the requirements that a11, a2 > 1 and a12a21

known as super-linearity conditions.

(6.9)

(6.10)

(6.11)

(6.12)

> 1 are

WEAKLY COUPLED SYSTEM. After the blow-up, the limiting system becomes, using a

scaling of the solutions vy, vy:
11

—Awy = wyT,

—Awy =wi? inRY,
and

—Awy = w‘f“,
—Awy =wy? in Ri’,

w1=w2=0 OanZO.

(6.13)

(6.14)

The existence or not of positive solutions for such systems is the object of the so-called
Liouville-type theorems. They will be discussed in the next section. For the time being we

anticipate that

N+42

(i) the equations in system (6.13) have only the trivial solution if 0 < a11, a2z < 3§75,

(ii) the equations in system (6.14) have only the trivial solution if 1 < «11, a2 <

if the dimension N > 3, see Section 7.
So the following result holds.

N+1
N-3'
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THEOREM 6.3. Let (6.4) be a weakly coupled system with continuous coefficients
a,b,c,d, exponents o’s > 0, and such that a(x), d(x) > co > 0 for x € 2. Assume also
that 0 < a11, a2 < (N + 2) /(N — 2). Then there is a constant C > 0 such that

lugllpoe, luzllze < C
for all positive solutions u1, u € C?(£2) N C°(£2) of system (6.4).

STRONGLY COUPLED SYSTEM. As in the case of a weakly coupled system, the limiting
systems are

—Aw] = a)glz, —Awy = a)il21 in RN (6.15)
and

_Awl :wglz, —Aa)z :a)ilzj' in (RN)+ (616)
with

wi=w2=0 onxy=0.

So a contradiction comes if the exponents are such that (6.15) and (6.16) have only the
trivial solution w1 = wy = 0. In summary, the following result holds.

THEOREM 6.4. Let (6.4) be a strongly coupled system with continuous coefficients
a,b,c,d, exponents o’s > 0, and such that b(x), c(x) > cg > 0 for x € £2. Assume that
the following conditions hold:

(L1) The exponents a1 and ap; are such that the only nonnegative solution of

—Aw] = a)glz, —Awy = a)(it21 in RN

iswi =wy=0.
(L2) The only nonnegative solution of
—Awy = wy?, —Awy =w® in Ri/

with w1(x’,0) = wp(x’,0) =0 is w1 = wp = 0. Then there is a constant C > 0
such that

lluallLoo, lluzllpee < C
for all nonnegative solutions (u1, u) of system (6.4).
REMARK 6.4. Which conditions should be required on the exponents a12 and 23 in such

a way that (L1) and (L2) holds? Again these are Liouville-type theorems for systems,
which will be described in the next section.
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6.2. A more complete analysis of the blow-up process

Now we proceed to do a more complete analysis of the system (6.4) using the blow-up
explained above and considering other types of limiting systems. We follow [42].

By looking at system (6.6), we see that in order to arrive at some system in R" or Rﬁ,
by using the blow up method, it is necessary that all the exponents in the A, are greater
than or equal to 0. When one of these exponents is positive, then the corresponding term
vanishes in the limit (as n» — 00), while if the exponent is zero than that term remains after
the limiting process. The many possibilities would be better understood by the analysis of
the figure below, Figure 2.

In the (81, B2)-plane we denote B: (B1, B2) € R2, and introduce the lines, whose ex-
pressions come from the exponents of A,, in (6.6),

li={B|B1+2— pra11 =0}, lh={B| B2+ 2 — Paazo =0},
I3={B|p1+2— Prarp =0}, la=1{B| B2 +2— Praz =0).

In order to have exponents of the A, greater or equal to 0, we have to consider points
(B1, B2) € RZ, which are to the left of or on /1, below or on /> (note that /1 and I, can be
empty, and then they introduce no restriction), below or on I3, and above or on I4. Those
points are called admissible. We divide the systems studied in three classes, which are
determined by the exponents o; ;:

CASE A. The intersection of I; and I, is admissible. Then we set (81, B2) =11 Nl. In
this case we shall assume that the functions a(x) and d(x) are bounded below on £2 by a
positive constant.

CASE B. The intersection of I3 and 4 is admissible. Then we set (81, B2) = I3 Nl In
this case we shall assume that the functions b(x) and c(x) are bounded below on £2 by

B2

Q‘N
I8
=

-2

Fig. 2. Admissible couples (81, B2) lie to the left of or on /1, below or on I, below or on /3, and above or on /4.
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a positive constant. Further, we have to assume that a12, 21 > 1. (This last requirement
comes from a restriction in some Liouville theorems.)

CASE C. Noneofl1 NIy and I3N iy is admissible. Then either 11 N3 or Io N4 is admissible
and we take this intersection point to be our (81, B2). In this case we shall assume that the
function b(x) (respectively c(x)) is bounded below on £2 by a positive constant.

Now we can state the main result of this section:

THEOREM 6.5. Assume that system (6.4) satisfies the conditions above and that the pair
(B1, B2), which corresponds to the type of the system (A, B or C), satisfies the condition

N—2
min{B1, B2} > > (6.17)

Then all positive solutions of the system (5.4) are bounded in L°.

REMARKS ON THE PROOF OF THEOREM 6.5. The proof in all three cases consists in
verifying that the limiting systems have only the trivial, coming then to a contradiction. In
the sequel we use G to denote either R or RY.

In Case A we choose (81, B2) =11 NI, that is

2 2
fr=——=  P2=

Tap—1 T oy —1°

For the limiting systems there are three possibilities:
(@) if none of the lines I3 and 4 passes through 11 N I, we get
—Awy = w‘lm,

—Awy =wy? inG, (6.18)
and as a consequence of hypothesis (6.17) we obtain

N+2

max{o11, _—,
{11, a2} < N_2

which then implies that system (6.18) has only the trivial solution. (This is precisely the
weakly coupled case discussed before.)
(b) If exactly one of the lines /3 and I4 (say [3) passes through /1 NI, we get

—Avy = aovi‘“ + bovg“,

—Avy = d()vg[22 in G, (6.19)

where ag > 0, bg > 0, dp > 0. So as above system (6.19) has only the trivial solution.
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(c) If all four lines meet (this also contains one of the possibilities of Case B) we get

—Av1 = aguy™ + by,

—Avy = cqv*® 4+ dovy?  in G, (6.20)
with all four coefficients positive. In order to see that such a system under the assump-
tion (6.17) has only the trivial solution, one requires a new Liouville theorem, which

is proved in [42]. As in [18] our proof uses a change to polar coordinates and some
monotonicity argument.

In Case B we choose (81, B2) = I3 N4, that is,

2(1+ a12) 214+ 1)
1= 2= .-
appa —1 oo —1

For the limiting systems there are two possibilities:
(a) if none of the lines /1 and I, passes through I3 N I4 we get (after scaling)

—Avy =v,y%,
—Avy=v{* inG, (6.21)
From results of the next section it follows that system (5.21), under the hypothesis (6.17),

has only the trivial solution. (This is precisely the strongly coupled case discussed above.)
(b) If one of the lines /1 and I, (say /1) passes through I3 N I4 we get

—Av1 = aguy™ + by,
—Avy = covfﬂ in G, (6.22)

where bg, co > 0, and ag > 0, and the results on Section 7 give that v1 = v =0.

In Case C there are two possibilities: (a) the line I3 meets /1 in a point above Iy, (b)
the line /4 meets Io in a point below /3. In both cases (81, B2) is chosen as this point of
intersection. In case (a) we take

2 20011
1 — 77 2 = .-
aip—1 a12(a11 — 1)
The limiting system is
12

—Avy = aov‘f11 + bov,
—Avp=0 inG, (6.23)

which is easily treated by the Liouville results of the next section.
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7. Liouvilletheorems

The classical Liouville theorem from Function Theory says that every bounded entire
function is constant. In terms of a differential equation one has: if (9/97) f(z) = 0 and
|f(z)] < C for all z € C then f(z) = const. Hence results with a similar contents are
nowadays called Liouville theorems. For instance, a superharmonic function defined in the
whole plane R?, which is bounded below, is constant. Also, all results discussed in this
section have this nature. For completeness, we survey also results on a single equation,
namely

—Au=u?. (7.1)

If the equation is considered in R?, then a nonnegative solution of (7.1) is necessarily
identically zero. The case when R, N > 3, is quite distinct. We discuss this case next.

THEOREM 7.1. Let u be a nonnegative C? function defined in the whole of R", such
that (7.1) holds in R¥. 1f 0 < p < (N +2)/(N —2), then u = 0.

This result was proved by Gidas-Spruck [65] in the case 1 < p < (N + 2)/(N — 2).
A simpler proof using the method of moving parallel planes was given by Chen-Li [25],
and it is valid in the whole range of p. A very elementary proof valid for p € [1, %)
was given by Souto [92]. In fact, his proof is valid for the case of u being a nonnegative
supersolution, i.e.

—Au>u? inRV, (7.2)
with p in the same restricted range.

THEOREM 7.2. Letu € C?(RY) N CO(RY) be a nonnegative function such that

_ — P N
{ Au=u? inRY, 73)

u(x’,0)=0.
fl<p<(N+2)/(N—2)thenu=0.

REMARK 7.1. This is Theorem 1.3 of [64], plus Remark 2 on page 895 of the same paper.
It is remarkable that in the case of the half-space the exponent (N + 2)/(N — 2) is not
the right one for theorems of Liouville type. Indeed, Dancer [30] has proved the following
result.

THEOREM 7.3. Letu € C2(R_1X) N CO(Rf) be a nonnegative bounded solution of (7.3).
fl<p<(N+1)/(N—3)forN>4and1l< p <oofor N=3,thenu=0.
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REMARK 7.2. If p=(N +2)/(N —2), N > 3, then (7.1) has a two-parameter family of
bounded positive solutions:

sm]”—‘z

&2+ |x — xg|?

Us,xo(x) = |:

which are called instantons.
Next we state some results on supersolutions still in the scalar case.

THEOREM 7.4. Letu € C2(R") be a nonnegative supersolution of (7.2). If 1 < p < 7%,
then u = 0.

This result is proved in Gidas [62] for 1 < p < N/(N — 2). The case p =1 is included
in Souto [92]. See [7] and [73] for Liouville theorems for equations defined in cones.

7.1. Liouville for systems defined in the whole of RV
We start considering systems of the form
—Au=v?, —Av=ul. (7.4)

In analogy with the scalar case just discussed, here the dividing line between existence
and nonexistence of positive solutions (x, v) defined in the whole of R" should be the
critical hyperbola, [26,84], already introduced. Such hyperbola associated to problems of
the form (7.4) is defined by

1 1 2
—_—t——=1-—, ,q >0. 7.5
p+1 " g+1 N P (7.9)
Continuing the analogy with the scalar case, one may conjecture that (7.4) has no
bounded positive solutions defined in the whole of RV if

1 1 2
—t—>1-—, ,q > 0. 7.6
P+l g+1 N P (7.6)
To our knowledge, this conjecture has not been settled in full so far. Why such a conjec-
ture? In answering it, let us remind some facts, already contained in the previous sections.
The critical hyperbola appeared in the study of existence of positive solutions for superlin-
ear elliptic systems of the form

—Au=g(v), —Av=f(u) 7.7

subject to Dirichlet boundary conditions in a bounded domain 2 of RV If g(v) ~ v” and
f) ~u? as u,v — oo, then system (7.7) is said to be subcritical if p, ¢ satisfy (7.6).
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For such systems [in analogy with subcritical scalar equations, —Au = f(u), f(u) ~ uP
and 1 < p < (N 4+ 2)/(N — 2)] one can establish a priori bounds of positive solutions,
prove a Palais—Smale condition and put through an existence theory by a topological or
a variational method. This sort of work initiated in [26] and [84] has been continued. We
have surveyed some of this work in the previous sections. Recall that the problem in the
critical scalar case (that is, —Au = |u|?> ~2u in £2, u = 0 on 3£2) has no solution u # 0
if £2 is a star-shaped bounded domain in RV, N > 3. In the case of systems, the critical
hyperbola appears in the statement: if £2 is a bounded star-shaped domain in RV, N > 3,
the Dirichlet problem for the system below has no nontrivial solution:

—Au =P~ ty, —Av=ul""lu

if, p, ¢ satisfy (7.5). This follows from an identity of Pohozaev-type, see Mitidieri [77];
also Pucci-Serrin [86] for general forms of Pohozaev-type identities.
Next we describe several Liouville-type theorem for systems.

THEOREM 7.5. Let p, g > 0 satisfying (7.6). Then system (7.4) has no nontrivial radial
positive solutions of class C2(RY).

REMARK 7.3. This result settles the conjecture in the class of radial functions. It was
proved in [77] for p,q > 1, and for p, ¢ in the full range by Serrin—Zou [89]. The proof
explores the fact that eventual positive radial solutions of (7.4) have a definite decay at oo;
this follows from an interesting observation (cf. Lemma 6.1 in [77]): If u € C2(RV) is a
positive radial superharmonic function, then

ru'(r) + (N —2u(r) >0, forallr>0.

Theorem 7.5 is sharp as far as the critical hyperbola is concerned. Indeed, there is the
following existence result of Serrin-Zou [89].

THEOREM 7.6. Suppose that p, g > 0 and that

1 1 2

— + —— <1 - —. 7.8
p+1 qg+1 N (7.8)

Then there exist infinitely many values & = (&1, &) € R x R™ such that system (7.4)
admits a positive radial solution (u, v) with central values u(0) = &1, v(0) = &. Moreover
u,v— 0as |x| — oo. So the solution is in fact a ground state for (7.4).

Let us now mention some results on the nonexistence of positive solutions (or super-
solutions) of (7.4), without the assumption of being radial.

THEOREM 7.7. Letu, v € C?(RN) be nonnegative super-solutions of (7.4), that is

—Au >0v?, —Av>u? inRV, (7.9
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where p, g > 0 and

1 1 N-2
+ > .
p+1 g+1" N-1

(7.10)

Thenu =v=0.

This result is due to Souto [92]. The idea of his interesting proof is to reduce the problem
to a question concerning a scalar equation. Suppose, by contradiction, that « and v are
positive solutions of (7.9) in RV . Introduce a function w = uv. So

Aw < 2VuVy — ud+t — pP+l (7.11)

Using the inequality

wb<%m+m% a,beRY
we get that

2VuVuv < %a)_l|Va)|2.

On the other hand, choose r > 0 such that £ = ﬁ + q%. Then by Young’s inequality

o =u"v" < Lu‘”l + LUI’Jrl <udtt 4yt
q+1 p+1
So
1 -1 2 r
Aw < 2@ [Vol* —o". (7.12)

Replacing w by f2 in (7.12) one obtains
1 2r—=1 N
—Af > Ef inR™,

with f > 0in RV. Using Theorem 7.4, we see that this is a contradiction, since 2r — 1 <
N/(N — 2). Itis of interest to observe that Souto’s hyperbola intersects the bisector of the
first quadrant precisely at the Serrin exponent %

In order to state the next results, we assume that pg > 1 and introduce the following
notations

_2(p+1) _2(g+1)

o= B = .
pg—1

i (7.13)
pg—1
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THEOREM 7.8. Suppose that p,¢ > 1 and
max{c, B} > N — 2. (7.14)
Then system (7.9) has no nontrivial super-solution of class C2(RY).

REMARK. The above result is Corollary 2.1 in [78]. Under hypothesis (6.13), it is proved
in [88] that system (7.4) has no nontrivial solution, provided a weaker condition than
p,q > 1 holds, namely pg > 1. In [88] it is also proved that (7.4) has no nontrivial so-
lution in RV, if pg < 1.

In order to illustrate some useful technique, let us comment briefly the proof given
in [78], which uses spherical means. Let v € C(RY), then the spherical mean of v at x
of radius p is

M©;x,p)= v(y)do(y).

1
meas[d B, (x)] /BBp(x)

Changing coordinates we obtain

1
M(v;x,,o)za/|| lv(x—i—,ov)da), (7.15)
v|=

where wy denotes the surface area of the unit sphere of RV and v ranges over this unit
sphere. Then, one has Darboux formula

72 N-19
— +——— |M(v:x,p) =AM(;x, p). (7.16)
dp? P dp

Now let us use these ideas for the functions « and v in system (7.9):

1 1
AxM(u;x,p)z—/ Acu(x + pv)do < —— [v(x + o]’ do
WN Jv|=1 WN J|v|=1

and using Jensen’s inequality we obtain
AxMu; x, p) < —[M(v; x, p)]". (7.17)
Using the notation

M(u();x, p) =u"(p), M) x, p) =v*(p)

we obtain
AN (' LWL (Ao LD
2 N-139
where, A= —S+——— ). (7.18)
ap? p 9
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The proof of Theorem 7.8 will be concluded by the use of the following results, see [78].

PROPOSITION 7.1. If v e CZ(RN), then M (v; x, p) is also C2(R") in the variable x and
C2([0, 00)) in the variable p. Moreover,

4 #\ o) = d #
(dpv)(O)—O and (dpv )(p)éO,

that is v*(p) is nonincreasing.
PROPOSITION 7.2. If u € C?(R™N) is a positive radial superharmonic function, then
ru' (r) + (N —2u(r) >0 forr>D0. (7.19)

PROPOSITION 7.3. Let u(p), v(p) be two C? functions defined and nonincreasing in
[0, 00), such that u’(0) = v'(0) = 0 and

—Apu =P, —Apv>uf. (7.20)
Suppose that p, ¢ > 1 and that (6.13) holds. Then u = v =0.

The next result extends, as compared with the previous results, the region under the
critical hyperbola where the Liouville theorem holds.

THEOREM 7.9.
(A) If p>0and g > 0 are such that p,q < (N + 2)/(N — 2), but not both equal to
(N +2)/(N — 2), then the only nonnegative solution of (7.4) isu =v =0.
B) If e =8=(N+2)/(N —2), then u and v are radially symmetric with respect to
some point of RV,

This theorem is due to de Figueiredo—Felmer [40]. The proof uses the method of Moving
Planes. A good basic reference of this method is [14]. The idea in the proof of the above
theorem is to use Kelvin transform in the solutions u, v of (7.4), which a priori have no
known (or prescribed) behavior at infinite. By means of Kelvin’s u and v are transformed
in new unknowns w and z satisfying

_ - - P
Aw= |x|N+2—p(N—2)Z ),

—Az w? (x) (7.22)

= |x|N+2—q(N—2)

which now have a definite decay at oo, provided (p, ¢) satisfy the conditions of Theo-
rem 7.9. It is precisely at this point that we cannot take p > %—fg because then one would
loose the right type of monotonicity of the coefficients necessary to put the moving plane
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method to work. So having this correct monotonicity of the coefficients the method of mov-
ing planes can start. This result has been extended by Felmer [55] to systems with more
than two equations.

The next result is due to Busca—Manasevich [18] and extends further, as compared with
Theorem 7.9, the region of values of p, g where the Liouville theorem for system (7.4)
holds

THEOREM 7.10. Suppose that p,g > 1 and

N -2

min{«, B} > 7

(7.22)

Then system (7.4) has no nontrivial solution of class C2(R™N).

If some behavior of 1 and v at oo is known, the Liouville theorem can be established for
all (p, ¢) below the critical hyperbola, as in the next result.

THEOREM 7.11. Let p > 0 and ¢ > 0 satisfying (7.6) then there are no positive solutions
of (7.4) satisfying

u(x)=0(|x|_ﬁ), v(x)=0(|x|_ﬁ), as |x| — oo. (7.23)

The above result is due to Serrin—Zou [89], where the next result is also proved.

THEOREM 7.12. Let N =3, and p, ¢ > 0 satisfying (7.6). Then there are no positive
solutions of (7.4) for which either u or v has at most algebraic growth at infinity.

REMARK 7.4. Observe that Theorem 7.11 extends Theorem 7.5, since radial positive so-
lutions have a decay at infinity.

The proof of Theorem 7.11 is based on an interesting L? estimate of the gradient of a
superharmonic function, namely,

LEMMA 7.1. Let w € C2(R") be positive, superharmonic (i.e. —Aw >0 in RV) and
w(x)= 0(|x|_y) as |x| — oo. (7.24)
Then

/ IVo|> =0o(RN7272) as R — o, (7.25)
Bar\Br

where Bg is the ball of radius R in RN centered at the origin.

Another basic ingredient in the proof of Theorem 7.11 is an identity of Pohozaev-type,
a special case of a general identity in [86], namely,
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LEMMA 7.2. Let (u, v) be a positive solution of (7.4) and let a; and a» be constants such
thatay +ap =N — 2. Then

S Gz e (g —ee)e]
B, I\p+1 qg+1
P+l yatl 28u v
= + + —— —Vu-Vv
/33{P+1 Q+1} /83( ar or )

0 0
—}—f al—uv —i—azu—v . (7.26)
3B ar ar

PROOF OF THEOREM 7.11. Using these two lemmas. Choose a1 and a> in such a way
that

N N 8 + N-2
— —dad] = —— —da2 =0, a ar = — 2.
p+1 ! g+1 2 1ra

Next, dividing (7.26) by p and integrating with respect to p between some R and 2R and
estimating we get

sin2 | uItt 4+pPth

Bpg
uq+1 vp+1
onliri i)

Br\Bg \¢+1 p+1

+/ |Vu.Vo| + R—lf (vIVul + u|Vvl). (7.27)
Bar\Br Bar\Br
Now using the hypothesis (7.23), we see that the first integral in the right side of (7.27) is
o(1). Next one uses Lemma 7.1 with w = u, y = ﬁ andw=v,y = %. With that we
can estimate the second and third integrals using Cauchy—Schwarz and get that they are
N N

o(RN 727 5H172+1) which is o(1). This contradicts (7.27) as R — oo. 0

7.2. Liouville theorems for systems defined in half-spaces

Now we look at the system below and state some results on the nonexistence of nontrivial
solutions and also of supersolutions.

_ i pN
—Au=v? inRY,

— i pN
—Av=u? inRY,
u,v>=0 inR_’X,

_ N
u,v=>0 onoRY.

(7.28)
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THEOREM 7.13. Let p, g > 1 satisfying
max(«, 8) > N — 3. (7.29)
Then the system (7.28) has only the trivial solution.
REMARK 7.5. This result is due to Birindelli-Mitidieri [16], where, instead of a half-
space, more general cones are considered. It is also proved there that system (7.28) has no
supersolutions if

max(e, p) = N —1,

where «, 8 are defined in (7.13).

7.3. A Liouville theorem for a full system

Now we consider the following system
—Aug = u‘f“ + uglz, (7.30)
—Aup = u‘fﬂ + ugzz in RV,

In order to state the next result we use the following notation, in analogy with (7.13):

g 2letD _ 21+ 1)
ooy — 1 agpa —1°

THEOREM 7.14. System (7.30) has only the trivial solution if the following conditions
hold:

-2
2

min{«, B} >

2
@11, 022 < s (7.31)

This result is due to de Figueiredo—Sirakov [42], and it relies on the following three theo-
rems, which are also proved in [42]. The first one is an extension of a result by Dancer [30],
proved for the scalar case. The third one is an extension of a result in [18].We state those re-
sults in the special case of system (7.30), although they are valid for more general functions
in the right-hand sides of the system.

THEOREM 7.15. Suppose that u1, u» is a nonnegative bounded classical solution of sys-
tem (7.30) in RY such that us =u, =0o0n dRY. Then

8ui

>0 inRY, fori=12
3)61\7




40 D.G. de Figueiredo

THEOREM 7.16. Suppose that system (7.30) has a nontrivial nonnegative bounded clas-
sical solution defined in Rﬁ, such that uy =up =0o0n aRi’. Then the same problem has a
positive solution in RN =1 (the limit as xy — oo in RY).

THEOREM 7.17. Letu;(t,6), i = 1,2, be a C2-function defined in R x S¥—1 satisfying

92u; ou; )
—Btzl + Agu; — 5,‘8—; —viu; + Ltilll

o
+uy? =0,
in R x S¥-1 with u; — 0 as + — —oo. Suppose that §; > 0, max{31, 82} > 0, v; > 0,
i = 1,2, are constants. Assume also that there exists 1o € R such that "’ai[ >0 in
(—00,10) x SN, i=1,2.Then %4 > 0in R x SV~1, fori =1, 2.

7.4. Remarks on the proof of Theorem 7.14

We follow [42]. Assume first G = Rﬁ. Then it follows from Theorem 7.16 that if
(ug, uz) # (0,0) then there exists a nontrivial solution of system (7.30) in R¥-1. So if
we prove that system (7.30) has only the trivial solution in R™ under hypothesis (7.31),
then it has no nontrivial solution in Rf, under the hypothesis min{g1, B2} > NT_E’ which
is a consequence of (7.31).

So from now on we suppose G = R" and distinguish two cases,
max{B1, B2} > N —2 (Casel) and max{pB1, B2} <N —2 (Case?2).

In Case 1 (say B1 > N — 2) we have o1; < % But the first equality in system (7.30)
implies —Auq > aou‘i‘“ in RN, so uy =0 in RV, by the results about nonexistence of
supersolutions for scalar equations. Then the second equation in (7.30) becomes —Aup =
douy? in RV. S0 up =0in RV, because o < V2.

In Case 2 we write system (7.30) in polar coordinates (r, #) € R x S¥~! and make the
change of variables, as in [18],

X
r=In|x| eR, ezﬂeSNfl,
X

and set
w;(t,0) = ePlu;(e', 0).
Then system (7.30) transforms into

—Liwi = aog(ﬁl-‘rz—allﬂl)twi‘ll + boe(ﬁ1+2—a12ﬂz)tw2<il2’ (7.32)
—Lows = Coe(ﬂ2+2—a21ﬁ1)tw‘i‘21 + doe(ﬂ2+2—azzﬁ2)twg‘22’ '
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inR x SVN-1, where

92 9
+A9_51__Ula i=l727

L= —
T 9r2 ot

and
8 =28 — (N —2), vi=Bi(N—-2-p), i=12

Using a Harnack inequality, see [42], we obtain that u; and u are strictly positive in RN,
Then using Theorem 7.17 above we get that 38% >0inR x S¥~1, which gives

ou;
Biu; + 3_tl > 0.

Finally using an argument of [18] we get
Biui(x) + Vu;i(x).(x — x0) >0

for all x, xg € RN . This leads to a contradiction.

7.5. Final remarks on Liouville theorem for systems

(i) The conjecture on the validity of a Liouville theorem in the whole of RV for all
p and ¢ below the critical hyperbola, and p, g > 0, seems to be unsettled at this
moment. In dimension N = 3, the conjecture has been proved in [88], see Theorem
7.12 above, provided one supposes that u or v has at most algebraic growth.

(i) Liouville theorems for systems of inequalities in the whole of RY are given in
Theorems 7.7 and 7.8. Is inequality

max{e, B} >N —2

in (7.14) sharp? Observe that if p = ¢, (7.14) yields p < N/(N — 2), which is the
value obtained in Theorem 7.4.

(iii) Observe that a Liouville theorem for a system of inequalities in Rﬁ is stated in the
remark right after Theorem 7.13. Compare this result with the following theorem

of [92].
THEOREM 7.18. Let u,v e C3(RY) N CO(@) be nonnegative solutions of (7.28) with
u:v:OOrIBR_IX. Iflgp,qu—fgthenuzvso.

(iv) Liouville-type theorems for systems of p-Laplacians have been studied recently by
Mitidieri—-Pohozaev.

(v) Liouville theorems for equations with a weight have been considered in Berestycki—
Capuzzo-Dolcetta—Nirenberg [13].
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8. Decay at infinite

In this section we consider solutions of Hamiltonian systems and study their behavior as
|x| — oo. Let us consider the system

{ﬂw+u=wnw in RV, 81)

—Av+v=f(x,u) inRV.

The functions f, g satisfy the following conditions:
(H1) f.g:RN x R — R are continuous, with the property that there is an & > 0 such
that

tf(x,t) >0, tg(x,t) >0, forall|t| <e.
(H2) There exists a constant ¢1 > 0 such that
|fe o] <a(lt?+1),  |g@ 0| <c(lf)?+1) foralls,
where p, g > 1 and they are below the critical hyperbola

1 1 2
— 4+ ——>1-—, N2>3, 82)
p+1 gqg+1 N

and
p.g<(N+4/(N—-4), ifN=5.
(H3) There are constants «, 8 > 2 and ¢co > 0
cot® <aF(x,1) <tf(x,1), cot? <BG(x, 1) <tg(x,t) forallsz.
(H4) There are real numbers a, b > 1 and positive constants ¢, and r such that
|fa, | <calt]®,  [gG.n|<calt]” for [t <7

EXAMPLE. f(t)=(t")? and g(t) = (t7)?, with p,g asaboveanda =p+1, 8 =q +1,
a=pandb=gq.

The following results appear in de Figueiredo—Yang [43]. By a strong solution we mean
n+1 +1
ue WZ’IT and v e Wz’qT.

THEOREM 8.1. Assume conditions (H1), (H4) with a = b =1 and (H2) with p,q < %—fg
Then the strong solutions u, v of system (8.1) are such that

lim u(x)=0, lim v(x)=0,
|x]—00

[x]—00

lim |Vu(x)| =0, lim |Vv(x)|=0.
|x[—00 |x]—00
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THEOREM 8.2. Assume (H1), (H2) with p,q < (N +2)/(N — 2) and (H4) with a, b > 1.
Then the strong positive solutions of system (8.1) have the following asymptotic behavior:

lim u(x)e’ =0, lim v(x)e =0
|x]—o00 |x]—00
for0 <6 < 1.

REMARK. Condition (H3) is used to prove the existence of solutions, a question that we
have studied before, even under more general conditions. If the nonlinearities do not de-
pend on x we can prove also the decay of the derivatives of u and v. More general results
have been obtained in [91].

8.1. Remarks on the proof of the above theorems

A crucial result in the proofs is the following result:

LEMMA 8.1. Letu and v be as in Theorem 8.1. Then they belong to LY for y € [2, oo].

Now the proof of Theorem 8.1 goes as follows. For Theorem 8.2 see [43]. Let By =
Bag(xp) be a ball of radius 2R centered at xg. From the assumptions we have

[g(x, v)| <c(jvl” + [v])
which implies
leCes )y 5,y < CURIT o sy + 10127 ()
Using the above lemma we obtain Au € LY (By) for all y > 2. By the Calderon—

Zygmund inequality (see Theorem 9.9 in [66]) we conclude that u € W27 (B,). Using
the interior L?-estimates we have

leellwar gy < C(lullLr sy + |80 1 (5,))-
Taking y > N and using the Sobolev imbedding theorem we obtain
lullcrr gy < CllullLy 8y + ||v||fy1,(32) + Ivlizr 8y)-

Letting |xo| — oo we conclude that [|u|lc1..(p, () — O and similarly for v.

9. Symmetry properties of the solutions

In [63], Gidas—Ni—Nirenberg proved the symmetry of positive solutions for positive solu-
tions of

—Au= f(u) ing2, u=0 onas2.
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The question for systems was considered by Troy in [95]. Here we review the results ob-
tained in [33]. Some more general results have been proved in [19,52]. Although the results
are valid for general linear second order elliptic operators and systems with more than two
equations, we consider the simpler case
{ Auy = fi1(ug, uz), _ ©.1)

—Auz = fo(ur,uz) In$2,

where £2 is some domain in R and we consider nonnegative solutions which vanish on
9£2. A crucial hypothesis, which is used in order to apply maximum principles for systems,
is the so-called cooperativeness, namely

[T S
our ou1

Fix a direction y, that is, y € R",|y| = 1. We suppose that there is a > —oo such that
y.x >a,Vx € 2, that is £2 is at one side of some hyperplane normal to y. For simplicity
suppose that y = (1,0, ..., 0). Writing x = (x1, y), let us use the notations

T, ={xeR": y.x = A},

YN ={xef2: yx <A},
W) ={xeRV: x* e T},

where x* is the reflection of x with respect to 73, that is, if x = (x1, y) then x* = (2A —

X1,).
Let Ao = sup{r: TN 2 = ¥#}. Now we make the following assumption on the domain £2:

Je >0sothatfor kg <A <Ap+e, X'(A) C £, and X (1) is bounded.

We remark that this assumption is satisfied if 2 is bounded and 82 is of class C2. Now
define

L=sup{r: X'(n) C 2, () bounded Vi < A}.

THEOREM 9.1. Let (u1,u2) € Wlf)’cN(Q) N C%($2) be a solution of the system (8.1) with
(u1,uz) = 0 on 9£2. Then each u; is monotonically increasing with respect to x; for x
z ().

The main tool used in the proof is the technique of parallel moving planes, as in [63].
The proof uses also an interesting Maximum Principle for operators of the form —A + ¢(x)
with no assumption on the sign of c¢(x); such a condition is replaced by some smallness of
the domain, see [14].
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10. Somereferencesto other questions

As mentioned in the Introduction there has been recently an ever-increasing interest in
systems of nonlinear elliptic equations. Many aspects of this recent research has not been
discussed above. For the benefit of the reader we give some references to other questions
not considered here. Of course these references are not exhausting, and eventually some
important work has been overlooked.

)
)
@)

(4)
()
(6)

Systems involving p-Laplacians: [6,49,81,58,67].

For singular equations and solutions, see [61,15,99,80,71].

Other boundary value problems, like Neumann, can be seen in [93,22,5], or some
nonlinear boundary conditions in [59].

Maximum Principles for systems: [85,37,20].

Ambrosetti—Prodi problems for systems: [76,24,4,47].

Critical Hamiltonian Systems: [70,22,68].
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Introduction

In this chapter we consider the method of fibering proposed in [42] for investigating non-
linear boundary value problems.

Let X and Y be Banach spaces, and let A be an operator (nonlinear in general) acting
fromXtoY.

We consider the equation

AQu) = h.

In the case when the operator is “globally nice”, for example, monotone, demi-
continuous, and coercive for Y = X*, methods for investigating such equations have
been sufficiently developed and are widely used in various problems in mathematical
physics [33]. In the case when A is “locally bad”, for example, not invertible in a neigh-
borhood of some point, the Lyapunov—Schmidt method is used, which is based on the
representation of the desired solution in the form u = u1 + u2, where u1 is an element in
some (as a rule) finite-dimensional subspace of X and u is in the corresponding comple-
ment. This approach is applicable in local nonlinear analysis of nonlinear equations and
global analysis of equations close to being linear [37].

To investigate a class of noncoercive problems and to find solutions of such problems,
wide use has been made of the Ambrosetti-Rabinowitz method, which is based on the
“mountain pass” lemma [5], and its generalizations, such as the linking method.

The fibering method presented here has some definite advantages over the known meth-
ods. In particular, new nonlinear problems were investigated in [7,39] and [44-47] with the
use of the fibering method.

We present the method of fibering Banach spaces for the solution of variational prob-
lems.

As an application of the general theorems, we consider boundary value problems for
equations of Emden—Fowler type and go through analysis of the application of this method
to a linear problem.

We also present a scheme for using the fibering method to derive conditions for the
nonexistence of solutions of nonlinear boundary value problems, and we give an example.

The main contents of this survey are based on joint results of the author with Pavel
Dréabek, Alberto Tesei, and Laurent Véron. We also included results by Yuri Bozhkov and
Enzo Mitidieri concerning the application of the fibering method to the problem of multiple
solvability for some quasilinear equations and systems.

Note also the works by my student Yavdat 11’yasov [28-31], who contributed to further
development of the fibering method and considered its applications to nonlinear problems
involving the analysis of some geometrical questions, see for instance [35].

The application of the fibering method to the problem of existence of periodic solutions
to certain classes of nonlinear hyperbolic equations can be found in [39,43,48].

Let us mention an interesting fact that the bifurcation equation in the fibering approach
generates a Nehari manifold. Thus, the Nehari manifold can be considered as a bifurcation
manifold from the fibering point of view.
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In conclusion note that the transition from the one-parameter fibering method pre-
sented in this chapter to the multiparameter fibering method widens the possibilities of
the method [45].

My special thanks to Evgeny Galakhov for the wonderful typesetting of this manuscript
and also to Konstantin Besov for his assistance at the final stage of preparing this book for
publication.

1. Simple examples
1.1. Nonlinear Fredholm alternative

We begin this chapter with an example. Consider the following boundary value problem:

{ Apu+ MulP~2u =h(x) in2 CR", (1.1.1)

u=0 on oas2.

Here A, is the p-Laplacian:
Apu =div(|VulP72Vu)

withp=1 1eRandh e Wl;l(SZ) = (W&’p(Q))*, % + % =1, where £2 is a bounded
domain in R . Introduce the definition of the spectrum

opi={reR|Tue Wyl (2)\ {0} Apu+AlulP2u=0in2}.

For p = 2 we have the classical linear boundary value problem and the classical definition
of the spectrum of the Laplace operator. Note that, for A greater than the first eigenvalue
A1 > 0, the appropriate nonlinear operator

Ap() = Apu + Au|P2u

is not coercive. Thus the classical theory of nonlinear monotone coercive operators, , devel-
oped by M. Vishik, F. Browder, G. Minty and other mathematicians (see for instance [33])
is not applicable to boundary value problem (1.1.1) with A > 1. In order to overcome this
lack in 1967 the “Nonlinear Fredholm Alternative” was developed [40].

Let X be a reflexive Banach space with basis, and denote by X* the conjugate space.
Let A and T be operators acting from X into X*. Consider the abstract nonlinear equation

AWw) +ATw)=h
with a scalar parameter A. The following assumptions are made:

(A1) A and T are odd positive homogeneous (in principal part) continuous operators;
(A2) A isastrictly closed operator;
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(A3) T is acompact operator.
Define the spectrum of the pair (A, T') as

o(A,T):={reR|Ix#0: A(v) + AT (v) =0}.
Then we have the following statement.

THEOREM 1.1.1 (Nonlinear Fredholm Alternative). Let A and T satisfy assumptions
(AL1)—(A3). Then the equation

Aw)+ATw)=h
for any h € X* admits a solution u € X if
rgo(A,T).

ExampLE 1.1.2. If we apply this general abstract result to boundary value problem

(1.1.1), we obtain that for any A ¢ o (A ) there exists u € Wé”’(sz) which is a solution
of (1.1.1).

REMARK 1.1.3. If p =2 then A, reduces to the Laplacian; in this case the Nonlinear
Fredholm Alternative gives the same result as the classical (linear) Fredholm Alternative.

ExXAMPLE 1.1.4. Consider the problem
{A(u) =h(x) in2 cRV,
u=0 on as£2,

where
N

3 (ou\’
A(“)E‘me(a_;i) +

i=1

o du\° N du \°
— 3 —_—
CZ(3X5> +u +aZ<8Xi) u.
i=1 i=1
Then the Nonlinear Fredholm Alternative implies that for any a, ¢ € R there exists a solu-
tion u € Wy (2).

REMARK 1.1.5. Note that the operator A is not coercive for a suitable choice of @ and c.
We can take for instance ¢ = 0, and a < 0 sufficiently large such that for a fixed ¢ €
Wyt (92):

—af |V¢|2¢2>f |V¢|4+/ e
2 2 2

in this case we have (A(t¢), t¢) — —oo as t — +o00; thus A is not coercive, and then the
classical theory of nonlinear monotone coercive operators cannot be applied.
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In order to develop this approach to noncoercive nonlinear equations we used some
elements of the fibering method. Now we give a short description of the main underlying
ideas.

(1) The first idea is the extension of the nonlinear operator: that is, instead of equation

A(w) =h, (1.1.2)

where A is acting between Banach spaces X and Y, we consider wider spaces X and ¥
and

A:X—>Y WithA~|X=A;
then we get the extended nonlinear equation
A() = h.

(2) The second idea is equipping X with nonlinear structure associated with the nonlin-
ear operator A.

A further development of this approach consists in constructing, for a given triple
(X, A,Y), a corresponding triple (¢, «, ), where & and n are fibrations of the spaces X
and Y respectively, and « is a morphism of & into »; the correspondence

(X, A Y) = (§,a.m)

is determined by the initial triple and, for given spaces X and Y, by the operator A from X
to Y. If we take

X:kaX,

we obtain the k-parametric fibering method. We begin with the simplest case, namely when
k = 1: in this case we get the so-called one-parametric fibering method. The one-parametric
fibering method is based on representation of solutions for equation (1.1.2) in the form

u=rtv, (1.1.3)

where 7 is a real parameter (+ # 0 in some open set J C R), and v is a nonzero element of
the Banach space X satisfying the fibering constraint

H(t,v)=c. 1.1.4)

Roughly speaking, any functional satisfying a sufficiently general condition (see Subsec-
tion 1.2) can be taken as the “fibering functional” H (¢, v). In particular, we can take the
norm H (¢, v) = ||v||; then condition (1.1.4) reduces to ||v| = 1, realizing a so-called spher-
ical fibering. Here a solution u # 0 of (1.1.2) is sought in the form (1.1.3), where r € R and
veS={weX: |w|=1}.
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Thus, the essence of the one-parametric fibering method consists in embedding space X
of the original problem (1.1.2) into the larger space X =R x X and investigating the new
problem of conditional solvability under condition (1.1.4). This method makes it possible
to get both new solvability theorems and new theorems on the absence of solutions for
nonlinear boundary value problems. Further, in the investigation of solvability of bound-
ary value problems this method makes it possible to separate the algebraic factors of the
problem that affect the number of solutions from the topological ones.

1.2. The one-parameter fibering method
Let X be a real Banach space with a norm ||w| x that is differentiable for w # 0, and let f

be a functional on X of class C1(X \ {0}). We associate with f a functional f defined on
R x X by

ft,v) = f@v), (1.2.1)

where (¢,v) € J x S; here J is an arbitrary nonempty set in R, and S is the unit sphere
in X.

THEOREM 1.2.1. Let X be a real Banach space with a norm differentiable on X'\ {0}, and
let (¢, v) € (J \ {0}) x S be a conditionally critical point of the functional f considered on
J x S. Then the vector u = rv is a stationary (critical) point of the functional f, that is,

f'(u) =0.
PROOF. At the conditionally critical point (¢, v) we have
My o) =ploll, (1.22)
flt,v)=0 (1.2.3)
with 22 4 12 £ 0. Here the prime and the subscript mean the derivative with respect to the

corresponding variable (the derivative with respect to v is understood as the value of the
derivative with respect to v in the space X for v € S). By (1.2.2), we have

MFy (v, v) = pllvll, v),

where (w*, u) is the value of the functional w* in the dual space X* on an element u in X.
Then from this and the equalities

(fot,v),v)=(f'@tv), v) =1 f/(t,v)
and

(Ivl/,v)=1 forves
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we get Atf,’(t, v) = w; from this equality and (1.2.3) follows that . = 0. Then A # 0 and
by (1.2.2)

tf'(w) = fy(t,0) =0

for u = rv, 1 # 0. Consequently, f'(x) =0 and the theorem is proven. a
Now we consider a more general fibering: for this we introduce a fibering functional

H (t,v) defined on R x X and we consider the functional f (¢, v) under condition (1.1.4).
In general, we can take as H (¢, v) an arbitrary functional that is differentiable under this
condition and satisfies

(H),v)#tH] for H(t,v) =c; (1.2.4)
we will call (1.2.4) the nondegeneracy condition.
THEOREM 1.2.2. Let H be a functional from the described class. Let (r,v) € J x X
with v # 0 be a conditionally critical point of the functional f(z,v) under condition
(1.1.4). Then the vector u = tv is a nonzero critical point of the original functional f,
i.e. f'(u)=0.
PROOF. At the conditionally critical point (¢, v) we have

wfi(t, v)=rH\(t,v), wf](t,v) =1H/ (1, v) (1.2.5)
with 22 4 112 = 0. On the other hand,

L@ vy =if'@v),  fl@v)=(f"@v),v).
Then from (1.2.5) we get

ptf'(tv) =AH)(t,v),  w{f'(tv),v)=1H(,v). (1.2.6)
From this we obtain

ut(f'(tv), v) = AH) (1, ), v),

ut(f'(tv), v) = ArH/(t, v)
and consequently

MH, (1, v), v)=AtH](t,v)

fort #£0and H(¢, v) = c. Then, by condition (1.2.4), we get A = 0 and hence u # 0. As a
result, the first equation in (1.2.6) takes the form f’(u) = 0 with u = rv # 0. |
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1.3. Comparison with the Lyapunov—Schmidt approach

Now we compare the fibering method with the classical Lyapunov—Schmidt one. We re-
strict our comparison to spherical fibering: in this case

H(t,v) = vl
and condition (1.2.4) with ¢ = 1 takes the form
(H),v)=llvll=1#tH/ =0.

Due to the Lyapunov—Schmidt approach we seek a solution of (1.2.2) in the form u =
u1 + uz, where u1 is an element of a (usually finite-dimensional) subspace X of X, and
uy lies in a suitable “good” complement. Then from (1.1.2) we get the system of equations

{Al(ul,u2)=h1, (13.1)

Ao (ug, u2) = ho,

where the second equation for a fixed u; € X1 is a well-posed equation with a unique
solution

up =T (ug, hy).

By substituting this expression into the first equation of the system, we derive the so-called
Lyapunov-Schmidt bifurcation equation

A(uz, h2) = h, (1.3.2)
where
A(uz, h2) = Ax(u1, T (u1, h2)).
Following the spherical fibering method, we seek a solution of the variational problem
f'w)y=0

in the form u = tv # 0 with (7, v) € R x S. Then the original variational problem is equiv-
alent to the system

(f'(tv),v) =0,
{ fl@v)y=0 forves (1.3.3)

(here f/ is the tangential derivative of f on the unit sphere ). The first equation of (1.3.3),
namely,

(f'(tv),v)=0 (1.3.4)
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plays the same role as the bifurcation equation in the Lyapunov—Schmidt approach; there-
fore we will refer to it as to the bifurcation equation in the fibering method. Indeed, if we
have a solution ¢ = ¢ (v) of this equation, then we get the induced functional

f) = f(r)v).

The conditionally critical point v, € S of f with 7. = t(v.) # 0 generates a critical point
u. = t.v, of the original functional f.
From a geometrical point of view:
e in the Lyapunov-Schmidt approach, the representation u = u; + uy corresponds to
introduction of Cartesian coordinates;
e in the spherical fibering method, the representation u = rv with |jv|| = 1 corresponds
to introduction of curvilinear (spherical) coordinates.

1.4. Simple examples of known problems

In these examples the bifurcation equation (1.3.4) admits an explicit smooth solution ¢ =
t(v) for v € S: this makes it possible to use a parameter-free realization of the spherical
fibering method. In all examples below, £2 is a bounded domain in R" with a locally
Lipschitz boundary 9£2. The solutions of the problems are considered in the Sobolev space
W,-2(£2), the dual space of which is denoted by W, *(£2).

ExXAmMPLE 1.4.1. Consider the eigenfunction problem

{Au+)»|u|”_2u=0 in 2, (1.4.1)

u=0 onoas2.

Here 2 < p < 2*, where

N-2

2*:{2—” for N > 2,
(%) for N =2.

The Euler functional f for this problem has the form

1 1
Flu) = 5/ Vul? - —/ ul?.
2 PJo

According to the fibering method, we set u = tv. Then the functional f takes the form

12 |t]P
f(tv):E/ |Vv2——/ |v|P.
2 p 2

In the spherical fibering

1/2
o]l = (/ |w|2) =1
2
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the functional f reduces to

2 P
~ t t
few=" - i/ .
P Jo

From the bifurcation equation f,’(t, v)=0,i.e.

1 — |t|”‘2t/ lv|? =0,
2

we find explicitly the real nonzero solutions

(] W)#

Then the functional f(v) = f(t(v), v) takes the form

2
. _2 =
foy=L25 </ |v|P) g
P 2

Considering this functional on the unit sphere S C Wol*z(.Q), we can apply to it the well-

known Lyusternik—Shnirel’man theory, in view of which 7 has a countable set of geo-
metrically distinct conditionally critical points vy, vo, v3, ... on S with f(vm) — oo (and
hence [, [v,|? — 0) as m — oo. Thus we obtain that problem (1.4.1) has a countable set
of geometrically distinct solutions £u1, fuo, ..., £u,, ... with

U (X)

i (06) = ——"0
(g lom[P) P2

and ||uy,|| — oo as m — oo.

REMARK 1.4.2. If we start from the astrophysical meaning of the Emden—Fowler equa-
tion (1.4.1), and consider a solution u,, as a “star” in the Sobolev space Wol’z(sz), then the
set of all solutions of (1.4.1) looks like an “expanding Universe”: indeed, since ||u,, || — oo
as m — oo, for any R > 0 there exists a “star” u,, such that |ju,,| > R. From the mathe-
matical point of view it means that the boundary value problem

{ Au+MulP2u=h in$,
u=0 onds2

for 2 < p < 2* does not admit a priori estimates. Consequently, the Leray—Schauder
method cannot be applied to this problem.
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EXAMPLE 1.4.3. Consider the linear Dirichlet problem for the Poisson equation

{Au:h in 2,

14.2
u=0 on as2 ( )

with & € Wz‘l(Q) \ {0}. The functional associated with (1.4.2) is

f(u):—}/ |Vu|2—/ hu.
2 /o Q

Following the fibering method, we set u = rv. Then the functional f takes the form

t2
f(w):——/ |Vv|2—t/ hv.
2 Jo 2

In the spherical fibering

||v||2=/ IVu|? =1
2

the functional f equals

2
ftv)= —% —I/th, (1.4.3)

and then from the bifurcation equation
f,’(r,v)z—z—/ hv=0
2

we find r = — [, hv, and then

2
f) = f(tw),v) = %([Q hv) : (1.4.4)

Note that in this case the minimax realization of the fibering method—see Subsection 1.5—
would give rise to the same functional f We now consider the critical points of this even
functional f on the unit sphere S. Obviously, there exists an infinite set of conditionally
critical points of f on the unit sphere. In this set there are only two regular conditionally
critical points v1 and vy = —vq, i.e. conditionally critical points such that t = 7(v1) # 0
and r» = t(v2) # 0: these are the points where f(v) attains the maximum on the closed unit
ball B (v1 and v, cannot lie in the interior part of B because f is homogeneous on v; see
also the maximum principle expressed by Corollary 1.5.4). Then u1 =t1v1 and up = tovp
are solutions of the Dirichlet problem (1.4.2); note in particular that, since #; = —#, and
v1 = —v2, We actually obtain u1 = uy, that is, the two nonzero solutions coincide.
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REMARK 1.4.4. Example 1.4.2 can be treated as an application of Theorems 1.5.1 and
1.6.3 that will be stated in the next subsections. To clear up the essence of the fibering
method, we verify assumptions of these theorems in this example. We know v1 € S is a
maximum point of 7 on the unit sphere S. Then, by the Lagrange rule, at this point one
has

hf hvy = —vAv, vleWol’z(.Q).
2

From this we find for [, [Vv1|? = 1thatv = ([, hv1)?, and v # 0, because max,es f (v) >
0 for i 0. Then

2
h/ hv1=—</ hv1> Avy
2 2

or, setting 11 = — [, hvy #0 and ug = r1v1,

Aup=h, uyeWy2(Q),

i.e. up isasolution of problem (1.4.2). We see similarly that u; is a solution of this problem,
and uy = uy.

ExaMPLE 1.4.5. In the above we have considered some applications to the global analy-
sis of certain nonlinear boundary value problems. It is clear that the fibering method can be
applied to the local analysis of certain nonlinear variational problems. We restrict ourselves
to a simple example.

Let us consider the following boundary value problem:

3_ i N
{Au +u’=h(x) in2cCcRY, (1.4.5)
u=0 on as2

with N < 4. The Euler functional that corresponds to this boundary value problem is
1 1
E(u):——/ |Vu|2+—/ u4—/ hu.
2Jo 4)q 2
Due to spherical fibering we have u(x) = tv(x) with
2 2 1,2
vl =f Vo2 =1 forve W, *(£2).
2

Then the Euler functional E generates

. 2t
E(f,v)=—E+Z/v4—tf hv,
2 2
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and the bifurcation equation takes the form

———t—i—t/v —/hv—

An elementary calculation shows that if the inequality

el [ ] ([4) ] <55

is satisfied, then the bifurcation equation possesses three isolated smooth branches of so-
lutions: 11 = 11 (v, h), r» = 12(v, h), and r3 = 13(v, k). By substituting them into E we get
three induced functionals

E,-(v):E(zi(u,h),v)=—%rl?(v,h)+%z;‘(v,h)/gv“—ri(v,h)fghv

fori =1, 2, 3. These functionals are distinct and smooth on S. Every functional E;(v) has
a critical point v; on S. Hence, the original Euler functional E under our conditions on 4
possesses three distinct critical points, i.e. solutions of (1.4.5):

uy(x) =1 (x), up(x) =nv2(x), and wuz(x)=13v3(x)

in W&’z(.@) such that

/hu1<0, /hu2<0, /hus>0,
Q Q Q

and Jlusll < [luzll.

REMARK 1.4.6. For sufficiently small &, the existence of a first solution u; for (1.4.5) can
be proved via the contraction mapping principle. The existence of a second solution u, can
be obtained from

{Aw+(w+u1)3—u§=0,
w=0 onas

by means of the theory of eigenfunctions for nonlinear elliptic problems. However, we are
not aware of any way to prove the existence of a third distinct solution u3 without using
the fibering method.

1.5. Minimax realization of the fibering method

The fibering method admits various ways of realization. Here we consider some of these.
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Let X be a real Banach space with norm differentiable on X \ {0}, let f be a functional
on X belonging to the class C1(X \ {0}), denote by S the unit sphere of X, and let J be a
nonempty open subset of R. Then the following result holds.

THEOREM 1.5.1. Suppose that for any v € S the quantity

fw)=max £ (rv) (15.1)

exists, and f(v) > f(0) if 0 € J. Assume that f is differentiable on the unit sphere S.
Then to each conditionally stationary point v, of the functional f, considered on S, there

A

corresponds a stationary point u. = v, of f with ¢, € J \ {0} such that f(u;) = f (v.).

PROOF. Assume the statement is false, and hence z. f’(u.) # 0. Then there exists wg € X
such that

te(f' (ue), wo) > 0. (1.5.2)

Since v, € S is a conditionally stationary point of the functional f, which is differentiable
on S, it follows that

( Ve + Swo

) = f(ve) + ¢€() = fteve) +Ce(?) (1.5.3)
lve + Swoll

for sufficiently small ¢, with €(¢) — 0 as ¢ — 0. On the other hand, by (1.5.1),

ve + Lwo A Vet Swo
t——— | < _— VYt e J. 154
f(Hw+Cwm) fQMA{wM> € 134

By the assumptions of the theorem, max;c; f (rv.) = f(t.v.) is attained on the open set
J\ {0}. Hence, 7. |lv. + cwgll € J \ {0} for sufficiently small ¢, because ||v.|| = 1. Then,
by setting ¢ = 7. ||v. + Cwoll in (1.5.4) for sufficiently small ¢, we get by (1.5.3) that

f(teve + Stewo) < f (teve) + S €(?). (1.5.5)
Since f is differentiable,

fteve + Ctewo) = fue) + Ete f'(ue), wo) + Cer(?),  ex(t) —0as¢ — 0.
Then it follows from (1.5.5) that

Ste{ f(ue), wo) < ¢e2(¢),  €2(t) > 0as¢ —0.
From this last inequality, for sufficiently small ¢ > 0, we get

te{f'(uc), wo) < 0.

In view of (1.5.2), this contradicts our assumption. The theorem is proven. O
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REMARK 1.5.2. Let J be a nonempty open set in R, symmetric with respect to zero. If
the functional f defined by (1.5.1) exists, then it is even: this makes it possible to use
the Lyusternik—Shnirel’man theory for certain functionals that are not even, and obtain
theorems on the existence of many geometrically different stationary points.

EXAMPLE 1.5.3. Consider again the linear Dirichlet problem (1.4.2)

{Au:h in £2,
u=0 onoas2.

The Euler functional associated with this problem is

fu)y=—= |Vu| —/ hu.
2J)q 2

In the spherical fibering

u=rtv, ||v||2=/ Vo2 =1
2

the functional f reduces to

t2
f(t,v):—i—tfghv.

Then, the minimax realization gives rise to the functional

2
f(u):maxf(z,u)=l(/ hv) , tmax=—/ hv,
teR 2\Jo I?)

which is the same as the f defined by (1.4.4). So the original not even Euler functional f

N

generates by the minimax realization of the fibering method an even functional f.

REMARK 1.5.4 (to Example 1.8.5). From the Lyusternik—Shnirel’man theory we know
that each even weakly continuous functional f possesses at least a countable set of critical
points on S. Thanks to the fibering method we have to expect a countable set of solutions
for boundary value problem (1.4.2), but we know that this problem has only one solution;
what is the matter? Let us consider this “contradiction” in more detail. The even functional

L1 2
== h
F=3([m)
has actually a continuous set of critical points on S. Indeed, any v € S, such that [, hv =0,
is a critical point of £, because in this case

f/(v)zvf hv=0.
2
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Thus the equator
S:=SN{ht= {UES: / hv:O}
2

is the critical set for £. But for v € £ we have

t:t(v):—/ hv=0,
2

and consequently u = tv = 0; that is, these critical points are invisible with respect to f.
On the other hand, as we have already seen, f also admits a pair of conditionally critical
points

Vg —t(v+)=/ hv+=maX/ hv >0,
2 2

ves

v_: —t(v_):/ hv_:min/ hv <0,
Q veS Jo

that give rise to a visible “double” solution u, = u_. Thus, we can reasonably expect
that a perturbed nonlinear boundary value problem may admit a countable set of visible
solutions. Indeed, the boundary value problem

{Au +elufu=h ing,
u=0 on os2

for any sufficiently small €, § > 0 possesses a countable set of solutions
UL, UDy o e s Uky o v vy
with [lug || - oo as k — oo.
Before the next example we point out an immediate corollary of Theorem 1.5.1:

THEOREM 1.5.5. Let X be an infinite-dimensional reflexive Banach space. Let the func-
tional

f=max f(tv) > 0
teJ

(or 1/ f) satisfy the Lyusternik-Shnirel’man conditions (in any version of this theory). Then
the functional f admits at least a countable set of distinct critical points.

EXAMPLE 1.5.6. Consider the boundary value problem

3 2 H
{—Au—u +([ohv)?h=0 in2cRY, N<3, (15.6)

u=0 onas2.
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Though the Euler functional

1 2 1 4.1 ?
f(u)—zfgwm 4/9u+3</9hu>

is not even, by means of minimax realization we obtain an even functional
f)=max f(,v),
teR

where

B 2 , , 1 3
tvy=—= [ |[Vu]2—= —( [ nv).
foew=5 [woe=5 [ g ([ m)

Then by Theorem 1.5.5 we obtain that problem (1.5.6) admits a countable set of solutions
in Wy%(£2) for each h € W, 1(£2), since:

o feCis);

o f(=v)=f(v);

e f>00nS;

e f is weakly continuous on S.

1.6. The choice of the fibering functional

Realization of the fibering method depends evidently on the choice of the fibering func-
tional H (¢, v) satisfying condition (1.2.4). As the simplest of such functionals we can take
the norm in the Banach space, provided that it is differentiable away from zero, but this
choice is not unique. Here we propose as a fibering functional the functional naturally gen-
erated by the problem itself (i.e. by the Euler functional f). We remark, however, that in
many cases this choice is not necessary. The scalar equation

(f'@tv),v)=0 (1.6.1)
in the scalar parameter ¢ = ¢ (v) is the defining bifurcation equation in the fibering method.
To separate algebraically different solutions of this equation, it seems natural to take the
following as a fibering functional H in the case of a functional f of class C3(X \ {0}):

H(t,v) =(f"(tv)v, v). (1.6.2)

In this case X satisfies the relation

(H),v)—tH/ =2H. (1.6.3)
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In fact, by the equalities

(1 o) =L H@ o).
dc t=1
tH = iH(gz,u)| s
dc ¢=1
H(t, ¢v) =3 f"Ctv)v, v)

we get
d
(ng’ U> = EH(I’ §U)|;=1

-2 " d /"

=2(f"¢tvyv, v)+ E(f (tv)v,v>|§:1

=2H +tH].
By (1.6.3) the nondegeneracy condition (1.2.4) turns out to hold always for the functional
H defined by (1.6.2). When such a functional is chosen, the solution r = ¢ (v) of (1.6.1)
a priori inherits the smoothness of the original functional, with loss of one derivative.
Accordingly, the problem of finding critical points for f e C3(X \ {0}) reduces to the
problem of finding conditionally critical points for f(¢v) under the condition

(f"(tvv,v)=c#0, tel.

Set k := +/|c| # 0; then, by substituting 7/k and kv in place of ¢ and v, respectively, the
last equality can be re-written as

<f”(tv)v, v) =co, tekl, (1.6.4)
where ¢ is either +1 or —1, and kJ := {kt: t € J}.

THEOREM 1.6.1. Let f be a functional on X of the class C3(X \ {0}), and let (¢, v) €
kJ x X with rv # 0 be a conditionally critical point of the functional f(zv) under condition
(1.6.4). Then the point u = tv is a nonzero critical point of f.

The proof follows immediately from Theorem 1.2.2.

REMARK 1.6.2. If we apply the general formula (1.6.2) to the linear problem

Au=h in§$2,
u=0 on as2,
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we obtain

d2
H(t,v) = Wf(tv)
_& t2/|V|2 t/h
T dr? 2 Jo v I?) v
=—/ IVul?,
2

and then our general condition (1.6.4) takes the form

/ Vo2 =1.
2

That is, in this case the general constructive formula (1.6.2) leads to spherical fibering.

REMARK 1.6.3. The fibering functional H defined by (1.6.2) enables us to separate con-
vex nonlinearities from concave ones, since formula (1.6.2) involves the second derivative
of f:

e convex nonlinearities correspond to H (¢, v) = +1;

e concave nonlinearities correspond to H (¢, v) = —1.

1.7. A parameter-free realization of the fibering method

In the general case the fibering method reduces the original variational problem to a para-
metric variational one and to the investigation of its conditionally critical points. However,
when the fibering functional H is defined by (1.5.2), it is possible to eliminate the parame-
ter ¢ in the new variational problem. Indeed, condition (1.5.4) for a functional f of class
C3(X \ {0}) means that

d
@y, )= (" vy, v) £ 0

on the set defined by (1.5.4). Thus, condition (1.5.4) for a functional f of class C3(X \ {0})
enables us to single out the algebraically distinct smooth solutions ¢; (v) (fori =1,...,m)
in the bifurcation equation (1.5.1), when they exist, and to eliminate the scalar parame-
ter ¢. The problem of finding the nonzero critical points of f € C3(X \ {0}) reduces to the
problem of finding conditionally critical points of the functionals

Fi(v) == f(t:(v)v)
under condition (1.7.1)
H;(v) == (f"(t; ()v)v, v) = cp

with ¢g = £1. Here ¢; (v) is the corresponding solution of (1.5.1) fori =1, ..., m.
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THEOREM 1.7.1. Let f be a functional defined on X, f € C3(X \ {0}). Let #; (v) be the
solution of (1.5.1) under condition (1.5.4), and let v; be a conditionally critical point of
problem (1.7.1) with #; (v;) # 0. Then the point u; = t; (v;)v; is a nonzero critical point

of f.

The proof follows from Theorem 1.5.1, since the pair (¢;,v;) € kJ x X satisfies the
conditions of this theorem.

1.8. Fibering functionals of norm type

In studying a variational problem it is sometimes convenient, when the principal part of
the original Euler functional is of norm type, to take this principal part as the fibering
functional H. Then, if there is a complementary weakly continuous functional, the orig-
inal problem reduces to that of investigating conditionally critical points of a continuous
functional on a sphere-type surface (it is simpler to investigate a variational problem in a
closed ball, because it is a convex set). We present a class of variational problems, in which
this approach can be implemented. Suppose that on a Banach space X, with norm differen-
tiable away from zero, a given functional f € C1(X) has the form f(u) = fo(u) + f1(u),
where fp(u) generates the norm of X. For definiteness, we assume fo(u) = ||u|? for some
p>1,and f; € C1(X). Then we choose the fibering functional H (v) = fo(v) = ||v||?, so
that condition (1.1.4) takes the form ||v|| = 1 (i.e., we use the method of spherical fibering).
The functional f (zv) takes the form

ft,v)=1t|” + fi(rv) forves,
and the problem

fow) + fiw) =0 (1.8.1)
is then equivalent to the system

pltIP =2t + (f{(tv),v) =0, #0, (1.8.2)

tfitv)y =v|vl’, veS. (1.8.3)
Since the functional (f{(tv), v) is defined for all v € X, the first scalar equation (1.8.2) in
can be considered for v € B = {w € X: ||w| < 1}. Suppose that this equation has solutions
ti(w)fori=1,...,N.Let

Fi(w) = 61" + f1(ti (w)w)
and consider these functionals on the closed unit ball B.

DEerFINITION 1.8.1. Apoint w € B is acritical point of the differentiable functional F; (w)
in the closed unit ball B if one of the following conditions holds:
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(1) w lies in the interior part of B and is an ordinary critical point of F;;
(2) w lies on the boundary 3B = S and is a conditionally critical point of F; on the
sphere S.

DEFINITION 1.8.2. A critical point w; € B of the differentiable functional F;(w) is a
regular critical point of F; if w; #0, #;(w;) # 0, and the functional 7; is differentiable at
w; . Here #; (w) is a solution of (1.8.2) for v =w € B.

THEOREM 1.8.3. Let w; € B be a regular critical point of F;(w). Then w; € B, and
u; = t; (w;)w; is a nonzero solution of (1.8.1).

PROOF. Suppose by contradiction that the regular critical point w; € B of F; is in the
interior part of the unit ball B. We study the behavior of F; along the ray ¢w; as ¢ — 1.
By differentiability of f and differentiability of 7; at w;, one has

dFi(fwi)
d¢

, dt; ,
= [plt1P % + (Hw), wi)]| | +{AGw), wi,
=1 dt |e—q

where t; = t; (w;). Hence, in view of (1.8.2) with v = w;,

dF;(Cw;)

dc = ti{ f{(tiw;), wi) = —plt;|P #0,

¢=1

which contradicts the fact that w; is a (regular) critical point. Therefore, w; € d B. More-
over, by Theorem 1.2.1 the point u; = r;w; is a nonzero solution of (1.8.1). O

Following Definitions 1.8.1 and 1.8.2, we introduce the concept of a regular extremal
point w € B for the functional F; by replacing in those definitions the word “critical” by
the word “extremal”. Then from Theorem 1.8.3 we get

COROLLARY 1.8.4 (The Maximum Principle). Let w; € B be a regular extremal point of
F;(w). Then w; € 9B, and u; = t; (w;)w; is a nonzero solution of (1.8.1).

ExXAMPLE 1.8.5. Here we demonstrate the above “maximum principle” in the simplest
situation. Consider the linear problem (1.4.2)

{Au::h in £2,
u=0 on as2

and the corresponding Euler functional

o f = |
f@wy=—= [ |Vul*— | hu.
2Ja Q
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Then the reduced functional is

2
f(v>:<f hv) . veWrA@), vl =1,
2

Now we consider B instead of S, i.e. ||v|| < linstead of ||v|| = 1. In this case we know from
classical results that the functional # admits a maximum point vg in the convex bounded
domain B. Actually, vg is on the boundary S = 9 B: in fact, if we suppose |vg| < 1 then
for sufficiently small ¢ > 0 one has still (1 + €)vg € B and

F(A+ewo) =L+ €)% f(vo) > f(vo),

which contradicts the fact that vg is a maximum point. Therefore vg € S.

1.9. Critical and conditionally critical points

In the preceding subsections we used the fibering method to establish a connection between
critical points and conditionally critical points of functionals. Now we consider this con-
nection from a somewhat different point of view. Let / be a differentiable mapping (which
can also be a nonzero constant) from a real Banach space X into X itself. We associate
with any functional f twice differentiable (in the Gateaux sense) on X the functional f;
defined by

fiw) = (f' W), 1@w)).

Clearly, every critical point u of f satisfies f;(u) = 0. Hence, it is a conditionally critical
point of f, considered under the condition f;(x) = 0. The following simple theorem gives
a condition for the validity of the converse.

THEOREM 1.9.1. Let f be a twice differentiable functional (in the Gateaux sense) on a
real Banach space X. Suppose that there exists a differentiable mapping / from X to X such

that at a conditionally critical point ug of f (), considered under the constraint f;(u) =0,
one has

(£ o), 1(uo)) #0. (1.9.1)
Then the conditionally critical point ug is actually an unconditionally critical point of f.
PROOF. Indeed, at ug one has

Mf' (o) = puf (wo), 2%+ p® #0.
By this equality and (1.9.1) we get .« = 0, and then X £ 0, since

w{ f (o), L(uo)) = A f'(uo), L (uo)) = Afi(uo) =0.
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Therefore f/(ug) = 0. The theorem is proven. O
REMARK 1.9.2. Let/(u) = u. Then we obtain the Nehari functional

Sn@) =(f"w), u).

2. Application of bifurcation equations
2.1. The algebraic factor

In this section we demonstrate the application of the bifurcation equations to various non-
linear boundary value problems in the simplest cases.

The bifurcation equation enables us to extract the algebraic factor of nonlinearities. Con-
sider the bifurcation-fibering equation

(f'@v),v)=0. (2.1.1)
Lets; (v) (fori =1,2,...,k) be the algebraic solution of (2.1.1) under condition

vl =1.
Then we obtain & functionals f1, ..., fi defined by

fi(v) = f(tl(v)v),
f2v) := f(r2(v)v),

fi@) = £ (@),

for which the following result holds (cf. Theorem 1.5.1).

THEOREM 2.1.1. Let fi,..., fi € CX(S). Let v; be a conditionally critical point of f;(v)
with #; (v;) # 0. Then the point

ui =1;(v;)v;

is a nonzero critical point of f (u).

2.2. The problem of nontrivial solutions

Let £2 be a bounded domain in R" with locally Lipschitz continuous boundary 8£2. We
consider the question of existence of nontrivial solutions for the boundary value problem

(2.2.1)

{ Au+g1(x,u)u=0 in £,
u=0 on as2.
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The conditions on the function g1 are as follows.
(C1) g1(x,0) =0, and g is a Carathéodory function on £2 x R, i.e. it is measurable
with respect to x for all ¥ € R and continuous with respect to « for almost all
X € 8.
(C2) For N > 2 there exist positive constants A and B such that, for all x € £2 and all
uelR:

for N > 2, |g1(x,u)|<A+B|u|’", where 0 <m <

N_2
for N =2, ‘gl(x,u)’ <A+Be|”|a, where 0 < a < 2.

(C3) For any function v € W&’Z(Q) with [ |Vv|2 =1, i.e. for any v on the unit sphere
S, the equation

/ g1(x, () (x)dx =1 (2.2.2)
2

in ¢t € R has a solution r = (v), and 7 (v) € C1(S).
Let # = 7(v) be a solution of class C1(S). We consider the functional

2
F(v)= _% +/ G (x. t()v) dx, (2.2.3)
9}

where G(x,s) = [5 g1(x, y)ydy.
THEOREM 2.2.1. Assume conditions (C1), (C2), and (C3). Suppose that the weakly con-
tinuous functional F defined in (2.2.3) admits a conditionally critical point v on the

sphere S. Then u = ¢ (v)v is a nontrivial solution of problem (2.2.2).

PrRoOF. The proof follows directly from Theorem 1.8.3, since the regularity of a condi-
tionally critical point of F on S follows from conditions (C1) and (C3). O

EXAMPLE 2.2.2. Consider for N < 3 the boundary value problem

{Au+a(x)u2+u3=O in 2,

2.2.4
u=0 on as2 ( )

with a € L9(£2), where g =1 for N=1,g > 1 for N=2, g > 2 for N = 3. Then by
Theorem 2.2.1 this boundary value problem has a nontrivial solution « Wol’z(sz).

Notice that the Euler functional associated to (2.2.4)

E(u)= 1/|V|2+1[ 3+1/ !
u—zﬂu Zﬂau 49[4
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is not even. On the other hand, from (2.2.2) it follows that F is even anyway: in fact, if
to any v1 € S there corresponds a solution 71 = #(v1), then to vy = —wv1 there corresponds
to = t(—v1) = —11; if the even functional F is smooth, then the Lyusternik—Shnirel’man
theory can be applied to it, under appropriate conditions.

THEOREM 2.2.3. Assume conditions (C1), (C2), and (C3). Suppose that the even func-
tional F defined by (2.2.3) satisfies on S the Lyusternik—Shnirel’man conditions, in any
version of this theory. Then the boundary value problem (2.2.1) has a countable set of
geometrically distinct solutions.

PROOF. The existence of a countable set of geometrically distinct conditionally critical
points for the even weakly continuous functional F on the unit sphere S follows from the
Lyusternik—Shnirel’man theory. The regularity of each conditionally critical point of F
on S follows from conditions (C1) and (C3), since a solution of (2.2.2) at a conditionally
critical point of F on S is nonzero and differentiable at this point. Then we get Theorem
2.2.3 from Theorem 1.8.3. |

ExXAMPLE 2.2.4. Consider the boundary value problem

{ Au+2()u + p)|u™ lu=0 ing,
u=0 on as2,

where 1 <m < %—fg for N >2andm > 1 for N =1, 2. Denote by A; the first eigenvalue
of the Laplace operator in the domain £2 with Dirichlet boundary conditions. We get by
Theorem 2.2.3 that for any functions A, u € C(£2), with A(x) < A1 and w(x) > 0 in £2,
thils 2problem has a countable set of geometrically distinct solutions in the Sobolev space
Wy 2 (£2).

EXAMPLE 2.2.5. We consider for N < 3 the boundary value problem

{ Au+a@®)|u* tu+ud=0 ing,
u=0 on as2

with 1 < @ < 3 and a € L1(£2) (without any assumptions on the sign of a(x)), where
g=1lforN=1,g>1for N=2,¢q > 5% for N = 3. Then by Theorem 2.2.3 this

o

problem admits a countable set of geometrically different solutions in W&’Z(.Q).

REMARK 2.2.6 (to Example 2.2.5). We note that the above problem with 0 < o < 1 was
already considered, by using another method called “linking”, in [11].
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2.3. A problem with even nonlinearity

We consider an application of Theorem 1.8.3 to the following boundary value problem in
a bounded domain £ ¢ RY with N < 5 and with smooth boundary £2:

{ A®D+P2=¢(x) ing, (2.3.1)

@ = ho(x) on 982,

where ¢ € W, 1(2) = (W ?(2))* and hg € WY/22(352). Note that by virtue of the
substitution @ — &1 = —@ the equation being considered is equivalent to the equation
APy = D? + ¢

Let / be a harmonic function in W1-2(£2) such that Ak =0 in £2 and h = hg on 952.
Then the original boundary value problem is equivalent to the following one, by simply
setting @ = u + h:

2
{ Au+u+h)"=¢ ing, (2.3.2)
u=>0 on os2.

The Euler functional associated with (2.3.2) on the Sobolev space Wol’z(.Q) is E =
TH + G, where

2 2 1 3 1 3
Hu) ::/ [Vul|® = |lul®, G(u) ::/ (——(u+h) +¢u+—h>
Q o\ 3 3

(we choose H as the fibering functional). The bifurcation equation for ¢(v) in this case
takes the form

a()t® — b(v)t — c(v) =0,

a(v) =/ v3,
Q

b(v):l—Z/ h?,
2

c(v)=/9(¢—h2)v.

where

From this we get, for a(v) = [, v #0,

b)) £ VB2(v) +4a(v)c(v)
o 2a(v)

:{1—2/;2hv2j:[<1—2/;2hv2)2

t+(v)



76 S.I. Pohozaev

)oYl e

Fi(v) = E(ti (v)v)

and, accordingly,

()

1
= Tazyy "W +8a@)b@)ew)

+ (b2 (v) + da@)c®))¥?). (2.3.4)

We assume b(v) > 0. Then the functional F_ is defined for all v in the closed unit ball B
of the space Wol'z(Q) (we obtain F_(v) = —c%(v)/2b(v) if a(v) = 0), while F, is defined
for all v € B such that a(v) # 0. Let us consider the behavior of these functionals in the
unit ball B as ||v|| — 0 for a(v) # 0. We have

a(v) — 0, b(v) —> 1, c(v) — 0.

By Taylor’s formula, up to the second order in ¢ := “3;9(“)”, one has

b3 bc 2 ac®
Fi=<12 5 >(1il)i[2b 3b3(1+o(§))1|

for a(v), b(v) # 0, with o(¢) — 0 as ¢ — 0. Concerning the boundary function hg €
W1/2.2(5$2) we assume that there exists a constant Co > 0 such that the corresponding
harmonic function # satisfies for any v € B

b(v)=1—2f hv? > Cy.
2

This holds, in particular, if 2(x) < 0. Concerning the function ¢ € Wz‘l(s?) we assume
that there exists a constant C; > 0 such that for any v € B

2
bz(v)+4a(v)c(v)=<1—2/ hvz) +4(/ v3)f (¢ — h?)v > C1.
2 2 2

This holds, in particular, if ¢ — h? is sufficiently small in the norm of the dual space
W{l(.Q). Under our assumptions,

sup F+(U) =Ssup F+(U) = +00,

veB ves

inf Fy (v) > —oo, Iinf F_(v) > —o0.
veB veB
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We mention that in the case where ¢ = h? a.e. in £2 the trivial solution « = 0 is one of the
solutions of problem (2.3.2). Therefore, it is assumed below that

||¢ - hZHW2_1 #0,
and then we get

inf F_(v) <0.
veB

Further, the corresponding minimum points v_ and v, exist for the functionals F_ and F
in the unit ball B C Wol’z(.Q). For the functional F_ at the point v_ € B we have

F_(v_.)=inf F_(v) <O0.
veB

Then from representation (2.3.4) we get v_ # 0 and ¢_(v_) # 0. The functional F_ is
differentiable at the point v_. Thus, the conditions of Theorem 1.8.3 are satisfied for F_,
and hence u_ =¢_(v_)v_ is a solution of the boundary value problem (2.3.2) under the
conditions on ¢ and 4 mentioned above. Now, let us consider the functional F,.. For this
functional at the point vy € B we have

Fi(vp) = JQE Fi(v) > —o0.

Then we get from representation (2.3.3), (2.3.4) for F, that 7y vy # 0. The functional F,
is differentiable at the point v, and a(vy) = [, v?r # 0. Thus, the conditions of Theo-
rem 1.8.3 hold for F., and hence, uy = r4 (v4)v4 is a solution of (2.3.2) under the afore-
mentioned conditions on ¢ and &. We notice that the solutions u«_ and u . are different.
Indeed, if u_ = uy then r_v_ =t vy; for v_, vy it would follow that v— = +v, and
|t—| = |t+|. The last equalities contradict (2.3.3) under our assumptions on ¢ and 4.

2.4. A test for the absence of solutions

We continue to demonstrate applications of the fibering method to nonlinear boundary
value problems. Now we outline an application to the nonexistence problem: we first
present a scheme for getting sufficient conditions for the absence of solutions. Let us
consider the variational problem in the situation of Subsection 1.8, that is, we consider
a Banach space X with norm differentiable away from zero and a functional f(u) =
fo(u) + f1(u) with fo(u) = |lu||” and f1 € C1(X). Then the problem

fow)+ fiw)=0 (2.4.1)

is equivalent to the system

pltIP=2t + (f(tv), v) =0, 1#0,
t1P=2¢ - (JIv]|P) + f{(tv) =0, wveSs.
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From this system we obtain, for any w € X, the following system of two scalar equations:

—2 1 —
{pmp t+ (fi(tv),v) =0, (2.4.2)

P72 ]1P) w) + (f(rv), w) =0.

This gives us the following test for the absence of nonzero solutions for equation (2.4.1) in
X.

THEOREM 2.4.1. Let fp and f1 be the functionals defined above, and suppose that there
exists an element x € X such that system (2.4.2) is inconsistent for any value of r # 0 and
v € §. Then equation (2.4.1) does not admit nontrivial solutions in X.

Obviously, the zero solution of (2.4.1) does not exist if

fo(0) + f1(0) #0.

REMARK 2.4.2. Consider again the boundary value problem with quadratic nonlinearity
(2.3.2). In this case system (2.4.2) takes the form

t— [otv+h)2v+ [, ¢v=0,
—t [ AY — [o(tv+ )2y + [, ¢ =0,

where v is an arbitrary function in Wol’z(fz). Notice that the first equation in this system
can be obtained from the second one by setting v+ = v. Therefore we now consider the
second scalar equation with respect to ¢z, namely,

tzf WU2+I/(Al//+2hxp)v+/(h2—¢)1ﬂ=0.
2 2 2

This equation clearly does not admit any real solution if there exists a function ¢ €
Wol’z(.Q) such that, for all v € S, one has

([(Z(Aw+2h¢)v>2 <4f9(h2 —¢)I/f/9¢v2. 243)

On the other hand, if ¥ (x) > 0in £2, then

(fwramen) ([, 225 v
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Hence, (2.4.3) holds if there exists a function ¥ > 0 in Wol’Z(Q) such that

AY + 2h)?
Q ¥ Q

or, equivalently,

2
/ ((Aw) +4h Ay + 4¢1/f> <0. (2.4.49)
e\ v
Accordingly, we get the following result:

PROPOSITION 2.4.3. Suppose that there exists a function ¥ > 0 in WOI’Z(Q) such that
(2.14:24) holds. Then the boundary value problem (2.3.1) does not admit solutions in
Wi (£2).

0

EXAMPLE 2.4.4. Consider problem (2.3.1) with #¢ = 0, namely, the Ovsjannikov prob-
lem

{A<D+4>2:¢(x) in £,
=0 on os2.

Then from Proposition 2.4.3 we obtain absence of solutions if we are able to find a
¥ € Wy2(£2) such that:
(1) v >0in 2 and ¢ >0o0n as2.
1 (ap)?
@) Jove¢<—zJo =7
For instance, if we take v such that

Ay +2y =0, >0 ing,
Y =0 on 0s2,

then we obtain that the Ovsjannikov problem does not admit any solution if

/Qw¢<—%§/gw.

In particular, we obtain absence of solutions if ¢ (x) < —A§/4.

We remark that the general nonexistence test (2.4.3), in contrast with traditional tests for
quasilinear elliptic equations of second order, is not a pointwise test but an integral one.
We explain this feature by the following special example.

ExAMPLE 2.4.5. Consider the boundary value problem (2.3.1) where £2 is the open unit
disk D c R?, ¢ =0, and the boundary function &g is equal to A cos@ in polar coordinates:

{Aq)+q§2=0 in D,

(2.4.5)
@ = Acoso onodbD,
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where A is an arbitrary real parameter. The choice of this particular example is due to two
circumstances. First, this problem is given without analysis in a number of books. Second

(and this is the main thing), the traditional tests for the absence of real solutions are not
applicable to problem (2.4.5), since the mean of the boundary values is equal to zero:

2
/ Acosfdo =0.
0

For problem (2.4.5) inequality (2.4.4) takes the form

21 1 2
/ dG/ dr<(Aj) + 4arccosé - Aw)r <0. (2.4.6)
0 0

We now choose v to be a solution of the following problem with parameter ¢ > 0:

{ Ay = —(t+rcosf)(1l—r?) inD,
=0 onabD.

This solution can be written explicitly, and ¢ > 0 for © > 1/3. We substitute this func-
tion v (which depends on = > 1/3) into (2.4.6). Then we get a parametric inequality for A
with ¢ > 1/3, and it yields the following estimate for |[A| when 7 = (1 + /5/2)/3:

|A| > 20.65.
If A satisfies this last inequality, then the boundary value problem (2.4.5) does not admit
any solution in Wy'2(D).
3. Application to Dirichlet problems
3.1. An example

In this section we apply the fibering method to the problem of existence of positive solu-
tions for equations involving the p-Laplacian

Apu = div(|VulP =2 Vu)

in a bounded domain 22 ¢ R¥. The particular equation we consider in this section was
also studied in [21,22] for 2 = RV Essentially the same result as here was proved in [22]
by using the so-called bifurcation argument [18] combined with the critical point theory.
However, it appears that our approach based on the fibering method yields the existence
and multiplicity of positive solutions in a more explicit and constructive way. We first
discuss an example with p =2 (hence A, = A).
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Consider the boundary value problem

{ —Au—ru=a(x)|ul?2u in2cRY,

3.1.1
u=0 onas2, ( )

where 2 < g < 2*:=2N /(N — 2), and a € L*°(£2) satisfies the following assumptions:
(Al) a™* (the positive part of @) is not identically zero;
(A2) [,a- u‘{ < 0, where u1 is the eigenfunction associated to the first eigenvalue 11
of —A, namely, u1 = u1(x) is such that

Aui+Mur =0 in$2,
u>0 in 2,
u=0 on a2

(see also Lemma 3.2.3 in the next subsection).
THEOREM 3.1.1 (Alama and Tarantello, [2] 1993). The following results hold.
e Let0 < A < g, and assume (A1). Then (3.1.1) has a positive solution in W2 (£2).
e Let A = X1, and assume (A1) and (A2). Then (3.1.1) has a positive solution in
W2 (£2).
e Let A > Aq, and assume (Al) and (A2). Then there exists § > 0 such that for A <
A1+ 8 (3.1.1) has two positive solutions in W§O(Q).

This result is of considerable interest. Let us point out some features.
(1) Solutions of (3.1.1) are not small. Indeed, let A = 0. Then we have

{ —Au=aX)|ul?%u in2cRV,
u=0 on 9s2.

By multiplying by « and integrating by parts we find

/|W|2=/ alul?
2 2

< ||a||oo/ |ue|?
2

< IIalloo(CqIIulll,z)q,
where C, is (since ¢ < 2*) the Sobolev constant
lullg < Cgllullz,2.
Since u =0 on 92, we obtain

2 q
lullf o < Cllalloollully 5-
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From this last inequality we obtain, since u is not identically zero and ¢ > 2:

=2
lull1,2 > ( ) — +o0  as|lallec — 0.

Cllalioo

Therefore, Theorem 3.1.1 does not follow from the classical bifurcation theory.

(2) Solutions of (3.1.1) are positive if A is near to A1 (including A > A11!).

(3) If A > A1, Theorem 3.1.1 states the existence of two positive solutions (an even
number of solutions) for (3.1.1).

These interesting features stimulated further investigations by S. Alama, G. Tarantello,
L. Nirenberg, H. Brezis, H. Berestycki, |. Capuzzo-Dolcetta, and other mathematicians
who considered elliptic problems in the form

{ —Lu= f(x)gw) in2cRY,
g—ﬁ—i—a(x)u:O onoas2

with the linear principal part

92u
0x;0x

N
Lu = Z a;jj(x)

N
ou
+ E bi(x)— 4+ c(x)u.
= 4 0x;
i,j=1 i=1

Actually, their method is based on the linear decomposition

Wy2(£2) = span{uz) + W',
associated with the linear structure of the operator L. This method does not work, if the
principal part is nonlinear, in particular, for Lu = A ,u. That is why we apply the fibering
method instead.
3.2. A problem involving the p-Laplacian
In this subsection and in the next ones we consider an application of the fibering method
to the p-Laplacian. Here we follow the paper [23], where we used some arguments from
[20].

Let £2 be a bounded domain in RY. Assume p,A,q €R, 1 < p <q < p*, where p* :=

Np/(N — p) for p < N and p* := oo for p > N. We consider the equation

—Apu = Ab () |ul?~2u + a(x)ul?%u (3.2.1)

for x € £2, under the Dirichlet boundary condition

u=0 onas. (3.2.2)
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This problem is studied in connection with the corresponding eigenvalue problem
—Apu = b (x)|u|"2u. (3.2.3)
We concentrate ourselves on the existence and multiplicity of positive solutions for (3.2.1)
when 0 < A < A1 + €, where € is a “small” positive number and A1 is the first eigenvalue
of (3.2.3). In particular for A > A1 we shall prove the existence of (at least) two solutions,
similarly to the case A, = A that we discussed in the previous subsection.

Let us premise some definitions and notations. We work in the Sobolev space W :=
Wol”’(.Q) equipped with the usual norm

1/p
llullw = (/ IWI”> .
Q

We assume a, b € L*°(£2), with b > 0 and b not identically zero.

DEFINITION 3.2.1. A function u € W is a weak solution for problem (3.2.1) under con-
dition (3.2.2) iff it satisfies the integral identity

f |Vu|p_2Vqu=A/ b-|u|”_2uv+/ a-ul?*uv (3.2.4)
2 2 2
foreveryve W.

DEFINITION 3.2.2. Areal number A is an eigenvalue for problem (3.2.3) under condition
(3.2.2), and u € W \ {0} is a corresponding eigenfunction, iff

/ |Vu|l’—2vwv=A/ b ulP%uv (3.2.5)
2 2
foreveryve W.

The following result is now well known (see, e.g., [6,10,32]).

LEMMA 3.2.3. There exists the first positive eigenvalue A1 for problem (3.2.3) under con-
dition (3.2.2). It is characterized as the minimum of the Rayleigh quotient:

fQ |Vul|?P
Jo blul?
Moreover, A1 is simple (i.e. each associated eigenfunction can be obtained from any other

by multiplying by a nonzero constant), isolated (i.e. there are no eigenvalues in a suitable
neighborhood of A1), and admits an eigenfunction u1 € W, which is positive in £2.

/\1=min{ uew, / b|u|1’>0}. (3.2.6)
o)
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We denote by (, )w the duality between W* and W, so that the left-hand side of (3.2.4)
and (3.2.5) can be written as

/Q|W|P*ZWW=<—A,,M,1)>W.

Since b € L*°(£2) and 1 < g < p*, from the continuity of the Nemytskii operator [27] and
the Sobolev Imbedding Theorem [1] follows that:
e (BO) the functional

B(u) ::/ b-|ul?
Q2

is weakly continuous on W;
e (A0) the functional

is weakly continuous on W.
Notice that B(u) is p-homogeneous and A(u) is g-homogeneous.

3.3. The application of the fibering method

Let us consider the Euler functional

1 A 1
E(u) = —/ |VulP — —/ blu|? — —/ alul?
PJe pPJe qJ2

1 A 1
= —|lullfy — =B@w) — =Au) (3.3.1)
P )4 q

associated with (3.2.1), (3.2.2). According to (3.2.4), critical points of E; coincide with

weak solutions of boundary value problem (3.2.1), (3.2.2). Following the fibering method,

we substitute u = rv (with r e R\ {0} and v € W) into (3.3.1) and get

I
p

Ale|P |¢]?

E(1v) = —|vlly, — ——B@) — —A(v). 33.2)
p q

We choose as the fibering functional H, the principal part of E;, i.e.
H; (v) :=f |Vv|ﬂ—xf blv|? = ||v|l}, — 1B(v) (33.3)
2 2

(notice that H, is independent from ¢). Then the bifurcation equation %Ex (tv) = 0 takes
the form

|t|P =21 Hy (v) — |t19721 A(v) =0,
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i.e., sincet #£0:
H, (v) — |t]97 P A(v) =0.

From this we obtain

1
1= (H*(”)>" "0 (33.4)
A(v)
under the necessary conditions
H;. (v)
A . 3.
(v) £0, A0) >0 (3.3.5)

By substituting (3.3.4) into (3.3.2) we define

E;(v) := Ex(t(v)v) = (% - 2) (Z*((v”))> ﬁA(u). (3.3.6)

LEMMA 3.3.1. The functional E; is 0-homogeneous, i.e. for every r € R \ {0} and every
v € W such that A(v) # 0 we have

E(tv) = Ex(v).
In particular, E, is even, and its Gateaux derivative at v in the direction v is zero:
(Ek(v), v)W =0.

Moreover, if v. € W is a critical point of £, then |vc| is one as well.

The proof of Lemma 3.3.1 is obvious. It implies that whenever we find some critical
point v, of £, we can automatically assume that v, is nonnegative in £2.

The following subsections are devoted to studying problem (3.2.1) in three distinct cases:

e 0K A<y

e A=2A1;

e Al <A<A+te.
Here and in the following subsections, A1 is the first positive eigenvalue of (3.2.3) un-
der condition (3.2.2). By u1, we denote the corresponding positive eigenfunction (see
Lemma 3.2.3).

34. Thecase 0 < A < Aq

Let 0 < A < A1. We can take H, as the fibering functional, as defined by (3.3.3). In fact,
it follows from Lemma 3.2.3 that H, (v) > 0 for any v € W, hence the fibering constraint
becomes

H,(v) =1,
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since H, is p-homogeneous. We still have to verify the nondegeneracy condition (cf. in-
equality (1.2.4)). Indeed, it follows directly from (3.3.3) that

(H{(v), v)y, = p- Hy(v) #0

(we recall that in the present case the derivative of the fibering functional with respect to ¢
is zero). Since H, (v) = 0, it follows from (3.3.5) that we have to consider the conditionally
critical points of E satisfying

A(v):f alv|? >0,
o)

so the following hypothesis is natural (cf. hypothesis (A1) in Subsection 4.1):
(A1) a™ is not identically zero.
By (3.3.6), the functional E; (v) under constraint H, (v) = 1 assumes the form

N 1 1\ __»
E,(v) := (— — —) =7 (v).
]

Therefore we consider the conditional variational problem
(P) Find a maximizer v, € W of the problem

0 < M) = sup{A(v) | Hy(v) =1}.
veW

PROPOSITION 3.4.1. Assume (BO0), (A0), (Al). Then problem (P;) admits a nonnegative
solution.

PrRoOF. Let us consider the set
Wy :={veW: Hy(v)=1}.

W, is nonempty since H, (u1) > 0 and H, is homogeneous. Due to (3.3.3) and to the
variational characterization (3.2.5) of A1, we get for any v € W,

A
/|W|P=1+Af g|v|P<1+—/ Vol?
Q Q Mo

and then

A
P

vy = V| < .
vl /Q| |\)\1 S

Hence, W, is bounded in W. Therefore, any maximizing sequence (v,);°, for problem
(Py) is bounded in W. Consequently, we can assume

v, — v, InW.
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By (A0) and (A1) one has

/ a(x)|v,|? —>/ a()|ve|? =M, > 0. (3.4.1)
2 Q2

Moreover, we have H, (v,) = 1 and due to the weak lower semicontinuity of the norm
Il - lw and (BO) we get

/ |Vve? < lim inf/ IV ul?,
0 n—>oo 0

/b(x)|vc|p= lim / b(x)|Vuu|?P.
0 n—>oo Q

Hence
H, (ve) :=/ |Vve|P —)L/ b(x)|ve|P < 1. (3.4.2)
2 2

From (3.4.1) it follows that v, is not identically zero, and we can assume v, > 0 (cf.
Lemma 3.3.1). We have only to prove that v. € W,, that is, that equality holds in (3.4.2).
Assume now by contradiction that this is not the case, i.e.

H;, (v.) < 1.
Since H, is homogeneous, we can find k. > 1 such that

Hy (kcve) = 1.

But then v, = k.v. € W,, and by (3.4.1)

/ a(x)|oe|? =k3/ a()lvel? =k My > M,

Q 2

which contradicts the definition of M;_. Hence v. € W, is the desired solution of (P,). O
Thanks to the fibering method we can state the following result.

THEOREM 3.4.2. Letl < p <qg < p*, 0< A <A1, a,b € L*™(£2), and let hypothesis

(A1) be satisfied. Then the boundary value problem (3.2.1) under condition (3.2.2) has at

least one positive weak solution u € W N L°°(£2). Moreover, u € C,lo’g‘(Q).

PrRoOF. Recall that (B0) and (A0) hold under assumptions of the theorem. Then by Propo-

sition 3.4.1 there is a nonnegative solution of problem (7). Clearly, v. is a conditionally

critical point of E; (v) under the fibering constraint H, (v) = 1. Then, by means of the

fibering method, we can take

U :=tv, =0
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as a critical point for Ej (here 7. > 0 is defined by (3.3.5)): that is, u. is a weak solu-
tion of (3.2.1). Following the bootstrap argument (used, e.g., in [18]) we can prove that

u € L°°(£2). Then by applying the Harnack inequality due to Trudinger [56,25] we get
u > 0in £ (cf. [11]). It follows from the result of Tolksdorff [55] that u cle () (cf.

loc

[18]). O
REMARK 3.4.3. If a(x) > 0 and A < A1, then by Lyusternik—Shnirel’man theory imme-
diately follows the existence of a countable set of nontrivial (sign-changing) solutions of
(3.2.1), (3.2.2).

3.5. Thecase A = A1

Let A = A1. Keeping the notation of the previous subsection, we consider the conditional

variational problem
(Py,) Find a maximizer v. € W of the problem

0< M, = sup{/ alvld ‘ H, (v) =1}.
veW 2

We have M,, > 0 by (Al), as in the previous subsection. In this case, however, the set
Wy, ={veW: Hy,(v) =1}

is unbounded in W. So we are forced to require the following additional condition on f
(cf. hypothesis (A2) in Subsection 3.1):

(A2) /au‘{<0.
2

PRoPOSITION 3.5.1. Assume (BO0), (A0), (Al), and (A2). Then problem (P;,) admits a
nonnegative solution.

PROOF. Let (v,);°; be a maximizing sequence of (P, ), i.e.
Hy, (vy) =1, / ax)|vp|? - My, > 0. (35.1)
2

Suppose by contradiction that (v,) is unbounded. Then we can assume ||v,||lw — oco. Set
Uy =taw,  With [, = llvallw, llwellw =1,

so that, by (3.3.3),

Hkl(vn)=|tn|p|:f |an|l’—x1/ b(x)|wn|p] =1.
2 2
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Due to (3.2.6), we have
o</ |an|"—xlf b(x)|wp|? = [ta]| 7P >0 (35.2)
fos Q
and then, since ||w,|lw =1,
lim )L1/ b(x)|w,|? > 1. (3.5.3)
n—0o0 0
We can assume that w, — w in W for some @ € W. Then (3.5.3) and (BO) imply
| bl =)= -
Q
and consequently w # 0. Since we have also
/ |[w|? < lim inf |Vu),,|p

n—oo

it follows from (3.5.2) that

0</ |vw|"—m/ b)l]? <0,
2 2

that is, H,,(w) = 0. By Lemma 3.2.3, w is a multiple of the first eigenfunction uq, i.e.
w = ku for a suitable k # 0. On the other hand, thanks to (3.5.1) we get

/a(X)IvnquIIan/ a(x)val? =my — M, >0,
2 2

m
/a(x>|wn|‘f= = -0
2 |tn|q

Then, by (A0), we have

f a(x)|w|? >0
2

and consequently

/ a(x)lu|? >0,
2

which contradicts (A2). Hence the maximizing sequence is bounded, and we can assume

v, v InW
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for some v, € W. By (A0), we have

/ a(x)|vy|? — f a()|ve|? =My, >0 (3.5.4)
2 2

and hence v, # 0. From (3.5.1), (3.2.6), and (BO) it follows that

o</ |VvC|P—A1/ b vel? < 1.
2 22

First we prove that

/ Ichl”—M/ b(x)lvc|” > 0.
2 2

Indeed, otherwise the equality together with Lemma 3.2.3 would yield the existence of
k # 0 such that v, (x) = ku (x). If we substitute it into (3.5.4), then

Iqu/ a(X)Iu1|q=/ a(x)|vel? = M, >0,
2 2

in contradiction with (A2). Now we prove that

/ Vel — g / b)luel? = 1. (3.55)
Q 2
Let us assume
0 </ IVuel? —M/ b(x)|ve? < 1.
2 2

Then there exists k. > 1 such that the function . = t.v, satisfies H,, (v.) = 1 and simul-
taneously

/a(x)mw:kz’/ () vel? =&Y - My,
2 2

> M, =Sup{/ a(x)v|?: Hkl(v)zl},
2

a contradiction. This proves (3.5.5), and hence v, is a maximizer to problem (P;,). We can
assume v, > 0 in £2 due to Lemma 3.3.1. O

THEOREM 3.5.2. Letl < p <gq < p* leta,b e L*°(£2), and (Al), (A2) be satisfied.
Then problem (3.2.1) with A = A1 under Dirichlet condition (3.2.2) admits at least one
positive weak solution u € W N L°°(£2). Moreover, u € c,lc;g‘(:z).

PrROOF. The proof is based on Proposition 3.5.1 and follows the same ideas as the proof
of Theorem 3.4.2. |
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3.6. Thecase A > A1

We consider again problem (3.2.1) under condition (3.2.2), with A > A1 but close enough
to A1. The main result of this subsection is formulated in the next theorem.

THEOREM 3.6.1. Let 1 < p < g < p*; let a,b € L*°(£2) and (Al), (A2) be satisfied.

Then there exists € > 0 such that for A1 < A < A1 + € problem (3.2.1) under condition

(3.2.2) admits two positive weak solutions u1, up € WN L°°(£2), and both solutions belong
1«

to Cig (2).

To prove this multiplicity result, we will consider two variational problems:
(Pkl) Find a maximizer vy € W of the problem

M, = sup{/ a(x)|v|? ‘ H)\(v)=+1}.
Q

veW

(P2) Find a minimizer v, € W of the problem

my, = inf{HA(v)‘f a(x)|v|‘f:—1}.
veW Q

Notice that in problem (Pf) we no longer consider H,, but rather A(v) as the fibering
functional.
In the next two sub-subsections we consider separately problem (Pf) and (Pf).

3.6.1. Problem (Pkl). First, we state an equivalence. Consider the problem
(15)\1) Find a maximizer v; € W of the problem

M, = sup {/ a(x)|v)? ’ H,(v) < 1}.
2

veW
Note that M, > 0 if we assume (Al). Then the following statement holds.
LEMMA 3.6.2. Assume (A1). Then problem (P}) is equivalent to (P}).
PROOF. Let v1 € W be a maximizer of (ﬁkl), and suppose by contradiction that
H, (1) < 1. (3.6.1)
Then for a sufficiently small k£ > 1 one has

H) (kvy) <1,
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and

/ a(x) |kt |? =kIM;, > M,
19

since M, > 0, by (Al). But this contradicts the fact that v1 is a maximizer of (f’f). ]
REMARK 3.6.3. Alternatively, one can prove this lemma by deducing from assumption
(3.6.1) that for arbitrary w € W there is sufficiently small » > 0 such that for v,, = v1 +nw
one has

H. (o) < 1. (3.6.2)

Then
/ a(x)|vy +nw|? =f a(x)|vg|? + n/ a() 1725w + o()
2 2 2
> [ awra (363)
2
if n is small enough and
/ a(x)|91]? 251w > 0.
2
Note that it is valid if, e.g., w = v1, because we have
/ a(x)|91]97 %0y - 9y =/ a(x)[01]9 = M;. > 0.
2 2

Hence (3.6.13) and (3.6.14) are also incompatible with the fact that o, is a maximizer of
(PD).

PROPOSITION 3.6.4. Assume (BO0), (A0), (Al), and (A2). Then there exists €; > 0 such
that for A1 < A < A1 + €1 problem (P)\l) has a nonnegative solution.

PrROOF. Due to Lemma 3.6.2, it suffices to show that there exists €1 > 0 such that problem
(13)\1) admits a nonnegative solution for any A, A1 < A < A1 + €1. Assume by contradiction
that there is a sequence e; — 07 such that for any A% := 11 + ¢; problem (ﬁjk) has no
(nonnegative) solution. Let us fix k € N and consider the problem (ﬁklk). Let (v})>, bea
maximizing sequence of (P}}), i.e.

/’W,’;V’—,\"f bt |P <1
2 2
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and

/ a(x)|v],§|q — M, >0
2

negative) solution, and this would be a contradiction. Indeed, if (v’,j);'f;l is bounded, we
can assume

as n — oo. If the sequence (v,’i)j’zo 1 Is bounded, the variational problem (ﬁklk) has a (non-

vk~ vk inw

as n — oo. By using (B0), (A0), (Al), and repeating arguments from the proof of Propo-
sition 3.5.1, we obtain

/a(x)]vg‘sz,\k >0

2

and
f|w’5|”—,\k/ bk | < 1.
2 22

Hence, as a contradiction we get that v’g is a solution of (ij).
Thus, for any & the sequence (vfl)jj’;l must be unbounded. Then we may assume

v — 00 asn— oo.

k

nllw

Set vk = rFwk with £& = ||v¥||y and [|wk|lw = 1. We can assume again
k

wk ~wl inWasn— .

We have
/ a(x)|v],§|q = (t,];)q/ a(x)|w,]§|q — M,k >0
Q Q
and therefore
/ a(x)|w]5}q > 0. (3.6.4)
Q

Furthermore

)| [ [vuhir =it [ seofut]’ <1
2 2
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and so
1
v“’—xk/b P < ——. 3.6.5
/g| wy| i (xX)|wy 7 (3.6.5)
This together with (B0) and the weak lower semicontinuity of the norm in W imply
/ [Vuw§|” — xkf b(x)|w§|” <0. (3.6.6)
2 Q

It follows from (3.6.5) that

1
k k|P k|pP
[ peolul”> [ vt - G

and letting n — oo, we get from here (using (BO) again):

Ak / b(x)|w§|” > 1. (3.6.7)
2
Obviously, we have
/ [Vuwg|” < 1. (3.6.8)
2

Now we pass to the limit as k — oo. Then A — 11 and due to (3.6.8) we may assume that
wlo‘—\wo in W as k — oo.

It follows from (3.6.7) and (BO) that
[ bl > 1. (3.6.9)
Q2
and (3.6.6) yields
/ |Vu)0|p—)»1/ b(x)|wol? 0. (3.6.10)
2 Q2
Inequality (3.6.4) and (AQ) imply
/ a(x)|wgl? > 0. (3.6.11)
fos

It follows from (3.6.9) that wo # 0, and then (3.6.10) together with Lemma 3.2.3 imply for
asuitable kg #0

wo(x) = k1 - ug(x), (3.6.12)
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where 11 > 0 is the eigenfunction corresponding to the first eigenvalue 1, of —A . If we
substitute this into (3.6.11), we get

|k1|‘f/ a()url? >0,
2

which contradicts (A2). 3
Hence for some €1 > 0 problem (Pkl) (and hence (P)\l), due to Lemma 3.6.1) admits at
least one (nonnegative) solution for A1 < A < A1 + €1. O
3.6.2. Problem (Pf). Now we choose A(v) as the fibering functional, and
Aw)=-1
as the fibering constraint. The nondegeneracy condition

(A'(@),0)#£0 as A(v) =1

can be proved the same way as for H;, in the previous cases. By (3.3.6), the functional £;
takes the form

1 g

A 1
E,(v) = —(— - —)(—Hx(v)) .
P g

We have to search a conditionally critical point of £ satisfying (3.3.5), i.e.
H;\(v) <0.

Thus, solving problem (Pf) is a natural way to find such a critical point.
First, we prove that problem (Pf) makes sense under hypothesis (A2).

LEMMA 3.6.5. Assume (A2). Then the set

W= {v cW ‘ A() =/ a()|vld = —1}
2
is nonempty, and m; < 0 for any A > Aj.

PROOF. For v =ruy (u1 being the first eigenfunction of —A ) we get

/a(X)Ivl"ZIIIq/ a(x)ug|?.
2 2

Due to (A2) we have fQ a(x)u1|? < 0 and so we can find #; such that for vy = r1u1 one
has

f a(X)|v1|q=|t1|q/ a(x)|ug|? = -1.
2 Q
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We have also

H (v1) = Itllp[/ IVull”—)»k/ b(X)Iull”}
2 2

= |11]” (A1 —)\)/ﬂb(x)|u1|” <0

for A > A1 (see Lemma 3.3.1). Thus the infimum of H, in W™ is negative. ]

PROPOSITION 3.6.6. Assume (B0), (A0), (Al) and (A2). Then there exists €2 > 0 such
that for A1 < A < A1 + € problem (Pf) admits a nonnegative solution v, € W.

PROOF. Assume that the statement of Proposition 3.6.6 is not true. Then there exists a
sequence e; — 07 such that for AF := A1 +¢; problem (Pfk) has no (nonnegative) solution.

Let us consider a fixed k € N and a minimizing sequence (v,’;)gozl for (Pfk), ie.
/ a(x)|v§|q =-1,
19
/ ’Vv£|p—kkf b(x)|v£|p—>mkk <0 asn— oo.
2 9]

If (v’,j)g‘;l is bounded, then m,x > —oo and similarly to the proof of Proposition 3.6.4 we
arrive at vk — vk as n — oo and

/a(x)|v§|q=—1, /|Vv§|p—kk/ b(x)|v15|p=m)\k.
2 Q Q

Hence u’g is a solution of problem (Pfk), a contradiction.

Let us assume now that for any k the sequence (v,’j);’ﬁ:l is unbounded. Similarly to
the proof of Proposition 3.6.4 we arrive at vt = t*wk, tk = ||v||)y — oo, Jwk|lw =1,
wk —~ w’g in W as n — oo. In this case we have

_1=/ a(x)|v],§|q=(t,]:)q/ a ok,
2 2

1
k19 _ _
/Qa(x)|wn| = —(t’];)q—>0

as n — oo. Due to (A0), we have

/ a()|w|? =0. (3.6.13)
2
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On the other hand,

Hyx (v [/ |Vwk|” /\"f b(x)!w,]§|p:| <0
2
and consequently
/|wa§|p—xk/ b(o)|uk|” <o. (3.6.14)
2 2

Similarly as in the proof of Proposition 3.6.4, we get from (3.6.14) that
/ngv_xk/ b(o)|wh|” <0 (3.6.15)
Q Q
and
,\kf b(x)|wh|” > 1. (3.6.16)
2

Now, we shall pass to the limit for k — oo, i.e. we have A¥ — A1. We may assume again
that

wlg—\wo in Wask— oo.

Using (A0) and (BO0), we get from (3.6.14)—(3.6.16) that

/\1/ b(x)|wol” >1 (i.e. wo #0), (36.17)
(%)

f |Vw0|”—k1f blwol” < lim inf[/ |Vw]5|p—kk/ b|w’5|”] <0,

2 2 k—o00 2 2

(3.6.18)

and

/a(x)|wo|q= lim / a(x)|wg|” =0. (3.6.19)

Q k—oo Jo

Now, (3.6.17) and (3.6.18) imply wg = ku1, with k £ 0. If we substitute wq into (3.6.19),

we get
/ a(0)lugl? =0,
2

a contradiction with (A2).
It follows from the above considerations that there exists €2 > 0 such that problem (Pf)
admits at least one (nonnegative) solution v, € W for A1 < A < A1 + €2. O
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3.6.3. Proof of Theorem 3.6.1. Set ¢ = min(e1, €2) and consider A1 < A < A1 + €. By
applying the fibering method, we obtain weak solutions of (3.2.1) under condition (3.2.2),
as in the previous subsections. Namely, let #1, 7 > 0 be determined by (3.3.4) for v =
v1, v2. Then

uj =1 vy, u =172 - 02

are nonnegative weak solutions for the problem under consideration. The first weak solu-
tion u1 belongs to the set

le{uEW:/ |Vu|p—k/ b(x)|u|P>0},
Q2 2

because
/ [Vuyl? —k/ b(x)u1l” = (t1)? Hy(v1) = (11)” > 0.
Q Q

The second weak solution u, belongs to the set

Wg:{ueW:f |Vu|‘”—)»/ b(x)|u|p<0},
I?) 2

because
/ [Vua|? —k/ b(x)|uz|” = (t2)? Hy(v2) < 0.
2 Q

Since
WinNnW =40,
we have

Uy £ uy.

1,

Other properties of u; and uz, such as positivity, L°°-boundedness and C;;

can be derived the same way as in the proofs of the previous theorems.

-regularity,

3.7. Problems on RY
In this subsection we deal with equation (3.7.1) on the whole of R". We study the problem

J— = p—2 q_z i N
{ Apu = rb(O)|ulP~%u +a@)|ul9%u inRY, (3.7.1)

limy»oou(x) =0, u(x)>0, x eRN,
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where 0 < A < A1, A = A1 and A € (A1, A1 + €) with some € > 0. Let us point out that
results in this subsection are closely related to [22]. The method applied here is, however,
completely different. The basic idea is to use the fibering method as in Subsections 3.4-3.6
but we point out some differences in proofs, which arise due to the character of the function
space. More specially, we consider u € V, where V is the completion of Cgo(]RN) with
respect to the norm

1/p
lully = (/ IVuler/ w(X)Iulp)
RN RN

with

wx) = max{b‘(x), xeRV.

]
A+ 1xph? )’

V is a uniformly convex Banach space, and the notions of the weak solution to (3.7.1) and
the eigenvalue (eigenfunction) of

—Aput = Ab(x) |u|P~2u in RV,
lim u(x)=0, u(x)>0, xeRY, (3.7.2)
[x|—o00

can be defined as in Subsection 3.1, where u, v € V and all integrals are taken over RV,
The following assertion is an analogy to Lemma 3.1.1. The proofs can be found in [3,22].

LEMMA 3.7.1. Let 5™ = 0 be as above. Then (3.7.2) has the first positive eigenvalue A1
characterized as the minimum of the Rayleigh quotient. Moreover, A1 is simple, isolated,
and there exists the first eigenfunction u1 positive in RV,

In [22] it is also proved that b+ € L°(@®RN) N LN/? (RN implies the following:
(B1) the functional

U / b () |u|?
RN

is weakly continuous on V.
Ifg < p*, g1 =-L2—, ae L¥@®RY)N L% @RYN), then
. P~q
(A0’) the functional

U / a(x)|ul?
RN

is weakly continuous on V.

REMARK 3.7.2. In the case p > N, we replace p* by p = N’Zfﬁ’p, where Ng > p is

an integer. If we assume b > n with some n > 0 and b € L®(RY) N LN/P(RY), then
Lemma 3.7.1 and (B1), (A0’) remain true (cf. [21,22]).
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REMARK 3.7.3. Note that the function w (x) is exactly the weight function in the follow-
ing Hardy’s inequality:

|u|P r \
< IVulP. (3.7.3)
rV (L+ |x])? N—-p/) Jry
In particular, if ||V'4||€17(RN) < ¢1, then we have

Lot ()
<c .
ry (14 [x[)? N-p

If, moreover, also fRN b~ (x)|u|? < c2, then we have

lully <c.
where
p p
c=c1+maxyc ,Co 0.
cemefa(755) )
REMARK 3.7.4. Let1 < p < N. Assume that ||Vu|” < ¢. Then it follows from the

. o LP@®RN) =
Holder and the Sobolev inequalities that

p/N p/p*
/b*(x)|u|f’<(f (b*@))”“’) (/ |u|P*)
]RN RN ]RN
p/N
ol [y ([ o)
RN RN

<cen] b pwsp s (3.7.4)

In particular, it means that the integral on the left-hand side of (3.7.4) is uniformly bounded
independently of u. It follows also from (3.7.4) that

IVully vy = 0

implies fpn bT (x)|u|? — 0.

We formulate the main assertions only in the case p < N. For p > N all assumptions
can be modified in the sense of Remark 3.7.2.

THEOREM 3.7.5. Letl < p<q <p* p<N,0<A <A1, g1 =2, b* e LX®RY)N
LN/P@®RN), a € L®°@®RN) N L7 (RY) and (A1) be satisfied. Then problem (3.7.1) has at
least one positive weak solution u € V N L>®(RY). Moreover, u € Cllog‘ (RM).
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SKETCH OF THE PROOF. We can follow calculations in Subsection 3.4 where all integrals
are now taken over RV and the function space we work in is V. The main difference here
consists in the fact that we assume (B1) instead of (B0) in Proposition 3.4.1and [y |[Vv|?
is no longer a norm on V. However, the proof of Proposition 3.4.1 can be performed in a
similar way. Indeed, consider the set

Vii={veV: Hy(v) =1},

where

HA:/ |Vv|p—A/ b)|v|P.
RN RN

To prove that V, is bounded we have to proceed as follows. Due to the variational charac-
terization of 11 we get (as in the proof of Proposition 3.4.1) for 0 < A < A1 that

A
/ IVol? < —2 .
RN AM—A
[v]?

Due to Remarks 3.7.3 and 3.7.4 also [y T? and fpn bT(x)[v|? are uniformly
bounded independently of v. But then it follows from the condition H, (v) =1 that also
fRN b~ (x)|v|? is uniformly bounded independently of v. Hence there exists ¢ > 0 such

that for any v € V, we have

lvlly <c

(see Remark 3.7.3). Consequently we may assume again that v, — v, in V. The rest of the
proof runs along the same lines as the proof of Proposition 3.4.1 and Theorem 3.4.2 using
(B1), (A0%), and the weak lower semicontinuity of [,y [Vv|? and [py b~ (x)[v|?. The
decay of solution u(x) as |x| — oo follows from the estimate of Serrin [53] as in [19]. O

THEOREM 3.7.6. Letl < p<s < p*, p<N, s1 = pfis, bt e L®°@®RN) N LN/P(RN),

a e L*@RY)NL1(RY), (A1) and (A2) be satisfied. Then problem (3.7.1) with » = A1 has
at least one positive weak solution u € V N L (RY). Moreover, u € C,log‘ @RM).

SKETCH OF THE PROOF. The idea of the proof is based on an analogy with Proposi-
tion 3.5.1 when working with the space V instead of W. So we point out only the differ-
ences which occur in the proof due to the different norm in the space V. Let the maximizing
sequence of (Py,) be unbounded. Coming to (3.5.2), we have

1
0 < Hy, (wy) = -5 — 0. (3.7.5)
1

n

This, together with Remarks 3.7.3 and 3.7.4 and with the fact that ||w, ||y = 1 imply

lim inff [Vw,|? >c>0.
RN

n—o0
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Indeed, if [y [Vw,|? — 0then [py b (x)|w,|? — 0 and hence also
/ b~ (x)|wy|? =0
RN
due to (3.7.5). This implies ||w, ||y — 0, a contradiction. Hence, instead of (3.5.3), we get
lim inf,\lf bT (@) |wal? = ¢ >0, (3.7.6)
n— o0 RN
and for the weak limit wo of {w,};° ; we have due to (B1):
C
[ > £ >0,
RN A1

i.e. wo # 0. Using (A0), the weak lower semicontinuity of [, [Vw|? and [y b~ (x)|w|?
and Lemma 3.2.3, we can proceed as in the proof of Proposition 3.5.1 and derive a contra-
diction with (A2).

Similar arguments yield a contradiction also in the case of bounded maximizing se-
quence of (Py,). The rest of the proof is identical to that of Theorem 3.5.2. O

THEOREM 3.7.7. Letl < p<s < p*, p<N,s1= pfis,b e L°RMNLN/P(RN), a e
L®(RN) N L1 (RY), (A1) and (A2) be satisfied. Then there exists € > 0 such that for any
A € (A1, A1 + €) problem (3.7.1) has two distinct positive solutions uy, up € V N L®(RY),

and both belong to Cllog‘ (RM).

The proof follows the lines of the proof of Theorem 3.6.1. The only differences which
occur are caused again by the norm in V and so, in order to prove analogies of Proposi-
tions 3.6.4 and 3.6.6, we have to modify their proofs in the sense mentioned above (cf. the
sketches of the proofs of Theorems 3.7.5 and 3.7.6).

3.8. Nonexistence results

Here we use a variational identity to show that our assumptions are essential for existence
of solutions.

Let us assume that 2 ¢ RY is a bounded domain which has the following property:
there exists a unit normal vector v(x) = (v1(x),..., vy (x)) at every point x € 92 and

N
invi (x)>0 (3.8.1)
i=1
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forany x = (x1, ..., xy) € 352. We assume that b, ¢ € C1(£2) and denote for x € 2
N N
ob; ac;
b,x)= L ! x) = L
(b'.x) ;x Pl ;x o

Let us consider the boundary value problem

{ —Apu= AbCO)|u|P~2u + c(x)|ul*2u  in £2,

(3.8.2)
u=0 on a2

and assume that ug € W2P1(£2), p1 > N is a nontrivial solution to (3.8.2). Following [41]
and taking (3.8.1) into account, we obtain from here that necessarily

N — AN A
_p/ |Vugl? dx —{—/ |:——b(x) — —(b’,x)]luo|pdx
p Q Q p p

N 1 1 al
+/ |:——c(x)——(c/,x)j||uo|sdx:—<1——)/ |Viuol? inv,-dS.
2 s N P 082

i=1

Since also (by using ug as a test function)

/|Vuo|pdx—k/ b(x)|uo|pdx—/ c(x)|ugl* dx =0,
17 I?) 2

we obtain that the following identity holds for any « € R:

<u +a>/ |vu0|1’dx+/ [(—ﬂ —ak)b(x)— ﬁ(b/,ﬂ}luolpdx
p Q2 Q2 V4 P
-|-/ [(—E —a)c(x) — }(C/,x)]|140|s dx
2 s s

N
1
2—(1——)/ |Vuo|p2 x;jv;dS. (383)
982

P i=1
Now it follows from (3.8.3) that the following inequalities

N-—p
P

AN A
<_— —o{k)b(x) ——(b',x) 20,
)4 p

+a>0,

(—ﬁ - a)c(x) — 1(c’, x)>0 (3.8.4)
s s
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cannot hold simultaneously with at least one strict inequality sign. So we have the follow-
ing nonexistence result.

THEOREM 3.8.1. Leth, c € C1(£2), and let 352 have the property stated above. Let (3.8.4)
hold with at least one strict inequality sign. Then the boundary value problem (3.8.2) has
no nontrivial solution u € W271(£2) with p1 > N.

Let us consider a special case of the boundary value problem (3.8.2) with p < N:

_ _ p72 s—2 H
{ Apu=AulP~%u +ul*"“u in £, (3.8.5)

u=0 on os2,

i.e. b(x) =c(x) = 1. Clearly, we have (b', x) = (c’, x) =0, x € £2 in this case. Elementary

calculation yields that for o« = 25X, 2 < 0 and s > 2 inequalities (3.8.4) hold with

strict sign in the third one. So we fqave the following assertion.

COROLLARY 3.8.2. Let 982 have the property stated above, A <0 and p < N, s > p*.
Then the boundary value problem (3.8.5) has no nontrivial solution u € W21(§2) with
p1> N.

Let us assume now that 2 = RV, bt (x) € L®@®RN) n LN/P(RVN), and b~ (x) €
L% (RN). We consider ug € V, where V is the completion of Cgo(RN) with respect to

the norm
1/p
lully := </ |Vu|P dx +/ w(x)|u|pdx)
RN RN

with

w(x) = max{b(x), xRV,

)
A+ lxpr J’

Then there exists a sequence of balls Bg, := {x € RV: |x| < Ry} with Ry — +o0
(k — +00) such that

/ |Vuo|? dS — 0. (3.8.6)
3B,

Indeed, we have

Ry
/ |Vuol|? dx =/ (/ |Vuo|pdS> dr. (3.8.7)
Bg, o \Jas,

If we assume the contrary to (3.8.6), i.e.

lim inff [Vug|PdS =€ >0
dBRr

R—o00
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with some € > 0, due to (3.8.7) we get that
/ |Vug|? dx — 400
BR,

as k — oo, a contradiction with ug € V. It follows from (3.8.6) that considering $2y = Bg,
we arrive at (3.8.3) where £2 = R" and the right-hand side is identically equal to zero:

(N_p+oc>/ |Vuol? dx
p RN
+/ [(—ﬂ —ak)b(x) - 5<b/,x>} Juol? dx
RN p p
+/ [(—ﬁ —a)c(x) - 1(0/,X)}|u0|sdx=0~
RN K N

Then (3.8.4) follows but we have now that also opposite inequalities:

N —
2P L axo,
p
AN A
<—— - ak)b(x) — =V, x) <0,
p p

(-E — og)c(x) — %(C/, x) <0 (3.8.8)

N

cannot hold simultaneously with at least one strict inequality sign. So we have

THEOREM 3.8.3. Assume b, c € CL(RY). Let either (3.8.4) or (3.8.8) hold with at least
one strict inequality sign. Then the boundary value problem

—Apu = 2b)|ul”2u + () |ul"2u  inRY
has no nontrivial solution u € W,%’Cpl RN) NV with py > N.
In the special case
—Apu = MulP72u+ ul%u inRY (3.8.9)
we get
COROLLARY 3.8.4. Leteither A <0, p<N,s>p*orA>0,p<N,s < p* Then

the boundary value problem (3.8.9) has no nontrivial solution u € W,i’c”l RNy NV with
p1>N.
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4. Positive solutionsto Neumann problems

Assume £2 is a connected and bounded open subset of R with a smooth boundary 9£2.
The problem we are interested in deals with the construction of multiple positive solutions
of equations of the following type:
_ =2 _ i
{ Apu—zi-<v1/f, Vu)|Vu| f(x,u) ing, 4.0.1)
[VulP~%0,u = g(x, u) onas2

(p > 1) for some specific f and g the assumptions on which will be stated below. When
p = 2, this type of problems can be studied via classical bifurcation techniques, but this
approach is uneasy when p # 2, although some results in this direction have been obtained
by Véron in [57,58] in the framework of nonmonotone perturbations of monotone operators
of p-Laplacian type. The problems studied here are of nonmonotone type and we shall
work in the framework of the fibering method.

We shall mostly assume that f and g have the following form:

F e u) =ab) ul?~2u + e (o) |ul* 2u + a(x)|ul?%u, (4.0.2)
g(x, u) = k(x)|ul"2u, (4.0.3)
where a, b, ¢ and k are bounded and measurable functions defined on 2 and 952. In order

to avoid noncompactness we shall always assume that the problem is subcritical, in the
sense that we define two critical exponents, one for £2:

Np :
p={r Hiop<h (4.04)
00 ifp>N,
and the other for 952
N(p-1)
p={ ¥ Hisp<N ®05)
00 ifp>N,

and our assumption is that the exponents ¢ and s (respectively ») are smaller than p*
(respectively p). (Note that p < p* automatically.) Concerning A, we shall always assume
its positivity. By a solution of (4.0.1), we mean a W17 (£2)-function which is a critical
point of the functional

1 A 11 1 .
E(w) = ——|Vu|? + =b|v|? + =c|v|* + —a|v|? |pdx + - klv|"pds,
2 p p s q rJoe
with p = e¥ (4.0.6)

and therefore satisfies
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E(v)=/Q(IW|”_2(W,W)—f(x,u)n);odx—f(m g(x,u)npds =0

for every n € W7 (£2). In this formula we identify the trace of v on 92 with y(v), where
yo is the trace operator from W17 (£2) into W1=1/P-P(32).
This section is organized as follows:

— Subsection 4.1: thecase p=2, ¥ =0,b=0zc¢, k #£0.
— Subsection 4.2;: thecase p=2, ¥ #0,b=c¢=0,k=0.
— Subsection 4.3: thecase p > 1, ¢ #0,b=c=0,k=0.
— Subsection4.4:thecase p > 1, ¥ #£0,b#c¢=0,k=0.
— Subsection 4.5: thecase p > 1, v =0, k=0=c.

— Subsection 4.6: thecase p > 1,y =0,a=0=c.

— Subsection 4.7: thecase p > 1, v =0,r <gq.

— Subsection 4.8: thecase p > 1, ¥ =0,r =¢q.

— Subsection 4.9: the case p > 1, with more general nonlinear boundary conditions.

Most of these results were obtained jointly with A. Tesei in [49,50] (Subsections 4.1—
4.4) and with L. Véron in [51] (Subsections 4.5-4.8).

4.1. The homogeneous semilinear case

In this subsection we deal with positive solutions of the following class of nonlinear Neu-
mann problems:

—Au= f(x,u) in 2 cRY,
{ u _ (4.1.1)
5, =8&(x,u) onas2,

where £2 is a bounded domain in R with a smooth boundary 352, and v is the external
normal to 952.
Here f: 2 x Rt — R is a function from the class C*(£2 x R*), « € (0, 1), satisfying
the inequality
| fx w) <c(1+u"’71) (4.1.2)
for u e Rt =[0, +00) with a certain constant ¢ > 0 and
2 <s <2

where

2*:{% for N > 2,
+oo forN=1,2.
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Throughout this subsection we assume that the function g: 32 x RT - R, g € C¥(2 x
R™), satisfies the inequality

lgt, w)| <er(T+u1) (4.1.3)

for u € RT with a certain constant ¢; > 0 and

B 2(N—1)
2<r<2:{ D) for N > 2,
400 forN=1,2.

It stands to reason that the functions f and g satisfy additional conditions which imply the
existence of positive solutions to (4.1.1).

Let £2 be a bounded domain in R with a smooth boundary 82 € C%*. We shall work
in the Sobolev space W12(£2).

We shall define some necessary conditions for the existence of a positive solution to
(4.1.1). Multiplying the equation from (4.1.1) by u and integrating by parts, with due ac-
count of Neumann boundary conditions, we obtain

/ f(x,u)dx+/ g(x,u)do =0. 4.1.49)
Q E¥e)
We consider the function

v(x) = G(x, u(x)),

where G € C2(2, R). Then, if u(x) is a solution to (4.1.1), we have

Av=AG +2(VGy, Vi) + Guu|Vul? — Gy f (x, 1) (4.1.5)
and

ou

3 =Gy(x,u)+Gug(x,u). (4.1.6)

Here G, is a projection of V, G onto the direction of the external normal v to 952.
Next, integrating (4.1.5) by parts and considering (4.1.6), we get

9
/ —udozf Adex+2/(VxGu,Vu)dx
a0 dv 2 2

+/ Guu|Vu|2dx—/ Gy f(x,u)dx. (4.1.7)
2 2

However,

A G—ZBZ—G—ZiG (x u)—ZiG o)=Y G u
X - BXZZ - 8)6[ Xi E) - dxi Xi k) Xiu aXi .
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Hence,

/ Adexzf Gv(x,u)da—/ (AxGy,,Vu)dx.
Q 2 Q
Then (4.1.7) implies
/ Gv(x,u)da+/ Gug(x,u)do
082 082

=/ Gv(x,u)da—i—/ (AxGu,Vu)dx—i—/ Gouu|Vul? dx
982 2 2

—/ G,f(x,u)dx.
Q

Thus, we have

/ (AxGy, V) dx +/ Guu|Vul?dx — / Guf(x,u)dx =/ Gug(x,u)do.
2 2 Q2 a0
(4.1.8)
We now take
G=Gu)
and study the case

g(x,u) =a(x)go(u),
J (e, u) =b(x) fou).

Then (4.1.8) gives

/G/(u)b(x)fo(u)dx+/ G’(u)a(x)go(u)da:/ Guu|Vul?dx. (4.1.9)
2 982 2
This implies
COROLLARY 4.1.1. Letb(x) =0. Then
/ G’(u)a(x)go(u)dazf Guu|Vul?dx. (4.1.10)
a2 2

Now, if we additionally assume that the function go(u) is such that there exists

G:Rt — R from the class C?,
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for which
G'(u)go(u) =1,

then we obtain from (4.1.10)

/ a(x)da:—/ gg—(”)wmzdx. (4.1.11)
%2 2 85w

Finally, if we assume that
Go(w) >0 foru >0,

then we get

/ a(x)do <O0. (4.1.12)
00

This is a necessary condition for the existence of a positive solution to the problem

—Au=0 in $2,
u>0 in 2, (4.1.13)
B4 =a(x)go(u) on e

with

go(m)#0 foru >0,
go(u) >0 foru>0.

EXAMPLE 4.1.2. Consider go(u) = u’~* with > 1. Then (4.1.10) takes the form
/ G (wax)u tdo = f G ()| Vu|?dx. (4.1.14)
kTl 2

We choose G : RT — R according to the formula

Gwu =1,
i.e.
. 1
Gu)= g
G(u) L
U)=———>,
Q2—r)u—2

. 1-r
G’ ()= .
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We use a regularization procedure. Instead of G we introduce

1

Cel) = Tt

with ¢ > 0.
Then (4.1.14) takes the form

ur—l 1 )
/aga(x)mda——(r—l)f(z(u+€)r|Vu| dx.

Setting ¢ — 0 and repeating the previous reasoning, we obtain

/ a(x)do <O0. (4.1.15)
982

Now let us consider the variational boundary value problem

—Au=bx)u*1 ing,

u>0, u#0 ing, (4.1.16)
M—au™t  onag.

Here, the functions a and b are assumed to be continuous in 852 and £2, respectively, and
at least one of them is not identically zero. The exponents s and r are assumed to satisfy
the condition

(HO) 1<s<2* 1<qg <2,
where 2* and 2 are the constants defined above.

Problem (4.1.16) occurs in some mathematical models in applied sciences (see, e.g.,
[4,36,47]). It is also related to the class of boundary value problems arising in the theory
of conformal transformations of Riemannian metrics (see [44], as well as [38] and the
references therein). The case a = 0 was examined for 1 <s < 2 in [9] and for 2 < s < 2*
in [12]. The case a # 0, ¢ = 1 was analyzed in [8].

We consider the existence of positive solutions to problem (4.1.16) in the general case.
Integration by parts yields the equality

/ b(x)u*tdx + / a(x)u"tdo =0. (4.1.17)
o) 982

Hence, any nonnegative solution of (4.1.16) is trivial if a and b have the same constant
sign.

In what follows, we consider only the case

(H1) b<0in £.

From (4.1.17) there follows a necessary condition for the existence of nontrivial non-
negative solutions to problem (4.1.16):

(H2) ay :=max{a,0} #£0.
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If b =0, a further necessary condition for the existence of such solutions is

(H3) [,pado <0
(see Proposition 4.1.6). In view of (H2) and (H3), the coefficient a« must be alternating on
a£2 if b =0. Note that conditions similar to (H2) and (H3) are imposed on the coefficient
bifa=01[912].

In what follows, the conditions (H0)-(H3) are assumed to hold. When b = 0, it is possi-
ble to prove the following result.

THEOREM 4.1.3. Let assumptions (HO0), (H2), and (H3) be satisfied, and let 5=0. Then
there exists a nontrivial nonnegative solution u € H1(2) N L*®(£2) N CIOC (£2) to problem
(4.1.16).

In the case (H1), the relation between s and r is similar. Namely, if
(A) r > max{2, s},
(B) r <min{2, s},

it is possible to prove the following theorem.

THEOREM 4.1.4. Let conditions (A) or (B) be fulfilled and assumptions (H0)- (H3) hold.
Then there exists a nontrivial nonnegative solution u € H(£2) N L>(£2) N CIoc (£2) to
problem (4.1.16).

Note that similar results are valid for the more general problem

{ —Apu=b(x)us1 in £2,
(4.1.18)

|Vu|P=234 = q(x)u"~t onae,

where A, denotes the p-Laplacian, p > 1 (see next subsections).
We work in the Sobolev space X = H(£2) with an ordinary norm. As usual, a weak
solution to problem (4.1.16) is defined as a critical point of the functional

1 1 1
fu)= / |Vu|?dx + = / a|u|’d0+—/ blul® dx.
FYe) s Jo

By assumption (HO), we have H1(£2) < L*(£2) N L’ (852); therefore, f is defined on X.
To examine the critical points of f, we relate it to the functional F : R x X — R assum-
ing that, foreveryr e Rand v € X,

2 r s
F(t,v) _f(tv)_—lf Vv | dx +lA( )—uB( ) (4.1.19)
where
A(v)::f alv|" do,
a0

B(v) :=/ b|v|*dx
o)



Nonlinear variational problems via the fibering method 113

(note that here we used assumption (H1)).
If u =tv is acritical point of £, then the bifurcation equation

f,(t,v):A(v)|t|r_2t—B(v)|t|s_2t—/ |Vvl?dx -t =0 (4.1.20)
2

holds. Assume that, for any v in an open subset £ C X \ {0}, there existsaroott =7(v) £ 0
of (4.1.20). Let ¢(-) € C1(E). Then the reduced functional

f(v) = F(t(v), v)

is defined and continuously differentiable in E. It is possible to prove the following result
(see Theorems 2.2.1, 2.2.2).

THEOREM 4.1.5. Let v € E be a constrained extremum point of the functional f(v) with
t(v) £ 0 under the condition

/ |Vu|?dx =1. (4.1.21)
2

Then u :=t(v)v is a nonzero critical point of f.

The previous remark suggests the following approach to the investigation of critical
points of f. First, the bifurcation equation (4.1.19) is analyzed, and the reduced functional
(4.1.20) is determined. Next, following Theorem 4.1.4, f is maximized (or minimized)

under constraint (4.1.21).
Note that, if # # 0, the bifurcation equation (4.1.19) is equivalent to

¢ (1, v) =/ Vol?dx,
2
where
b, v):=AW|t]""% = Bw)|t| 2 (4.1.22)
Put
E:={veX|A®) >0}; (4.1.23)
by assumption (H2), the set E is nonempty. An elementary inspection of ¢ shows that, for

any v € E, the bifurcation equation has a unique positive root t = ¢ (v) if either b =0, (A),
or (B) holds. Moreover, for any v € E, we have

Fy(t(v),v) = (r — 2)/ |Vol2dx + (r — s)B(v)’t(v)|s_27é 0;
2
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hence, r € C1(E) (note that, by virtue of (H3), E does not contain constant functions).
Consider the reduced functional

~ 1 1 2 2 1 1 s
foy==-3 /IVUI dx|t@)|"+ (= = = ) Bw)|t )|
r 2/)Jo ros
1 1 r 1 1 )
= (5~ 3)a0kol + (5 -1 )solor. (4..24)
r 2 ros
Let us prove the following result.
PROPOSITION 4.1.6. Let assumptions (H0)—(H3) be fulfilled. Then in both cases
(i) b=0in £,

(ii) (A) or (B) holds,
a maximum

max f (v) under the constraint / IVv|?dx =1 (4.1.25)
xeE 2

is reached on a function v > 0, v Z0 in £2.

Theorems 4.1.3 and 4.1.4 follow immediately from Proposition 4.1.6.

Let us prove Proposition 4.1.6. The proof follows that used in [49] in an analogous
situation and is given here for the convenience of the reader.

PROOF OF PROPOSITION 4.1.6. (a) Put

= {veX ‘/ |Vv|2dx=1}.
2

Let us prove that the set £ N S is bounded in X by contradiction. Suppose that there exists
{v,} C E N S such that

/|vn|2dx+/ |V, |2dx — 0o
2 2

asn — oo. Let
Up =1y + Wy,

where

1
th ::—/ v, dx, Wy, =v, —t,.
121 J2

Since

/|an|2dx=/ [Vua|?dx =1,
2 2
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/ w,dx =0,
Q

by the Poincaré embedding theorem, there exists C > 0 such that
lwyllx <C foranyneN.

Then the above assumption implies that |7,| — oo. Moreover, by the second inequality in
(HO), the space X is compactly embedded into L4(9£2); therefore, it is possible to assume
that the sequence of traces of {w, } converges in this space. Then, by assumption (H3), we

have
/ a|vn|rd0=|tn|rf a
¥, ¥,

We obtained a contradiction to the definition of E, which completes the proof.

(b) Consider only case (ii), because case b = 0 is simpler by virtue of the homogeneity
of the reduced functional.

Put

-
w
1+ 2| do —» —o0.

n

M :=sup{f(v)|ve ENS}, (4.1.26)
where f is the reduced functional (4.1.25). It is easy to see that M € (—o0, 0) if (A) holds
or M € (0, o) if (B) is satisfied. Let {v,} C E N S be a maximizing sequence. By virtue of
the results of (a), we can assume that {v, } weakly converges in X to some v. By assumption
(HO0), it follows that v,, — v in both L5(£2) and L"(3£2) (more precisely, the traces of v,

strongly converge to the trace of v in L"(0£2)). Let us prove that v € EN S.
Because {v,} C E N S, the bifurcation equation yields

At ?=1 foranyneN. (4.1.27)
On the other hand, since v,, — v in L"(952), we have

A(v,) > A(v) asn — oo.
Assume the converse. Let A(v) = 0. If (A) is fulfilled, then rewriting (4.1.27) as

)] = [A)] 72,

we conclude that ¢ (v,)| — oo. By virtue of (4.1.25),

Fflun) < o1l (o)
r 2
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for any n € N; i.e., f(v,) = —oo, which is impossible. If (B) is fulfilled, then writing
(4.1.27) as

Avn) > |t )|, (4.1.28)

we see that |¢(v,)| — 0. Since B(v,) — B(v) < 00, f(v,,) — 0, which contradicts the
inequality M > 0. Therefore, v € E.
Let us show that ¥ € S. The weak convergence of {v,,} in X implies that

/ Vo2 dx < 1.
2

It follows from A(v) > 0 and (H3) that

/ [Vo|?dx > 0.
2

If the first inequality is nonstrict, it is possible to find a £ > 1 such that
12
/ |V(kv)|“dx =1;
2

therefore, kv € E N S. The root ¢ = (kv) of the bifurcation equation satisfies the equation

AkD) |t (kD)|" 7% = BkD) |1 (k)| 2 = 1. (4.1.29)
Since

A(kD) = k" A(D),

B(kv) = k* B(¥),
this gives

A@) |kt (k)| 7% = B@)|ke (k)| 2 =k 2 < 1. (4.1.30)
On the other hand, it is easy to see that the sequence {z (v,)} is bounded. Indeed, in case (B),

this follows from inequality (4.1.28). In case (A), we rewrite the bifurcation equation for
v =1, as

)] AW — Bt T} =1.

Because A(v,) — A(v) > 0 and {B(v,)} converges, it follows that, for any divergent sub-
sequence {z(v,,)}, the left-hand side of the above equality is divergent, which is impossible.
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Since {r(v,)} is bounded, some of its subsequences is convergent. Therefore, its limit 7
satisfies the relation

A 2= B@®)|f 2 =1. (4.1.31)
Comparing (4.1.30) with (4.1.31) immediately yields

kt (ko) <1,
if (A) holds, and

kt (kv) > 1,

if (B) is fulfilled. Furthermore, an elementary inspection of the function

1 1 . 1 1 s
vE)=|-—5]AWE — | - — 5 |B)E", (4.1.32)
r 2 s 2
£§>0
shows that
fkv) =y (k|t kD)) > v () =M (4.1.33)
in both cases. Thus, we arrive at a contradiction. This means that v € S, which was to be
proved. ;
Because (4.1.33) holds with k = 1, we take ¢(v) = (see (4.1.31)); thus, M = f(v),
from which the required conclusion follows. O

Finally, let us prove the following result.

PROPOSITION 4.1.7. Let b =0 and a # 0. Assume that there exists a nontrivial nonnega-
tive solution to problem (4.1.16). Then condition (H3) is satisfied.

PROOF. Following [9], we define &, : 2 — R, & > 0, assuming

u+e 2

he =
¢ r—2

It is easy to see that 4, satisfies the problem

Ahy=—r —=Dw+e)"|Vul? in2,

ohg u r-1

ov u+e
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Passing to the limits as ¢ — 0, we have

/ adcr:—(r—l)/ u~"|Vul?dx <0.
FYo) 2

In the case of an equality, we have u = const in §2, from which
O0=ac! onas.
This contradicts the assumption a # 0, which completes the proof. O

REMARK 4.1.8. The obtained conditions for solvability are not improvable. This follows
from the example

Au=0 in2cRN, N>2,
u>0 in $2,
3 = q(x)uP ondsf

with 1 < p < 7% and a € L>(£2) satisfying (H2) and (H3).

4.2. The inhomogeneous semilinear case

In this section we consider the application of the fibering method to a problem with Neu-
mann boundary conditions. Here we follow the paper by A. Tesei and S. Pohozaev [38],
where this problem is considered in a more general setting. Nevertheless, results stated in
this section generalize some results from [9]. We begin with the case of a linear differential
operator.

Let £2 be a bounded domain in R™. We consider the boundary value problem

-2 _ H

{iu+(V1ﬂ,Vu)+a(x)|u|q u=0, u>0 ing, 4.2.1)

5 =0 on 92
with 2 < ¢ < 2* and ¢ € C1(£2), under the following assumptions:

e (Al)a e L®(Q);

o (A2) at(x) :=max{a(x), 0} is not identically zero;

o (A3) [a(x)p(x)dx <0, with p(x) := eV,

THEOREM 4.2.1. Assume (Al)—(A3) and 2 < g < 2*. Then there exists a nonnegative
(nontrivial) solution of (4.2.1).

The proof is divided into several steps.
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4.2.1. Step1. We consider the functional E defined by
1 2 1 q
E(u) :=—§f |V ()| ,o(x)dx+—/ a(x)|u(x)|?p(x)dx.
2 qJe

Thanks to (Al) and 2 < ¢ < 2%, this functional is well defined on the Sobolev space W :=
W,-2(£2), defined by

1/2
W=Wh@), luly = (f \Vu<x)|2p(x>dx> .
2
Following the fibering method, we set
u(x)=tv(x), teR\{0}, veWw
and take the norm-type fibering functional
H (u) = ||v||%vzf Vol pdx.
2
Accordingly, under the fibering constraint
Hw)=1

the Euler functional E (1) reduces to

E(t,v) = —%tz + $|t|"E1(v) (4.2.2)
with

E1(v) ::La(x)|v(x)|qp(x)dx. (4.2.3)
From the bifurcation equation E/ =0, i.e.

—t+1t|97%tE1(v) =0,

we obtain for 7 £ 0:
1
lt)| =[E1(v)] 72. (4.2.4)
Thus we define the functional £ as

. . 1 -
E():=E(t(v),v) = (5 - —)[El(v)] 2, (4.2.5)
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4.2.2. Step 2. Now we search an extremal point of E1, i.e. of E under the fibering con-
straint H(v) = 1.

LEMMA 4.2.2. Let

Mo :=sup{E1(v) |[ve W, H(v)=1}. (4.2.6)
veW

Then 0 < My < oo, and any maximizing sequence of (4.2.6) is bounded in W.

PROOF. From (A2) and (4.2.3) it follows immediately that My > 0. Thus, we have only
to prove the boundedness of an arbitrary maximizing sequence (v, ), because from this we
obtain also My < oo. Let

H(v,) =1, Ei(vy) — Mo,

and put
v (x) =, + U, (x)  with / vyp(x)dx =0, 4.2.7)
2

where o, are constants. Then Vv, = Vu,,, and by virtue of the Sobolev imbedding theorem
(the Poincareé inequality) we have

|E1(vn)| <M <o (4.2.8)

thanks to (4.2.7). Here M does not depend on ©,. Suppose by contradiction that
lunllw — oo. By (4.2.7) and (4.2.8) this implies

oy — 0. (4.2.9)

Further, we have

D q
Ex0,) = Exan +5) = lanl* [ at 1+”’;—(x)‘ p(x)dx.
2 n

Then by (4.2.8), (4.2.9), (4.2.4), and (A3) we get

Up (x)

(247

1+

q
Ianl_qE1(vn)=/ a(x) ’ p(X)dx—>/ a(x)p(x)dx <0,
2 2

which contradicts the fact that My > 0. Hence, (v,,) is bounded in W. O

LEMMA 4.2.3. There exists a maximizer v > 0 of (4.2.6) in W.
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PROOF. By 2 < g < 2* and (A1), we can use the Kondrashov imbedding theorem
W=W,2(2) € LI(%),

where

iy = [ 1oitpds.
P 2

Thus, by Lemma 4.2.2, we can take a maximizing sequence that weakly converges to a vg
in W, so that

E1(vo) = Mo,  H(vo) =|lvoll?, < 1.

We need to prove that actually H (vg) = 1. First, notice that H (vp) = ||vo||%v # 0, because

otherwise one would have vy(x) = C, and then by (A3)
0 < My=E1(vo) = Ifl”/ a(x)p(x)dx <O0.
2

Second, suppose that 0 < H (vg) < 1. Hence, for a suitable & > 1,
H (kvo) = |k|” H (vo) = 1

and
E1(kvo) = [k|? E1(vo) = |k|! Mo > Mo,

which contradicts (4.2.6). Finally, from the general properties of the Sobolev space W, we
have |vg| € W. We have also

H(lvol) =H(vo) =1 and Ei(|vol) = E1(vo) = Mo,
therefore it is not restrictive to consider vg > 0. O
4.2.3. Step 3. Let vg > 0 be the maximizer of (4.2.6) found in Lemma 4.2.3, and set
ug(x) =tg - vo(x)
with 79 = 7 (vg) > 0 defined by (4.2.4), i.e.
_1
to=[E1(vo)] 2.
By applying the fibering method it follows that g is a nonnegative solution of the boundary

value problem (4.2.1). Clearly, ug # 0, because vp # 0 and E1(vg) = Mp > 0. The proof
of Theorem 4.2.1 is complete.
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4.2.4. Thecase 1 < g < 2. Here we consider again the boundary value problem (4.2.1),
but with 1 < ¢ < 2. In this case we have the same representation (4.2.2) for the Euler
functional E (u). Let us consider the behavior of E with respect to ¢ > 0 for a fixed v. If
E1(v) <0, then E is decreasing in 7, anyway. If E1(v) > 0, then E is eventually increasing
or eventually decreasing in ¢ for 2 < g < 2* or 1 < g < 2, respectively.

We get the following result.

THEOREM 4.2.4. Assume (Al)-(A3) and 1 < g < 2. Then there exists a nonnegative
(nontrivial) solution of (4.2.1).

PROOF. The proof is completely coincident with that of Theorem 4.2.1. |

4.3. The case of the p-Laplacian

In this subsection we generalize the previous results to the case of existence of positive
solutions for the boundary value problem

|Vu|P=234 =0 on 3. (4.3.1)

{ A i+ (VY Vi) [VulP~2 4+ a(x)|ul?2u =0 in £,
Here A ,u := div(|Vu|P~2Vu) with p > 1, and ¥ € C1(£2). As before, we consider this
problem under assumptions (A1)-(A3):
o (Al)a e L®(£);
e (A2) a*t(x) is not identically zero;
e (A3) [,a(x)p(x)dx <0, where p(x) :=e?™.
Concerning g we suppose

Np

l<g<p*, q#p, p*z{N—P forp <N, (4.3.2)
400 forp>=N.
Then we have the following result.

THEOREM 4.3.1. Letassumptions (A1)-(A3) and (4.3.2) be satisfied. Then the boundary
value problem (4.2.1) admits a nonnegative (nontrivial) solution

e WH2) N L¥(2) N Cd (82).

The proof is divided into several steps.

4.3.1. Step 1. Similarly to the previous subsection,

1 1
E(u) :=——/ |Vu|ppdx+—/ alul?pdx
pPJe qJe
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is the Euler functional associated with (4.3.1). From our assumptions it follows that E (u)
is well defined on the Sobolev space

1/p
WZW,}’Z(Q), ||M||W=(/Q|Vu|ppdx> )

Following the fibering method we set u(x) = - v(x) with 7 # 0 and v € W. Under the
(spherical) fibering constraint

H (u) :=/ [Vu|Ppdx =1
2

the functional E reduces to

= 2P e)?
E(t,v)=——+ —E1(v), (4.3.3)
p q
where
E1(v) ::/Qa(x)|v(x)|qp(x)dx. (4.3.4)

From the bifurcation equation
El =—|t|P"2 + 111972 E1(v) =0

we find for z £ 0

()] = [E1(0)] 77 (435)

with the necessary condition E1(v) > 0. Now, by substituting (4.3.5) into (4.3.4), we obtain
. 1 1 _r_
E(v) = (— - _>[E1(U)] =3 (4.3.6)
q P

4.3.2. Step 2. Now we search an extremal point of Eq, i.e. of E, under the fibering con-
straint H (v) = 1.

LEMMA 4.3.2. The variational problem

My :=sup{E1(v) | H(v) <1} (43.7)
veW

admits a nonnegative maximizer v € W with H(v) =1 and E1(v) = M1 > 0.

PROOF. The proof follows exactly the same lines as that of Lemma 4.2.2 together with the
proof of Lemma 4.2.3. O
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4.3.3. Step 3. By virtue of the fibering method we derive that iz(x) =7 - v(x), with

P=1(@) = [E1(®)] 7

(see equality (4.3.5)), is a nonnegative solution of (4.3.1). Clearly « is nontrivial, since
v # 0. By the bootstrap argument used, e.g., in [18] we can prove that z € L°°(£2). Then
from the result of Tolksdorff [55] it follows that i € cllc;g(rz). Theorem 4.3.1 is proved.

4.4. The nonhomogeneous Neumann problem
Let us consider now a more difficult case, namely, the Neumann problem for the p-

Laplacian with nonlinear nonhomogeneous terms. We shall study the existence of positive
solutions for the variational boundary value problem

! Apu+ (Vi Vu)VulP~2 + a () |ul9™%u + b(x)|ul* 2u=0 in £,

|Vu|P=234 =0 on 9£2
(4.4.1)
with ¢ € C1(2) and
l<p<s<qg<p’. (4.4.2)

We consider this problem under assumptions (A1)—(A3) and
e (Bl)be L®(R);
e (B2) b <0in 2.

THEOREM 4.4.1 (Pohozaev and Tesei). Let assumptions (4.4.2), (Al)-(A3), (B1), and
(B2) be satisfied. Then problem (4.4.1) has a nonnegative nontrivial solution

e WH2) N L®(2) N Cpd (£2).
The proof is again based on the fibering method and is divided into several steps.
4.4.1. Step 1. We have an Euler functional
1 1 1
E®u):= ——/ |Vul? pdx + —/ a()|u|?pdx + —/ b(x)|ul®pdx
plae qJe s Je
associated with problem (4.4.1). The indicated assumptions imply that E () is well defined

on the Sobolev space W := W,}’p(.Q).
Following the fibering method, we set

u(x)=tv(x)
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witht e R and v € WhP ().
Then we get

t s )
= || /|V 1?p dx+l/a(x)|v|qux+u/ bx)|v| pdx.
2

We introduce, as above, the fibering functional

H) = v}, =/Q|W|dex _1

Then

L . lt)* s
E@vy=—"—t— [ a@ll’pdx+— bl pdx, (44.3)
p q J2

and the bifurcation equation has the form

dE
= =0 —|t)P %+ |t|q_2t/ a(x)|v|?pdx + |t|s_2tf b(x)|v|* pdx =0.
dt Q Q
(4.4.4)
For ¢ £ 0 we have
|t|q—f’/ a(x)|v|q,0dx+|t|s_p/ b(x)|v pdx = 1.
2 2
Thus, for v such that
/ a(@)|v|9pdx >0 (4.4.5)
2

this equation has only one positive solution 7 = ¢ (v) with the derivative ' (v).
Substituting this solution into (4.4.3), we get the functional E:

E(v) = E(t(v), v).

It follows from our assumptions that £ (v) is a weakly continuous functional defined for
ve W,}”’(Q) under condition (4.4.5).

4.4.2. Step 2. Let us consider the variational problem

sup{E(v) ] /ﬂ IVol? pdx < 1, v satisfies (4.4.5)}. (4.4.6)
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We have E(v) < 0.

We shall consider a maximizing sequence {v, } for (4.4.6). Reasoning as above, by virtue
of (4.4.5) we obtain the boundedness of {v,}.

Finally, using the weak continuity of £, we establish the existence of a function vo,
which provides the maximum for problem (4.4.6).

REMARK 4.4.2. Due to (B2), we have

N A~ 1 1 r_

E@) < EW)|p=0= <— - —)[Eo(v)]"“f

q P
and hence
A 1 1 pr_ 1 1 pr_
max £(v) <max( — — — |[Eo()]77 = = — = )[Eo(v0)] 77 <0,
q P q D

because in our case g > p.

REMARK 4.4.3. Let us consider (4.4.6) under condition (4.4.5). Since
sup{E(v) ‘ / IVo|? pdx < 1, v satisfies (4.4.5)} > —00,
2
it follows that

max E (vg) > —o. (4.4.7)

This implies that vg satisfies (4.4.5), because, if we assume the contrary, i.e. that vo does
not satisfy (4.4.5), then we have

E (vg) = —00.

Thus, we have got the function vg:
E(vg) =sup{E(v) ‘ / |Vv|Ppdx <1, v satisfies (4.4.5)}.
2
Now we shall prove the equality

/ [Vwl?pdx =1. (4.4.8)
2

We assume the contrary, i.e., that

/ |[Vuol? pdx < 1. (4.4.9)
2
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Note that
0< / [Vuol? pdx,
Q
because otherwise, if

f [Vl pdx =0, (4.4.10)
2

Vg = cg IS a constant, and
Eo(vo) = Eo(co) = —o0
by virtue of (A3), and this contradicts the boundedness condition.
Due to (4.4.9) and (4.4.10), there exists kg > 1 such that
vo(x) = kovo(x)

satisfies
/ [Vog|Ppdx =1
2

and (4.4.5). .
For the functional E, we have

~ L~ . P 1’ ,
E(v):mInE(tv):mln{———i——/ a(x)|v|qux+—f b(x)|v|3,odx}
t>0 t>0 P q Jo s Jo

for v satisfying (4.4.5). Thus,

E(vg) = min E (tvg)
t>0

. tP 14 s s
=minj——+ — | a@|wl!pdx+— [ bx)lvol’pdx
P qJe s Je

t>0

and v satisfies (4.4.5).
For ©p = kgug, We have (¢’ = tkg)

S . P 1l 1’
E(ﬁo)=m|n{——~|——kg/ a(x)|v0|‘1pdx+—k6/ b('x)|UO|S,0dX}
t>0 p q I?) S Ie)

. T s i
:mln{— 5t — a(x)|vo|‘1,odx+—/ b(x)|vo|3pdx}
>0 kgp q Jo s Jo



128 S.I. Pohozaev

:min{———i——f a(x)|vo|q,0dx+—/ b(x)|vo pdx}

. 1\¢?
=mini(1- 5 )——— —/a(X)Ivolq/de
t>0 kO p
tS
+—/ b(X)IUolspdx}
s Jo
. 1\ ¢?
=min 1——I, — + ——+—/ a(x)|vg|lpdx
>0 ky/ p
tX
+;/ b(x)|vo|spdx]}

>m|n[——~|——/ a(x)|vo|‘7pdx+—/ b(x)|vol® pdx] E(vo).

t>0

Thus,
E (7o) > E (vo).

This inequality contradicts the definition of v as sup E(v).
Thus, we have obtained a solution to the variational problem

E(vo)=sup{E(v) ‘/ |Vu|Ppdx < 1, v satisfies (4.4.5)}.
2

The fibering method implies that
ug(x) = tovo(x),
where fg is a positive solution to the bifurcation equation (4.4.4) and

E(tovg) = mig E(tvg) for vg satisfying (4.4.5).
>
Next, repeating the reasoning from Subsection 4.2, we find that

ug(x) >0

and ug # 0 because E (vg) < 0 and 19 > 0.

Again using the reasoning from the last stage of the proof of Theorem 4.2.1, we arrive
at the required statement.

Theorem 4.4.1 is proved.
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45. Thecasek=0=c
In this subsection we consider the following boundary value problem:
—Apu = Ab () |ulP"2u +a(x)|ul?%u in 2,
u>0 in 2, (45.1)
—20u _
|VulP=252 =0 on as2
with p and ¢ in the range
l<p<gq<p* (45.2)

and A > 0. Define the following functionals on W17 (£2):

H, (u) = 1/ (|Vu|p —Ab(x)|u|p)dx, (45.3)
pJe
1

A(u):—/ a(x)|u|?dx, (4.5.4)
qJe

Ea(t) = —Hy (u) + Au). (4.5.5)

Solutions of (4.5.1) will be obtained as critical points of E 4. By the fibering method we
set u(x) = sv(x), where s e R and v € W7 (£2). Then

EA(sv) = —|s|PHy (v) + |s|TA(v). (4.5.6)
By the chain rule theorem, if u = sv is a critical point of A, then W =0, which yields
0E
gisv) = —pls|P 2 Hy(v) + qls| 25 A(v) = 0.
Therefore
dEA/0s =0, o s[4 = [, P = pH,(v) _ Jo(Vv|? — Ablv|P) dx
s#0 gA(v) Joa@)|v|?dx

(4.5.7)

provided A(v) # 0. If H, (v)A(v) # 0, then H; (v) and A(v) have the same sign, and for
this value s, of s we obtain the reduced functional

pr/(q—p)
P H“'”) , (45.8)

= . p—q
Ea(v) = » H)‘(v)(qA(v)
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for which we have two sign possibilities since A > 0:
Es(v) <0 or Ex(v)>0. (4.5.9)

If H, (v) <0, s, corresponds to a maximum, and if H, (v) > 0, s, corresponds to a mini-
mum. By taking H, (v) constant, we can therefore examine the following two problems:

PROBLEM 1. sup{A(¢): ¢ € WLP(£2), H,(¢p) =1)}.
PROBLEM 2. inf{A(¢): ¢ € WLP(£2), Hy(¢)=—1}.
We introduce the following assumptions on a = a4 — a— and b:
(A1) [,a4(x)dx >0,
(A2) [a(x)dx <O,
(B) [ob(x)dx > 0.

If ¢ € L1(£2), we set ¢ = 82|71 [, ¢ (x) dx its average on £2. Let o = (N, p) > 0 be
the best constant of the Poincaré inequality in W17 (£2), that is,

u:inf{/ IVo|P dx: ¢ € WHP(£2), / |¢—¢3|de=1}. (4.5.10)
2 2

If p < N, wedenote by u, = u«(N, p) the best constant of the Poincaré-Sobolev inequal-
ity in WL-7(£2), defined by

M:inf{/ VoI dx: ¢ € WHP(R2), / |¢>—43|1'*dx=1}. (4.5.11)
2 2

LEMMA 4.5.1. Assume that (A2) holds. Then there exists a positive constant A, =
(1221, p, q, llall <, |b]l L) such that if 0 < A < A,, any sequence {u,} in W17 (§2) such
that {A(u,)} is positive and {H, (u,,)} is bounded from above, has the property that it re-
mains bounded in W17 (£2). Moreover, it satisfies

lim sup A(u,) =:m < oo.
n—0o0

PROOF. Set a, := |£2|1 fg updx, u, = il, + ay,. Then there exists a constant M such
that

H,(u,)) <M & / Vi, |P dx — A/ blay, +i,|Pdx <M, (4.5.12)
2 Q2
and in particular

/ Vi | dx =M+)»/ blatn + iin” dx.
2 2
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Since for any € € (0, 1) there holds
Ix +yI” <A+ )x|” + Ceplyl”  (V(x,y) eRxR), (45.13)
where

1+ep/P-D _1
“P T (At eoYr-D _1yp

< Cpet™?, (4.5.14)
it follows by inequality (4.5.10)
/ |Vitn [P dx < M + (A +6)/ blitn|” dx + A|[b]| L]82|Cpe Py |?
2 2

A+e€ - —
<M+ Tllbllm fg |Viin|? dx + AL |82] Cpe™™P|an|”.
(4.5.15)
Consequently,

p— (A +e€)bllL=
7

/|V12,,|pdx</\||b||Loo|.Q|C,,el_p|ozn|p+M. (4.5.16)
2

As a first choice we impose
O<t<pu/lbllr~ and 0<e < u/|bllr — A. (4.5.17)
Step 1. We claim that «,, remains bounded.

Arguing by contradiction, we suppose that |«;,| — oo. If we set w, = u, /a, =1+ Wy,
then

pn— A +e)lbllr=
7

/ Vi |P dx < Al|bl L |R2|Cpe' ™ + Mo |77,
2
(4.5.18)

because the integral mean value w, = 1. It follows from (4.5.10) and (4.5.18) that {w,} is
bounded in W17 (£2). Moreover,

. . q/p
/|vwn|qu<u*‘”P |2|1a/p (f |vwn|pdx>
2 2

q/p  —4/p* | »|1—q/N ad "
< (Mbll L w1821
(MBlLe) " P 121 </L—||b||ch()~+€))

« Cg/péq(l—p)/p + Mlay| 7P = Ce p g A1P + Mla,| P
(4.5.19)
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is derived from (4.5.18) and (4.5.11). But

1 1
d
|1+ @y |7 — 1:/ |1+ s, 1 ds =qwn/ |1+ 510|472 (L + sw,) ds,
0 0
(4.5.20)

then

1/q 1-1/q
/||1+wn|q—1|dx<q</ |wn|"dx> (/ (1+|tbn|)qu)
2 2 2
1/q 1/g\ q-1
<q</ |wn|‘fdx> (|sz|1/q+(/ |wn|"dx> )
o o)
1/q
<ch(/ Iﬁ)nlqu>
2
1-1/q
e ([awa) ™) asay
2

where ¢, = max(1, 2972). Consequently,

/ all+w,|?dx =/ adx +/ a(|1+1i1n|q - 1)dx
2 2 2
< / adx +qegllal(Ce p 2 Y? + Ml |™t)
2
x (12179 4 Ce p AP + Mla, | 71). (4.5.22)
We first denote by A, the expression
Ae = sup{k € (0, /bl —€):
fg adx +qeqllalL=Ce p.gp™ P (121Y7 + Ce p.gp*'?)? <0

Vp € (0, x)}. (4.5.23)

Such an expression defines a positive real number because of the assumption (A2), and we
set

Ao =max{Ac: 0 <e < pu/l|bllL=} (4.5.24)
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(notice that X, is achieved at some € = ¢,.). Since |«;, | — o0, it follows from the definition
of A, and (4.5.23) that for any A € (0, A,) and € = ¢, there exists an n large enough such
that

A(u,,):/ a|u,,|"dx:|an|’1/ all+w,|9dx <0, (4.5.25)
2 2

contradiction.

Step 2. End of the proof.

Since {a,} is bounded, it follows from (4.5.16) that the same is true for {||Vu, | Lr},
since Vu,, = Vii,. From (4.5.11),

/ lun — an|? dx gpflf |Viun|P dx. (4.5.26)
2 2

Therefore {u,} is bounded in W7 (52) and also in L7(£2) by the Sobolev inequality (ac-
tually it is relatively compact there, since ¢ < p*), and the last statement of the lemma
follows. O

LEMMA 4.5.2. For any A, the set A, :={¢ € WhP(2): A(¢) >0, Hy(¢) =1} is non-
empty under assumption (Al).

PROOF. For § > 0 we set Bs(xg) := {x € £2: |x — xg| < &}, and denote by vs the first
eigenvalue of the p-Laplace operator in Wg”’(Ba(xo)) (it is independent of xq provided
that Bs(xg) C £2), and ¢;5 x, the corresponding eigenfunction with the following normal-
ization:

/ 5 o dx =1. (4.5.27)
Bs(xo)

The function ¢; «, is positive, and ¢ ., (x) = ¢s,y,(x + yo — xo) for any yo such that
Bs(yo) C §2. Moreover,

lim vs = oo, 4.5.28
§—0 v o0 ( )

since vys = a~Pvs. Therefore there exists 6o > 0 such that, for every 0 < é < §p, and any
xp such that Bs(xo) C £2, Hy(¢s,x,) = 1. If we assume now that A is empty, then for
every xg as above

/ azbf{xo dx <0 (4.5.29)
Bs (xo)
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(here we extend the function ¢s, ., by zero outside Bs(xo) and get a WL-P(£2) function).
BUt ¢us.ro(x) = a Vg5 1o (@1 (x — x0) + x), therefore, by Lebesgue’s differentiation
theorem,

lim / ap? dx =a(xp) <0 (4.5.30)
550 sy
for almost all xq € 2, contradicting (Al). a

LEMMA 4.5.3. Assume that (A2) holds. Then for every A € (0, A,) and v € W7 (£2), the
inequality H, (v) < 0 with v not identically zero implies A(v) < 0.

PROOF. Since H, (v) = H, (Jv|) and A(v) = A(|v]), we can assume that v is nonnegative
and not identically zero, otherwise the result follows. The relation H; (v) < 0 means

/|Vv|pdx<Af blv|P dx. (4.5.31)
2 9]

We write again v = « + 7 with o = [£2|71 fﬂ vdx. We derive from (4.5.16) with M =0,
the same C, e =€, and 0 < A < Ay,

n— A +e)bllL
n

/ IV|P dx < Abl L] 2]Cpet =Pl (4.5.32)
2

Since estimates (4.5.20)-(4.5.22) are still valid with M = 0, we obtain

/a|v|qu=ozq</ adx+f a(|l+zD|q—1)dx)
2 2 2

<al (/ adx +qegllalL=Ce p AP (12177 + cqxl/P)q).
2
(4.5.33)
The expression is negative by (4.5.23)-(4.5.24) since A < A. |

PROPOSITION 4.5.4. Assume that (A1) and (A2) hold. Then for every 0 < A < A, there
exists a positive solution u of (4.5.1) such that A(x) > 0.

PROOF. Step 1. The supremum is achieved with the constraint.
Let {u,} be a maximizing sequence for Problem 1, that is,

H,(u,)=1 and nl_i)ngoA(u,,) =m1 =sup{A(¢): Hy(¢)=1}. (4.5.34)

Clearly, m1 € (0, oc], since A, is nonempty. From Lemma 4.5.1, {u,} is bounded in
wir(£2), and mq is finite and positive. There exist a subsequence {un,} C {un} and
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u e WHP(2) such that Vu,, — Vu weakly in LP(£2), u,, — u strongly in L9(£2).
Therefore A(u) = m1 and H, (u) < 1 by lower semicontinuity. If 0 < H, («) < 1, then
for some k > 1 we would have H, (ku) =1 and A(ku) = k%m1 > m1, contradicting the
definition of m1. If Hy (1) <0, it follows from Lemma 4.5.3 that A(u) < 0, contradicting
A()=mq > 0.

In order to complete the proof, we must show that equation (4.5.1) is verified.

Step 2. Equation (4.5.1) is satisfied by a positive function u with A(u) > 0.

We can assume that « is positive by replacing u, with |u,|. Moreover, Step 1 implies
that lim,,, - fQ [Vu,, P dx = fQ |Vu|? dx, and there exists a Lagrange multiplier o such
that

a(x)u?—1t= o(=Apu— Ab(@)uP™1) in 2,
—|VulP~29,u=0 on 3$2.
(4.5.35)

DA(u)=0DH,(u) < {

These equations have to be understood in the weak sense, that is, in (W17 (£2))*, which
is enough for the duality argument we use. From (4.5.35), we have by taking « as test
function

/ aXuldx =0 [ (|Vu|p - Ab(x)up) dx, (4.5.36)
2 2

and m1 = 0. Since o is positive, we obtain a positive solution of (4.5.1) satisfying A(x) > 0
by replacing u with o'2/(@=P)y, a

We turn now to Problem 2. If a and b satisfy (A2) and (B) respectively, then
H, (k) = —1 and A(k) < 0 hold for some positive constant k, and A_ = {¢ € WLP(£2):
A(¢) <0, Hy(¢)=—1}is not an empty set. Therefore

inf{A(¢): ¢ e WhP(2), Hy(¢) = —1} =1mp € [~00,0). (4.5.37)

However, for this problem, it is not possible to prove that minimizing sequences are
bounded, but because of homogeneity, solving Problem 2 is equivalent to solving

PROBLEM 2. inf{H;.(¢): ¢ € WHP(2), A(¢) = —1}. (4.5.38)
We start with the following counterpart of Lemma 4.5.1 and improvement of Lemma 4.5.3.
LEMMA 4.5.5. Assume that (A2) holds. If 0 < A < A, any sequence {u,} in W17 (£2)
such that {A(u,)} is bounded and {H, (u,)} is negative, has the property that it remains
bounded in W17 (£2).

PROOF. Asin Lemma4.5.1, we set o, := |£2| 1 fQ updx and u, =i, + o,. By assump-
tion,

/|Vﬁn|”dx=k/ blay + iin|? dx. (4.5.39)
2 2
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We first prove by contradiction that {c;,,} is bounded. As in Lemmas 4.5.1 and 4.5.3, for
the same choice of € = ¢, and constants, we have

w— A+ €)|lbllL=
u

/ |Viin|? dx < A|bll1]$2]Cpe P |ay P (4.5.40)
2

If |, | = oo, we set v, =u, /o, =1+ 0, and

~ A 1—
IV, |P dx < 121C e P|b|| Lo |otn|P. (4.5.41)
/Q " pw— (A +ebl e P "

On the other hand,
/ alt,|9dx = O(|ot,,|_q) :/ adx +/ a(|1+ Ol — l)dx
Q Q Q
< /Qadx +gcgllalL=Ce p 2P (121Y7 4 C2YP) . (4.5.42)
Butfor0 <A <A, and € = ¢,
/Qadx +gegllallpeCe, p 2P (12179 + €2 YP) <0, (4.5.43)

which infers a contradiction for  large enough. Therefore {«,,} is bounded. The same holds
for {||Vu,|lLr} by (4.5.40) and for {||u,| Lr} by (4.5.10). O

PROPOSITION 4.5.6. Assume that (A2) and (B) hold. Then for every 0 < A < A, there
exists a positive solution «* of (4.5.1) such that A(u*) < 0.

PROOF. Let {1} be a maximizing sequence for Problem 2’, that is, a sequence such that

A(u})=-1 and nl_i)ngon(uZ) =m3=inf{H,(¢): A(p)=—1}. (45.44)

By Lemma 4.5.5, the sequence {u;} is bounded in WLr(£2). Then there exist a subse-
quence {u, } C {u,}and u* € WP (£2) such that Vu, — Vu* weaklyin LP(2), u, —
u™ strongly in LP(£2) and in L9(£2). Therefore A(u*) = —1 and H, (u*) < mg3. If
H, (u™) = mg3, the proof is completed. Otherwise we suppose that H, (u*) = m* < ms.
Thus there would exist v € W7 (£2) such that A(v) = —1 and H;, (v) < m3, contradicting
the minimality of m3. Consequently, H, (u*) = m3, and we finish the proof as in Proposi-
tion 4.5.4. O

By combining Propositions 4.5.4 and 4.5.6 the following multiple solutions existence
result is derived.

THEOREM 4.5.7. Assume that (A1), (A2), and (B) hold. Then for every 0 < A < A, there
exist two positive solutions u and u™* of (4.5.1) such that A(«) > 0 and A(u*) < 0, respec-
tively.
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4.6. Thecasea=0=c
In this subsection we consider the following boundary value problem:
—Apu = Ab(x)|u|P~2u in £2,
u>0 in 2, (4.6.1)
—|VulP~23 = k(x)|ul""%u onds2
with A > 0 and the exponents p and r in the following range:

l<p,r<p and p#r. (4.6.2)

We set
1
K(u)= —f k(x)|ul"do, (4.6.3)
r Jae
which is well defined on W7 (£2) since r < p, and

Ex(w)=—H,(u) + K@), (4.6.4)

where H, has been defined in Subsection 4.5. Let g > 0 be
g = min{C >0 / |p|P dx < C(/ |V |P dx +/ |¢|pda>,
2 2 082
Vo € leﬁ(m}. (4.6.5)

Although the following Poincaré boundary trace and Poincaré—Sobolev boundary trace
inequalities are well known, we recall their proofs for the sake of completeness. For any
¢ € L1(£2), we denote ¢ = |2| 71 [, pdx.

LEMMA 4.6.1. There exist two positive constants v and v, such that

inf{/ |V¢|1’a’x:¢eW1”’(.Q),/ |¢—43|1’da=1}=u, (4.6.6)
2 082

inf{/ [Vp|P dx: ¢ € WHP (), / lp — p|? do} =¥, (4.6.7)
2 982

PrRoOF. We recall the classical Poincaré inequality

/|V¢|de=/lw¢—¢3)|”dx>uf ¢ — p|” dx, (4.6.8)
2 22 2
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and the trace estimate

16 = Dlr1/mp 02 < MIlE = Dl 0

<M1+ 1/M)/ IVo|? dx. (4.6.9)
2
Since
W17, a0 <1B2IPPIWIT o0
o
<PLPPM Y1y a0, (4.6.10)
for any v € Wi=1/P-P(32) (see [1]), we get (4.6.6) and (4.6.7). O

REMARK 4.6.2. There exists a versionAof these inequalities involving the boundary aver-
age ¥ of any ¢ € L1(92) defined by v = 02|72 [, , ¥ dx. Namely, forany p <r < p
there exists a positive constant ¥ such that

inf{/ |V¢|”dx:¢eW1"’(Q),/ |¢—¢3|Pdo=1}=a. (4.6.11)
2 082

The proof is easily derived by contradiction and using (4.6.7).

We turn out now to equation (4.6.1) and define the fibering functional as in Subsection
4.5: forve WLP(£2) and s € R we write

Ex (sv) = —|s|PHy,(v) + |s|" K (v), (4.6.12)

{BEK/E)S:O, N |s|,_[,_pHA(v)_fg(lvvlp—kblvl”)dx

s#£0 rK(v) Jog kvl do

(4.6.13)

Of course, the interest relies in the nonspectral case p # ¢g. Since two signs are possible,
we consider two extremal problems.

PROBLEM 3. sup{K (¢): ¢ € WhP(2), Hy(¢p) =1}.
PROBLEM 4. inf{K (¢): ¢ € WEP(£2), H;(¢) = —1).
We introduce the following assumptions on k = k4 —k_.

(K1) [iokydo >0,
(K2) [,okdo <O.
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LEMMA 4.6.3. Assume that (K2) holds. Then there exists

W =25(82, por bl Ikl o) > O
with the following property: if 0 < » < A* and {u,,} is any sequence in W17 (£2) such that
{K (u,)} is positive and {H, (u,)} is bounded from above, then {u,} remains bounded in
wLP(£2). Moreover, it satisfies

lim sup K (u,) =m’ < 0.

n—o0

PROOF. As in Lemma 4.6.1, we shall first prove that the sequence {«,} (where o, is the

average of u, on £2) is bounded. By contradiction, let us suppose that |«;, | — oo and set
Uy, =i, +a, and w, = u,/a, =1+ w,. Since

/IVﬁnlpdx—A/ blop, +iy|Pdx <M
2 2

for some constant M, with ¢ satisfying (4.5.17) this implies

pn— A +e)lbllr=
"

f Vi |? dx < A|bll L] 21Cpe' P + Mlay| P
Q

(inequalities (4.6.13)—(4.6.18) remain valid), and we get

_ . r/p
/ i, dS < v;’/”|a:2|1’/1’</ |va),,|de>
982 2

r/p
—r/p _ w
(Mbllzs) v P10 82|t r/N( )

/A

= bllLe (2 +¢€)
x C;/l’er(l—p)/p + Mlay|™?

=: De p AP+ Mla,|7P. (4.6.14)

The following inequalities are derived from (4.6.20) (with ¢ replaced by r):

[ s -1jdo
082

1/r 1-1/r
@(/ |111n|’do) (/ (1+|wn|)’da>
982 982
1/r 1/r\r—1
gr(/ |1Z),,|rd0) (|asz|1/r+</ Iﬁ)n|rdo) )
482 082
1/r 1-1/r
<r6,</ |wn|’da> <|8[2|1_1/’+</ |zI),,|’da> ) (4.6.15)
a2 a2
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where ¢, = max(1, 2"~2). Therefore,

/ k|1+ w,|" do =/ kdo —I—/ k(|l~|—ﬁ)n|’ - 1)d0
082 082 082
< / N kdo + re, |kl Lo (De,pr AP + M| ™)
0
x (108217 + De p 2P + M| 1) (4.6.16)

We denote by A€ the following expression:
A€ = sup{k € (0, /bl —€):
/m kdo +re, |kl De,p. P (1021 + De .- p*'?)" <0,
Vp e (0, x)}. (4.6.17)

Such an expression defines a positive real number because of the assumption (K2). If we
set

A =max{A®: 0 <e < pu/llbllL=}, (4.6.18)
thus maximum is achieved for some € = €* € (0, u/||b| L). Since |a,| — oo, it follows

from the definition of A* and (4.6.17) that for any A € (0, A*) and ¢ = &* there exists an n
large enough such that

K (uy) :/ kluy|"do = |a,,|r/ k|1 +w,|"do <0, (4.6.19)
IR R

contradiction.

Since {a,} is bounded, the same is true for {||Vu,|rr} by (4.6.16), then for
{fmk|un|1’ do} by (4.6.6) and finally for {|lu,|lLr} by (4.6.5). Consequently, {u,} is
bounded in W17 (£2). This implies

lunllLr o2y < 10217 P unll L5 o0y < Milltnllwi-1mp o)
< M2 llunllwip o) (4.6.20)

Thus the last statement follows (actually {u, |35} is relatively compact in L” (352)). O

LEMMA 4.6.4. For any A, the set By = {¢ € WLP(2): K(¢) >0, H;(¢) =1} is non-
empty under assumption (K1).
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PROOF. We proceed essentially almost as in Lemma 4.5.2: for any xg € 92 we consider

bs_x, the first positive eigenfunction of the p-Laplace operator in Wl’p(Bg(xo)), with the
,X0 p g p-Lap p 0
normalization

/ B5 o don-1=1, (4.6.21)
Hs (x0)

where Hj(xp) is the intersection of Bs(xg) with any hyperplane H containing xg (the first
eigenfunction is radial), and do is the (N — 1)-dimensional Lebesgue measure. We extend
bs. xo Dy zero outside £2 and call ¢5 xo.02 Its restriction to £2. Then ¢5 xo.22 belongs to
WP (£2). Since 852 is Smooth and Ps o (x) = @~ Vs 1 (@2 (x — x0) + x), we have

/ |V$M@QWda=2‘{/ V5,017 dx(1+ (1))
Hjs(xg) Bs(x0)

= 2_11)5/ |<]33,xo | dx (1 + 0(1)) (4.6.22)
Bs(x0)

and

/ 05 0.0 do =1+0(1)
£2NBs(x0)
as § — 0, uniformly with respect to xg € 9£2. Clearly,

,lemo H; (§s.x0,2) = 0, (4.6.23)

and the following concentration occurs:

lim K (¢s.x0.2) = k(x0). (4.6.24)

The end of the proof is as in Lemma 4.5.2, and we conclude that 5 is not empty if the
function k satisfies (K1). O

LEMMA 4.6.5. Assume that (K2) holds. Then for every A € (0, 1*) and v € WP (£2),
H, (v) <0 and v not identically zero implies K (v) < 0.

PROOF. We can assume that v = o + ¥ (with o = |21 [ vdx) is nonnegative. Since

H, (v) <0, we have (4.5.32) as in Lemma 4.5.3. If we take ¢ = ¢*, 0 < A < A* and set
w = v/a, inequality (4.6.33) is replaced by

/ kla +0|"do
082

:a’(/mkda+fﬂk(|l+w|’—1)da)
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<o (/ kdo -+ re lkliLxDe p 2P (19217 + DE»P”WY)' (@629
982

This expression is negative because of the choice of A. a

PROPOSITION 4.6.6. Assume that (K1) and (K2) hold. Then for every 0 < A < A* there
exists a positive solution « of (4.6.1) such that K (1) > 0.

PROOF. Let {u,} be a maximizing sequence for Problem 3, that is,
Hy(up)=1 and  |lim K(u,) =ms=sup{K(¢): Hy(¢)=1}. (4.6.26)
n—>oo

As in Proposition 4.5.4, the first step is to prove that the supremum is achieved with
the constraint. Clearly, m4 € (0, oo], since B4 is nonempty. From Lemma 4.6.3, {u,} is
bounded in W17 (£2), and my4 is finite and positive. There exist a subsequence {un,} C{un}
and u € WHP(£2) such that Vu,, — Vu weakly in L?(2), un, s — ulae strongly in
L"(082). Thus K(u) = myg and H, (u) < 1 by lower semicontinuity. If 0 < H, (u) < 1,
then for some k£ > 1 we would have H, (ku) =1 and K (ku) = k"my4 > my, contradicting
the definition of mg4. If H, (1) <0, it follows from Lemma 4.6.4 that K (1) < 0, contradict-
ing K (u) = mg4 > 0. Moreover, it can be assumed that u,, and then u are nonnegative, since
H, (v) = H,(Jv]) and K (v) = K (Jv|). Consequently, there exists a Lagrange multiplier w
such that

DK (u) = uDH, (u) (4.6.27)

in (WLP(£2))’. This means
/ k()u tndx = /L/ (|Vu|p_2Vu -Vn— Abup_ln) dx (4.6.28)
I8 Q2

for every n € Wh7(£2). Taking u = n gives [0 k()u" dx = jn = m4. Replacing u with
ul/ =Py gives the result. O

We turn now to Problem 4. If k£ and b satisfy (K2) and (B) respectively, then, for
some positive constant ¢, H; (c) = —1 and K (c) < 0, and the set B_ = {¢ € WP (£2):
K (¢) <0, H,(¢) =—1} is not empty. Therefore

inf{K (0): ¢ € WhP(2): Hy(¢) = —1} = ms € [—00, 0). (4.6.29)

As in Subsection 4.5, it is not possible to prove that minimizing sequences are bounded.
Therefore we replace Problem 4 with an equivalent one,

PROBLEM 4'. inf{H.(¢): ¢ € WHP(2), K(¢) = —1}. (4.6.30)

We start with the following improvement of Lemma 4.6.4.
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LEMMA 4.6.7. Assume that (K2) holds. If 0 < A < A, then any sequence {u,} in
WLP(£2) such that {K (u,)} is bounded and {H, (u,)} is negative, has the property that
it remains bounded in W1-7(£2).

PROOF. Seta, := 2|7t [, updx, uy =iiy + o, and o, = ii, /ct,. By assumption,

/ |Vﬁn|1’dx<k/ bloty + iin|” dx. (4.6.31)
2 2

Let us suppose that {«, } is not bounded. Then for € = ¢, and A satisfying (4.6.17), we have

/k|vn|’da:0(|a,,|7r):/ kda+/ k(|1+ﬁn|r—1)d0
R R R

< / kdo + req |kl Lo De,p. AP (108217 + De p 2 MP).
082

(4.6.32)

If we assume that |«,| — oo, the right-hand side of (4.6.32) becomes negative for n
large enough, which is a contradiction. Therefore {«;,} is bounded, and the same holds
for {||Vuy,| Lr}. We end the proof as in Lemma 4.6.3. O

PROPOSITION 4.6.8. Assume that (K2) and (B) hold. Then for every 0 < A < A, there
exists a positive solution u* of (4.6.1) such that K (u*) < 0.

PROOF. Let {u}} be a minimizing sequence for Problem 4’, that is, a sequence such that

K(u;)=-1 and nli)ngoH;L(ufl)=m5=inf{Hx(¢): K(¢)=-1}.
(4.6.33)

From Lemma 4.6.7, the sequence {«} is bounded in WLP(£2). Then there exist a sub-
sequence {uy, } C {u,} and u* € wlr(£2) such that Vu, — Vu* weakly in LP(£2)
and uy; lge — u*|ag strongly in L"(32). Therefore K (u*) = —1 and H; (u*) < ms. If
H; (u*) = ms, the proof is completed. Otherwise we suppose that H, (u*) = m* < ms.
Thus there would exist v € W17 (£2) such that K (v) = —1 and H, (v) < ms, contradiction.

Consequently, H, (u™) = ms, and the completion of the proof is as in Proposition 4.6.6. [
By combining Propositions 4.6.6 and 4.6.8 we obtain
THEOREM 4.6.9. Assume that (K1), (K2), and (B) hold. Then for every 0 < A < A, there

exist two positive solutions u and u* of (4.6.1) such that K (1) > 0 and K (u*) < 0, respec-
tively.
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4.7. The general case with r < ¢

In this subsection we are interested in the following boundary value problem:

—Apu— A ulP~2u = a()|ul?%u + c(x)|u)*2u in 2,
u>0 in £2,

|Vu|P=23% = k(x) |u " u on a2,
where A > 0 and the exponents p, g, s and r satisfy

i) l<p<s<g<p*-1,
(i) 1<r<min(g,p—1).

4.7.1)

4.7.2)

When ¢ € Wb (£2) and the exponents are as above, the following expressions are well

defined:

1

HA(¢)=—f (IV1? — 2b()I$I”) dx.
P J
1

A<¢>=—/ a ()9l dx,
qJ
1

K@) == / kOl do,
r Jog
1 )

c<¢>=—/ ()|l dx.
sJao

The solutions u of (4.7.1) are positive critical points of the functional

E(¢) =—H,(¢) + A(9) + C(¢) + K(9).

If € WHP(£2) and ¢ = 1y, then

E@y) = E@t,¥) ==t/ Hy@) + 1117 A@) + 1" C) + 1] K ().

(4.7.3)

(4.7.4)

(4.7.5)

(4.7.6)

4.7.7)

(4.7.8)
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The assumptions on the functions a, b, k, and ¢, besides measurability and essential bound-
edness, are the following ones, which have been partially used in the previous subsections:

(AD) / at(x)dx > 0.
2
(A2) / a(x)dx <0.
2
(B) / b(x)dx > 0.
2
(K3) k(x)<0ae.inas2.
(© c(x)<0ae.in .
REMARK 4.7.1. The functional £ is C on W7 (£2) x R, and at this point it is important
to notice that C(y) < 0 and K(y¥) <0, but H, () and A(y) have no prescribed sign
independent of . We denote
Cy={peWhP(2): Hy(¢) >0, A(¢) > 0}. (4.7.9)

Under assumption (Al) it follows from Lemma 4.5.2 that the set C. is a nonempty open
subset of W17 (£2). From (4.7.8) we have

oE
S )= —pltIP 2t Hy () + qlt 972 A(Y) + st 21 C (y)

+rlt 2K ()
=1, y). (4.7.10)

The following is a straightforward consequence of the above expression.

LEMMA 4.7.2. Assume that (A1) holds and ¢ € C. Then the function ¢ — (¢, ¥) admits
a unique zero on (0, co) that we shall denote 7, = 2, (V).

LEMMA 4.7.3. Assume that (A1) holds and v € C. Then

() = 0@ = (pH, W)/ (gAw))) 4P, (4.7.11)
and

- W) r/(q—p)

E(t., Eo(ts, : , 4.7.12

(ts, V) < Eo(t+, ¥) < q (W( A(lﬂ)) ( )
where

Eo(t, ) :=—|t|P Hy(¥) + t1TA(Y) = EA(t).
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PROOF. By definition of Eg, we have

dEo(t, ]
# = —plt|P 2, (V) + g1t Pt AG) =10, ).

Then 7%z, ) = 0 where 10 = t9(y) = (pHy.(¥) /(g A(¥)))Y4=P), Since C(y) <0 and
K (¢) <0, there always holds

E(t,y) < Eot,y) and I(r,y)<I%C, ) (4.7.13)

for ¢ > 0. This implies l(l,?l/f) < 0and (4.7.11). Since t — E(t, y) is decreasing on (0, #,.),
we have

Et. ) < E(t2.9)
= — () Hu(w) + (1) AW + (22) cw) + (°) K (W)
< =) Hu) + (12)TAp)
P—q

_ H, r/(q—p)
- HA(1//)<I; A(%)) , (4.7.14)
which is (4.7.12). O
We denote by E, the reduced functional which is defined on C, by
E(¥)=E(t, ). (4.7.15)
From the definition of ¢, =, (¥),
E.(y) = EQBE(W) = E«(ry) (VT >0). (4.7.16)

LEMMA 4.7.4. The mapping ¢ — E.(¢) from C, into R is C! in the strong W7 (£2)-
topology.

PROOF. We have to check that the implicit function theorem applies to (¢, ¥) — (¢, ¥) at
t = t,. Since t, is the positive zero of
1> L6, Y) = —pHu(Y) +qtT PAW) + s PCW) +rimTPK (W),
4.7.17)

we can look for the ¢-partial derivative of the above new function, namely

al,
S GV =alq ="MW +s(s = prTPTICW)

+r(r—p)t" PR (Y).
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Consequently,

te 0l
— (ty,
)

It 9) —

- —PHA(¢)+S<1— i _”>ri‘PC(w>+r(1— r"’)r;"’mw <0,
q-7p q-7p

and %—i;(t*, V) > 0. It follows that ¥ — 1,(y) is C1, and the same holds by composition
for ¢ — E.(¢). O

Suppose now that u € W7 (£2) is a critical point of E such that Hy («) > 0, then neces-
sarily A(u) > 0. If we setu = tv, t > 0 is uniquely determined by the condition H; (v) =1,
and j—SE(sv)|S:t = 0. The only critical point of s — E(sv) is achieved at t = t,(v), in
which case E (¢, (v)v) = E,(v) < 0. Therefore, we introduced the new problem.

PROBLEM 5.
SUP{E(¢): ¢ € WHP(2), Hy(¢) =1, A(¢) > 0}. (4.7.18)

PROPOSITION 4.7.5. Assume (Al), (A2), (K3), and (C) hold. Then for every 0 < A < A,
(which has been defined in Subsection 4.5) there exists a positive solution u € W7 (£2) of
(4.7.1) with the property that A(u) > 0.

PROOF. Let {u,} be a maximizing (and nonnegative without any loss of generality) se-
quence for Problem 5, that is,

A(up) >0, Hy(uy) =1,
Nim E, (un) =:me =sup{E.(¢): Hy.($) =1, A(¢) > 0}. (4.7.19)

Step 1. From Lemma 4.5.1, {u,} is bounded in wir(2). If t, = 1, (up), Lemma 4.7.3
implies

5 _ r/(g—p)
E(ty, un) = Ex(un) < u(z) YO (4.7.20)
q q

Since 1 < p < ¢ and {E.(u,)} is increasing and negative, the right-hand side of (4.7.20)
is minorized by some negative number. It follows that {A(u,)} is bounded from below by
some positive constant o.

From the Sobolev imbedding theorem and the trace theorem, there exist a subsequence
{u,,} and a function u € WP (£2) such that Vu,, — Vu in LP(£2), un, — u in LP(£2) N
L*(£2)NLY(82) and uy,, |y — ulpe in L"(382).

Step 2. We claim that E, (1) = mg and H; (u) = 1.



148 S.I. Pohozaev
If we impose H) (u,) =11in (4.7.17), then t.. , = t.(u,) is defined as the positive zero of
1> Lt up) =—p + gt P A(uy) + st° P Cup) + ri’ “P K (uy).
Since the coefficients A(uy,), C(uy,,), and K (u,,) converge respectively to A(u), C(u),
and K (u), with A(u,,) > o > 0, it follows that ¢, ,, = (1) — t.(u) as n; — co. There-
fore
Ey(upn) = —tLn, + tdn AGun) + 15, Clun) + 15, K (up) - Ey(u). (4.7.21)
Therefore E,(u) = msg.

If 0 < H,(u) < 1, we replace u by ou for some o > 1 such that H, (ou) = 1. Then
oueCy,andifwesettl =t.(ou),

E(ou) = E.(u) =sup{ E«(¢): ¢ € WHP(2), Hy(¢) =1, A(¢) >0}.
(4.7.22)

Therefore we can assume that H () = 1 by replacing u with ou. If H, (u) <0, we have
/ a(x)ul?dx <0 (4.7.23)
2

from Lemma 4.5.3 whenever A € (0, A,).

Step 3. End of the proof. In Steps 1-2 we have shown the existence of a critical value
of E, under the constraint {¢p € W17 (), H,(¢) = 1, A(¢) > 0}. Therefore there ex-
ists a Lagrange multiplier t such that DE, (u) = t DHy (). But Ex(u) = E(t,, u). Since

%—’f(t*, u) = 0, the Lagrange multipliers equation is reduced to
DyE(ty,u) = 1D, Hy (1), (4.7.24)
or equivalently,

t,'fa(x)u_‘fz_al + t;:c(x)u‘v_;: —TApu — rb(x)TuP1 in 2, (4.7.25)
T|Vul|P=2 50 = tik(x)u” onas2.

Therefore
—ptHy (u) + qtd A(u) + stiC(u) + rtL K (u) = 0. (4.7.26)
But —pt! H, (V) + qtl A(Y) + stSC () + rt K () = 0 from the bifurcation equation

I(t,,u) = 0. Therefore = ¢/, and by homogeneity we have found a positive solution of
(4.7.1) with the property that A(u) > 0 and H; (u) > 0. O
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REMARK 4.7.6. We could also have looked for critical points of E in C as infimum of
the reduced functional, that is,

inf{E.(¢): ¢ € WHP(2), Hy(¢) =1, A(¢) > 0}. (4.7.27)

However, in this case the infimum is zero and it is not achieved. Therefore the solution u
we have obtained by Proposition 4.7.5 is a saddle point for E.

Next, we look for critical points under negativity assumptions on A and H,. We denote
C_={peWhP(2), H.(¢) <0, A(¢) <0}. (4.7.28)
Such a set is open in W17 (£2).
LEMMA 4.7.7. Suppose ¢ € C_. Then

(i) The function 7 — I(zy) admits a unique zero on (0, co) that we shall denote * =

1 (¥).
(ii) The following estimates hold:

1/(q—p)
PHA(I/f)> (4.7.29)

t (W)éto(lﬂ):(qA(l//)

and

p/g—p)
PHA(W)> ’ (4.7.30)

~ ~0, . % _P_q
0<E(W*¥)<E (toﬂﬂ)—_q H*(‘”)( qA®W)

where
E%t, ) i= —[t|” Hy () + 1117 A(Y) = Ea(ty)).
(iii) The mapping ¥ — t*(y) is C* from C_ into (0, c0).
(iv) If ¢, ¢ € C_ are such that A(¢) = A(Y), Q(¢) =C), !(((b) = K(y) and
Hy(¢) < Hy(y) <0, then t*(¢) > t*(y) and E(t*(¢), ) > E(t*(¥), ¥).

PROOF. The first statement is clear from (4.7.8) since ¥ € C_, C(y») <0and A(y) <0.
As in the positive case, there always holds

Et,y) < E°t. %) = —tP Hy() + t1A() (4.7.31)
and

r -0
aE(att’ Y T < aait — PO, ) = —ptP T H, () + 14 AG)
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for + > 0. Since [%(,¢) = 0 for positive 7 if and only if r = to() = (pH.(Y)/
(gAW))Y@=P) we have (4.7.29), and (4.7.30) follows from (4.7.31). The statement (iii)
is obtained by the same algebraic computation as the one in Lemma 4.7.4. For proving
(iv) we recall that * = t*(v) is defined as being the positive zero of (4.7.17). If we write
X)) =H,(¥), AW)=A, C(yy) =Cand K(¥) =K, then r* = t*(y) satisfies

—pXW) +q()TTPA+s*)TPCHr(*) TPK =0 (4.7.32)
and

—p+(a(g — PP A+ s(s = p) ety TPTIC

W)
X))

+r(r— p) ") P7K) (4.7.33)

Since A, C and K are fixed and negative, g’;% < 0. Thus Hy(¢) < H, (¥) < 0 implies

t*(¢p) > t*(¢). Because the function ¢ — E(t¢) is increasing on (0, r*(¢)), and A(¢) =

AW, C(¢) = C(y), and K (¢) = K () we finally deduce E(t*(¢), ¢) > E(t*(¥), ¥).
Defining the new reduced functional E* by

E*(y) = E(t*, ), (4.7.34)
we get
E*(Y) =SUpE(1y) = E*(tyy) (¥1 >0). (4.7.35)
t>0

It follows from Lemma 4.7.7(iii) that the mapping E* is C* on C_. As in the positive case,

we look for a critical point of E in .A_ under the form O
PROBLEM 6.
SUP{E*(¢): ¢ € WHP(R2), Hi(¢) <0, A(¢) =—1}. (4.7.36)

PROPOSITION 4.7.8. Assume (A2), (K3), and (C) hold. Then for every 0 < A < A, there
exists a positive solution u € W7 (£2) of (4.7.1) with the property that A(u) < 0.

PROOF. Let {u,} be a nonnegative maximizing sequence for E* in C_. Then A(u,) =
-1, H,(u,) <0and

lim E*(u,) =:m7 =sup{E*(¢): ¢ € WP (2), Hy(¢) <0, A(¢)=—1}.

n—o00

(4.7.37)
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But
E*(un) < Eg(up)

<SUP{EG(¢): ¢ € WHP(R2), Hi($) <0, A(¢)=—1}

q q

q q
— p/@—p)

_a-r (2) ()@,
q q
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_ r/(@—p)
=1 (3) sup{(—=H.(9)"" " g e WP (2), Ap) = -1

— p/g—p)
= (2) (_ inf{Hk(‘ﬁ): e WhP(2), A(¢) = _1})q/(q—p)

(4.7.38)

where m3 was defined and proved to be finite in Proposition 4.5.6. Therefore m7 is pos-
itive and finite. From Lemma 4.5.1 H(u,) < 0 and A(u,) = —1 imply that {u,} re-
mains bounded in W17 (£2), provided that 0 < A < A*. Then there exist a subsequence
{un,} and a function u € wlP(£2) such that Vup, — Vu weakly in LP(£2), u,, = u in

LP(£2)NLS(2) N L1(82), and uy, |ae — ulag in L7 (382).

By semicontinuity H; (u) < lim,,_, o inf H, (u,)) < 0. Because the exponents ¢, r, s are

subcritical,
lim A(u,)=A@w)=-1, lim C(u,)=Cu) and
nj— oo np— oo
lim K (uy,) =K (u).
n;— 00
Suppose that H) (1) < lim,_,  inf Hj (u,) =H < 0. Since ;¥ = t*(u,,) satisfies
—pH ) = q(67) "7 +5(15) 7" Clun) + (1) " K (un) =0,
it follows by the implicit function theorem that z; — 7o, Where
—PH = q(tec)?™? + 5(tcc)" P C(u) +r(te0) " K (u) =0.
As a consequence of Lemma 4.7.7(iv), 1o < t* = r*(u), which is defined by
—pH () =g P + 5™y PCw) +rt*) " PK@u)=0
and

E*(u) > im_ E*(uy) =my,

(4.7.39)

(4.7.40)

(4.7.41)

(4.7.42)
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contradicting the definition of m7. Therefore H)(u) = lim,_ o inf Hy (u,) < 0. If
H; (u) =0, (4.7.39) and (4.7.40) imply that 7; — 0 and lim,_.cc E*(u,) = 0, contra-
dicting again the definition of m7. Therefore H, (1) <0, A(u) = —1and

E*(u) =m7. (4.7.43)

As in Proposition 4.5.4, (4.5.28) holds with = = (¢+*)? from the bifurcation equation
[(#*, u) = 0. This completes the proof. |

The following result follows from Propositions 4.7.5-4.7.8.

THEOREM 4.7.9. Assume that (Al), (A2), (K3), (C), and (B) hold. Then for every 0 < A <
A there exist two positive solutions u and u* of (4.7.1) in W7 (£2) such that A(u) > 0
and A(u*) < 0, respectively.

4.8. The general case with r =g
In this subsection we first consider the following boundary value problem:

—Apu — 1b(x)|u|P?u = a(x)|u|?%u in 2,
u>0 in £2, (4.8.1)
|Vu|P=23% = k(x)|u|?~2u on 92,

where A > 0 and the exponents p and ¢ satisfy
l<p<qg<p-1 (4.8.2)
The functional corresponding to this problem is again

E(¢) = —H(9) + A(¢) + K ().

where A and K have been defined in Subsection 4.7. However, since the exponents in-
volved in A and K are the same, the natural assumption has to be made directly on the new
functional

¢ G(g) = 1/ a(x)|p|? dx + 1/ k(x)lg|? do, (4.8.3)
q9Ja q Joe

which is well defined when ¢ € W17 (£2). The solutions u of (4.8.1) are positive critical
points of

Eg(¢) = —Hy(¢) + G(¢). (4.8.4)
We introduced global assumptions on G, namely,

(G1) G(go) >0 forsome ggc WLP(02),
(G2) G(1) <O0.



Nonlinear variational problems via the fibering method 153

If o e WhP(2) and ¢ =11,

Eg(ty) = Eg(t, ¥) = —[t|/" H,(¥) + [t|1G (). (4.8.5)
Therefore
IEG/ds =0, i-p 1o g—p _ PHLQ)
{S#O = Is|T P =50 = 7G W)
Vu|? — Ab|v|P)d
_ Jo(Vul pIndx 485)
Joalvlddx + [,oklv|adS
provided that G (v) # 0. If H, (v)G(v) # 0, we define the reduced functional
. — H p/q—p)
Eg(v) = uH}\(v)<w> , (4.8.7)
q qG(v)

for which we have the two sign possibilities since 1 > 0: Eg(v) <0 or Eg(v) > 0. If
H, (v) <0, s, corresponds to a maximum, and if A, (v) > 0, s, corresponds to a minimum.
Because of homogeneity we can take Hj (v) constant, which reduces the question of finding
critical points to the following problems:

PROBLEM 7. sup{G(¢): ¢ € lel’(.Q), H, (¢) =1}.
PROBLEM 8. inf(G(¢): ¢ € WLP(2), Hy(¢) = —1}.

The next result plays a fundamental role in deriving bounds for minimizing or maximizing
sequences as Lemmas 4.5.1 and 4.6.3 do in Subsections 4.5 and 4.6.

LEMMA 4.8.1. Assume that (G2) holds. There exists
2121, p.a. llallze, IKllze, [b] <) >0,

such that if 0 < A < 4, then any sequence {u,} in W17 (§2) such that {G(u,)} is pos-
itive and {H, (u,)} is bounded from above, has the property that it remains bounded in
wlP(£2). Moreover, it satisfies

lim sup G(u,) =:m < oo.
n—oo

PROOF. Our technigue mixes the ones introduced for proving Lemmas 4.5.1 and 4.6.3.
We set o, == |2|7 [ updx, uy = ity + . Since Hy (u,) < M, we derive inequality
(4.5.16), i.e.

u— A +e)bllLe
n

f|Vﬁn|pdx<A||b||Loo|SZ|Cpel_p|ozn|”+M, (4.8.8)
2
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with the following choice for ¢:
O<A<pu/||bllpee and 0 <e < pu/||bllpe —A. (4.8.9)

Assume first that {«,} is not bounded, |a,| — oo for example, and set w, = u,/a, =
1+ w,, then

/ | dx < Ce p g2 1'P + Mlay|~P (4.8.10)
2
and
f [W|7dS < De p g2 7P + Mlay|~P (4.8.11)
082

from (4.5.19) and (4.6.14). Moreover,

1/q
/ 11+, |7 — 1’dx gch</ |1Dn|qu>
Q 7]

1-1/q
x (|9|1—1/q + (f | |9 dx) ) (4.8.12)
2

and

1/q
/]|1+wn|q—1\dsgch</ |zbn|qu)
082 082

1-1/q
x<|8[2|1_1/"+</ |wn|4ds) ) (4.8.13)
082

from (4.5.21) and (4.6.15). Therefore, using (4.8.10)—(4.8.13),
an_qG(u,,):/ all—}-ﬁ)nlqu—}—/ k|14 w,7dS
2 082
=G+ [ a(+ @l - dx+ [ k(14 al - 1)ds
2 982
<G +qeqllalle(Ce,pgh? + Mlo,| ) (182174

+ Cepg P+ Ml | ™) + geglkll Lo (De,pg AP + M| ™)
x (102177 + De _p o3P + Ma,| 1), (4.8.14)
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Define
Ae =sup{r e (0, u/||bllL> —€): G(1)
+qcgllallLeCe,p.gp? (121Y9 + Ce p.gp*'?)?

+qcqllklLeDe g 0P (102179 + De p 4p"7)! <0Vp € (0, 1)}
(4.8.15)

Such an expression defines a positive real number because of assumption (G2). If we set
A=max{Ac: 0 <e<pu/|bl~} (4.8.16)

and take 0 < A < A, it follows that G (u,) < 0 for n large enough, contradiction. The re-
mainder of the proof is as in Lemmas 4.5.1 and 4.6.3. O

In the same way the following result is a straightforward adaptation of Lemmas 4.5.3
and 4.6.5 to the framework of the functional G.

LEMMA 4.8.2. Assume that (G2) holds. If 1 € (0, 1), then v € W7 (£2), not identically
zero, and H, (v) <0 imply G(v) <O0.

Since assumption (G1) implies that the set G, := {¢ € WHP(2): G(¢) > 0, H; (¢) =1}
is not empty, the following existence result is proved similarly to Proposition 4.5.4.

PROPOSITION 4.8.3. Assume that (G1) and (G2) hold. Then for every 0 < A < A there
exists a positive solution u of (4.8.1) with the property that G (1) > 0.

For the last problem the main observation is that G_ := {¢ € WhP(2): G(¢) < 0,
H, (¢) = —1} is not empty under assumption (G2), and we can replace Problem 8 by

PROBLEM 8. inf{H,.(¢): ¢ € WP (), G(¢) = —1}.

The key lemma for the existence of a minimizer is an adaptation of Lemmas 4.5.5 and
4.6.7 that we state below without proof since it is straightforward.

LEMMA 4.8.4. Assume that (G2) holds. Then if A € (0, 1), any sequence {u,,} in W17 (£2)
such that {G (u,)} is bounded and {H, (u,)} is negative has the property that it remains
bounded in W17 (£2).

As a consequence the second existence result follows.

PROPOSITION 4.8.5. Assume that (G2) and (B) hold. Then for every 0 < A < A there
exists a positive solution u* of (4.8.1) with the property that G (u*) < 0.
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Combining Propositions 4.8.3 and 4.8.5 yields
THEOREM 4.8.6. Assume that (G1), (G2) and (B) hold. Then for every 0 < A < A there
exist two positive solutions u and u* of (4.8.1) such that G(x) > 0 and G (u*) < 0 respec-

tively.

The complete fibering technique of Subsection 4.7 can be easily adapted to study of the
more inhomogeneous problem

— A pu — Ab(x)|u|P2u = c(x)|u) "2u + a(x)|u|?"%u in £2,
u>0 in £2, (4.8.17)
|Vu|P=23% = k(x)|u|?~2u on a2,

where A > 0 and the exponents p, s and g satisfy
l<p<s<g<p-—1 (4.8.18)

Since the proofs of the results below are mere adaptations of the previous ones, we just
state them.

PROPOSITION 4.8.7. Assume that (G1), (G2) and (C) hold. Then for every 0 < A < A
there exists a positive solution u of (4.8.17) with the property that G (1) > 0.

PROPOSITION 4.8.8. Assume that (B), (G2) and (C) hold. Then for every 0 < A < A there
exists a positive solution u* of (4.8.17) with the property that G(u*) < 0.

THEOREM 4.8.9. Assume that (G1), (G2), (C) and (B) hold. Then for every 0 < A <
there exist two positive solutions « and «* of (4.8.17) in W17 (£2) such that G () > 0 and
G (u*) < 0 respectively.
4.9. Positive solutions with more general nonlinear boundary conditions
We discuss the following problem:
Apu=0, u>0 in £ (4.9.1)
IVulP~20,u — ub () |ulP2u =k(x)|u) "2u on a2 (4.9.2)
with

Apu= V(qu|p72Vu) = diV(|Vu|p72Vu) and l<p<r<ps
and u>0.
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Here b and k are measurable bounded functions, satisfying some assumptions stated below.

In this case we have

H(v)=/ |Vv|pdx—u,/ blv|? do’,
2 082

1 r /
KWw)=- klv|"do’.
r Jag

Hence

1|7 ,
E(tv) = 7H(v) —tI"K (v).

We now assume that
b>0.

About function k we assume that there is a function vg € W17 (£2) such that
H(vg) >0 and K(vg) > 0.

Next we suppose that

/ kdo' <0.
e

Let us consider the first case:
Hw)=+1 and K@) >0.

Then

p

P(rk @) 77

r
E1(v) = max E(tv) =
t>0

and the variational problem is equivalent to the following

sup{K (v) | H(v) =1}.

(B.1)

(K.1)

(K.2)

(4.9.3)

For this problem there is u* > 0 such that if u < u* then there is a positive solution v of

(4.9.3).
Hence there is a positive solution u1 of (4.9.1)—(4.9.2), namely,

ui(x) =1tv1(x)
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with
_1
n=(rk(y)) 7.
For obtaining the second solution we consider the functional

E>(v) =min E(tv)
t>0

for the case H(v) <0and K (v) < 0.
Then we get

H(v) )’—1
rK(v) '

Eaw =" H(v)(
This functional is homogeneous of zero order,

Eo(sv) = E2(v), VseR.
Due to this fact we can consider

inf{E2(v) | K (v) = -1} (4.9.4)
since

(K'(v),v) =/ klv|" dx’ = —r #0.

982

This variational problem is equivalent to the following

inf{cp, HW)|H®)|™ | K@) =-1} <0 (4.9.5)

with

r—p _r_
cpyr=—"7177 >0.

p
For this problem there is w, > 0 such that if 0 < i < u, then there is a positive minimizer
v Of (4.9.5).
Hence there exists a positive solution u» of (4.9.1)—(4.9.2), namely,

uz(x) = r2v2(x)

with
1 L
1 = (r -’H(vz)‘)"_f’.

Thus we obtain the following result.
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PROPOSITION 4.9.1. Assume that (B.1), (K.1) and (K.2) hold. Then there is wo =
min{u*, w4} such that for any 0 < u < ug there exist positive solutions u1 and uy in
WP () of (4.9.1).

Moreover, H(u1) > 0 and H (u») < 0.

5. Multiplicity for some quasilinear equations (Yu. Bozhkov and E. Mitidieri)

The present section contains results from [14]. We investigate the existence of positive
solutions of the following quasilinear problem:

Lu :=—@u’' (0)|Pu'(r)) = ra@)r” [ulPu+b@)r [u|9=2u in (0, R),
u'(0)=u(R) =0,
u>0 in (0, R).

(5.0.1)

Here o, B, v, %, R(0 < R < 00), ¢ are real numbers and a(r), b(r) are given functions.

Some problems associated to the operator L have been studied in [16]. The parameters
a, B and y are supposed to satisfy some relations which will be specified below. This class
of quasilinear equations is interesting and sufficiently general since, as one can observe, it
may involve as special cases the following operators acting on radial functions defined in
a ball of radius R centered at the origin:

(1) Laplace operatorifa =y =N —1, B=0;
(2) p-Laplace operatorifa=y =N -1, B=p—2;
(3) k-Hessian operatorifa =N —k, y=N -1, B=k—1. (5.0.2)

The main technique we shall use to study (5.0.1) is the fibering method introduced and
developed in the previous sections, which provides a powerful tool for proving existence
theorems, in particular for problems that obey a certain kind of homogeneity. In the study
of (5.0.1) we are motivated by the observation that the critical exponents for L were found
in [16], where we can find, among other things, an inequality, which ensures that the main
embeddings that we need between the natural functional spaces associated to the problem
under consideration are compact. Moreover, the properties of the first eigenvalue of the
corresponding eigenvalue problem with a(r) = 1 are also established in [16].

This section is organized as follows. In Subsection 5.1 we collect some basic facts about
the operator L and state the hypotheses that we shall assume throughout the chapter. In
Subsection 5.2 we study the corresponding eigenvalue problem with a more general a and
prove the existence, simplicity and isolation of the first eigenvalue in this case. Then a ver-
sion of the fibering method adapted to our specific problem is described in Subsection 5.3.
The main results on existence and multiplicity of radial solutions for (5.0.1) are proved in
Subsections 5.4-5.6. Finally, in Subsection 5.7 we comment on nonexistence results for
classical solutions of quasilinear equations, in particular we establish a nonexistence result
for k-Hessian equations in a general bounded smooth domain.
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5.1. Preliminaries
In this subsection we present some preliminaries, notations and assumptions which will be
used throughout the section.
To begin with, let
>0, B>-1, oa—B—-1>0, y>0, O0<R<oo. (5.1.1)

For parameters satisfying (5.1.1) it was found in [16] that the critical exponent for (5.0.1)
with a(r) = b(r) = 1 has the value

_04DB+)

l*
a—p—-1

(5.1.2)
Let
R 2
Xg:= {u € C2(0, k)N ([0, R)) ’ / r“|u’(r)|’3+ dr < 00,
0
u(R)=0, u'(0)= O},
with the norm

R 1

2 B+2

lullx, = {/ r”“u’(r)’ﬂ+ dr} :
0

In this way X g becomes a Banach space. We also define the space
R
L;((O, R); a) = {u €L*0,R) ‘ 0< / a(M)|ul’r dr < oo}
0

With this at hand, the following inequality holds:

R : R 7
<f lu|*rY dr> < c(/ reu|PT? dr) (5.1.3)
0 0

where s < [*—the critical exponent given by (5.1.2). See [16]. The latter inequality implies
that the space X is compactly embedded in L}, ((0, R); ) provided s < [* if o — p —
1> 0. See [16] for more details.

Now we shall state the assumptions. Let 1, g € R. In addition to (5.1.1) we shall suppose
that

l<B+2<qg<l¥, (5.1.4)

where [* is defined in (5.1.2).
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The functions a(r) and b(r) are supposed to be bounded in (0, R):
a,be L0, R),
and
a(r)=ai(r) —az(r), whereas,a; >0, ai(r) #0.

We claim that (5.1.4) and (5.1.5) imply that
R
/ a(r)|u|’3+2r” dr,
0
and
R
/ b@)|u|?rY dr,
0

are finite for u € Xg. Indeed, by (5.1.3) and 8 + 2 < I* we have

B+2

R
/ a(r)|u|ﬂ+2r7’ dr
0 ((0,R):1)

and by (5.1.4) it follows that

R
f b)) |ul?r? dr
0

< 1Bl .m) Nl (o gy.yy < €l <00

This proves the claim.
Now we can define the following functionals on Xg:

R
fuu) = / a(ulP+?r dr,
0
and
R
Falu) = f b \ulr? dr.
0

It is standard to check that f3 and f> are weakly lower semicontinuous.
We shall also suppose that

b (r) #0,

and

R
/ b@)|u|?r? dr <0,
0

B+2
< IIalle((o,R))llullL,m Scllully,” <o
Y
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(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)

(5.1.9)

(5.1.10)
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where u1(r) is the positive eigenfunction associated to the operator L (see Theorem 5.2.1
in the next subsection).

DEFINITION 5.1.1. We say that u € X is a weak solution of (5.0.1) if

R R R
/r“|u’|ﬂv’dr=A/ a(r)|u|ﬂuwydr+f b(r)|ul? ?uvr? dr, (5.1.11)
0 0 0

forall v e Xk.

5.2. The eigenvalue problem for L

In this subsection we consider the eigenvalue equation

{ — ' (NHPu' () = ra@)r? ulPu in (0, R), (5.2.1)

u'(0)=u(R)=0,
where a € L*°((0, R)) satisfies (5.1.6), in a weak sense, that is,
{ fOR e () |Pu'v dr = AfOR a(r)|ulPuvr? dr in (0, R),
u'(0)=u(R)=0

forany v € Xg. Problem (5.2.1) is closely related to (5.0.1). Moreover, to apply the fibering
method to problem (5.0.1), we need the following result, which ensures simplicity and
isolation of the first eigenvalue A of the operator L.

THEOREM 5.2.1. There exists a number A; > 0 such that

B+2
lullf!

IR ae)uip+2rr ar’

A1 =inf

where the infimum is taken over u € X such that foRa(r)|u|ﬂ+2rV dr > 0, and a satisfies
condition (5.1.6) above. Moreover,
(i) there exists a positive function u1 € X which is a weak solution of (5.2.1) with
A=A,
(if) A1 is simple, in the sense that any two eigenfunctions corresponding to A1 differ by
a positive constant multiplier;
(iif) A isisolated, which means that there are no eigenvalues less than A4 and no eigen-
values in the interval (A1, A1 + §) for some § > 0 sufficiently small.

PROOF. By inequality (5.1.3), we have

R R
0< f a(M)ulP?r7 dr < llallL=(o.r) / u|PT2rY dr
0 0

< CllallLeoo,ry 1l x 5
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since B+ 2 < I* and a € L*°. Therefore the infimum under consideration exists.
Let E(u) :=|lu ”/)3(:2 and denote by M the manifold defined by

R
M= {u € Xgr ‘ / a(r)|u|ﬁ+2rydr=1}.
0

Restricting £ to M we shall use the method of Lagrange multipliers to obtain a weak
solution. By (5.1.1) and (5.1.3) it follows that X is compactly embedded in L°°((0, R); a)
for any s < [*. Therefore M is weakly closed in Xg. The functional E is coercive with
respect to X . Using the definition of E and (5.1.3), one can verify that E is a weakly
lower semicontinuous functional. Then by standard variational arguments it follows that E
attains its infimum at a point u* € M.

Since E € C1(Xp), an easy calculation gives

R
E'(wv=pB+ 2)/ r“‘u’(r)’ﬂu'v’dr,
0
where E’(u)v is the Gateaux derivative of E at u € X in the direction of v. Denote
R
H®@u) = / a(r)|u|ﬁ+2ry dr —1.
0
Then
R
H'(u)v= (B + 2)[ a(r)|ulPuvr? dr
0
and in particular for u = v:
R
H (uw)u= (B +2)/ |u|ﬁ+2ry dr=8+2>0
0

forueM.
Now we look for a Lagrange multiplier A € R such that

R
E'w*)yv—2H v =B+ 2)/ r“|u*/(r)|ﬂu*/v’dr
0
R
— 2B+ 2)[ a(r)|u*|Pu*vr? dr =0.
0
Let v =u™*. Then

R R
0< ('B+2)/ ra‘”*/(r)‘ﬂJrzdr =B +2)/ a()u* P2 e dr
0 0

=r(B+2).
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Thus A > 0 and
R
(,3+2)/ |’ () [Pt v ’dr—k(ﬂ+2)/ a(m)|u*Purvr? dr.
0

Therefore u* is a weak solution of the eigenvalue problem (5.2.1). Moreover, by the argu-
ments in [16] it follows that u™ does not vanish in [0, R) and hence we can choose a certain
uyp =cu* > 0.

(ii) We shall prove the simplicity of A. Let u and v be two weak eigenfunctions, that is,

R R
/ r“|u’|’3u’w’dr=k/ rYa(r)|ulPuwdr,
0 0

R R
/ r 1P w’ dr :A/ r’a(r)v|Powdr,
0 0
u(R)=u'(0) =v(R)=v'(0) =

for any w such that w(R) = w’(0) =0 and erV|w’|/3+2 dr < o0o. Set u, =u + ¢ and

ve = v + &. Then substituting w = u, — vf+2 Ug =L into the first equation above and w =
Vg — uf+2 —#~Linto the second, we get that

R B+1 B+1
|u| lv]
14 — B+2 _ B+2) 4
Mfo ' “(r)<|us|ﬁ+1 |v£|ﬁ+1)('“€| el ) dr
R B+2
[ () e
0 Ug
p+2
+ [1 +(B+ 1)(’:—£> }‘v;|ﬁ+2>dr
&€
R B+1 p+1
e [Fe([ ] P S| P Jar
0 Ug Ve

Denote z, = log |u.| and w, = log |v.|. With this notation, the last equality can be written
in the following way:

R B+1 B+1
|ul [v] g2 o2
M/O r”a(r)<|ue|ﬁ+l B |U€|ﬁ+1>(|”8| — [ve|PF%) dr
R
=/0 P ((lue P42 = JoeP2) (|2 P2 = |w!|P+2)) dr

R
— (8 +2)/ “(uelB+2) 2L P2l (w! — 21)
0
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By inequality (4.3) [26, p. 163],

lwg — w2

,3+2> B+2 B — - -
lw2 |77 = w1 |77 + (B + 2) w1 |" wi(w2 — wy) + T

We choose wy = w}, and wy = z,, in this inequality. Therefore

e P42 (|24 P42 = [l %) = (8 + 2)lue P72 [Pl (21— wl)

1 luev) — veul |P2
Z o+l _ 1 |vg |B+2

and similarly

el 2 (7 = [z ]7) = 8+ D2 P2 ]~ 20)

S 1 luev) — veul |P2
T oB+l 1 |ug|B+2

Integrating the last two inequalities and combining them with the relations above, we fi-
nally obtain

1 k o 1 1 / 7 |B+2
0<72ﬂ+1_1/0 r <|u€|ﬁ+2 + |v5|ﬂ+2>|u5v8—v8u8| dr

R B+1 B+1
|ul vl +2 +2
<)\1/0 rya(r)(|ug|/5+l - |Ug|ﬁ+l (|u8|ﬂ _|v€|ﬁ )di’

The latter integral tends to zero when ¢ — 0. Hence and by Fatou’s lemma we conclude
that uv’ = vu’ which implies that v = [u for some [ € R.

(iii) Let v € X be an eigenfunction corresponding to eigenvalue A. By the definition of
A1 it follows that

R R R
“/ “(r)'“'ﬁ+2rydr<f ""lv’|ﬁ+2dr=kf a(r)olPH2r? dr.
0 0 0

Hence A > A1, that is, A1 is isolated from below.
We normalize v:

R
/ r B2 dr = 1.
0
Let u > 0 be the eigenfunction associated to A1 and

R
/ 1P dar = 1.
0
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Following [6] consider
R /
I(u,v) = / r“|u’|’9u’(u — vﬂ+2/uﬁ+l) dr
0
R !/
+/ r“|v’|ﬁv/(v —uﬂ+2/vﬁ+1) dr.
0
Using an argument, similar to that of [6] (or to that in the proof of (ii)), it can be proved
that 7 (w1, wp) > 0 for any w;, i =1, 2, such that fOR ro w]f+2dr < oo and w;/w; €

L*((0, R)), i, j =1, 2. By the normalization and the fact that « and v are eigenfunctions
with eigenvalues A1 and A respectively, we obtain

R
0< I v)= / P a(r) (P2 = [pIF*2) dr = — (g — 1)2/(A) <0
0
if A1 # A. This contradiction implies that A = A1 and v = lu. O

5.3. The fibering method

Now we shall present the cornerstone of the fibering method adapted to problem (5.0.1).
For this purpose, we consider the following functional:

1 R ,
Jiu) = —ﬁ+2/0 P’ ()P dr
— L/Ra(r)|u|’3+2rydr — E/Rb(r)|u|qry dr. (5.3.1)
B+2Jo q Jo

Clearly J; € C*(Xp). Critical points of J; are then weak solutions of problem (5.0.1).
Further, following the main point of the previous sections, for u € X we set

u(x) =tz(x), (5.3.2)

where ¢ # 0 is a real number and z € X . Substituting (5.3.2) into (5.3.1), we obtain

|r|ﬁ+2/R B2 MzW“/R 2
Ji(tz) = ol dr — — B+2.v 4
2 (12) 552 ), r !z (r)| r 512 ) a(r)|z|"Tr" dr

e (*
-— b(r)|z|4r? dr. (5.3.3)
q Jo

If u € X is a critical point of J,, then

daJ;,
—(tz) =0,
ar 19
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which is equivalent to
R ) R
|t|f‘t/ ) )| dr—,\mﬁt/ a(r)|z|Pr2r? dr
0 0
R
e / b()\zl?r dr =0, (5.3.0)
0
Assuming that
R 2 R
/ ) ()P dr—,\/ a(r)|z|PT2r dr #£0
0 0
and
R
/b(r)|z|qrydr7£0,
0

from (5.3.4) we get that

[ P2 dr = [ a)12P2r ar .
>

j1|97F2 = (5.3.5)
JEb)zlary ar
In Subsections 5.4 and 5.5 we shall suppose that
R 9 R R
/ 2 |t dr—k/ a(r)|z|P*2r” dr > 0, / b(r)|z|9rY dr > .
0 0 0
(5.3.6)

In Subsection 5.6 we shall admit

K +2 R R
/ el )PP ar - /\/ a(r)|z|PT2rY dr <0, [ b(r)|z|7rY dr < 0.
0 0 0
(5.3.7)
Thus, in both cases (5.3.6) and (5.3.7), the function ¢ = 7(z) is well defined. Now we insert

into (5.3.3) the expression for ¢t = ¢(z), determined by (5.3.5). In this way we obtain a
functional I, (z) = J,.(t(z)z) given by

9

1 }) |1z P2 dr = [ a1zl drja/@=F=2)

L (z)=o0 —
O (ﬁ +2 ¢ | b zlary dr|B+2/=2)

(5.3.8)
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where

R
o= sgn(/ b(r)|z|9rY dr).
0

Therefore, provided z satisfies (5.3.6) or (5.3.7), we have

d
E (‘])\ (IZ)) |[:t(Z) =0.

It is clear that the following lemma holds.

LEMMA 5.3.1.
(i) Forevery z € X such that fﬂ b(x)|z|?dx # 0 and every p > 0 one has

I (pz) = I).(2),
that is, the functional I, is homogeneous of degree 0.
(i) I;(z)z =0, where I;(z)z is the Gateaux derivative of I, at z € X in the direction
of z. If z is a critical point of I, then |z| is also a critical point.
Hence, as in [23], one can assume that the critical points of I, are nonnegative. The
next two lemmas are direct consequences of the general fibering method described in the
previous sections.

LEMMA 5.3.2. Let z € X be a critical point, which satisfies (5.3.6) or (5.3.7). Then the
function

u(r) =rz(r),
where ¢ > 0 is determined by (5.3.5), is a critical point of J;.
LEMMA 5.3.3. Let us consider a constraint
E(z) = c =const,
where E : Xp — R is a C? functional. If
E'(2)z#0 and E(z)=c,
then every critical point of I, with the constraint E(z) = ¢ is a critical point of 7.
Our first aim is to prove the existence of a critical point of 7, with an appropriate condi-
tion E = ¢, which in turn will be an actual critical point of 7, and hence a critical point of
J,—the weak solution of (5.0.1).

This general scheme was suggested in [23]. In the next subsections we shall adapt the
ideas of [23] to our specific problem.
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5.4. Existence for A € [0, A1)

If we look at the functional J; (1) given by (5.3.1), we can observe that its first two terms
form a (8 + 2)-homogeneous expression with respect to u. It is then natural to denote by
E; the functional

R R
Ek(z):/ r“|z’(r)|“+2dr—,\/ a()|z|PT2r7 dr (5.4.1)
0 0

and to consider it as a possible functional generating the constraint E; (u) = ¢, for which
we would apply Lemma 5.3.3. Then Theorem 5.2.1 implies that E; (z) > 0 for every z €
X g. We calculate easily that the Gateaux derivative of E; at z € Xy in the direction of z is

E,(2)z=(B+2)E.(2).
Hence if
E(z) =1,

then E; (z)z = p+2 > 0 and the conditions on E} in Lemma 5.3.3 are satisfied. Moreover,
since we are assuming E; (z) = 1, by (5.3.5) we can see that we are in the case (5.3.6), that
is, jg b(x)|z]? dx > 0. Further, the functional I, (z) (see (5.3.8)) becomes

1 1 1
= - : 5.4.2
b <l3 +2 CI> (fOR b(r)|z|2rY dr)B+2/(q—B=2) (5.4.2)

The main result of this subsection is the following

THEOREM 5.4.1. Suppose that conditions (5.1.1), (5.1.4)—(5.1.9) hold and that, in addi-
tion, A € [0, A1). Then problem (5.0.1) has a positive weak solution u € Xg.

PROOF. Formula (5.4.1) suggests that we consider an auxiliary problem of finding a min-
imizer z* of

R R
sup{/ b(r)|z|9rY dr ‘ Ep(z) =1, / b(r)|z|9r dr > o} — M, > 0.
0 0
(5.4.3)

We claim that problem (5.4.3) has a solution. Indeed, the set
Y)LZ {ZEXR ’ E)\(Z)Zl}

is nonempty (0 < A < A1). By Theorem 5.2.1 we have that for any z € ¥,.:

K p+2 K AR p+2
/rc’lz/ml dr=A/ a(r>|z|ﬂ+2rydr+1gk—f rel o dr +1
0 0 1Jo
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and hence

R
Al
Pl PR ar < 21
/0 |2/ <SR

since 0 < A < A1. Therefore a minimizing sequence z,, for (5.4.3) is bounded in X g. Thus
we can suppose that z, converges weakly in X g to some z*. By (5.1.4) and (5.1.5),

R R
/ b(r)|zu|?rY dr — / b()|Z*19rY dr = My, > 0.
0 0

In particular, z* # 0, and by Lemma 5.3.1 we may assume z* > 0.
The weak lower semicontinuity of || - || x,, (5.1.4), and E; (z,) = 1 imply that

R
/ P\ P2 dr < lim inf |z, |57
0 n— 00 R
and therefore
E; (") < lim infEy(z,) = 1.
n—>0oo

If E;(z*) < 1, then there exists a number ¢ > 1 such that E; (rz*) = 1. Set z; = 1z*. We
have z; € ¥; and

R R
/ b(r)|z19rY dr:tq/ b Z*9rY dr =t1 M, > M,
0 0

a contradiction. This contradiction shows that E; (z*) = 1 and therefore z* € Y; is a
solution of (5.4.3). By Lemma 5.3.3 it is a critical point of I, and by Lemma 5.3.2,
u(r) =tz*(r) is a critical point of J,. Thus u € X is a weak positive solution of (5.0.1).
This completes the proof. |

5.5. The eigenvalue case A = A1
We consider problem (5.4.3) with A = A1. In this case the corresponding set Y, is not
bounded in X . Therefore we have to impose an additional condition on our data. Hence-

forth we shall suppose that condition (5.1.10) is fulfilled.

THEOREM 5.5.1. Suppose that conditions (5.1.1), (5.1.4)—(5.1.10) hold and A = A1. Then
problem (5.0.1) has a positive weak solution u € Xg.

PROOF. The arguments of the proof of this theorem would be the same as those of Theo-
rem 5.4.1 if we could prove that problem (5.4.3) with A = A1 has a solution.
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Let z,, be a maximizing sequence such that
R
Ej,(zn) =1, / b(r)|zalrY dr =m, — M,, > 0.
0

(The positivity of M,, follows from (5.1.9).) If it is unbounded, we can suppose that
lznllx, — 00. We set wy, = z,,/||zn |l x, - ObViously [|w,||x, = 1. Then

R
2 2
Esyzn) = lzaly (nwnnij; — M /0 a<r>|wn|ﬂ+2rydr) =1
Hence
B+2 K 2 B+2
0 <l = ha [ a7 dr =112, (551)
0
Therefore
R
lim )\1/ a(r)|wa |PT2rY dr = 1.
n—o0 0
We may assume that w,, converges weakly in X g to some w*. Then

R
/ a(r)lw* P27 dr =1/,
0

which means that w* £ 0. Furthermore,
+2 . - +2
lw iy, < lim infllwglly,” =1,

and from (5.5.1) we deduce that

R
0< w Iyt —,\1/ a(r)|w* P27 dr <0.
0

Therefore w* is an eigenfunction of L, and by Theorem 5.2.1 there exists a number p > 0
such that

w*(r) = pu(r).

Since

R R
/ b(r)|zp|rY dr = ||Zn||§(R / b(r)|wn|7rY dr =m, — M,, >0,
0 0
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we conclude that
R
/ b@)|lw*9rY dr >0,
0
and therefore
R
/ b(r)|ur|?r” dr >0,
0

which contradicts (5.1.10). Hence we can assume that z,, is bounded and lim,,_, o z,, = z*
weakly in X g. Thus

R R
/ b(r)|zu|?rY dr — / b(r)|Z*|9rY dr = M), > 0,
0 0
therefore z* # 0. Furthermore,
5 R
0 < [Iz*I%" —,\1/ a(r)|2* P2y dr < 1.
0
In what follows we shall verify various claims. First, if
p+2 R
0=z"lIy, — 1 / a(r)|* P2 dr,
0
then by Theorem 5.2.1 necessarily z* = pu1, p > 0, and
R R
/ b()|Z*|9rY dr = pq/ b(r)|ur|?r” dr =M,, >0,
0 0
which contradicts (5.1.10). Therefore
) R
0< ||z*||§3(J; — Alf a(r)|Z*1P2rY dr < 1.
0
Further suppose that we have strict inequalities
) R
0 < Iz = [ a2 ar <1
0

Then one can find a # > 1 such that

E;, (7" =1
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and
R R
/ b(r)tz*|9r7 dr = tqf b(r)|Z*|9rY dr
0 0

R
— 1My, > M, :sup{/o b(r)|z|9r7 dr ‘ Ej(z) = 1},
a contradiction. Therefore
2 R
1157 =0 [ eIz P ar = 1.
0

Hence z* is the maximizer of problem (5.4.3) with A = A1, and the rest of the proof is the
same as that of Theorem 5.4.1. This completes the proof. O

5.6. Existence of two distinct solutions for A > A1

THEOREM 5.6.1. Suppose that conditions (5.1.1), (5.1.4)—(5.1.10) hold and A > 1. Then
there exists a number § > 0 such that for A € (A1, A1 + &) problem (5.0.1) has two distinct
positive weak solutions in X z.

PROOF. Consider the following two variational problems:
(I) Find a maximizer z1 € X of the problem

R
MA:sup{/ b(r)|z|?rY dr ‘ Ek(z)zl}. (5.6.1)
0
(I1) Find a minimizer zo € X of the problem
R
my = inf{Ek(z) ‘ / b(r)|z|9rY dr = —1}. (5.6.2)
0

The proof is divided into several steps.

STEP 1. Suppose (5.1.6) and (5.1.9). Then (5.6.1) is equivalent to the problem of finding
amaximizer z7 € Xp of

R
0< M= sup{/ b(r)z|9r dr ‘ Ep(2) < 1}. (5.6.3)
0

PROOF. It is obvious that any maximizer of (5.6.1) is a maximizer of (5.6.3). If z] € Xz
is a maximizer of (5.6.3) and E; (z]) < 1, then we can find p > 1 such that E; (pz}) = 1.
Then

R R
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which is a contradiction. Therefore E) (z]) = 1, that is, any maximizer of (5.6.3) is a max-
imizer of (5.6.1). |

STEP 2. Let(5.1.1), (5.1.4)—(5.1.10) hold. Then there is a number §; > 0 such that for any
A € (A1, A1 + 81) problem (5.6.1) has a solution z1 € Xg.

PrROOF. From Step 1, we shall deduce the existence of §; > 0 corresponding to problem
(5.6.3). Suppose that this is not true, that is, there exists a sequence §; — 0, 8; > 0, such
that problem (5.6.3) with A = 1* = A1 + §; does not have a solution. Fix an integer s and
consider (5.6.3) with 1°. Denoting by z; the corresponding maximizing sequence, we have

R
a2l = [ alz 2 ar<a,
0

R
lim / b(r)|z;|'r” dr = M} > 0. (5.6.4)

n—o0 0

If z;, is bounded, we may assume that z; converges weakly in X g to some zj as n — oo.
Then by the same argument as in Theorem 5.5.1 we can conclude that z3 is a solution of
(5.6.3)—a contradiction. Thus we may consider z$ to be unbounded. Let w$ = z5 /125 |1 x . -
Since |lw; [ x, = 1, we may assume that lim,,_, . w;, = w§ weakly in Xz. Then

R R
/b(r)|zfl|‘irl’dr=”zf1”§(R/ b(r)|wy|"r? dr - M}, >0,
0 0 :

therefore
R
/ b(r)|w§|’r? dr > 0. (5.6.5)
0
By (5.6.4) we also have
R +2 R +2 +2
/ r‘)“wfl/v3 dr—)\sf a(r)|u)fl|/3 rydrél/”Zfl”iR . (5.6.6)
0 0
By letting n — oo we get
k 2 k 2
f r“‘ws/(r)|ﬁ+ dr —)\Sf a(r)|w6|ﬂ+ r’dr <0. (5.6.7)
0 0

From (5.6.6) there follows

B+2°

R R
As/ a(r)|wf1"3+2r}’ dr 2/ r"“wz/(r)wﬂdr—
0 0 llz5
Zn XR
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By letting n — oo, we obtain
k 2
AS/ a(r)|w6|ﬂ+ r’dr > 1. (5.6.8)
0
From the weak lower semicontinuity of || - || x, and |[w; | = 1 we get

R
/ r“|w6/|ﬂ+2dr <1
0

This inequality allows us to suppose that wg converges weakly in X g to some w*. Letting
s — oo in (5.6.8), we get that

R
M/ a(r)|w* P2y dr > 1.
0
Hence w* = 0. By inequality (5.6.7) we obtain
R 5 R
0< / r‘)‘|w"‘/(r)|ﬂJr dr — klf a(r)|lw*|P+2rY dar <0.
0 0
The latter and Theorem 5.2.1 imply that w* = tu1, t > 0. By (5.6.5) we get that
R
/ br)|w*|4r¥ dr >0
0
and thus
R
tq/ b(r)|u|?r? dr >0,
0

a contradiction to (5.1.10).
Therefore there is a number §; > 0 such that the variational problem (5.6.3) has a solu-
tion z1 € Xg forany A € (A1, A1 + 81). By Step 1 z; is a solution of (5.6.1). O

STEP 3. The set
R
Xz{zeXR‘ / b(r)lzlqrydr:—l}
0

is not empty and m; < 0 for A < A1. (Recall that m;, is defined in (5.6.2).)

PROOF. By (5.1.10)

R
/ b(@)|u|?r? dr <O0.
0
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Therefore there is a r > 0 such that

R R
/ b(r)|tus|?r? dr:t‘i/ b(r)|ur? dr = -1
0 0

and hence ru; € X_.
Since A > A1, we have

R R
E; (tu1) =tﬂ+2</ r“}u/1|ﬂ+2dr—)»/ a(r)|ug|P 27 dr)
0 0
R
=tﬁ+2()\1—k)/ a(r)ur|BH2rY dr <.
0

This inequality implies m; < O. |

STEP 4. Assume that (5.1.1), (5.1.4)—(5.1.10) hold. Then there is a number §, > 0 such
that for any A € (A1, A1 + 82) problem (5.6.2) has a solution z; € X g such that E; (z2) < 0.

PrRoOOF. The proof is by contradiction and is analogous to that in Step 2.

Assume that the opposite assertion holds. Then there is a sequence §; — 0, §; > 0, such
that problem (5.6.2) with A = A* = 11 + 8, does not have solutions. Fix an integer s and
consider (5.6.2) with A°. Denoting by z;, the corresponding maximizing sequence:

R
/ b(r)|z5|'rY dr = —1.
0

If z were bounded we could obtain a contradiction as in the proof of Step 2. Suppose
that z§ is unbounded in Xg. As before, set w$ = z3 /1123 l1x,, lwilx, = 1. We have
lim,, 0o wy, = wy weakly in Xg. By

R R
/0 b5 |7 dr = |25 H;’(R /O b(r)|w|"r dr = -1
we conclude that
R
/ b(r)|w§|*r? dr =0.
0
Since E;s(z)) <0, as in Step 2, we can obtain
R R
/ ro“wa/(r)’ﬂ—‘_2 dr — )LS/ a(r)‘wé‘/ﬂzr” dr <0,
0 0

R
As/ a(r)|w8|ﬁ+2ry dr > 1.
0
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Analogously to the previous proofs, we can suppose that wy — w* weakly in Xg, and
letting s — oo, we get

R
,\1/ a()|lw* P27 dar > 1,
0
R , 9 R
0</ r“‘w* (r)‘ﬁ+ dr—)q/ a(r)|w* P2y dr <0,
0 0

R R
/ b(r)|w*|9r? dr = Iim/ b(r)|w|*r? dr =0.
0 §—>00 0

These relations imply that w* is a multiple of «1 and therefore

R
/ b(@)|u|?r? dr =0,
0

which contradicts (5.1.10). The fact that E; (z2) < 0 follows from Step 3. O

STEP 5. Denote § = min(d1, 82), where 8 is given by Step 2 and &, by Step 4. Let ¢; >
0, i =1, 2, be the numbers determined by (5.3.5) with z = z;, the solutions obtained in
Steps 2 and 4, respectively. Set u = r1z1 and v = t2z2. Then by Lemma 5.3.3, u and v are
weak solutions of (5.0.1). It is easily seen that the first weak solution u satisfies

R
lull5H% — Af b(r)|ul?r? dr > 0,
0
while the second one, v, satisfies
2 R
ol = [l ar <o.
0

Therefore u and v are distinct. This completes the proof of Theorem 5.6.1.

5.7. Nonexistence results for classical solutions

In this subsection we shall comment on nonexistence results for classical solutions of qua-
silinear equations in a general smooth bounded domain D. However, it is clear that the
assumption “the considered solutions are classical” does not seem to be a natural hypothe-
sis for this kind of problem. Indeed, the context of this book suggests that the natural class
to consider should be the class of weak solutions.

Our argument, which is based on a variational identity [41], enables only to consider
classical solutions. With regard to problem (5.0.1), an identity of this type was proved
in [16]. It was used to obtain a nonexistence result in the critical case ¢ = I*. In order not
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to increase the volume of the chapter we shall not present further details here directing the
interested reader to [16].

We should mention that Guedda and Véron [26] proved a variational identity for weak
solutions of the problem

{—div(|Vu|P2Vu)=f(u) in D,
u=0 onab,

under some suitable growth assumptions on f. We claim that the argument of Guedda
and Véron [26] can be adapted to prove a variational identity for weak solutions of other
quasilinear equations, e.g., for the following degenerate problem:

{ —div(|x|?|Vu|?~2Vu) = ra () |u|?2u + b(x)|[ul?%u in D,
u=0 onabD,

where o > 0and D c R" is a bounded domain containing the origin. Clearly this problem
is a generalization of that considered in [23] and a slight modification of the arguments in
[23] will give the existence and multiplicity of the solutions in this case. We point out that
the radial form of this degenerate equation is of type (5.0.1). Problems of this kind will be
treated elsewhere in a more general context.

We are confident that a variational identity for weak solutions of quasilinear equations
involving, for instance, k-Hessian operators still holds if the potential does not grow very
fast. However, in the present book we shall not consider this kind of generalization.

Suppose that D is strictly star-shaped with respect to the origin. This means that

(x,v)>0 (5.7.1)
for any point x € 3D, v being the outer normal to 3 D at x. Suppose also that the functions
a,b e CcY(D).

We are going to establish a nonexistence result for classical solutions of k-Hessian equa-
tions of the following form:

—Sk(V2u) = ra()|ul* " u + b |ul?2u in D (5.7.2)
with the Dirichlet boundary condition

u=0. (5.7.3)

Let us recall that the k-Hessian operator Sk, 1 < k < N, is the partial differential operator
defined by

Sk(V2u) = ox (A(w)), (5.7.4)
where u € C2 and oy (A (1)) = ok (A1, . .., Ax) is the kth elementary symmetric function of

the eigenvalues of the Hessian matrix V2u, whose elements are the second derivatives of
u [15]. Observe that the radial form of equation (5.7.2) is of the type (5.0.1).
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If u € C3(D) is a solution of (5.7.2), (5.7.3) in D, then, following the arguments in [41]
(see also Subsection 4.9 here), we obtain that

AN o ™
/DH: k+1 C’\}"(J‘) k+1(Va(x),X)}lu| dx

+/ {[—E —C]b(X) - E(Vb(x)v)‘)}“"q dx
D q q

N — 2k 1 2
+< 1 +C>E,/[)Tkl(v u)l.ju,-ujdx

1
=—— Te—1(Vu), ujui(x,v)ds,
k+1 )i 2 1( ”)l/”l”J(x v)ds

where ¢ is an arbitrary real number and Tk_j_(vzu)ij is the Newtonian tensor, which is a
positive definite matrix if u is any so-called admissible function for Sy [15]. Therefore the
inequalities

N -2k S0
AN A

(—m - cA)a(x) - m(Va(x),x) 2 0,

(—ﬁ — c)b(x) — l(Vb()c), x) >0 (5.7.5)
q q

imply the following nonexistence result.

THEOREM 5.7.1. Assume that D is strictly star-shaped with respect to the origin (5.7.1)
and a, b € C1(D). Suppose also that for any x € D and ¢ € R inequalities (5.7.5) hold.
Then (5.7.2), (5.7.3) has no nontrivial admissible solution in C3(D), provided N > 2k.

6. Multiplicity for some quasilinear systems (Yu. Bozhkov and E. Mitidieri)

This section contains results from [13]. Here we shall study some existence and nonexis-
tence results for the following quasilinear system:

_ _ p—2 a-1 p+1
{Apu a(0)ulP~u + (o + De@o)lul* ufvl P (6.0.1)

—Agv = pb@)[|77 20 + (B + De(x)|ul* | Lo.
Herea, 8, A, u, p > 1, g > 1 are real numbers, A, and A, are correspondingly the p- and
g-Laplace operators, and a(x), b(x), c(x) given functions.

System (6.0.1) will be considered in a bounded domain £2 ¢ R" with the homogeneous
Dirichlet boundary condition

u=v=0 onoas. (6.0.2)
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Systems involving quasilinear operators of p-Laplacian type have been studied by var-
ious authors [17,34,54]. Among other results, existence and nonexistence theorems were
obtained. For such purpose the method of sub- and super-solutions, the blow-up method
and the Mountain Pass Theorem have been used.

Our main tool is the fibering method described in the previous sections. Its general na-
ture enables us to prove existence and multiplicity theorems for (6.0.1) and (6.0.2) in a
somewhat more constructive and explicit way.

Dealing with existence theorem, the parameters A and u, appearing in (6.0.1), will be
naturally related to A1 and p1, the first eigenvalues of —A, in Wol’p and —A, in Wol"’,
respectively. The existence and properties of the first eigenvalue of p-Laplacian operators,
subject to homogeneous Dirichlet conditions in a bounded domain, are obtained in [6,23,
24,26,32].

This section is organized as follows. In Subsection 6.1 we introduce some notation,
define the functional spaces that will be used throughout the chapter and state our basic
assumptions. For convenience of the reader we also collect some of the properties of the p-
Laplacian eigenvalues and corresponding eigenfunctions. Subsection 6.2 contains a slight
modification of the fibering method, adapted for vector-valued problems. The main results
of this section, that is, the existence and multiplicity theorems for problems (6.0.1), (6.0.2)
are presented in Subsection 6.3. Finally, in Subsection 6.4 we prove a nonexistence result
for classical solutions, using a variational identity.

6.1. The p-Laplacian operator and its eigenvalues

Let 2 c RY be a bounded domain and 1 < p, g < oo. We define the Sobolev spaces
Y, = Wol”’((z) and Y, = Wol’q(Q) equipped with the norms

1/p 1/q
lullp = (f IVul”dx> , vllg = (/ IVvI"dx> ; (6.1.1)
Q Q

respectively. Then we denote Y =Y, x ¥, and for (u,v) € Y,
e, o) = el + Hwlg- (6.12)
Now consider the eigenvalue equation for the p-Laplace operator:

{ —Apu=ra()|ulP~2u in 2,

6.1.3
u=0 on as2, ( )

where a € L*(£2). Problem (6.1.3) is closely related with our main problem (6.0.1),
(6.0.2). Hence we need the following lemma.

LEMMA 6.1.1. (See Anane [6], Drabek and Pohozaev [23] and Lundqvist [32].) There
exists a number Aq > 0 such that
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Jo IVul? dx

Joa()|ulPdx’
where the infimum is taken over u € Y, such that fg a(x)|ul?dx > 0;

(2) there exists a positive function ¢ € ¥, N L>(£2) which is a solution of (6.1.3) with
A=A1;

(3) A1 is simple, in the sense that any two eigenfunctions corresponding to A; differ by
a constant multiplier;

(4) a1 isisolated, which means that there are no eigenvalues less than A1 and no eigen-
values in the interval (11, A1 + §) for some § > 0 sufficiently small.

Q) A =inf (6.1.4)

Note that we consider (6.1.3) in a weak sense, that is,

{fg |VulP=2(Vu, Vz)dx = A [ a(x)|u|P2uzdx,
u=0 onas

foranyzeY,.
Now we state the hypotheses that we shall assume throughout this section.
Leta, B, A, u, p > 1,q > 1 be real numbers. We shall suppose that

l<p<p*, 1l<g<gq*, (6.1.5)
N — N —
Tp((x F1)+ Tq(ﬁ +1) <N, (6.1.6)

where

p*=Np/(N—p), q*=Ngq/(N-q)

are the well-known critical exponents (see [34,54]). We assume that system (6.0.1) is super-
homogeneous in the sense that

1 1
Y
p

1. (6.1.7)

It can be seen that the latter condition is equivalent to
d=@+1D)B+)—(—p+D(B—-—qg+1)=>0. (6.1.8)
Moreover, since (6.1.6) is equivalent to

a+p+2
FEEpy sy (6.L9)
P q

one can observe that our system is subcritical [34], which avoids noncompactness prob-
lems. See [34] for more details on this point.
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Note that (6.1.6) implies
a+l<p*, B+1l<gqg”.

The functions a(x), b(x) and c¢(x) are supposed to be bounded in £2:

a,b,ce L®(2) (6.1.10)
and

a(x) =ai1(x) —az(x); ai,a2 >0, a1(x)#0, (6.1.11)

b(x) =b1(x) —b2(x); b1,b2 20, b1(x) #0. (6.1.12)

By the Sobolev inequality it can be easily seen that (6.1.5), (6.1.6), and (6.1.10) imply that
the integrals

/ a(x)|ul? dx
2
and

/ b(x)|v|?dx
2

are finite for (u, v) € Y. Now we can define the following functionals on Y, and Y,:
fi(w) =/Qa(x)|u|”dx (6.1.13)
and
f2(v) = /Q b(x)|v|? dx. (6.1.14)

Since a and b are bounded, it is standard to check that f1 and f, are weakly lower semi-
continuous. Similarly, conditions (6.1.5), (6.1.6), and (6.1.10) imply that the functional

f3(u,v) :/ c(x)|u|“+1|v|ﬂ+1dx (6.1.15)
2

is weakly lower semicontinuous on Y.
We shall also suppose that

ct(x)#£0 (6.1.16)
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and
/ ey P dx <o0. (6.1.17)
2

The functions ¢ € Y, and ¢ € Y, above are the first eigenfunctions of A, and A, corre-
spondingly.
We end this subsection with the following

DEFINITION 6.1.2 (Weak solution). We say that (u, v) € Y is a weak solution of (6.0.1) if

/ |VulP~2(Vu, Vz)dx

2
Z)‘/ a(o)|u|P2uzdx + (o + 1)/ c()ul* tu)Pzdx,
Q Q
/ [Vv|9~2(Vv, Vw)dx
2
— M/ b)) 2vwdx + (B + 1)[ c)u* P vwdx
2 2
forany (z,w) €Y.
6.2. The fibering method for quasilinear systems
System (6.0.1) has a variational structure. Indeed, denote
A
Flx,u,v) = 2a()ul? + Ebe)|v]e + co)ul@ o)+ (6.2.1)
p q
and consider
1 1
F(x,u,v,Vu,Vv) = —|Vu|? + —|Vv|? — F(x, u, v). (6.2.2)
p q

Let J : Y — R be defined by

J(u,v):= f F(x,u,v,Vu,Vv)dx,

2

or, in a more detailed form,

1 A 1
Jw,v)=— [ |VulPdx —— | ax)ulPdx+~ [ |Vv|?dx
pPJg PJg qJe

—ﬁ/ b(x)|v|9 dx—/ OO ul v B+ dx. (6.2.3)
q J 2
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Clearly, the critical points of J are the weak solutions of problem (6.0.1), (6.0.2).

The cornerstone of the fibering method applied to this problem consists of the following.
We express (u, v) € Y in the form

u=rz, v=pw, (6.2.4)

where the functions z € Y,,, w € ¥, and r, p are real numbers. Since we look for nontrivial
solutions, we must assume that » £ 0 and p # 0. Substituting (6.2.4) into (6.2.3), we obtain

Alr(?

1P » » 1p|9 .
J(rz, pw) = — [Vz|P dx — a(x)|z|Pdx + — [IVw|? dx
P Je 2 q9 Jo

q
_ #elt /b<x>|w|qozx—|r|“+1|p|ﬁ+1/ ()2 w ] dx.
q 2 2

(6.2.5)
If (u, v) € Y is acritical point of J then
aJ aJ
—(@rz,pw)=0 and —(rz, pw)=0. (6.2.6)
ar ap
Assuming that
A::/ |Vz|”dx—k/ a(x)|z|? dx #0, (6.2.7)
2 2
B :=/ |Vw|qu—/L/ b(x)|w|?dx #0, (6.2.8)
Q2 Q
C:= / @)z HwPtax 0, (6.2.9)
19’
we can rewrite (6.2.5) in the following way:
p q
J(rz, pw) = Irl” 4 + ol Ir1“t P . (6.2.10)
p q

Conditions (6.2.6) are equivalent to

aJ
5 =0 & A= @+ DIl =0,
r

aJ _ _
%=o & pl"2pB — (B+DIr[* T plftpC =0,
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that is,

pP—2 4 _ a=1| 1B+l —
{|r| A @+ Dl plf+ic =0, 6210

1p1772B — (B+ D)r|**|plf~tC =0.
Resolving system (6.2.11), we obtain as an intermediate step that
P = p P C (e + 1) /A.
Hence A and C must have the same sign. Analogously,
PP =1t C (B +1)/B
and B and C must also have the same sign. Thus A, B and C must have the same sign! Note

that conditions (6.2.7)—(6.2.9) have been essentially used. Hence the solution of (6.2.11) is
given by

(a+1)ﬂ—q+l|B|ﬂ+1 1/d
Irl = i — ). (62.12)
B+ DPFHLCla|Ap~at
1)@—p+1) g+l 1/d
1 (DA | 621
(@ + DeECIP| Bl P

where d > 0 is given in (6.1.8).
The fact that A, B, C must have simultaneously the same sign leads us to considering
two cases. In the next subsections, we shall assume that

A>0, B>0, C=>0 (6.2.14)
or

A<0, B<0, C<0. (6.2.15)
Thus, in both cases (6.2.14) and (6.2.15), the functions r = r(z, w) and p = p(z, w) are
well defined. Now we insert the expressions for r = r(z, w) and p = p(z, w) determined
by (6.2.12) and (6.2.13) into (6.2.10). In this way, we obtain a functional

I(z,w)=J(r(z, w)z, p(z, ww), (6.2.16)
given by

(+1)q/d
I(z,w) =K

/|Vz|”dx—)»/ a(x)|z|? dx
[?) 2

| [o IVw|?dx — p [, b(x)|w]4 dx|E+DP/d
| [ cColzlettjw| L dx|pa/d :

(6.2.17)



186

where

(o + 1)B—a+Dp/d
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(B + 1)le—pt+Dha/d

a < p(B 4+ 1)B+hp/d
1

g(o + 1)@tbyg/d

_ a+l,,B+1
@ D@ a(p 1 1)(}%1)}7/‘1) Sgﬂ(/g c(x)|z]" " w| dx).

Therefore, provided z and w satisfy (6.2.14) or (6.2.15), we have

aJ _o
ar r=r(z,w),p=p(z,w)

and
aJ —o
00 |r=r(z,w), p=p (z,w)

(6.2.18)

(6.2.19)

Next, we introduce the following notation: for any functional f : Y — R we denote by

f'(z, w)(ha, h2),

the Géteaux derivative of f at (z, w) € Y in direction of (h1, h2) €Y.

Let

E1(Z)=/ IVZIde—?»/ a(x)|z|? dx,
2 2

Eg(w)=/ |Vw|qu—u/ b(x)|w|?dx
I?) 2

and

d
E® (2, w)(h, hp) = —
de

d
El.(z)(z, w)(hy, h2) = pys

0
1D (z, w)(h1, hy) = -

0
1P (z, w)(h1, hy) = ppe

(6.2.20)

(6.2.21)

Ei(z+¢ehy,w+ohy),

£=0,0=0

Ei(z+¢eh1,w+ ohy),

O |¢=0,0=0

I(z+¢ehy,w+ohy),

e=0,0=0

I(z+¢eh1,w+ ohy).

o £=0,0=0

It is easy to see that the following lemma holds. We omit the straightforward details.
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LEMMA 6.2.1.
(1) The functional I is homogeneous of degree 0, that is, for every z € Y, w € ¥, such
that [, c(x)|z|* 1 w|f+1 dx # 0 and every ¢ # 0 we have
I(tz,tw)=1(z,w).
(2) I'isevenand
I'(z, w)(z, w) =0.
REMARK 6.2.2. If (z,w) € Y is a critical point of I, by well-known properties of p-
Laplace Dirichlet integral (see [41]), it follows that (|z|, |w|) € Y is also a critical point

of I.

The next two lemmas are direct consequences of the results proved in the previous sec-
tions.

LEMMA 6.2.3. Let (z, w) be a critical point of 7, which satisfies (6.2.14) or (6.2.15). Then
the function (u, v) defined by

u(x) =rz(x), v(x) = pw(x),
where r # 0 and p # 0 are determined by (6.2.12) or (6.2.13), is a critical point of J.
PROOF. Since (z, w) is a critical point of I, we have

I'(z, w)(h1, h2) = (1P (2, w)(h1, ha), 1P (z, w)(h1, h2)) = 0.
Therefore, since

8J A

_ = — :0
or a0

r=r(z,w),p=p(z,w)

r=r(z,w),p=p(z,w)

(see (6.2.18) and (6.2.19)), by the chain rule we have

0=1D(z, w)(h1, h)

aJ or
=r(z, w)J P (rz, pw)(h1, ho) + o —

r=r(z,w),p=p(z,w) 0z
97 9

4+ 2 = 1z w) I D (rz, pw)(ha, hy).
P |r=r(z.w).p=p(z.w) 92

Thus J® (u, v) = 0. Analogously, J@ (u, v) = 0 and therefore J’(u, v) = 0. O
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LEMMA 6.2.4. Let E1 and E3 be defined by (6.2.20) and (6.2.21). Consider
Ei(z,w)=c1 and Ez(z,w)=cy,

where ¢; € R(i =1, 2). Suppose that

D g
det( L. "2 )#0 if E1(z,w)=c1and Ex(z, w) = c». (6.2.22)
E:EZ) EEZ)

Then every critical point of I with the conditions E1(z, w) = c¢1 and E(z, w) =cz is a
critical point of 1.

PROOF. Let (z, w) be a conditional critical point of 7. By the Euler theorem there exist
m1, my € R such that

I'(z, w) =m1E{(z, w) + moE5(z, w). (6.2.23)
Since by Lemma 6.2.1 we have I'(z, w)(z, w) =0, by (6.2.23) we obtain

mlEil) + szél) =0,

miE® +myEP =0.

Now by (6.2.22) we have

@ D
E:7FE
det( %2) %2)) #£0.
Ey" Ey
Therefore m1 =my =0. Thus I'(z, w) =0, that is, (z, w) is a critical point of I.
The last two lemmas are fundamental in what follows. Our first aim is to prove the exis-
tence of a critical point of 7 with appropriate conditions E1(z, w) = ¢1 and Ez(z, w) = c2.

This in turn will be an actual critical point of 7 and hence a critical point of J—a weak
solution of (6.0.1). O

In the next subsection we follow the pattern as in [23].

6.3. Existence and multiplicity results

We have already pointed out that the existence and multiplicity results are in connection
with the first eigenvalues 11 and w1 of the p- and g-Laplacian respectively. We distinguish
the following six cases:

(1) 0<A<Ag,0< < py,

(2) 0< A <A1, w=p1,
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(B) 0K A <Ag, u>puy,

(4) A=2x1, u=np1,

(B) A=21, u> p1,

(6) A > A1, u> pa.
The rest three possible cases can be treated analogously. In order not to increase the volume
of the chapter, we shall not present details for cases (2), (3), and (5), merely pointing out
that the methods of the next sub-subsections carry out to these cases.

6.3.1. Existence theoremsfor A € [0, A1), u € [0, u1). The form of the functional J sug-
gests that we consider

Ei(z)=1 and Es(w)=1 (6.3.1)
as the constraints in Lemma 6.2.4. Indeed, we calculate

1

EL = pEi(z) = pA,
2 _ ) _

E¥Y =EY =0,

Eéz) =qEx(w)=¢B.
Therefore
D g
det E%z) Efz) = pgAB > 0,
1 B2
and the conditions of Lemma 6.2.4 are fulfilled. Moreover, since we are assuming (6.3.1),
inequalities (6.2.14) hold, thatis,1=F;=A>0,1=FE,=B >0and

C =/ c() |z w|Ptdx > 0.
2

Further, the functional 7 becomes

1
(Jo @zl w]fHtdxypald”

[z w)=K (6.3.2)

The main result in this sub-subsection is the following
THEOREM 6.3.1. Suppose that (6.1.5)—(6.1.16) hold and that, in addition, A € [0, A1),
u € [0, 7). Then problem (6.0.1), (6.0.2) has at least two positive weak solutions
(uj,v)eY,i=1,2.

The proof of this theorem will be a consequence of the next two propositions.



190 S.l. Pohozaev

PROPOSITION 6.3.2. Suppose that (6.1.5)—(6.1.16) hold and that, in addition, X €
[0, A1), u € [0, u1). Then problem (6.0.1), (6.0.2) has at least one positive weak solution
(u1,v1) €Y.

PrROOF. The formulas (6.2.20) and (6.2.21) suggest to consider an auxiliary problem: find
a maximizer (z*, w*) of

0< M, = sup{/ﬂ )|z w1 dx > 0| E1(z) =1 and Ex(w) = 1}.
(6.3.3)
We claim that problem (6.3.3) has a solution. Indeed, the sets
X, ={zeY,| Erx) =1},
and
Xu={weY, | E2w) =1}

are nonempty. By Lemma 6.1.1 we have that for any z € X, :
14 p A p
lzllp =2 | a)z|”dx +1< —lzllp +1,
2 Al

that is,

Al
AM—A

p
lzllp <

’

and analogously

1
K1 —

lwliig <

q <

"
Since0< A <Agand 0 < w < ug, we have

Al 1
4P

@ w)| =1zl + lwlf < M -

Therefore a maximizing sequence (z,, w,) for (6.3.3) is bounded in Y. Thus we can sup-
pose that (z,, w,) converges weakly in Y to some (z*, w*). By (6.1.15)

/ () |zn T w, P dx — / c()|* P w* P dx = M;_, > 0.
2 2

In particular z* 2 0 and w* #£ 0.
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The weakly lower semicontinuity of the corresponding norms, (6.1.5), (6.1.6), and
E1(zy) =1, E2(wy,) =1 imply that

E1(z") <1, Ex(w*) < 1.
Indeed,
p i i p
z*]1p < nl_l)rgolnf“Zn”pv

[ < tim inf o, 19,

n—0oo
[ awonirax=tim [ acolzlr dx,
Q n—>0oo o

/b(x)lw*l"dxz lim f b wnl? dx.
Q n— o0 Q

If E1(z*) < 1, then there exists a number #; > 1 such that E1(r1z*) = 1 and hence r1z* €
X,. If E2(w™) < 1, then there exists a number 7, > 1 such that E>(r,w*) = 1 and hence
tow* € X,,. Therefore,

,/C(X)Itlz*la+1lt2w*lﬂ+1dx=ff+lt§+1/ c()|Z* " Hw* P dx
2 2

_ Lo+l B+1
=1 L MK,M

> M., =SUP{/ )zl wPdx > o},
2

a contradiction. Thus E1(z*) = 1 or Ex(w*) = 1. If E1(z*) =1, Ex(w*) <1 or
E1(z") <1, E»(w*) =1, we can obtain another contradiction. Hence (z*, w*) € X, x X,
is a solution of (6.3.3). By Lemma 6.2.4 it follows that (z*, w*) is a critical point
of 7. By Remark 6.2.2 we may assume z* > 0 and w* > 0. Thus, by Lemma 6.2.3,
(u1 = r1z*, v1 = prw™) is a critical point of J. Therefore (u1,v1) € Y is a nonnegative
weak solution of (6.0.1), (6.0.2). Using the same arguments as in [23] we deduce that
uy > 0, vy > 0. This completes the proof. O

REMARK 6.3.3. In the scalar case it is known that weak solutions of

—Apu=a(@)|ulPPu+b@)|u?%u inR2, u=0 onde,

belong to C,lo’c”(.Q) for some v € (0,1) (see [23]). Since our system is subcritical
(see (6.1.9)), we expect that a similar result holds for (6.0.1). The regularity problem for
weak solutions of quasilinear variational elliptic systems of type (6.0.1) will be studied

elsewhere.

PROPOSITION 6.3.4. Suppose that (6.1.5)—(6.1.16) hold and that, in addition, A € [0, A1),
w € [0, u1). Then problem (6.0.1), (6.0.2) has another positive weak solution (u2, v2) € Y.
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PrRoOOF. Consider the following:

0< M, = sup{/ ezl w P dx >0 ‘ E1(2) + Ea(w) =1}.
2
(6.3.4)

Then the set
Xou={G@w) eY|Ei)+ Ex(w) =1}

is not empty. By E1(z) + E2(w) =1 and Lemma 6.1.1, for any (z, w) € X, , we have
2l + lwld < 1+ 22+ L),
Al “1

that is,

A —A
Al

=

p q
lzllp + lwig < 1.

Since each of the summands above is strictly positive (recall that A < A1, u < 1), the
latter inequality implies

Al
AM—A

p
lzllp <

and

)

lwld < .
—u

q <

Therefore ||(z, w)| is bounded. Hence, we may suppose that a maximizing sequence
(zn, wy) for (6.3.4) is bounded in Y. Thus we can assume that (z,,, w,) converges weakly
in Y to some (z*, w*). By (6.1.15) it follows that

/ ()2 w, P dx — / )21 w* B dx = My, > 0.
22 22

In particular z* # 0 and w* # 0.
The weakly lower semicontinuity of the corresponding norms, (6.1.5), (6.1.6), and
E1(zn) + E2(w,) =1 imply that

E1(z") + E2(w*) < 1,

<||Z*||§ —A/ a(x)lz*lpdx> + <||w*||Z —k/ b(x)|w* |9 dx) <1.
2 2

that is,
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Since A < A1, u < u1 both summands above are positive. Hence
0 < E1(z") + E2(w™) < 1.
We claim that actually
E1(Z) + E2(w*) = 1.
Indeed, if E1(z*) + E2(w*) < 1, then there exists ¢ > 1 such that
t(E1(Z*) + Ez(w*)) =1.

Then (¢Y/Pz*, tY9w*) € X; ,, := X; x X, and
/c(x)|tl/Pz*|a+l|tl/qw*|ﬁ+ldx
o)

atl | p41
=t »r T4 / c(x)|z*|a+l|w*|ﬂ+ldx
2

oH»l_,’_ﬂ A
=t r q M)»,M

>MM=sup{/gc<x)|z|“+l|w|ﬁ“dx>o El(z>+E2(w)=1},

a contradiction (note that we have used (6.1.7)). Therefore we have proved the claim.
Hence (z*, w*) € X, , is a solution of (6.3.4). By an analogue of Lemma 6.2.4 for one
constraint of type E(z, w) = const, (z*, w*) is a critical point of 7. Indeed, since in our
case E(z,w) = E1(z) + E2(w) = 1, the condition E'(z, w)(z, w) # 0 if E(z,w) =1 s
easily verified. The rest of the proof is the same as that of Proposition 6.3.2. O

PROOF OF THEOREM 6.3.1. It remains to show that the solutions found in Proposi-
tions 6.3.2 and 6.3.4 are distinct. The proof is by contradiction. Suppose that (11, v1) =
(u2, v2). By the proofs of Propositions 6.3.2 and 6.3.4 it follows that

E1(u1) _ Ej(v1) _

1
ry Pt
and
E1(u E>(v
1(p2) n 2(q2) _1
r P2

where r;, p;, i =1, 2, are determined by (6.2.12) and (6.2.13), with z}, w}, i =1, 2. These
relations imply that if the solutions are not distinct then there exists a number m > 1 such
that
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By (6.2.12) and (6.2.13) we have

n=(c™ ) pr=(cCc7?)"

B c-1 1-— S)ﬁ+l 1/d B o gotl 1/d
rn=\ca W , pP2=1c¢C2 (]__S)—OZ+H7 s

where we have introduced the parameter s = E1(z3). We note that the exact values of ¢1
and ¢, are not important for the proof. Since s € (0, 1), it is easy to show that the conditions
m > 1and m’ > 1 are equivalent to

gPrl-a - 1- S)ﬂ-i-l

and

sOH—l > (1 _ S)Ol-i-l—p‘

From the last two inequalities we have that

sd>1,

where d > 0 is given by (6.1.8). This is impossible for s € (0, 1). Thus we have reached a
contradiction. This concludes the proof. O

6.3.2. The eigenvalue case A = A1, u = 1. We consider problem (6.3.4) with A = 24
and p = p1. In this case the corresponding set X, , is not bounded in Y. Therefore, we
need to impose an additional condition on our data. Henceforth we shall suppose that
condition (6.1.17) is fulfilled.

THEOREM 6.3.5. Suppose that (6.1.5)—(6.1.17) hold and A = A1, u = 1. Then problem
(6.0.1), (6.0.2) has at least one positive weak solution (u,v) € Y.

PROOF. The arguments of the proof of this theorem would be the same as those of Propo-
sition 6.3.2 if we could prove that problem (6.3.4) with A = 11, u = 1 has a solution.
Let (z,, w,) be a maximizing sequence such that

E1(zn) + E2(wy) =1, / c(X)|zn T w, [P+ dx = im, — My, ., > 0.
2

Suppose that ||(z,, wy)|| — oo and put

Zn Wp

Sn = T 17 In= 1 "—"""7192>
I (zn, wn)”l/P | (zns wn)”l/q

[ Gsns )| = 1.
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Then
||<z,,,wn>||[(nsnnz Y f a<x>|sn|pdx)
2
+ (ntnnz - m/ b(x>|tn|‘1dx>} ~1.
2
Therefore
IsullZ - M/ a () sul? dx + [l — m/ b()|inl? dx
2 2
1
=—— >0, n— oo
G o)l
Hence
et M/ a () [sal? dx — m/ b ()t |7 dx
2 2
1
__ 1t . (6.3.5)
”(Zm wn)”
and thus

lim [11/ a(x)|sn|pdx+u1/ b(x)|t, |1 dx:| =1,
n—>oo Q 7

since || (su, ty) || = 1. We may assume that (s,, ¢,) converges weakly in ¥ to some (s*, t*).
Thus

)\l/ a(x)|s*|P dx + /,Llf b(x)|t*|9dx =1,
Q Q
which implies that (s*, #*) # (0, 0). Furthermore,
IGs*, 5| < lim inf (s, 1) = 1.
n—0o0

Now from (6.3.5) we deduce that

(IIS*II§ —?»1/ a(X)IS*I”dX> + (III*IIZ —le b(x)|t*|? dX> =0.
2 2

The variational properties of the first eigenvalue of the p- and ¢-Laplacian imply that both
summands in the above relation are nonnegative. Hence both are zero, which means, by
Lemma 6.1.1, that

s* =10, t* = co.
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Since
a+l , p+1
_+_
f ez PHwa P dx = | zpo wa)|| 7 f () |sn %8, [P dx
2 2
=1y, — My, .y >0,

we conclude that
/ c@)]s* 14 P dx >0
2
and therefore
/ c@®)|* Ty |FHdx >0,
2
which contradicts (6.1.17). Thus we can assume that (z,,, w,) is bounded and
Ilm (Zn’ wn) = (Z*s U)*)
n—oo
weakly in Y. Then
/ ()2 |*Hw, [P dx — / c@)|* [ w* P dx = My p1y > 0.
Q Q

This means that z* # 0 and w* # 0. Furthermore,
0< E1(z*) + Eo(w*) < 1.

We claim that
0< E1(z") + E2(w*) < 1.

Indeed, first suppose that
0= E1(z") + E2(w™),

that is,

(nz*ni —/\1/ a(x)|z*|”dx) - (uw*uz - m/ b(x)|w*|"dx) =0.
22 2

Therefore, by Lemma 6.1.1 we know that

7* =k, w* =k
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for some k1, ko # 0, and then
/ )2 1w P e = (kg [ kg P / ()l 1L dx
2 2

=My, >0,

which is a contradiction since (6.1.17) holds.
Next, suppose that

0 < E1(z") + E2(w™) < 1.
Then we can find r > 1 such that

1(E1(z*) + E2(w™)) = 1.
Further

/ ()12 |a+1‘t1/qw* ’ﬂ+1 dx
2

atl | p+1
=tr T4 / ()21 w* Pt ax
9]

wtly g1 .
=t 7 4 Moy > Moy,

=sup{f cO) |z THwPdx >0 El(z)+E2(w)=1},
22

another contradiction.
In this way, we have proved that

E1(z") + Ex(w*) =1,

and therefore (z*, w*) is a maximizer of problem (6.3.4) with A = A1, u = u1. The rest of
the proof is the same as that of Proposition 6.3.1. This completes the proof. O

6.3.3. Existence of three distinct solutions for A > A1, u > u1.
THEOREM 6.3.6. Suppose that (6.1.5)-(6.1.17) hold, » > A1, and u > 1. Then there
exist § > 0 and ¢ > 0 such that for A € (A1, A1 + 8), i € (u1, u1 + €) problem (6.0.1),

(6.0.2) has at least three positive weak solutions in Y.

The proof of the above theorem will be a consequence of several lemmas. To begin with,
we define

My, = sup{f cO) |z THwPtrdx > 0| E1(z) =1 and Ez(w) = 1}
2

(6.3.6)
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and

M;. :=sup{fQ )|z THw|Ptldx > 0| E1(z) < 1and Ex(w) < 1}.
(6.3.7)
LEMMA 6.3.7. Problems (6.3.6) and (6.3.7) are equivalent.
PROOF. Since ¢t # 0 (see (6.1.16)), any maximizer of (6.3.6) is a maximizer of (6.3.7).
Suppose for a moment that (z, w) € Y is a maximizer of (6.3.7) and E1(z) <1 or

E>(w) < 1. For instance, let E1(z) < 1. Therefore there exists k > 1 such that E1(kz) = 1.
Then

/ c()kz|* P w)P L dx :k"‘+1/ c() |z w|Ptax
2 2
=k TIM; > M, (6.3.8)

which is a contradiction. Thus E1(z) = E2(w) = 1. Hence any maximizer of (6.3.7) is a
maximizer of (6.3.6). |

LEMMA 6.3.8. Let (6.1.5)—(6.1.17) hold. Then there exist 81 > 0 and &1 > 0 such that for
A€ (A1, A1+ 81), u € (1, u1 + &1) problem (6.3.6) has a nontrivial solution (z, w) € Y.

PrRoOOF. Due to Lemma 6.3.7, it suffices to deduce the existence of § > 0 and & > 0 corre-
sponding to problem (6.3.7). Suppose that the claim is not true, that is, there exist sequences
8s — 0, §s > 0,and g — 0, g5 > 0, such that problem (6.3.7) with A = A =11 + §; and

w = = u1 + & does not have a solution. Fix an integer s and consider (6.3.7) with 1*
and n*. Denoting by (z, w?) the corresponding maximizing sequence, we have

i [ ol s = > 0

and

If (z;,, wy) is bounded, we may assume that it converges weakly in Y to some (z, wy) as
n — oo. Then

/ ez Hws ) ax — f )|z ws [P dx = Mys s > 0,
2 2

/|Vza|pdx—ks/ a(x)|za|pdx§1,
2 2
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/ |Vw5|qu - /,LS/ b(x)|w8|q dx < 1.
2 2

Therefore (zy, wy) is a solution of (6.3.7)—a contradiction. Thus we may consider (z;,, w;,)
to be unbounded. Let

(hs ts)z (Zfﬂw;)
G w

Since ||(AS, £3)|| = 1 we may assume that

n’'n

lim (5, 13) = (i3, )

n—oo

weakly in Y. Then
/ )] wg P dx
2
= (<5, wy) P / el dx — W s > 0,
2
therefore
/ |y |“ i P T dx > 0. (6.3.9)
2
From the inequality E1(z}) < 1, that is,
Il (J1g =5 [ awolmel?ar) <.

it follows that

1
S|P _ 45 S|P
il =3 [ acolil ds < g
By letting n — oo we get
5] - / a(o|y|” dx <. (6.3.10)
2
On the other hand, summing up
1

)\'S hS P 2 hS [’_7
‘/Qa(X)’ n|”dx > | ””p (25, wi)IIP
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and
A A e
Q G wplle
and letting n — oo, we obtain
)f/ a(x)|ng|” dx +m/ b()|r5|? dx > 1. (6.3.11)
2 2

Clearly [[(hp, t5) [l < 1. This allows us to suppose that (hy, 5) converges weakly in Y to
some (ho, fp). Letting s — oo in (6.3.11), we get that

[ alhol dx+pn [ beoloftdx 1
2 2
Hence (ho, 1) # (0, 0). Next, from inequality (6.3.10) we obtain
0 < llhollp — AS/ a(x)lhol? dx < 0.
2

The latter and Lemma 6.1.1 imply that hg = I, [ # 0. Starting with Ez(w}) < 1 we can
obtain 7p = kv, k # 0. Then by (6.3.9) we get that

/ c(x)|hol* 1ot dx >0,
2
and thus
|l|a+l|k|/3+l/ C(x)|§0|a+1|l/f|ﬂ+ldx 2 O
2

This contradicts our assumption (6.1.17).

Therefore there exist §1 > 0and 1 > O such that for A € (A1, A1 +81) and u € (1, u1+
£1) problem (6.3.7) has a solution (z1, w1) € Y. By Lemma 6.3.7 (z1, w1) € Y isasolution
of (6.3.6). O

LEMMA 6.3.9. The set
W= {(z, w)ey \ / c(0) |z w|FH dx = _1}
Q
is not empty and my_, <0, A > A1, u > p1, Where

M = inf{El(z) + Ex(w) ‘ /Q )|z P w P dx = _1}. (6.3.12)
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PROOF. Set z =¢ and w = . Then by (6.1.17) we have
f c(0)|z|* P wPdx = / c(@)|pl* Ty P dx <o0.
2 2
Therefore there exist k, / € R such that
/ () kgl * [P dx = 1
2
and
/ )l Iy [P dx = 1,
2
Since A > A1 and u > 1, we have
E1(kg) = k|7 (g — x)/ a()lgl? dx <0
2
and
Ea(9) = 1104 —A)/Qbuwqux <0.

These inequalities imply that m; ,, < 0.

201

O

LEMMA 6.3.10. Assume that (6.1.5)—(6.1.17) hold. Then there exist 5 > 0 and &2 > 0
such that for any A € (A1, A1 +682) and n € (i1, 1+ &2) problem (6.3.11) has a nontrivial

solution (z2, wy) € Y satisfying E1(z2) + E2(w2) < 0.

PROOF. The proof is by contradiction and it is analogous to that of Lemma 6.3.8.

Assume that the opposite assertion holds. Then there exist sequences §; — 0, 8, > 0,
and g; — 0, g5 > 0, such that problem (6.3.12) with A = A* = A1 4+ §; and u = u® =
1 + &g does not have a solution. Fix an integer s and consider (6.3.12) with A* and 5.

Denote by (z), w;) the corresponding maximizing sequence:

/ ez |y [P dx = -1,
2

f‘Vszdx—)»sf a(x)|zfl’pdx+/ |wa;|qu—,u5/ b(x)|wfl‘qu
2 2 2 2

— Mys pus < 0.
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If (z;, w;) is bounded, we can obtain as before that there exists a solution (zg, wy) of
(6.3.12):

/ ez g dx = -1
2
and
/|Vzé|pdx—ks/ a(x)|z8|pdx+/ |Vw8|qu—,u5/ b(x)|w8|qu
2 2 2 2
=Mps s <O,

which is a contradiction. Thus we may assume that (z}, w;) is unbounded. With the same
notation as in Lemma 6.3.8, it follows that

1
B a+1 S /3+1d = 0.
/Qc(x)| n| |n| * (25, ws)||eth+2

Since the functional f3 (see (6.1.15)) is lower weakly semicontinuous, we obtain
/ c@)|my| g [P dx =o0. (6.3.13)
2

Analogously to previous proofs, (6.3.13) enables us to conclude that

/ c()lpl* Ty Ptax =o0.
2

This contradicts (6.1.17).

The fact that E1(z2) + E2(w2) < 0 follows from Lemma 6.3.9. This completes the
proof. a
LEMMA 6.3.11. Let (6.1.5)—(6.1.17) hold. Then there exist 63 > 0 and 3 > 0 such that
for L € (A1, A1+ 83) and u € (u1, u1 + €3) problem (6.3.5) has another nontrivial solution
(z3,w3) €Y.

PROOF. Set
Ny = sup{/ cO)|z1*THwPldx > 0 ‘ E1(2) + Eo(w) = 1} (6.3.14)
2
and

N :=sup{/ cO) |z w|Ptdx >0 ‘ E1(2) + Ea(w) < 1}. (6.3.15)
2
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Following the argument of Lemma 6.3.7, it is easy to prove that problems (6.3.14) and
(6.3.15) are equivalent (see the end of the proof of Proposition 6.3.4). Therefore, we shall
deduce the existence of §3 > 0 and e3 > 0 corresponding to problem (6.3.15). Suppose that
this is not true, that is, there exist sequences §; — 0, 8, > 0, and e, — 0, &5 > 0, such that
problem (6.3.15) with A = 1° = A1 4§, and o = p* = 1 + &, does not have a solution. Fix

an integer s and consider (6.3.15) with A* and *. Denoting by (z}, w5) the corresponding
maximizing sequence, we have

nILn;o/_;? c(x)|z,ﬁ|a+l|wfl|5+l dx = I\A/;Lx,#s >0,

Ev(z}) + Ea(u}) < 1.

If (2}, w}) is bounded, we may assume that it converges weakly in Y to some (z3, wy) as
n — oo. Then

/ c(x)]zf,‘aﬂ‘w;ﬂﬁﬂdx —>/ c(x)‘zé‘aﬂ‘wg‘ﬂﬂdx :]\A];Ls,w >0,
I?) 2
Bi() + Ea(w) < 1.

Therefore (z3, wy) is a solution of (6.3.15)—a contradiction. Thus we may consider
(z3, wy) to be unbounded. Let

s N
N Z n s w n

W= = hs, N =1.
n ”(er“w’vl)”l/p tﬂ ”(Z;l’w;l)nl/q ||( n tn)“

Thus we may assume that

im (i5.12) = (4. 1)

n— oo

weakly in Y. Then
[ cwlaal sl ax = (e )| [ el as
Q 2
—> N)LS,[LS > 0,
therefore

/ ey i [ dx > 0. (6.3.16)
2
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From the inequality E1(z}) + E2(w;) < 1, that is,

I [ (11215 =% [ awolms)?a)
+ <||t,§ (¥ —,f/ b(x)|t;|qu)} <1,
2

it follows that
1
(2S5, wH”

(6.3.17)

Il = [ acolisl? dx+ laz e = [ bl dx <
2 2

By letting n — oo we get

(||h5||§ —AS/Qa(x)|h5|”dx> + <||t5 ||Z —,tf/ﬂb(x)|t8|qu> <O0.

(6.3.18)

On the other hand, from (6.3.17) we can obtain that
xf/ a(x)|hy|” dx + M/ b() || dx > 1. (6.3.19)
2 2

Clearly [[(h3, t5) ]l < 1. This allows us to suppose that (4, 5) converges weakly in Y to
some (ho, fp). Letting s — oo in (6.3.19), it follows that

)»1/ a(x)|hol” dx +/L1/ b(x)|to|Tdx > 1.
2 2

Hence (ho, t0) # (0, 0).
Now, from (6.3.18), by letting s — oo, we infer

(nhouz - Alfga(x)mowx) 4 (nronz - Ml/ﬂb(X)ltoqux> <0,
By the definitions of A1 and w1, both summands above are nonnegative. Therefore,
ol — M/QG(X)Iholpdx =0
and

lrolld ulf bl dx = 0.
2
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The last two equalities and Lemma 6.1.1 imply that g = l¢, [ #0, and g = kyr, k #£ 0.
Then by (6.3.16), letting s — oo, we get that

/ c(0)lhol* oL dx >0,
2
and thus
1%k P / c()lpl* Ty Ptax >0,
2

a contradiction to (6.1.17). This completes the proof. O

PROOF OF THEOREM 6.3.6. Let &1, &1, (z1,w1) € Y, 82, €2, (z2,w2) € Y, and 83,
€3, (z3,w3) € Y be as in Lemmas 6.3.8, 6.3.10, and 6.3.11 respectively. Denote § =
min(81, 82,83) and & = min(ey, &2, £3). Now we substitute (z;, w;), i = 1,2,3, into
(6.2.12) and (6.2.13). In this way we obtain three pairs of positive numbers: (r;, p;),
i=1,2, 3. Set

ui=rizi, vi=pw;, i=123.

By Lemma 6.3.4, (11, v1), (u2, v2), and (u3, v3) are weak solutions of (6.0.1) and (6.0.2).
By Lemma 6.3.8 it follows that

E1(u1)

—FE -1
7 1(z1)
and
E
2(;)1) — Ep(wp) = 1.
P1
Thus
E E
(ug,v1) €S = {(u, v) ‘ 1(;1) =1land 2(:1) = 1}_
ry P4

On the other hand, by Lemma 6.3.10 we have

E1(uz)  Ez2(v2)
[ro|P lp2]4

= E1(z2) + E2(w2) < 0.

Hence at least one of E1(u2) and E2(v2) is negative. Therefore (12, v2) does not belong to
S. We conclude that (u1, v1) and (u2, v2) are distinct. Similarly (u2, v2) and (us, v3) are
distinct. An argument analogous to that in the proof of Theorem 6.3.1 shows that (u1, v1)
and (uz, v3) are distinct too. The rest of the proof is the same as that of Theorem 6.3.1.
This completes the proof of Theorem 6.3.6. O



206 S.1. Pohozaev
6.4. Nonexistence results for classical solutions

In this subsection we shall comment on nonexistence results for classical solutions of a
potential system associated to (p, ¢)-Laplacian operators. However, as in Subsection 5.5,
it is clear that the assumption “the considered solutions are classical” does not seem to be
a natural hypothesis for this kind of problem. Indeed, the context of this book suggests that
the natural class to consider should be the class of weak solutions.

Our argument, which is based on a variational identity [41] (see also [26,52]), enables
only to consider classical solutions. We should mention that Guedda and \VVéron [26] proved
a variational identity for weak solutions of the problem

{ —div(|VulP~2Vu) = f(u) inD,
u=~0 onabD,

under some suitable growth assumptions on f. We are confident that a variational identity
for weak solutions of potential systems associated to p-Laplacian operators still holds if
the potential does not grow very fast. However, in the present chapter we shall not consider
this kind of generalization.

Let 2 c RY be a smooth bounded domain. Consider the following quasilinear potential
system:

—div(|VulP~2Vu) = 3£ (x, u,v) in L2,
—div(|Vu|?=2Vv) = 2E(x,u,v) in L2, (6.4.2)
u=v=0 on 352,

where F € C1(22 x R x R). Let (u,v) € (C2(£2) N C°(2))? be a classical solution of
(6.4.1). Then the variational identity [41] for (6.4.1) can be written in the form

N— N—
—pf |Vu|1’dx+—q/ Vol dx
r Jo qa Jo

—N/ F(x,u,v)dx—[ D,F(x,u,v)dx
Q Q

=—<1—1>/ |Vu|P (x,v)do — (l—£>/ [Vv|?(x,v)do. (6.4.2)
P/ Jan q) Ja

Now we are ready to prove the next

THEOREM 6.4.1. Suppose that £2 is strictly star-shaped with respect to the origin. Let
a,b,ceCL(2) and (u, v) € (C2(£2) N C°(£2))? be a solution of (6.0.1) and (6.0.2). Sup-
pose that the assumptions of Subsection 6.1 hold. In addition, assume that for any y, o € R
the following inequalities are valid:
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and for x € £2 we have
AN A
(— — yk)a(x) — —(Va(x),x) >0,
P P

(ﬂ - m\)b(x) — B(Wb).x) >0,
q q

—Nc(x) — N(Vc(x), x) — ((Ol +Dy+ B+ 1)a)c(x) > 0.
Thenu=v=0in £2.

PROOF. Multiplying the first equation of (6.0.1) by yu and integrating by parts, we get

V/ lWl”dx=M/ a(x)lui"dx+y<a+1>/ c(0)ul*H[v]P dx.
2 ) o
(6.4.3)

Similarly

0/ lelqu:fwf b(x)ivlqu+o<ﬁ+1>[ c()[ul* | dx.
2 0 Q
(6.4.4)

Now we recall that the potential F is given by (6.2.1). Then substitute (6.2.1) into (6.4.1).
Further, sum the obtained identity up with (6.4.3) and (6.4.4). Then the resulting identity,
the inequalities given in the theorem, and the fact that $2 is strictly star-shaped imply that
u=v=0in£. O
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1. Introduction

In this article we survey some recent results on superlinear elliptic equations and systems.
A particular focus will be the borderline situations of so-called critical growth. In the exis-
tence theorems, we will use mostly variational methods, that is we look for critical points of
functionals associated to the equations and systems. In dealing with variational problems,
the choice of the function spaces in which the functionals are defined is of essential impor-
tance. There are two competing factors which determine this choice: on the one hand, the
space should be “sufficiently small” so that the functional under consideration has the de-
sired regularity; and, on the other hand, the space should “not be too small” since otherwise
the required compactness properties may get lost.

When working with scalar equations one is used that the above smallness and largeness
requirements usually lead to a unique choice of (Sobolev) space, in which the problem
is well posed and hence solvable. Indeed, the borderline situation (critical growth) may
be defined as the limiting situation in which this space setup works. We will discuss the
various phenomena connected with critical growth; for more details on this, cf. [26,42,46].

We then treat recent results on systems of superlinear equations. We will see that for
the functionals associated to systems there is more freedom in the choice of the space;
in fact, one may choose among a whole continuum of products of Sobolev spaces. Each
choice yields different maximal growths for the respective nonlinearities, but again we
find that for a fixed pair of such critical growth nonlinearities there exists a unique choice
of a product Sobolev space. The pairs of critical growth nonlinearities form together the
so-called “critical hyperbola”.

We will then concentrate on some limiting cases of elliptic systems. Contrary to the
situation in scalar equations and in (nonlimiting case) systems, we will find a wide range
of (Sobolev) spaces available in which the corresponding functionals may be defined, and
the question of the “right” functional setup becomes quite delicate. Indeed, we will see that
in some limiting cases the various possible choices of Sobolev spaces yield, for the same
functional, different maximal growths. We will then see that the more refined Sobolev—
Lorentz spaces provide an “optimal” functional setup.

Much space will be devoted to the less widely known situation in dimension N = 2,
where critical growth is of exponential type, given by the so-called Trudinger—-Moser
inequality. Working with systems in dimension N = 2, we will see that also here the
Sobolev-Lorentz spaces yield the suitable functional setup in which the analogue of
the critical hyperbola (involving nonlinearities of different exponential growths) can be
found.

2. Elliptic equations
2.1. Some history
For studying the model elliptic equation

{ —Au= f(u) in, 21)

u=20 on as2,
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where £2 c R” is an bounded open domain and f:R — R is a continuous function, one
may try to use the well-known Dirichlet principle which consists in minimizing an asso-
ciated functional over a suitable set of functions; then, the corresponding critical points

correspond by the Euler—Lagrange principle to (weak) solutions of problem (2.1). The
functional associated to equation (2.1) takes the form

I(u):%/;zwmzdx—/QF(u)dx,

where F(t) = [y f(s)dx is the primitive of f(1).
If we for instance assume that

|f(s)| <M, VseR,
and hence
|F(s)| <c+ Mis|, VseR,

we can estimate
1 2
I(u) > = |Vul“dx — M | |u|dx
2/)a Q

1 1/2
> —/ |Vu|2dx—M|.Q|l/2</ |u|2dx> )
2/)a Q

By the Poincaré inequality

/ VP > d[ uf?
2 2

we find that 7 (1) is bounded from below, and hence is makes sense to look for the global
minimum of this functional. It is clear that there exist functionals which are bounded
below but which do not attain their minimum: consider, e.g., j:R — R : j(s) = ¢;
clearly, inf;cr j(s) = 0, and any minimizing sequence (s,,) satisfies s, — —oo. The above
functional 1 («) seems better behaved since we see easily that any minimizing sequence
(un) C HE($2) is in fact bounded: Setting m = inf,c 1) I (un), we have

1 1/2
mA1>1(u,) > Ef Vi, |? dx — M|:z|1/2d(f |wn|2dx)
0 2

and hence

1/2
c> <f |Vun|2dx) = [|un |l 1.
Q 0
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In finite dimensions this would lead immediately to a convergent subsequence and to
the conclusion that the minimum is attained. However, in the infinite-dimensional space
Hol(.Q) the situation is more delicate. Indeed, in Dirichlet’s time, and also much later, this
guestion was not rigorously posed, and it was often tacitly assumed that the minima for
functionals of the form I (1) are attained, without questioning by what kind of function. It
took the famous Weierstrass example, namely

1
J(u):/ 2|2 dx, u:[0,1] - R, u(0) =0, ul)y=1
0

to change things. Minimizing J(u) for instance over the (natural) class E = {u €
C1([0,1],R); u(0) = 0, u(1) = 1}, one sees easily that infJ(x) = 0, but that 0 cannot
be attained by a C*-function. This threw the field of Calculus of Variations (and in fact all
of Analysis) into a crisis; but the crisis was overcome by the efforts of Weierstrass him-
self, by Arzela, Fréchet, Hilbert, Lebesgue and others, leading to the foundation of modern
analysis.

2.2. My space or yours?

In today’s words, the upshot from this crisis regarding the Dirichlet principle is precisely
the question over what class (or space) of functions the minimization should be taken. In-
deed, there is a large variety of spaces available, the spaces of continuous and differentiable
functions, the more refined Hélder spaces, the more general Lebesgue and Sobolev spaces,
and (as we will see later on) generalizations of these, the Orlicz spaces and Lorentz spaces.
So the actual choice of the space to work in seems somewhat arbitrary—and only restricted
by the expectation that the “outcome” should be (essentially) the same, and not really de-
pend on the choice of the space. This apparent ambiguity in the choice of the space may
be hard to understand for people working in other fields—and led even to the somewhat
derogatory saying: “if the space matters, then it does not matter ...”

There are two competing requirements which intervene in the choice of the space: the
functional must be continuous and differentiable, and the functional must possess a suitable
compactness; for the first requirement, the space should be “small”, i.e. the topology must
be sufficiently fine. Indeed, if we take the “small” space of differentiable C!-functions,
then the functional of the form

I(u):%/glvmzdx—/gF(u)dx

is certainly defined and continuous in u; however, due to the incompleteness of this space
with respect to the Dirichlet-norm [lu|l = ([, |Vu(|? dx)}/2, compactness fails to hold, and
itis in general impossible to prove directly that infc1 ) I () is attained. On the other hand,
for the compactness requirement, the space should be sufficiently “large”, i.e. the coarser
the topology the better.

Indeed, by Sobolev’s work we know that a “good” space to work with is the Sobolev
space Hol(Q), i.e. the space of functions whose (weak) derivative belongs to the
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space L2(£2). By the very definition of this space, the Dirichlet integral is well defined
and continuous on this space; in fact, it is the largest space on which this is the case. Now,
we need to check that also the second part of the functional 7 (), i.e. fQ F(u)dx, is well
defined on Hol(.Q). To obtain this, one needs to impose a growth condition on f (s), namely

N+2
|f()| <c+ecls|v2, seR.
This implies that F(s) = fos f(¢) dr satisfies the restriction

2N

|F(s)| <c+c|s|2*, seR, 2* :=m, N > 3.

And then, by the famous Sobolev embedding theorem Hol(.Q) c LZ(£2), one concludes

that indeed the second term of the functional 7 () is well defined on Hol(.Q), and that the
functional is continuous and differentiable.

2.3. Compactness

Let us now return to the question raised above, namely whether it is true that “bounded
minimizing sequences contain a convergent subsequence”. In the context of general critical
point theory, this is known today as the Palais—Smale property, and goes back to a famous
work [34] of these two authors where they study a generalized Morse theory.

Indeed, if we impose the stronger growth condition (so-called subcritical growth):

N+2
N-2

|f()| <c1+cals|?, forsomel<p <

then we have by Rellich’s theorem a compact embedding Hol(.Q c LP*1(£2), and conse-
quently the Palais—Smale property is often (that is, under suitable “technical” conditions)
satisfied.

On the other hand, if we consider the model problem? with “critical growth”

N+

—Au=unN-2 inS$2,
u(0)=0 onas2,

N

22)

then interesting phenomena appear: first of all, by the famous Pohozaev identity [35], one
proves that equation (2.2) has no nontrivial solution if 2 is starshaped. Thus, one might
argue that the problem is completely solved:
— the natural choice of the space Hol(fz) yields compactness and hence solvability for
subcritical growth (defined precisely by this choice of the space);
— on the other hand, the Palais—Smale property fails and solvability is lost at the limiting
“critical growth”.

170 simplify notation, we will write throughout the text: s? := |s|?~1s.
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But due to the continued interest in equations of form (2.2), mainly because of their impor-
tance in geometry, the studies continued, and many surprising and fascinating phenomena
were discovered.

2.4. Critical growth
In this section we discuss some of the main phenomena of critical growth:

2.4.1. Loss of compactness. The “loss of compactness” derives from the noncompact-
ness of the limiting case of the Sobolev embedding

2N

HY2)Cc L (2), 2f=—"—),
1) c L (£2), s

N > 3.

To see that this embedding is not compact, it suffices to find a bounded sequence (u,) C
Hol(Q) which does not admit a convergent subsequence in L2 (£2). Such a sequence can
be easily constructed: Choose a ball of radius a such that B,(xg) C §2. Clearly we may
assume that xo = 0. Let

1 1 1
N2 N2 —dy, y<r<a,
un () = un(jx]) =un(r) = " 7,
n'z —dy, 0<r<i,

n 2 a
A direct calculation shows that the Dirichlet norm ||u|| = (/, [Vu|? dx)*/? is bounded:
indeed

where d,, = %2 and u, (x) =0 for x € 2 \ B,(0).

N_22 a
/‘|Vunlzdx=w1v71¥ P2 N=lar = oy 1—ﬂ < Cw,
2 nN=2 " Ji, N2

where wy_1 denotes the surface area of the unit sphere in RV,
Furthermore, we observe that pointwise u,(r) — 0, forall 0 < r < a, as n — oco. But
(u,,) cannot have a subsequence which converges to 0 in L?Z (£2), since

. Un —n_ 2N
/ Iunl2 dx}wN,1/ (nNTZ—dn)N—ZrN_ldr2c1>O, Vn € N.
2 0
(2.3)

From the simple sequence above, we may make another very important observation.
Looking at the “principal term” of u,,, namely,

1 1 N2 1

un(r)'=—F5xn3=" 2% —~N3
nNTrN 2 (nr)N 2
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we observe that

N-2
2

un(r)=n"7 uy(nr),
and from the simple calculations above we see that fg |Vii1|2dx as well as fQ lii1]?" dx
remain invariant under this “group action”. This is in fact true in general, i.e. in the limiting
Sobolev embedding we have a

2.4.2. Group invariance. Foru e Hol(.Q), define the continuous group action or “rescal-

ing
N-2
u)(x): =12 u(ix);

this is defined for all » > 0 if 2 =R", and for 0 < A < 1 if £2 is starshaped (w.r.t. the
origin). One then shows by direct calculation that

/‘|Vux|2dx:c, /|u;\|2*dx:d, Vi > 0.
2 Q

It is in fact the appearance of this invariance under rescaling which is the deeper reason for
the loss of compactness.

2.4.3. Nonexistence of solutions in bounded starshaped domains. With the loss of com-
pactness, one loses the main instrument to prove existence of a solution to equation (2.2).
And in fact, one may show that if 2 is a bounded starshaped domain, then indeed there
does not exist a (nontrivial) solution.

This is due to the famous Pohozaev identity, see [35]. This identity is obtained from
equation (2.2) by multiplication by x - Vi and integration, and it says that if u € C2(£2) N
C1(82) is a solution of (2.2), then the following relation holds:

N-2 N ) 1
T/gqulzdx—z—*/gMz dx+§/39|auu|2x-vdo=0,

where v is the exterior normal to 9£2. On the other hand, multiplying (2.2) by « and
integration yields

/|Vu|2dx=/ lul? dx.
2 2

From these two identities follows that

/ |8vu|2x -vdo =0.
082

Since 2 is starshaped, we have x - v > 0, for all x € 942, and hence d,u = 0 on 3£2. But
this implies that u = 0 by the principle of unique continuation.

The situation changes if we consider the problem on the whole of RY. In the case with
critical growth we have:
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The explicit solutions of the

equation
—Au=uNZ inRY, 2.4
u(0)—0 for |x] = 0
are
N-2
N-2 Az
up(x) = (N(N —2)) A >0. (2.5)

A2+ |x) 7

They were found independently by G. Talenti [43] and Th. Aubin [6]. Note that (2.5)
represent a family of solutions, parametrized by A > 0. This reflects again the group (or
scaling) invariance of the equation. In addition, there is also (an obvious) invariance of the
equation by translation. One knows that, up to the rescaling and translations, the above
solutions are the only solutions of equation (2.4). The solutions are characterized by

I |Vu|?dx

Sy(RY) = - -
V(R ue HL®N\(0) (fpu [u|?" dx)?/2

(2.6)

This expression characterizes the best Sobolev embedding constant for the embedding
HYRY) c LZ (RN), and thus this constant is attained by the function (2.5), and it can
be explicitly calculated. On the other hand, by the Pohozaev identity we infer that the best
Sobolev embedding constant Sy (§2) cannot be attained if £2 is starshaped: otherwise, we
would obtain a nontrivial solution to equation (2.4) which is impossible. In fact, by the
unique continuation property, one shows that this constant is never attained if £2 # R".

We have already seen that there is a loss of compactness for the embedding Hol(Q) C
L% (£2), for bounded domains £2 c R”, by giving an explicit bounded sequence in Hol(.Q)
which does not have a convergent subsequence in L2 (£2). Using the instantons (2.5), it is
easy to obtain a minimizing sequence for

. Jo |Vu|?dx
Sy(2)= inf Zel 7%
ueH @\ (0} ([ [ul? dx)2/?

First note that evidently
Sn(£2) = Sy(R") =: Sy,

since every function in Hol(.Q) may be extended by 0 to an H!-function on R”. On the
other hand, taking

i), (x) = n(x0)up(x), 2.7
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where n € C;°(£2) is a cut-off function, i.e. » =1 on a neighborhood B,(0) C £2. One
then estimates that for A — 0%

/mmzdx:/ Vi |2+ 0(AN"2) = SN2+ 0 (WN-?),
2 2

/Q % dx =/Q ¥ dx + 0(AN) = s8/? + o (AY) (2.8)
and thus
Vi, [2d SN/

- % 2 N/N*
(o lin|? dx)z Sy

From this we conclude that for any domain £2 ¢ RV
Sn(£2) = Sn, (2.9)

and that (i;,) is a minimizing sequence for Sy in Hol(_Q) which is noncompact in L% ().
As already mentioned, the above stated results on the equations with subcritical and
critical growth seem to imply that we have a complete result: that is
— compactness and existence of nontrivial solutions in the subcritical case in bounded
domains;
— loss of compactness due to the appearance of a group invariance, and loss of solutions
(in starshaped domains) in the critical case.
Indeed, as pointed out by H. Brezis, this seemingly complete result blocked further research
for many years—until H. Brezis and L. Nirenberg published their groundbreaking result,
see [9]:

2.4.5. The Brezis—Nirenberg result. ~As mentioned above, the equation with “pure critical
growth” (2.2) has no nontrivial solution if £2 is bounded and starshaped. From the varia-
tional point of view, this is due to the lack of compactness, caused by the concentration
phenomenon. The crucial observation by H. Brezis and L. Nirenberg is that this concen-
tration is the only way in which compactness can be lost. And if compactness is lost due
to concentration, then this happens at precise energy levels (the energy of the concentrat-
ing instantons). Brezis and Nirenberg consider in [9] an equation with critical growth and
with a lower order perturbation, and then search for solutions by minimizing a suitable
constrained energy functional. They then calculate the lowest “level of noncompactness”,
i.e. the limit value of the functional along the concentrating instantons. Finally, they show
that the actual minimum value of the functional is below this “value of noncompactness”,
and conclude that hence the minimum is attained.
More precisely, they consider, for 0 < A < A1, the equation

—Au:ku+u%, x €S2,
u=0, x €3, (2.10)
u>0, on £,
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and look for solutions by considering the minimization problem

_ JoVul? = Aul?) dx
m:= inf > 272
uert@noy  (fq lul? dx)

The only noncompactness level for this minimization is again the level Sy, since along the

concentrating instantons fﬂ |ii,.]2 — 0, for » — 0. We now show that m < Sy. For this we
do a more precise estimate: indeed, one can estimate explicitly that (for N > 5):

/|ﬂx|2dx>ckz, for some ¢ > 0, and A > 0 small.
2

Thus we get, using the sequence (ii;) and the estimates (2.8)
m<Sy+0(AN2) —ca? <Sy (N =5),
for A > 0 sufficiently small. Thus we have confirmed that the infimum m lies below the
noncompactness level Sy, and hence it is attained! (Similar estimates hold for N =4, and
with some restrictions for N = 3.)

This result is by now classical, and has had an enormous influence on the research of the
last 25 years.

3. Thecaseof dimension N =2

The case of dimension N = 2 is special, since the corresponding Sobolev space Hol((z),
2 c R? is a borderline case for Sobolev embeddings: one has

HE(2) C LP(2), forall p>1,
but
Hg (2) £ L®();
indeed, the function Ig(x/a) belongs to Hol(Ba (0)), B, C £2, but not to L>°(£2).
So, one is lead to ask if there is another kind of maximal growth in this situation. And

indeed, this is the result of Pohozaev [36] and Trudinger [44], and which is now called the
Trudinger inequality: it says that if 2 ¢ R? is a bounded domain, then

ue Hol(.Q) = f P dx <ec. (3.1)
2

We can express this fact alternatively in terms of an embedding. For this we need to

introduce the notion of Orlicz space which generalize the L?-spaces. Let ¢(¢) = e’ — 1.
This is a so-called N-function (see Section 5 below, where Orlicz spaces will be discussed
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in more detail). Let Ky = {u:2 — R, fg @(u) < +o0}. The Orlicz space L, is the
linear vector space generated by K,. For more details we refer to Section 5. The result of
Pohozaev and Trudinger now says that one has a continuous embedding

H}(2) C L,(£2), for 2 c R? bounded
and
Hi(£2) C Ly ($2) compact, for any ¢ << ¢, (3.2)

where ¥ << ¢ means that v increases essentially more slowly than ¢, see Section 5.
Inequality (3.1) was improved and made precise by J. Moser [33] who proved that:

sup wi? { <ec, if o <4m, (3.3)
e X ) .
IVull,2<1/ 2 =+4o0, ifa>4n.

One can now ask if the “critical growth” (3.1) produces similar phenomena for equa-
tion (2.1) as the case N > 3; indeed, one has many similarities, but also remarkable differ-
ences.

3.0.6. Loss of compactness. Similarly as in the case N > 3, we can give an explicit se-
quence (u,) which is bounded in Hol(Q), and such that (u,) has no convergent subse-
quence in L. For simplicity, assume that £2 = B1(0), the unit ball. Let

1 [Uogm? if0<|x| <,

Vor | i<
(|Ogn)1/2 | ; X |X| X

Wy =

=

One checks easily that fBl |Vwy|2dx = 1, and hence w, — w. Furthermore, one checks

that fBl (ew5 — 1)dx — 7. On the other hand, we have pointwise w,(x) — 0, for any
x # 0, and hence w = 0. From this one concludes that there cannot exist a subsequence
with [lwy, — wllL, — 0.

3.0.7. Group invariance. A fundamental difference to the case N > 3 is that no analogue
of the group invariance in N > 3 is known for the case N = 2. Connected with this, also
no identity of Pohozaev type is known for dimension N = 2, which could be important for
obtaining nonexistence results.

Before discussing further the issue of existence and nonexistence, let us give a more
precise notion of critical growth: We say that f € C(R) has subcritical growth if f(r) <<

et -1 (see (3.2) and Section 5), i.e. if

lim A0 =0, foreverya >0, 3.4

lt| 00 eat?
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and f(¢) has critical growth if there exists «g > 0 such that

lim @

lt|—>00 et?

—0 ifas>ay and lim 1O

> =400 if0<a<ap.
[t|—>o00 e¥?

(3.5)

We first consider

3.1. Subcritical growth
Concerning subcritical growth, one has the following existence result for equation (2.1):

THEOREM 3.1. (See [3,14].) Assume that f € C(R) satisfies
(H1) there exist constants #p > 0 and M > 0 such that

t
0<F(l)=/ f)ds <M|f@®)], Vit| =10,
0

(H2) 0<F(t)<%f(t)t, vVt € R\ {0}.

Then equation (2.1), with £2 ¢ R? a bounded domain, has a nontrivial solution. Moreover,
if £(z) is an odd function in ¢, then equation (2.1) has infinitely many solutions.

PROOF. The proof follows (by now) standard lines: the assumptions guarantee that the
functional has a mountain pass structure around the origin, cf. [4,38]. The subcritical
growth yields compactness, cf. (3.2), and hence the critical level is attained. d

3.2. Critical growth

We consider now equation (2.1) with critical growth in the sense specified in (3.5) above.
For the case N = 2 the situation is more complicated than for dimensions N > 3, and the
known results are less complete. The difficulties start already with the fact that there is
no natural “model problem” for the critical case. Thus, let us write the “critical” equation
(with ag = 47, see (3.5)) in the form

—Au = h(u)e4nuz — e4nuz+logh(u)’ Q; u=0, 99,

where h € C(R) is subcritical, i.e. satisfying condition (3.4). Thus, logh(u) is a “lower
order perturbation” of the principal growth term 4 2, and in analogy to the Brezis—
Nirenberg case we can ask for conditions on A (¢) such that we have again the situation
of nonexistence or existence of solutions.
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Related to the study of this question is the behavior of the supremum in (3.3). Indeed, it
came as a surprise when L. Carleson and A. Chang [11] proved in 1986 that the supremum
in (3.3) is attained on the unit ball in R2. In fact, consider for comparison the following
maximization problem, for N > 3

sup ¥ dx =M. (3.6)
IVull,»<1J 92

This problem corresponds to the minimization problem (2.6), and by (2.9) it is clear that

1
M=

N_
N-2
SN

Furthermore, by the remarks made following (2.6), the supremum in (3.6) is never attained
if 2#£RN.

Thus, the result of Carleson and Chang (for £2 = B1(0)) is in striking contrast to the
case N > 3. We remark that the result of Carleson and Chang was extended to arbitrary
domains in R? by M. Flucher [20].

Carleson and Chang prove their result by the following steps: Let {u,} be a maximizing
sequence:

— by radial symmetrization, one sees that {u,,} may be assumed radial, and thus charac-

terized by an ODE (the radial equation);

— if the supremum is not attained, then the maximizing sequence is a “normalized con-

centrating sequence,”, i.e. it tends weakly to 0 and concentrates in the origin;

— determine an explicit upper bound for any such normalized concentrating sequence

(un) € H} (B1), namely

/ 64”5 <(1+e)m;
B1(0)
— provide an explicit normalized function w € Hol(Bl) with
/ At o A+e)m.
By

Clearly, (1 + e)x takes the role of the (highest) noncompactness level, analogous to the
situation in R > 3 described above, and since the supremum lies above this noncompact-
ness level, it is attained.

In a recent paper by de Figueiredo, do O and the author [15] the following explicit
normalized concentrating and maximizing sequence for (1 + e)zr was constructed:

Forn e Nset 8, = 2"29” and A, = en% + O(n%); then define
(E2)1/20g 1., /n<|xI<1,
yn(IXI) = " 1 a (3.7

i 100 Ak + (11— §)Y2, 0< |x| <1/n.
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The constants A, are chosen such that fBl |Vu,|?dx = 1. This sequence allows to give a

new proof of the last step in the argument of Carleson—Chang (and also a generalization of
their result): one shows that this sequence approaches the value (1 + e¢)z from above, i.e.

/ AT dx > (1+e)m, forn large.
B1

This is in complete analogy to the case of Brezis—Nirenberg, whereby the sequence (3.7)
takes the rdle of the sequence i;,, see (2.7).

ProOBLEM. In view of this and the above remarks, it is of interest to consider

2
sup /h(u)e“’”‘ =S
ueH§($2), |u| =17

and give optimal (= sharp) conditions on the subcritical function A (¢) such that the supre-
mum S is attained, respectively not attained.
3.3. Critical growth: existence

For the corresponding equation

—Au=h) ¢ in g,
u=>0 onas2,

(3.8)

some progress has been made recently concerning the determination of an optimal subcrit-
ical function A (¢). We remark that concerning nonexistence results, a fundamental differ-
ence to the case N > 3 is that (up to now) no suitable identity of Pohozaev type is known
for the case N =2.

In [14] the following theorem was proved by de Figueiredo, Miyagaki and the author
(see also Adimurthi [2]):

THEOREM 3.2. Assume that 2 € C(R) and let f(s) = h(s)e“”sz. Assume that
(H1) £(@0)=0.
(H2) There exist constants so > 0 and M > 0 such that

0<F(s)= f FOYdr <M|f)]. Vsl > s.
0

(H3) 0< F(s) < %f(s)s, Vs e R\ {0}.

Furthermore, let d denote the inner radius of £2, i.e.

d :=radius of the largest ball C £2.
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Then equation (3.8) has a nontrivial solution provided that

(H4) ‘=im h(s)s =8>

2w d?

The proof of this theorem follows closely the scheme by Brezis—Nirenberg mentioned
above, that is

— determine (explicitly) the level of noncompactness;

— use an explicit concentrating sequence and the hypothesis on i(¢) to show that the

min—-max level is below this noncompactness level,

— thus, compactness is recovered and the existence of a solution follows.
The concentrating sequence used in the proof of this theorem is the so-called Moser se-
quence given by

1 11
1 {WIOQTI’ < x| <Y,

V27 | (logn)V/2, <Ixl <

o
S

We remark that this sequence is not an optimal concentrating sequence; in fact, one easily
calculates that

lim / ATV — o < 1+ e)m.
B1

n—oo

We remark that the condition (H4) in Theorem 3.2 may be slightly improved to

1
emd?

B>

by using the optimal maximizing sequence (3.7) mentioned above instead of the Moser
sequence.

3.4. Critical growth: nonexistence

Concerning nonexistence, only a partial result is known; in the following theorem, the
nonexistence of a positive radial solution on £2 = B1(0) is proved under conditions com-
parable to those of Theorem 3.2.

THEOREM 3.3. (See de Figueiredo and Ruf [18].) Let £ = B1(0). Suppose that
h € C2(R), and that there exist constants r; > 0 and o > 0 such that for some constants
K>0c¢>0:

1) hry=%X, forr>rg;

r

(2)  0<h()<cKri*?, for0<r<ry.
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Then there exists a constant Ko > 0 such that for K < Kg the equation

—Au = h(u)e‘“”‘2 in B1(0) C R?,

(3.9)
u=0 on dB1(0)

has no nontrivial radial solution.

We remark that by Gidas, Ni and Nirenberg [21] any positive solution of equation (3.9)
is radial, and hence Theorem 3.3 says that equation (3.9) has no positive solution.

Comparing Theorems 3.2 and 3.3 one notes that Theorem 3.3 assures (under some “tech-
nical” conditions) the existence of a positive solution for £2 = B1(0) provided that asymp-
totically

. 1
h(s) ~ E with 8 > —,
s 2
while Theorem 3.3 gives nonexistence for

h(s) = b for s large, and 8 > 0 sufficiently small.
S
The proof of Theorem 3.3 uses techniques of the theory of ordinary differential equa-
tions, in particular the shooting method. More precisely, considering only the radial solu-
tions on £2 = B1(0), one can reduce equation (3.9) to the radial equation

Upr + %Mr + h(u)e4nu2 =0 in (0’ 1)’ (3 10)
Using the transformation t = —2log 5 and setting y(¢) = u(r) we obtain

—y" = h(y)e*™ 1 fort > 2log2, (3.11)

y(2log2) =0,  y'(+00)=0.

That is, we have transformed equation (3.10), which has a singularity in 0, to equa-
tion (3.11) on (2log 2, +00), thus transporting the singularity in 0 to +occ. The shooting
method consists now in considering solutions y(z) of (3.11) with y’(+00) = y, i.e. one
shoots horizontally from infinity and tries to land at the point 2log2. The estimates to
achieve this are delicate and lengthy, and are a refinement of the work of Atkinson and
Peletier [5].

We summarize: if we assume that the asymptotic condition in the existence Theorem 3.2
is optimal (at least on the unit ball B;), then the major open problem may be stated as
follows:

Find a good model equation (i.e. properties of 2(u)) under which one may
prove: existence of a nontrivial solution for lim;_, o, A (¢)t > % and nonexis-

tence of a solution for lim;_, oo A (1)t < %
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As already mentioned, what seems to be missing is a kind of Pohozaev identity to obtain
a sharp nonexistence result.

4. Elliptic systems, N >3
4.1. Strongly indefinite functionals

In this section we begin the discussion of elliptic systems of the following simple form

—Au=g(v),
—Av=f@u) INRCRV, N3 (4.1)
u=v=0 on 39,

where f, g:R — R are continuous and superlinear functions, i.e.

+00, — —> 400, as |s|]— oo.
S

f) g(s)
>
S

These systems are of so-called Hamiltonian form; indeed, we can define the Hamiltonian
H(u,v) = F(u) 4+ G(v), where F and G are the primitives of f and g, respectively. Then
we get the system: —Au = H,(u, v) and —Av = H, (u, v).

As in the scalar case, our first interest is to find the maximal or “critical” growth for the
nonlinearities f and g.

We can employ the same procedure as for the scalar equation: Write down a functional
for the system (such that critical points yield weak solutions), and then find the appropriate
function space on which the functional is well defined. The functional we choose is the
following:

I(u,v):/ Vqudx—[ F(u)dx—/ G)dx. (4.2)
2 2 2
As a first attempt, we may define the functional on the space

E = H§(2) x Hy ()

by estimating

‘ / VuVuvdx
Q

In order to have the functional well defined and continuous, we then obtain as in the scalar
case the following growth conditions for the primitives F(s) = fOS g(t)dt and G(s) =

Jo g dt:

< IVl 21V ollz = llull g 0] -

F(s)<ci+dils?,  G(s)<co+dals?.
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Suppose now that (iz, v) € E is a critical point of I (u, v); then we have

/v¢v5+/ vavwzf f(ﬁ)<p+/ gy, Vg, ¥)€E.
2 2 2 2

Choosing in particular the directions (¢, 0) and (0, ¥), we obtain that (i, v) is a weak
solution of system (4.1).

Note that the functional I (u, v) has a more complicated structure than the functionals
considered up to now: the quadratic term [, VuVu dx is strongly indefinite near the origin;
indeed, it is positive respectively negative definite on infinite-dimensional subspaces of E.
In recent years much research has been devoted to the study of such situations, we refer to
[30], [28] and [7]. We will describe below, in a more general situation, a detailed approach
for such problems.

4.2. The critical hyperbola

We have seen above that the “natural choice” of space E = Hol(Q) X Hol(.Q) leads to the
known Sobolev growth restriction for both nonlinearities F (s) and G(s).

However, by a different choice of the space E, this result can be considerably gener-
alized. In independent works by Hulshof and van der Vorst [23] and de Figueiredo and
Felmer [13] it was shown that one may have different maximal growths for F and G; more
precisely, the condition for the two nonlinearities is given by

F(s)<ci4dils|P*t,  G(s) <cp+dals|TH?
with p + 1 and g + 1 satisfying the condition

1+1 2
p+1

g+1 = N’
This is the so-called critical hyperbola. We will show in the next sections in some detail
how the critical hyperbola arises. Indeed, we will see that it can be obtained in two quite
different ways, first in a Hilbert space setting, working with fractional Sobolev spaces H*,
and then in a Banach space setting, working with W1--spaces.

It is interesting that this critical hyperbola has many of the features of the critical expo-
nents, namely there is

e compactness below the critical hyperbola, i.e. for nonlinearities with exponential

growths p and g with

1 1 2

—t—>1-—,
p+1 g+1 N
and in consequence, existence of solutions for such equations; see Section 5.4 below;
e loss of compactness and concentration phenomena for systems with critical growth,
i.e. when the exponents lie on the critical hyperbola, see Section 8.2;



230 B. Ruf

e nonexistence of solutions for the pure power case and on starshaped domains, due to
a Pohozaev (or Rellich) type inequality; see Section 8.1;

e existence of instantons; however, in contrast to the scalar equation, these are not ex-
plicitly known, but it is possible to derive their asymptotic behavior, see Section 8.3;

e group invariance.

4.3. The H*-approach

In this section we will use fractional Sobolev spaces H*® on which the functional 7 (u, v)
will be defined.

4.3.1. Fractional Sobolev spaces and the functional setting. To describe the idea of de
Figueiredo and Felmer [13] and Hulshof and van der Vorst [23], we begin by defining
fractional Sobolev spaces.

Consider the Laplacian as the operator

—AH?(2)NHF(2) C L3(2) —» L*(2),

and {e;}7°, a corresponding system of orthogonal and L?-normalized eigenfunctions, with
eigenvalues {);}. Then, writing

o
u:Zanen, with an:/ ue, dx,
Q

n=1

we set

oo
ES = {u e L%(2): > Mylanl* < OO}

n=1

and

o0
ASu = fo/zanen, Vu € D(A%) := E°.
n=1

The spaces E* are fractional Sobolev spaces with the inner product
(u,v)y = / A*uAvdx,
2

see Lions and Magenes [32].
In the next lemma we collect a few properties of the operators A* and the spaces E*.

LEMMA 4.1. Lets >0andr > 0.
(1) ze ESiff Az e L?,and ||z]gs = | A®z] ;2.
(2) Letz e ES*' = E?2 = H?; then ASt'z = ASA'z = A’ A%z,
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ProoOF. (1) follows immediately from the definitions.
(2) We have

Az =30l e =Y widl A e = A winlPe = ASA'Z.
ieN ieN ieN O

With these definitions, we now define the functional
I E*xE'"> R,

I(u,v):/ AsuAlv—/ (F(u)+G(v))dx
7] 2

with s and ¢ such that s 4+ 7 = 2; loosely speaking, this means that we distribute the two
derivatives given in the first term of the functional I differently on the variables u and v.
The first term of 7 (u, v) is well defined on the space E* x E' by the estimate

/ ASuAlvdx
Q

By the Sobolev embedding theorem we have continuous embeddings

(4.3)

<A ull 2| A"v ] 2 = llulles vl g

11
E' C LPYY (@), if >-_ 2
P+1°2 N

and these embeddings are compact if —37 > 5 — &, and similarly for the embedding

11
E'c L1TY(), if >- -2
q+1 2 N

Summing the two conditions above we now obtain the growth restrictions

1 1 S _s+t=1_3’

+ >
p+1 g+1 N N

i.e. we have found the critical hyperbola.
Of course, it is crucial to recuperate from critical points (u, v) of this functional (weak)

solutions of system (4.1). We state this in the following

PROPOSITION 4.2. Suppose that («, v) € E* x E' is a critical point of the functional 1,
i.e. u and v are weak solutions of the system

{IQASMA%:ng(vw, Vo € E¥, "
Jo Ay Av= [, fwy, V¢ €E". :
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+1 1 p+l

Then v e W? K £2)n WO’ P (£2) and u € W29(2) N Wol’q(s?),‘v’q > 1, and hence u
and v are “strong” solutions of (4.4), i.e.

{fg(_Au)¢:fg g, Ve (Cge(R2), 45)

Jo(=D0)Y = [ fa)y. VY € C5().

From this proposition follows by standard bootstrap arguments that  and v are classical
solutions of (4.1) if f, g and £2 are smooth.
For the proof of the proposition, see de Figueiredo and Felmer [13].

4.3.2. Compactness and existence of solutions for systems with subcritical growth.  Sub-
critical growth is given for nonlinearities whose growth restrictions satisfy

i%—i>l—i. (4.6)
p+1 gqg+1 N

REMARK 4.3. To simplify the exposition, we state the theorems and give the proof for
the so-called “model problem”, i.e. system (4.1) with polynomial-type nonlinearities, i.e.
f) =u? and g(v) = v4. For the more general versions, the reader is referred to the
literature.

Thus, we consider the system

—Au =19,
—Av=u? InQ2cRN, N>3, (4.7)
u=v=0 onas2.

We then have

THEOREM 4.4. For subcritical growth, i.e. if p +1 and ¢ + 1 satisfy (4.6), system (4.7)
has a nontrivial solution.

ProoF. We have defined the functional

I:E*(2) x E'(2) —» R,

, 1 1
I(MsU)Z/ A'SMAtvdx——/ |u|p+ldx__ / |U|(I+ldx.
Q p+lJe g+1Jo

An inherent difficulty to systems of type (4.1) is that the associated functional is strongly
indefinite, in the sense that near the origin it is positive respectively negative definite on
infinite-dimensional subspaces. This precludes a direct application of the (by now classical)
“linking theorems” of Critical Point Theory. In recent years, several approaches have been
devised to overcome this problem:
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— approximation by finite-dimensional problems;
— introduction of a new (weak-strong) topology: W. Kryszewski and A. Szulkin [28],
Th. Bartsch and Y. Ding [7];
— infinite linking with compactness: S. Li and M. Willem [30].
We will use the last method to prove the above theorem. In later chapters, we will also
show an application of the first method.
In [30], S. Li and M. Willem prove the following theorem:

THEOREM 4.5. Let @ : E — R be a strongly indefinite C*-functional satisfying
(Al) @ has alocal linking at the origin, i.e. for some r > 0:

®(z) >0 forzeEY, |zllg <, ®(2) <0, forzeE™, ||zl <r

(A2) @ maps bounded sets into bounded sets.

(A3) Let E;" be any n-dimensional subspace of ET; then ¢(z) — —o0 as ||z|]| — oo,
Z€EFDE™.

(A4) o satisfies the Palais—Smale condition (PS) (Li and Willem [30] require a weaker
“(PS*)-condition”, however, in our case the classical (PS) condition will be satis-
fied).

Then @ has a nontrivial critical point.

We now verify that our functional I (u, v) satisfies the assumptions of this theorem. We
assume, without restricting generality, that

l<g<p, andhence s>1.

Also, we may assume that, e.g., the embedding E* ¢ L4t is compact.

First, it is clear, with the choices of s and + made above, that I (x, v) is a C*-functional
on E’ x E'.

(A1) Following de Figueiredo and Felmer [13] we can define the spaces

Et={(y.A*"y) | ye E°} CE* x E',

E-={(y.—A""y)|yeE'}CE' xE',
which give a natural splitting E™ @ E~ = E. Itis easy to see that 7 (u, v) has a local linking
with respect to ET and E~ at the origin.

(A2) Let B C E* x E! be a bounded set, i.e. |lullgs <c, ||[v]|g <c, forall (u,v) € B.
Then, by the embeddings E* ¢ LP*! and Ef ¢ L9+!

. 1 1
Tl < el sl avl g [t = [

p+1 q+1
< lullesllvllgr + cllullgs ™ +cllvllg ™ < C.
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(A3) Let zx =z +z; € E=E;} @ E~ denote a sequence with ||zx|| — oo. By the
above, z; may be written as

k= (uk, As_tuk) + (Uk, —As_tvk), with uy € EZ, v € ES,

where E; denotes an n-dimensional subspace of E*. Thus, the functional 7 (z;) takes the
form

I(Zk)Zf AsukA[AS_tuk—/ ASvr AT ATy
2

p+1f | + v | P — +1/ | A (g — o) |71
=/ |As’4k|2_/ |ASvk|2——1/ | + ve P
2

q~|—1/ | A~ t(”k_Uk)r]

Note that ||z || — 00 & [ |ASuk|? + [ 1A v|? = lugllZs + vell2s — oo.
Now, if
(1) lluklles <c, then |Jug|l gs — oo, and then J (z;) — —oo;
(2) llullgs — oo, then we estimate (c, c1, c2 and d are positive constants)

p+1

2
f|uk+vk|p+l>c(/ Iuk+vk|2> —c
2 Q

+1 +1
> crllug +well)z - — e = callug + w47 = ¢,
and, by Poincaré’s inequality, since s > ¢

- +1 - +1
/ |A (g —v) "7 = 1| A t(”k_Uk)”[zZ C>CZ||uk_Uk||q —c
2
and hence we obtain the estimate
2 +1 +1
Iz < s = c(llux +oll 5™ + e —wil§57) + 4.

Since ¢ (1) = 191 is convex, we have (¢ (1) + ¢ (s)) > ¢(5(s +1)), and hence

[EY

1 1
C—(Iluk — Ukllp2 + llug + Uk||L2)q+ +d

1(z) < = lugll3s — 2

= N

|q+1

_||“k||Es_ IIMkI +d.

Since on E; the norms |lux || gs and |luk|l; 2 are equivalent, we conclude that also in this
case J(zx) = —oo.
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(A4) Let {z,} C E denote a (PS)-sequence, i.e. such that
[1z)| = ¢, and [(I'(za),n)| <enllnlle, ¥neE, ande, —0.  (4.8)
We first show:
LEMMA 4.6. The (PS)-sequence {z,} is bounded in E.

PROOF. By (4.8) we have for z,, = (u,, v,) € E

1 1
L, ve) = | ASu,A’ ——/ P”——/ e, (49
(tn, vp) /_Q UnA vy 1 Q|”n| g+1 Q|Un| c, (4.9)

1’(un,vn>(¢,1/f)=/ AsunA’w/ A’vnA%ﬁ—f uly
2 2 2

- /Q o=@ 9] - (4.10)
Choosing (¢, ¥) = (u,, v,) € E* x E' we get by (4.10)

2 f Aty Aoy — / PR / a9 = e (lunllgr + loaller) (411
2 2

and subtracting this from 27 (u,,, v,) we obtain

2 2
l—— ,D+1 1_— / q+1<C ;
(1 5og) [ (1= og) [ < Cotanlhunter + )

(4.12)

and thus
/Q|un|f’+1<c+en(||unnp+||vn||Ex), (4.13)
f9|vn|q+1<c+en(||un||p + ol ). (4.14)

Next, note that AS~'u, € E'; indeed, u, € E® implies that A’ (A*"u,) = A%u, € L? &
AS~'y, € E.
Thus, choosing (¢, ¥) = (0, A*'u,) € E* x E" in (4.10) we get

f A g2 = f VLA + 60| A |,
2 2
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and hence by Holder

q 1

q+1 L
||un||%x=||A’un||iz<( /Q mw“)“ ( /ﬂ }A~‘—fun|”“> "t enllunlles.

Noting that

T N

” o =l AUl 2 = cllun =

we obtain, using (4.14)
linll2e < [C + €n(ltnllzs + Noall )] - clunllzs + €nllunllzs
and thus
litnll s < C + €n(llunll e + llvall ). (4.15)

Similarly as above we note that A’*v,, € E¥, and thus, choosing (¢, ) = (A" 5v,,0) €
E* x E" in (4.10) we obtain as above

lvnller < C + €n(llvaller + llunll£s). (4.16)
Joining (4.15) and (4.16) we finally get

lunlles + llvnllgr < C + 260 (lunll£s + lvallgr).
Thus, |lu,|lgs + |lvall g is bounded. O

With this it is now possible to complete the proof of the (PS)-condition:

Since |lu, | gs is bounded, we find a weakly convergent subsequence u, — u in E.
Since the mappings A*: E* — L2 and A~": L2 — E' are continuous isomorphisms, we
get AS(u, —u) — 0in L2 and A*~(u, — u) — 0 in E’. Furthermore, since E' ¢ LIt1
compactly, we conclude that A~ (u,, — u) — 0 strongly in L4+1,

Similarly, we find a subsequence of {v, } which is weakly convergent in E and such that
g+l
vl is strongly convergentin L« .

Choosing (¢, ¥) = (0, A5~ (u, — u) € E® x E" in (4.10) we thus conclude
/ ASup A* (uy — u) =/ v A (= u) + € || AT (i — w) ). (4.17)
2 2

By the above considerations, the right-hand side converges to 0, and thus

/|A5un|2—>/ |ASul?.
2 2



Superlinear elliptic equations and systems 237

Thus, u,, — u strongly in E*.

To obtain the strong convergence of {v,} in E?, one proceeds similarly: as above, one
finds a subsequence {v,} converging weakly in E to v, and then A’"*v,, —~ A"~%v weakly
in E5 and hence also in L?*1, while by the above u,, — u strongly in E and hence

p+1
in LP*1 and then u? — u? in L Choosing in (4.8) (¢, ¥) = (A"~ (v, — v), 0), we
get

/ A (vp — ) Aoy = f 1710 AT (v — 0) + €0 (| A (n — 0)])
22 2

(4.18)
and thus one concludes again that

/\Atv,,\%/ ek
2 2

and hence also v, — v strongly in E”.
Thus, the conditions of Theorem 4.5 are satisfied; hence, we find a (positive) critical
point (u, v) for the functional I, which yields a weak solution to system (4.7). d

4.4. The wh2-approach

In this section we use that, alternatively, the functional I (u, v) can be defined on a product
of W1 spaces.

4.4.1. The functional framework. We define the functional I (i, v) on a product space of
Sobolev spaces. The term [, VuVvdx can be defined on the product space

1

11
Wi (2) x Wyl (2), with = + 2 =1,
a B

by using the Hélder inequality

/ VuVuvdx
2

Thus, to have the terms F(s) = ﬁmﬁ“ and G(s) = q—11|s|q+l in I (u, v) well defined,
we need to impose, using the Sobolev embedding theorem:

S IVulllVollps = llullyiallvlys.

aN BN
1<a™———, 1<pr=—-—.
prise ST N ITISPENT.y
From this we obtain the condition
1 N 1 2N—a N-B_, 2
p+1 g+1~ aN BN N

Thus, we have found again the critical hyperbola.
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5. Generalization to Orlicz spaces

The Wl-*-approach has the advantage that it can be generalized to more general settings by
using Orlicz spaces. These spaces were already mentioned in Section 4 when we discussed
the Trudinger inequality. We discuss now some details about Orlicz spaces.

5.1. Orlicz spaces

We recall here some basic facts about Orlicz spaces, for more details see for instance
[1,27,39,22].

DEFINITION 5.1. A continuous function M :R — [0, +00) is called an N-function, if it
is convex, even, M(¢) =0 ifand only if =0, and

M@)/t -0 ast—0 and M()/t —> +oo ast— +oo.

DEFINITION 5.2. Let A and B be N-functions. We say that
(1) A dominates B (near infinity) if, for some positive constant k,

B(x) < A(kx) forx >xg, andwrite B < A.

(2) A and B are equivalent if A dominates B and B dominates A; then we write A ~ B.
(3) B increases essentially more slowly than A if

lim B&0 _
t—o00 A(t)

0, forallk>0;

in this case we write B << A.
Associated to the N-function M we introduce the following class of functions.

DEFINITION 5.3 (Orlicz class). The Orlicz class is the set of functions defined by
Ky (2) = {u:sz — R: u measurable and / M (u(x))dx < oo}.
2

Orlicz classes are convex sets, but in general not linear spaces. One then defines

DEFINITION 5.4 (Orlicz space). The vector space L, (§2) generated by K (£2) is called
Orlicz space.

PrRoPOSITION 5.1. The Orlicz class Ky ($2) is a vector space, and hence equal to L, (£2)
if and only if M satisfies the following A»-condition:
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DEFINITION 5.5 (Az-condition). There exist numbers k > 1 and #9 > 0 such that
M@Q2t) <kM(), forr>rg.
Furthermore, we define

DEFINITION 5.6 (V2-condition). There exist numbers # > 1 and #; > 0 such that
1
M(t) < ﬂM(ht)’ fort>n.

We call a function satisfying the A,- and the V,-condition A-regular.

We remark that the Orlicz class depends only on the asymptotic growth of the func-
tion M; therefore, also the A»-condition and the V,-condition need to be satisfied only
near infinity.

We define the following norm on L, (£2):

DEFINITION 5.7 (Luxemburg norm).

llell (ary =inf{/\ > 0: / M(M) < 1}.
Q A

PROPOSITION 5.2. (L, || - ll(ar)) is @ Banach space.

DEFINITION 5.8 (Conjugate function). Let

]VI(x) = Su%{xy — M(y)}.
y>

M is called the conjugate function of M.
Itis clear that A — M, and M and M satisfy the Young inequality:
st<M@t)+M(s), Vs,teR,
with equality when s = M/ () or t = M'(s).

PROPOSITION 5.3. In the spaces Ly, and L j; the Holder inequality holds:

‘/ﬂu(x)v(x)dx < 2lullon vl i




240 B. Ruf

Hence, for every i € L j; we can define a continuous linear functional /; v := [, ivdx
and I; € (Ly)*. Then we can define

Nl 37 := Izl = sup u(x)v(x)dx.
Il <182

DEFINITION 5.9. |i| j; is called the Orlicz norm on the space L j;, and analogously one
defines the Orlicz norm |ju||3s On Ly,

Thus, we have two different norms on L 4, the Luxemburg (or gauge) norm || - ||y and
the Orlicz norm || - ||s; they are equivalent, and satisfy

Nullmy < llullm < 2lullm)- (5.1)

In order to be precise about which norm is considered in the spaces, we are going to use
from now on the following notations:

(Lag, - lme) ==Ly and (L, |- lany) := Lay,

and similarly for M.
It follows from the definition of Orlicz norm that

PROPOSITION 5.4. If u € Ly and w € L j;, then one has the following Holder inequality

‘/ uwdx
Q

PROPOSITION 5.5. (See J.P. Gossez [22], Rao and Ren [39, p. 111].) Ly is reflexive if
and only if M and M satisfy the A,-condition, and then

< Naellaa 101l . (5.2)

(L(M))*ZLM and (L(M))*ZLM.

PROPOSITION 5.6. (See Rao and Ren [39, Theorem 2, p. 297].) If @ is A-regular, then
there exists a @1 ~ @ such that Ly = Lg, as sets, and their Luxemburg norms (respec-
tively Orlicz norms) are equivalent, with the following additional structure:

(a) Lo and Ly, are isomorphic, and both are reflexive spaces,

(b) L, is uniformly convex and uniformly smooth.

Next, we define the Orlicz-Sobolev spaces: Let A be a N-function. Then set

DEFINITION.

WlLAz{u:.Q—>R; max /A(|D“u|)<+oo}
lwle0.1) /o
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with Luxemburg norm
lullway,, == max{l|D%ull(a): || € {0, 1}}.

On the space W(}L(A), i.e. the space of functions in WL 4 which vanish on the bound-
ary, an equivalent Luxemburg norm is given by

. |Vu|
||u||1’(A)=||Vu||(A):|nf{A>O: / A(T Sl .
ko)

The equivalence of these two norms is a consequence of the Poincaré inequality,
n
lullary < C Y 1Djullary.  VYu € WLy ($2)
i=1
(see [22]). In analogy with the above definition of the Orlicz norm in L, we can define an
Orlicz norm in WL 4) by

llullz 4 :=sup{/QVuV1Ddx: b € WaL i), ||ﬁ)||1,(g)§l}.

The space W3 L, endowed with this new norm is denoted by WL 4.

DEFINITION 5.10 (Sobolev conjugate). (See Adams [1, p. 248].) Suppose that

oo Ail(l)

Then the Sobolev conjugate function @ (¢) is given by

t A*l(r)
-1 _
D (1) = /0 T dr, t>0. (5.3)
PROPOSITION 5.7. Let £2 be bounded, and satisfying the cone property. Then the embed-
ding

WILA(2) = Lo(R2)

is continuous, and compact into L (£2) where G is any N-function increasing essentially
more slowly than @, i.e. lim,_, o % =0, forall £ > 0.

EXAMPLE 5.1. One easily checks that for @ (s) = s?*1 the above formula (5.3) yields
A(s) = s, with « satisfying L = ﬁ + 4 indeed, ®~1(1) = 1¥*D, and hence

A7) d 1 1
(1) = o lt)= ——
v dt p+1
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Al =
p+1

It follows that p+1 = 1\‘}‘1\'& , and thus we recover the classical Sobolev embedding theorem

wle (@) LPt(Q).

Next, we make the following

DEFINITION 5.11. Let g € C(R) be a N-function, and G its primitive. Then we say that
G is 6-regular, if there exists a constant 6 > 1 such that

im S8 _
s—>o00 G(s)

6. (5.4)

Let F(r) = G~1(r), and f(r) = F'(¢). Then the above condition is equivalent to

im 1) = i (5.5)
t—o00 F(t) O

Indeed, we have G(s) =t < F(t) =s,and f(t) = %[G*l(t)] =
We have

1
g(s)”

PROPOSITION 5.8. (See Rao and Ren [39, p. 26].) If G is 8-regular, then G is A-regular,
i.e.GeArN Vo

5.2. Orlicz space criticality

In the last section we have seen that Orlicz spaces are a generalization of L?-spaces (which
correspond to the N-functions |s|?) to more general N-functions. It is natural to look for
an analogue of the critical hyperbola for N-functions.

DEFINITION (Critical Orlicz pair). Let @ and ¥ be A-regular N-functions. Then (&, ¥)
are a critical Orlicz pair if there exist A-regular and conjugate N-functions A and A such
that Ly and Ly are the smallest Orlicz spaces with

WLy Le, Wi Ly.
We have the following:

THEOREM 5.9. Let £2 ¢ RV be a bounded, smooth domain. Let & € C! be a given N-
function, and set ¢ () = @’ (). Assume that

. p(s)s _ N
AILrgo o) =0p > N_3 (5.6)
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Then there exists an associated N-function ¥ such that (@, ¥) form a critical Orlicz pair.
Furthermore, the limit

"4
lim 22 _g,
s—o00 Y (s)
exists, and
1 1 2
—t—=1-—. 5.7
Op + % N .7)

Consider the following

EXAMPLE 5.2. In Example 5.1 we saw that to @(s) = s?*1 corresponds the inverse
Sobolev conjugate A(s) = c¢s?, with

1 1 1

PSR
The conjugate function A to A is given by A(s) = es?, with 1 + % =1, which in turn has
as Sobolev conjugate ¥ (s) = s911, with

1 n 1 _ 1
g+1 N B’
Adding the two equations yields

1 1 2
—t—=1——. 5.8
p+1+q+1 N (8)

This is the critical hyperbola, see de Figueiredo and Felmer [13] and Hulshof and van
der Vorst [23]. Thus, (|s|?*1, |s|9*1) are a critical Orlicz pair, and so the above theorem
contains the critical hyperbola as a special case. We remark that the proof given here is

also new in the polynomial case; in [13] and [23] fractional Sobolev spaces H* were used
in order to conserve the Hilbert space structure.

We now give some examples of critical Orlicz pairs:

EXAMPLE 5.3. Let

g+l

@ (s) ~Is|" T (loglsl)* and W (s)~ Is|***(logs]) 7T,

with @ > 0 and p, ¢ € (1, +o0) satisfying (5.8). Then @ and ¥ satisfy (5.6), with 6 =
p+1and 6y =q + 1, respectively, and (&, &) form a critical Orlicz-pair; for the proof,
see [17].
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REMARK 5.12. The restriction 64 > N /(N — 2) in Theorem 5.9 is necessary in order to
obtain a & which is 6-regular, in the sense of Definition 5.11. Also in the polynomial case
such a restriction, which here is p +1 > N/(N — 2), is necessary in order to obtain ¢ > 1.

5.3. Critical Orlicz-pairs: proof of Theorem 5.9

(1) Hypothesis (5.6) expresses the fact that the function @ is 6-regular with 6 >
N/(N — 2). Let A be the inverse Sobolev conjugate of @, see Definition 5.10. Note that
WL, isthe largest Orlicz—Sobolev space that embeds into L.

Nbp
N+0gp

CLAIM 1. A'is 8-regular, with 64 = > 1.

Indeed, let F(s) = ®~%(s) and B(t) = A~1(¢). Then F(s) = [, tlﬁ%dr, and hence

B(s)
fls)= m

Then we have by (5.5)

~1/N
L im L9 gy BT
Op s—oo F(s) §—>00 F(s)

Then, by I’Hopital’s rule

1

lim B(s)s YN — lim b(s)s_l/N—%s_W_lB(s) — lim b(s)s 1
y—> T s B(s T s ’
§—>00 F(s) §—>00 sl+(lA/)N s—>o0 B(s) N

We conclude that

1 . bs)s 1
— = lim
Op s—oo B(s) N

and thus

b(s)s 1 1
im =—+ —<1.
s—»oo B(s) 6p N

This implies that A is 0-regular, with 4 = 772~ > 1.

(2) Next, let A be the conjugate function of A, given by Definition 5.8. A is a N-function,
and A-regular, see Rao and Ren [39, Corollary 4, p. 26].

In the following, suppose that s = A’(z) (iff r = A’(s)); note that t — oo iff s — oo.
Then

At At
= lim @) = lim Q: lim
04 t—>o0 tA'(t) t—oo ts )
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1
=1- .
0z

Thus, A is 6-regular, with 67 > 1.

We can now define the corresponding Orlicz—Sobolev space W1L e

(3) Next, use Definition 5.10 again to define the function ¥; by Adams and Fournier
[1, p. 248], ¥ is an N-function.

. ) . _ Nox

CLAIM 2. ¥ is O-regular, with 6y = N=b7-

This follows similarly as in Claim 1, reversing the direction in the arguments.
Finally, Ly is the smallest Orlicz space into which WlL;; embeds continuously.
Thus, we have shown that (@, ¥) is a critical Orlicz pair.

Finally, we have

1 1 N-6, N-6; 1 1 1 1 2

= 4= - - L1 Z

I QU + .
6o Oy  NOs NA 64s N 63 N N

5.4. Orlicz space subcritical: an existence theorem

We have the following existence theorem for nonlinearities which have subcritical growth
with respect to a given critical Orlicz pair (@, ¥).

THEOREM 5.13. Suppose that (&, ¥) is a critical Orlicz-pair. Suppose that f and g are
continuous functions, and let F and G denote their primitives. Assume that
(H1) there exists & > 2 and rg > 0 such that for all > ¢

0<O0F(@)<tf(t) and 0<6G(r) <tg(t).

(H2) F and G are uniformly superquadratic near zero, i.e. there exist numbers o > 2
and ¢ > 1 such that

F(st) <cs F(b), G(st) <cs°G(), Vt>0, Vsel0,1].
(H3) F and G have an essentially lower growth than & and ¥, respectively (see Defi-

nition 5.2).
(H4) F and G satisfy

Iimm:CF<oo and Iim@=CG<oo.
t—0 D (1) t—0 W (t)

Then system (4.1) has a nontrivial solution.
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EXAMPLE 5.4. Let (@, ¥) denote the critical Orlicz pair given in Example 5.3. Suppose

that F(s) ~ sPT1(logs)? and G(s) ~ s?t1(logs)~7, for s positive and large with 8 < «

and y > af’—ﬂ. Then F and G have essentially slower growth than & and ¥, respectively.

PrROOF. (Outline; for more details, see [17].)
We now define the functional

I(u, ) =/ YuVodx —/ Fu)dx —/ G(v)dx
2 2 Q

on the space

1:WgLa(82) x WL 3,(2) > R. (5.9)
Here v € W(}L(g)(fz) is an independent variable; we write v to emphasize that v belongs
to the space W&L(Z)(Q).

We recall that the functional (5.9) is strongly indefinite, being positive definite, respec-

tively negative definite (near the origin) on an infinite-dimensional subspace. \We now make
this more precise, by showing that there is the geometry of (local) infinite-dimensional

linking. For this, we introduce the

TILDE MAP. Foru € WolLA(.Q) consider

S :=sup{/ Vu(x) Vi (x)dx: % € WLz, ||ﬁ)||1’(g)=||u||1,A}. (5.10)
2
Then we have

LEMMA 5.14. There exists a unique i € WolL(;) such that

lilly, 3 = lullza  and Su=/Vu(x>w(x>dx=||u||1,A||ﬂ||1,(;).
2

Furthermore, & depends continuously (but nonlinearly) on u.
We now define two submanifolds of £ := W} L4 (2) x WL z:
ET={(u. i) ueWgLa} and E~={(u,—i)): u€ WiLa}.
We note that £+ and E~ are nonlinear submanifolds of E when regarded with respect to
the standard vector space structure of E, but they are linear with respect to the following
notion of

TILDE sum. Given (u, 1), (y,7) € E, set

w,NF .2 =wu+y,v+2).
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One proves easily that with this notion one has
E=E'®E".
One then proves the following local linking structure:

LEMMA 5.15.
(1) There exist po, oo > 0 such that (z) > oo, forall z € dB,, NE™.
(2) There exist positive constants Rp, R1 such that 7(z) <0 for all z € Q, where
Q= {r(er,é1) Fw: we E~, |w| <Ry and 0 <r < Ry} (e1 denotes the first
eigenfunction of the Laplacian, with ||(e1, e1)| = 1).

We emphasize that this linking is only formal, since it involves two infinite-dimensional
manifolds. We now proceed by a finite-dimensional approximation; this will lead to an
actual linking structure. The proof is then completed by a limiting argument.

Define

Ef:={(z,2); z€ E,} and E, :={(z.—2); z€ E,},

where E,, is the space spanned by the first n eigenfunctions of the Laplacian.
We now restrict the functional I to E;" & E;” = E, x E,, and consider the set

0, ={wFr(e,é); weEL |w| <R, 0<r<Ri}CEDE,.
Furthermore, we define the family of maps
Hy=1{heC(Qn ESE;): h(z) =z0nd0,}.
One shows, using the topological degree on oriented manifolds, that
LEMMA 5.16. The sets Q,, and 3B, N E;! link, i.e.
H(Qn)N(3Byy NEF)#0, Vhe H,.
Finally, we set

= inf maxI(h .
e heH, zeQy, ((Z))

Using the linking property and Lemma 5.15 one obtains that the values ¢, satisfy ¢, €
[o0, ch], Vn € N. Furthermore, by the “Linking Theorem” of P.H. Rabinowitz [38] one
obtains a PS-sequence (up,, Um) € E; ® E, i.e. satisfying I (u,, Up) — cu, @S m — 00,
and II/(Mm, )€, D]l < €mll(€, D), with €, — 0 as m — oo.

One now shows
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LEMMA 5.17. Let (u,,, vyy) be a PS-sequence. Then the sequence (uy,, v;,;) is bounded
in E, i.e. there exists a constant C such that |ju,,|| < C and ||v,]| < C, forall m e N,

The proof of this lemma uses standard methods, which are however rendered compli-
cated by the fact that L? estimates must be replaced by more delicate estimates in Orlicz
spaces.

With this, one now obtains that ¢, is a critical level of 7|+, foreachn € N, with a
corresponding sequence of critical points z,, € E; & E,, with ||z, ]| < ¢, where ¢ does not
depend on n.

To complete the proof, we take the limit » — oo: by the uniform bounds on ¢,, and on the
finite-dimensional critical points z,,, it is easy to conclude that z,, = (u,, 0,) — z = (u, ¥)
in E = WL x W}Lg, and that z is a weak solution of system (4.1).

It remains to show that z = (u, ©) is nontrivial; assume by contradiction that u = 0, then
by equations (4.1) also o = 0. Note that we can find a suitable A-regular N-function F;
with F; << @ and the properties F(x) < F1(x), f(x) < fi(x), Vx € RT. Thus, by the
compact embedding WL < Lp,, we get

Up

litnllcry = 0. e, inf{)\>0;/F1(_><1}=:)m_>0.
I?) A

Since, for A, < 1 holds % Jo Fi(un) < g Fl(ﬁ—:) < 1, we conclude that

/ F(”n)g/ Fi(u,) <A, — 0.
2 2

Since Fy is A-regular, we have x f1(x) < cFy(x), for some ¢ > 1, and hence
0 </ f(un)un < / fl(”n)”n < C/ Fi1(u,)dx — 0. (511)
2 2 2

It is easily seen that this implies that also fQ Vu, Vi, dx — 0, and thus also I (u,, v,) —
0. But this contradicts that I (u,, v,) > op > 0, forall n e N.
This concludes the proof of Theorem 5.13. |

In Theorem 5.13 we have obtained solutions for system (4.1) in the case of Orlicz-
subcriticality; in particular, for the polynomial “model” system

—Au =111,
—Av=u? InQ2cRN, N>3, (5.12)
u=v=_0 onoas2,
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this means that we have existence of solutions if the pair of nonlinearities (|s|?*1, |s|911)
are Orlicz subcritical which, as we have seen, is in this case equivalent to say that the pair
(p, q) is below the critical hyperbola, i.e.

1+1 2
p+1

—>1 .
qg+1 N
6. A system with no growth restriction in one nonlinearity

We now turn our attention to some other aspects of the critical hyperbola. Note that the
asymptotes of the critical hyperbola are given by

N N .
<m,s>, and (Sﬂ) s eR, seeFigure 1.

We show next that if one of the nonlinearities in system (4.1), say f(s), has a polyno-
mial growth restriction with exponent lying to the left of the asymptote (5%, s) of the
hyperbola, then no growth restriction on the other nonlinearity is needed. More precisely,
restricting attention to the following model situation:

—Au=g(v),
—Av=u? in 2 cRY, (6.1)
u=v=0 on 942,

q+1

Fig. 1. The critical hyperbola, N = 3.
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we have the following theorem, cf. [19]:

THEOREM 6.1. Suppose that

0<p, ifN=2,
{O<p<ﬁ, ifN>3

and assume that g € C(R), with G(s) = fos g(t) dt its primitive. Then the functional

1
1@hv)=1/ Vqudx——————l/|uW+ldx—l/ G(v)dx
2 r+1l/eo Q

is well defined and of class C* on the space

E=E*(2) x EN(2), mmswmme+1=N 5
— LS

PROOF. We proceed as in Section 4.3 and define the equivalent functional (cf. (4.3))

1
I(u,v):/ AsuA’v——/ |u|p+1dx—/ G(v)dx.
2 r+tlje 2

The first term of the functional is naturally defined on the space E, and the second term is
well defined continuous and differentiable, by the continuous embedding E* c LP*1, for
P+ 1= N 2?
Next, note that

N N N N
t=2—s=2——+——>2——+4+N—-2=—,
g 2 tor1 2t 2
where we used the assumption p + 1 < . Thus, we have the continuous embedding,

of. [1]
E'(2)c C%2(82),

and hence we have for v € E' that v is continuous, and hence also G(v), and then
fﬂ G (v) dx is well defined, continuous and differentiable. O

Next, we give an existence theorem for system (6.1). Since in this survey we concentrate
on superlinear problems, i.e. with p > 1, we obtain from 2 < p +1 < = the restriction
N < 3. For corresponding results on “superlinear-sublinear” systems We refer to [19].
Concerning system (6.1), with N = 2, 3, we have the following existence theorem

THEOREM 6.2. Suppose that

0<p, if N =2,
{O<p<ﬁ, ifN >3
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and assume that g € C(R), with G(s) = fo" g(t) dt its primitive, and that there exist con-
stants © > 2 and so > 0 such that

0G(s) < g(s)s, Vls| = so.

Finally, for s near 0 we assume g(s) = o(s).
Then system (6.1) has a nontrivial (strong) solution (u, v).

PROOF. The proof follows closely the proof of Theorem 4.4, and we omit it. For details,
we refer to [19]. O

7. A borderline case

In this section we will consider the borderline case where one of the nonlinearities has a
growth corresponding to the asymptote (%, s) of the critical hyperbola (5.8): we assume
that

N
F(s) ~ [s|V=2,

and consider the system

—Av=u¥? inQCRV, (7.1)

We will see that then the nonlinearity g(s) is governed by a limiting Sobolev space em-
bedding, i.e. we find a maximal growth defined by a Trudinger-type embedding. However,
there is a surprise!

We may again apply the H*-approach or the W1-%-approach; and we will also consider
a “mixed approach”, defining the functional on W*-*-spaces, i.e. the space of functions
whose fractional derivative of order s lies in L*. We have seen that the H*-approach and
the Wl“-approach give the same critical hyperbola, and we will show that this is also
the case for the “mixed approach”. Thus, all these approaches seem equivalent. We will

however show the surprising result that for the borderline case F(s) ~ |s|%, these meth-
ods yield different maximal growth conditions for the nonlinearity G(s). We will then use
Lorentz spaces to obtain a truly maximal growth for G (s).

7.1. The W*“-approach

This is a “mixed” approach between the H* and the W1-®-approach. The space Wy'* con-
sists of the functions whose fractional derivative of order s lie in L%; a precise definition
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may be given by interpolation, see Adams and Fournier [1]. For these spaces, the following
Sobolev embedding theorems hold (see [1])

aN

— S

Wy® c LPT, withp+1= (7.2)
We define the functional I (u, v) on the space

. 1 1
Wy (2) x WP (@), withs +1=2, _+3=l’
o

that is, as in Section 4.3.1 we consider the functional

‘ 1 1
I(u,v):/ ASuA’v——/ |u|P+1——/ Dlkass
Q p+1l/e g+1lJg

The first term of the functional, [, A*uA’vdx, is well defined on W3 x W,* by esti-
mating

Y - 1 1
A'uAvdx| < ullwsellvllwe,g, Withs+t=2and — 4+ —=1.
2 o B

From the embeddings (7.2) we then get the following maximal growth conditions for
Fu) = 557lulP™ and G(v) = Zglvleth:

BN
1= N 1:
P+ N — s«a 7+ N —sB
with the conditions:
1 1 N—se« N—-—tp 1 1 s+t 2
+ = =t - =1
p+1 gqg+1 aN BN a B N N

that is, we have found again the critical hyperbola!

7.1.1. Different results using the H*-method and the W*“-method. We now consider the
border line case mentioned above: we assume that one of the nonlinearities has an exponent
on the asymptote of the critical hyperbola, i.e.

1 N-2
Flu) = ——JulP*t = 2 Zju w2,
p+1 N
We will see that the maximal growth for the other nonlinearity, g(v), is given by a
Trudinger-type inequality, i.e. it is of exponential growth. We will consider both, the H*-

approach and the W*:*-approach, and surprisingly, we will get different maximal growths!
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As seen in Section 4.4, the corresponding functional

N -2 N
I(u,v)zf Vqu——/ |u| -2 —/G(v)
Q N Jo

can be defined on the space
1a 1,8 L1 1
Wy (2) x Wyt (£2), MmE+E=L (7.3)
The requirement
wle(Q) c L¥2(2)

yields the condition

N . Na N
N—2 Y T N_a N—1 ¢

By (7.3) this gives g = N, i.e. we are in the limiting Sobolev case W1-#(2) = WL N (2).
We look now for the largest possible growth function ¢ (s) such that fQ ¢ (u) dx is finite.
Indeed, by Trudinger [44] and Pohozaev [36] we have

WY (2) C Ly(92),
where L is the Orlicz space with the corresponding N-function

NN
PLIE

P(s) =

Thus, with the W1-*-method we obtain as “critical growth” for the primitive G (s):

N
G(s) ~elI™ (7.4)
i.e. we have the maximal growths

N
N N—-1
F(s)=Is|PT = 15|72,  G(s)~elI" .

We now use the fractional Sobolev space approach: we work directly with the mixed
approach, i.e. the W*“-method. Given s € (0, 2), the optimal fractional Sobolev space

Wy for having a continuous embedding Wy* L¥72 is given by the condition:

N aN
N-2 N — s«
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which implies

B N
TN—(2-3)

o

and hence by  + 5 = 1 we get for  the condition:

B= ==

N
The space Wé’ﬁ(Q) = Wé’ " (£2) is again a limiting Sobolev case, and by R.S. Strichartz
[41] we have the optimal embedding

N 53
Wyt (82) = Wy ' (£2) C Ly($£2)
with

N
N—t

pry=e""" 1, 0<r<2.
Thus, the maximal growths by the W*-“-method are

N ne
F(s)=|s|¥2, and G(s)~el!"™" 0<r<2,
i.e. we have found a variable “critical growth” which depends on the choice of the value
of ¢!
We emphasize once more that we have found for system (7.1), by using the same func-
tional I (u, v) in changing function space settings, different maximal growths for the non-
linearity G (s). This is of course somewhat disturbing!

7.2. Lorentz spaces

We now change from Sobolev space settings to Lorentz spaces.
We recall the definition of a Lorentz space: For ¢ :£2 — R a measurable function, we
denote by

ne®)={xeR: ¢p(x)>1t}|, >0,

its distribution function. The decreasing rearrangement ¢*(s) of ¢ is defined by
¢*(s) =sup{r > 0; ug() >s}, 0<s <82
The Lorentz space L(p, q) is defined as follows:

pelp,q), l<p<oo, 1<g<oo,
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00 d 1/q
||¢||,,,q=< | [qﬁ*(t)tl/”]th) < +o0.

Lorentz spaces have the following main properties (see Adams and Fournier [1]):
1) L(p,p)=L"?, L < p <+o0.
(2) The following inclusions hold for 1 < ¢ < p <r < o0:
L" CL(p,})C L(p,q) CL(p,p)=L" CL(p,r) CLI.

(3) Holder inequality:

’/Qfgdx

Furthermore, the following embedding theorems hold:

<USflpgligly g, where p’'= »

THEOREM A. Suppose that 1 < p < N, and that Vu € L(p, q); thenu € L(p*, g), where
p*:NN—fpandléq<oo.

Note that this theorem improves slightly Sobolev’s embedding theorem, which gives
ue Ll = L(p*, p*), which is a larger space than L(p*, p).
For the next theorem, see H. Brezis [8]:

THEOREM B. Suppose that u € W/-?, with p < % then u € L(p*, p) with % = % £
The following theorem deals with the limiting Sobolev case, and is a generalization of
Trudinger’s result (see H. Brezis and S. Wainger [10], H. Brezis [8]). It is of particular

importance for our considerations:

_4q
THEOREM C. Assume Vu € L(N, g) for some 1 < g < co. Then el ¢ L1,

This generalizes the Trudinger embedding, which gives for Vu € L(N, N) that
N

_N_ N
e" ¢ L1 i.e. the maximal growth ¢/“!"~*; we point out that in the Brezis-Wainger

embedding the maximal growth depends only on the second Lorentz exponent ¢, but not
on N.
We make the following

DEFINITION. Let £2 c RY be a bounded domain. Assume that 1 < p < 00, 1 < ¢ < 00,
and set

WoL(p,q)(2) =cl{u € C3°(2): |Vul pq < 0}
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On WolL(p, q) we have the following norm
lull1; p.g == IVuullpq
with which WolL(p, q) becomes a reflexive Banach space.

One now has the following sharpening of Theorem C, in analogy to Moser’s sharpening
of the Trudinger inequality.

THEOREM D. There exists ag = ap(N, p, £2) > 0 such that

q
=1
sup / M < oo, for a < ap.
IVullLv,g=17 £

7.3. Lorentz spaces and the asymptotic borderline case

We consider again the functional
N-2
I(u,v):/ Vqudx—/ G(v)——/ || V2 dx. (7.5)
2 fo) N Jo

We want to consider the term [, VuVv dx on a product of Lorentz spaces, i.e. we want to
estimate

< |IVu ”L(p,q) ”VU“L(p/,q/)’

/ VuVvdx
2

where we determine p, g and p’, ¢’ such that the last term in I (u, v) is well defined, i.e.

ueL%(m:L(L L)(Q)
N—-2"N-=-2 '

Thus, ¢ = 55, and by Theorem A we obtain the following condition for p

N Np

and hence
P=N_1

Thus, we have to impose

Vuel N N
" N1 N=2)
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Next, we calculate

/ p /
=——=N and ¢'=——=
p -1 q g—1

and hence we get the condition

/ / N
VveL(p,q):L(N, E)

N
By Theorem C above we now find for Vv € L(N, &) that ¢!V ™* € L1(2).
Thus we have

THEOREM 7.1. The functional

N -2 N
I(w,v)y=| VuVvdx — | Gv)— —— [ |ul¥2dx
2 Q N Ja

is well defined on the space

WL —AL——AL—(Q) wir(n, X (£2)
0\N_1T'N=2 SR G ’

and the maximal growth for G (s) is given by
_N_
G(s) ~ el (7.6)

_N_

We remark that the growth (7.6) is considerably larger than the growth G(s) ~ el$I" ™

found by the H®-method in (7.4), and it corresponds to the limiting case ¢+ — 2 in the
Ws-¢-method (which however cannot be reached in that framework).

7.4. Subcritical with respect to the asymptotic borderline case: existence of solution

In this section we prove the existence of solutions for systems (7.1) in the “subcritical
case”. Again, since we are interested in the superlinear case, we restrict to dimension
N = 3, that is, we consider the system

—Au=g(v),

—Av=u? in 2 c RS, (7.7)

u=v=0 on ds2.

As mentioned, the corresponding functional is

Hmvﬁ=/YMVv—/‘}mF—/aGw) (7.8)
12, 23 Q



258 B. Ruf

on the space

3 3
E:= W§L<§,3> x WL <3, E)

and we assume that g(s) has a subcritical growth, i.e. an essentially lower growth than
¢s° . More precisely, we assume that

im 2% _0 vaso. (7.9)

s—>—+00 pals|?

Furthermore, we make the following assumptions on g (our aim is to give simple as-
sumptions, at the expense of greater generality):

(Al) g isa continuous function, with g(s) = o(s) near the origin.

(A2) There exist constants v > 2 and so > 0 such that

0<vG(s) <sg(s), Vls|>0.
(A3) There exist constants s; > 0 and M > 0 such that
0<G(s) < Mg(s) forall|s|>s1.
EXAMPLE.
Gis) =€ —1—|s1f, with0<p <3.

THEOREM 7.2. (See [40].) Under assumptions (A1)-(A3) and (7.9), system (7.1) has a
nontrivial positive (weak) solution (1, v) € E.

PROOF. The proof follows ideas from Section 5.3. We remark that the proof is similar to
the one in Section 9.2 below, and therefore we limit ourselves to give an outline of the main
idea.

First, note that the functional I given in (7.8) is strongly indefinite. In order to overcome
this difficulty, we introduce, as in Section 5.4, a suitable “tilde map”:

(@) The tilde map.

Consider the bilinear map [, VuVvdx on the space W3L(3,3) x WL(3,3). Foru e

WEL(3,3) denote with i € W}L(3, 3) the unique element such that

sup / VuVvdx =/ VuVidx = ||Vu| 3 41IVill5 3
1733y - 2 2 2 2
{veWyL@3,3): HVUH&%—HVMH%s}

and hence

/ VuVidx = |Vul3 = ||Vﬁ||§ 5 (7.10)
Q 2° 2
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The existence and uniqueness of & follows from the reflexivity and convexity of
WEL(3,3), see [17].

We can thus define the “tilde-map”: W&L(%, 3) — WolL(3, %), u +— i, which is contin-
uous and positively homogeneous.

On the product space E = W3L(3,3) x W}(3, 2) we now define two continuous sub-
manifolds

Et= {(u,ﬁ): ue W&L(%,S)}, E” = {(u,—ﬁ): ue W&L(%,s)}.

As remarked in [17], the nonlinear manifolds £+ and E~ have a linear structure with
respect to the following notion of tilde-sum:

WHFG.2)=w+y v+2),

and one has
E=E*®E ith 2 M. 9|2 = [ Vul? V|2
=ETSE, withnorm [wil = [, D) = IVully 5 + IV 5.

(b) Linking structure.

Next, one verifies that the functional 7 has a “linking structure” in the origin. This is
proved similarly as in the corresponding proof in Section 9.2 below, and we thus omit it
here. For details, we refer to [40].

(c) Palais—Smale sequences are bounded.

Let (u,,0,) € E be a Palais—SmaIg sequence for ~the functional 7, i.e. §uch that with
[ (un, On)| < d, and [I'(un, U)[(P, Y1 < enl(P, V) E, &0 — O, V(@,¥) € E. Then
| n, 0 llE < c.

Again, the proof is similar to Section 9.2 below.

(d) Finite-dimensional approximation.

Since the functional I is strongly indefinite on the space E (i.e. positive and negative
definite on infinite-dimensional manifolds), the standard linking theorems cannot be ap-
plied. We therefore proceed by finite-dimensional approximations (Galerkin procedure):

Denote by (¢;); < an orthonormal set of eigenfunctions corresponding to the eigenvalues
(%), i € N, of the Laplacian, with Dirichlet boundary conditions. Set

E} =span{(e;. &) |i=1,....n}, E, =span{(ej,—&) |i=1,...,n}
and

E,=E, &E,.
Exploiting the local linking structure given in (b), it is now standard to conclude that for
each n € N the functional I, := I|g, has a critical point z,, = (u,, U,) € E, at level ¢,,
with

I(zp) =cp €log,01], 0i>0,i=1,2, (711)
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and I'(z,)[(¢, ¥)1 =0, for all (¢, ¥) € E,. Hence we have

{fQ Vua Vi = [ @)V, V(. 0 € Ey. (7.12)

JoVinVe=[g Ui,
(e) Limitn — oc.

It remains to pass to the limit n — oco. By (c) we have that || (u,, U,)| g < ¢, and hence
(uy, Uy) — (u, v) in E. Furthermore, we may assume that

U, —> 0 inL% forall o > 1; (7.13)

indeed, by the properties (1) and (2) of Lorentz spaces, see Section 7.2, we have the fol-
lowing continuous embeddings

3 35N _
W01L<3, 5) CWALGB-8.3-8) =W cLvem =1, fors >0,

and hence we have a compact embedding into L%, forall 1 < o <
Proceeding as in Section 9.2 below, one concludes that by taking the I|m|t n— 00

(3B=9)3 6)3
N

[o ViV = [, u’¢
i.e. (u,v) € E is a (weak) solution of (7.14).
Finally, we prove that (u, v) € E is nontrivial. If we assume to the contrary that u = 0,
then by (7.14) also © = 0. Since g is subcritical, we obtain by (7.9) that for all § > 0
|g(t)| < C5e5|’|3, vVt e R.

Now we choose v = @, in the first equation of (7.14), and estimate by Holder

‘/ 8 (V) Uy
2

where we have used that | Vv, I3, 3 < ¢, and hence by Theorem C above, for 8 > 1 suffi-

ciently small:
~ 13
|1 =/ Pl e
2

Since by (7.13) ||, ]|z« — 0, and hence by (7.15) | [, g(3,)9,| — 0, we conclude by the
first equation in (7.12), by multiplication by ©,, and integration, that

< s || L llulle < dsllall e (7.15)

815,

e

/ Vu, Vi, =f gy, — 0. (7.16)
2 2
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This in turn implies, by choosing ¢ = u, in the second equation in (7.12), that also
Jo lun® — 0, and by assumption (A2) follows that also [, G(¥,) — 0. This implies fi-
nally that I (u,, Un) = [ Vi, VU, — fg(%|un|3 + G(9,)) — 0; but this contradicts (7.11),
and thus (u, v) # (0, 0).

This completes the proof. d

8. Critical phenomena for the system

As pointed out for the scalar equation, critical growth is connected with several interesting
phenomena. We now discuss these properties for the system

—Au =vitt,
—Av=uPtl ing, (8.1)
u=v=0 onas2.

8.1. Critical growth: nonexistence of (positive) solutions

First we present a result of E. Mitidieri [29] (see also van der Vorst [45]) which gives
nonexistence of positive solutions for system (4.1) if the nonlinearities have critical growth.

THEOREM 8.1. Let 2 c R" be a starshaped domain. Assume that

i+i<1—3. 8.2)
p+1 g+1 N

Then system (8.1) has no positive solution.

PROOF. The proof relies on a Pohozaev type identity which is a modification of an identity
by Pucci and Serrin [37].

LEMMA 8.2. (See Corollary 2.1 and (2.5) in [29].) Let (u, v) (with u, v € C?(2)) be a
solution of system (8.1). Then

/ (Au(x, V) + Av(x, Vu)) dx
Q
du av
=/ <—(x, V) + —(x,Vu) — (Vu, Vu)(x, n)) ds
9 on on

+ (N — 2)/ (Vu,Vv)dx. (8.3)
2
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Applying this identity to system (8.1) we obtain

1 1
N/ (—|u|P+l+—|u|‘1+l> dx
e\p+1 q+1

=(N—2)/ (Vu,Vv)dx—{—/ 8—M%(x,n)ds. (8.4)
Q 0 on dn

On the other hand, multiplying the first equation of (8.1) by v and the second by « and
integrating, we obtain, forany a € (0, 1)

/Vqu:a/ |v|q+1dx+(1—a)/ lu|Pdx. (8.5)
2 Q 2

Now choose

N
a=—
(N-=2)(p+1)

and hence by (8.2)

N
l-a>———
(N-2)(g+1)
which yields
1 1, 1 +1
(N—=2) | (Vu,Vv)dx >N ——|ulP 4+ —— )4 dx.
o) e\p+1 qg+1

Hence, by (8.4), we get

du d
02/ —M—U(x,n)ds.
a2 on on

Since u and v are positive solutions, we have by the maximum principle that
a a
Moo and Z <o on 952,
on an

and since (x, n) > 0 by the assumption that £2 is starshaped, we obtain a contradiction. [J

8.2. Critical growth: noncompactness and concentration

We discuss further “phenomena of critical growth” for the model system (8.1). We first re-
mark that by “solving” the first equation for v (assuming that v > 0) we get v = (—Au)/4,
and then we obtain by the second equation

{_A((_Au)l/q):up in £2, (86)
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which is equivalent to system (8.1).
The variational formulation for equation (8.6) leads to the minimization problem

. g+1
inf /lAu| T dx, (8.7)
2

M€S1,+1

where
9 g+l
Spr1={ueW> v (2)|u=Au=00n0982, lull =1}
The Sobolev embedding theorem gives in this case

q+1 uN
w2 (2)c LPY ), forp+1< —2

_ o4+l
N2q

which is equivalent to

1 n 1 <1 2
p+1l g+17 7 N’
i.e. the critical hyperbola!

We note that by Theorem 8.1 the infimum in (8.7) cannot be attained in starshaped
domains, since otherwise there would exist a solution to system (8.1).

To understand the concentration behavior of minimizing sequences, it is important to
study the situation in R”, as described in the case of the Laplacian in Section 2.4. One has
the following result by P.L. Lions [31], which is proved by the methods of concentration-
compactness:

THEOREM 8.3. Let

+1 +1
;n=im{/'|Am%rdleepl%r,/1|uw+1=1}, (8.8)
RN RN
+1
where D> is the completion of C§° (RM) in the norm || A - || 4+1. Then every minimizing
q

+1

sequence (u,) of (8.8) is relatively compact in p*% up to translation and dilation, i.e.
there exist (y,) € RY, (a,,) € (0, 0o) such that the new minimizing sequence

~ —N/(p+1
Up =0y /e )”n(

<= Yn/0n)

is relatively compact in D> . In particular, there exists a minimum of (8.8).
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8.3. Critical growth: instantons

The fact that the infimum m in (8.8) is attained, and that there is a dilation invariance,
says that we have again a family of instantons, given by the minimizers of (8.8). However,
in contrast to the case of the Laplacian described in Section 2.4, these instantons are not
explicitly known. In [23] Hulshof and van der Vorst show that the minimizer (ground state)
of (8.8) is (up to translation and dilation) unique; furthermore, they show that the ground
state is positive, radially symmetric and decreasing in r. Thus, all ground states of (8.8) are

given by
__N_ X — X0
Uexy=¢€ PHlu ,
€

where u is the unique “normalized” ground state with «(0) = 1. Furthermore, Hulshof and
van der Vorst [24] derive the precise asymptotic behavior of the normalized ground state.

8.4. Brezis—Nirenberg type results for systems

In Section 2.4 we have discussed the famous result of Brezis and Nirenberg [9], in which
it is shown that the existence of solutions for elliptic equation with critical growth terms
can be recovered by adding a suitable lower order perturbation. In the proof it is crucial to
have the explicit form of the instantons in order to prove by explicit estimates that due to
the perturbation the noncompactness level of the functional is avoided.

Hulshof, Mitidieri and van der Vorst [25] consider the corresponding problem for the
following perturbed critical system

—Au = pv + vt

—Av=2ru+uPtl  ing, (8.9)
u=v=0 onas2,
with
1 1 2
—+———=1-—. (8.10)
p+1 gqg+1 N

They give (rather complicated) conditions on w and A such that system (8.9) has nontrivial
solutions. The proof is based on the dual variational method, cf. Ekeland and Temam [12].
To show that the noncompactness levels of the corresponding functional are avoided, they
use the asymptotic behavior of the normalized ground state mentioned above.

9. Systemsin two dimensions

We have seen in Section 3 that critical growth for the scalar equation in dimension N =2
is governed by the Trudinger embedding and is of exponential type. For systems in two
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dimensions, one would like to obtain in analogy to the critical hyperbola in N > 3 a “crit-
ical curve” describing the maximal growth for the combined nonlinearities. This can be
obtained using again Lorentz spaces.

9.1. Exponential critical hyperbola

In this section we assume that £2  R? is a bounded domain, and consider again the system

—Au=g) in 2,
(S2) —Av=f(u) in 2,
u=0 and v=0 onas.

For the scalar equation —Au = f(u) in 2, u = 0 on 352, critical growth is given by the
Trudinger—Moser inequality, i.e. F(u) ~ el For the system, we look for an analogue of
the critical hyperbola for N > 3. By considering the functional

J(u,v):/ Vqudx—/ F(u)dx—/ G(v)dx
Q Q Q

on the space Hc} X Hol one sees (as in the scalar case) that the nonlinearities G (v) ~ el
and F(u) ~ ¢ lie on this “critical curve”. We assume now that F(t) and G(¢r) have
“exponential polynomial growth”, i.e.

Fit)y~e™", and G@)~e€", forsomel< p,q<—+oo.

We look for a relation between p and ¢ such that the pair (F, G) becomes critical. We
prove:

THEOREM 9.1. Let £2 c R? be a bounded domain. Then we have an “exponential critical
curve” given by

1 1
F(s),G(s)) = (B, "), with = + = =1.
(F(5),G(9)) = (e"",e""), wi ot

REMARK 9.2. One might try, as in the case N > 3, to work with spaces like W1-® x w1.£,
with 2 + % =1and, eg., 0 <« < 2. However, note that then

N
Wh (@) C L'(2), withr = ——_
N —«o

and furthermore, since g = ;%7 > 2, we get

WeP (@) c L= (@),
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i.e. we find a maximal growth of polynomial type for F,
Na
|F(s)| <ls|v=a,

and no growth restriction on the nonlinearity G(s). So, this choice of spaces brings us for
any (a, B) # (2, 2) immediately outside the range of exponential nonlinearities.

Thus, to treat the problem, we need to work with spaces which lie “very close” to the
space W12, that is, we look for an “interpolation space” which lies between W12 and
WL-2+3 for every 8 > 0. We have introduced such a class of spaces in Section 7.2, namely
the Sobolev-Lorentz spaces.

Proor. We consider the functional

J(u, v):/ Vqudx—/ F(u)—/ G(v). (9.2)
2 2 2

We want to consider the term fﬂ VuVuvdx on aproduct of Lorentz spaces, i.e. we want to
estimate, using the Holder inequality on Lorentz spaces:

/ VuVvdx
Q

By Theorem C, Section 7.2, we have that

7

q/

veWL2,q) = M et

1 1
< IVulleegplVoliLe.gs ” + i 1.

/

uerL(Z,q) = " el and

Thus the maximal growth allowed for F(s) = f; f(¢)dt and G(s) = [, g(¢)dt is given by

~ plul? —g =1 ~ pltl
Fu)~e"", p=q' = 1 and G(v) ~e'"". 0

9.2. Existence for the subcritical problem in dimension N = 2

In this section we show that for subcritical growth with respect to the exponential critical
hyperbola defined in Theorem 9.1 we have compactness, and hence existence of solutions.
We make the following assumptions on f and g (our aim is to give simple assumptions, at
the expense of greater generality):
(Al) f and g are continuous functions, with f(s) = o(s) and g(s) = o(s) near the
origin.
(A2) There exist constants i« > 2, v > 2 and sp > 0 such that

0<uF(s)<sf(s), and 0<vG(s)<sg(s), V|s|>0.
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(A3) There exist constants s; > 0 and M > 0 such that

0<G(s) < Mg(s) forall|s|>s1,
0< F(s) <Mf(s) forallls|>sq,

We remark that assumption (A3) implies that f and g have at least exponential growth.
(A4) f has at most critical growth, i.e. there exist constants aj, az and d such that

f(s) <ar+aze®™”.
(A5) g issubcritical, i.e. for all § > 0 holds:

O]
lim =—— =0, = .
Is|—>o0 €8ISl q p—1

EXAMPLE.
F)=e" —1—1s)?, Gy =" —1— 15, withl1<p<gq.
We consider the space E = W3L(2,q) x W3L(2, p).

THEOREM 9.3. Under assumptions (A1)—(A5), system (S2) has a nontrivial positive
(weak) solution (u, v) € E.

PrRoOF. The proof follows the lines of Section 5.4 (see also [16] and [17]). O

We note that the functional J given in (9.1) is strongly indefinite in the origin, being
positive and negative definite on infinite-dimensional subspaces. If working on a Hilbert
space H, one can find suitable subspaces H™ @ H~ = H such that |4+ is positive definite
and J|y- is negative definite near the origin. Since we are working on the Banach space E,
the subspaces H+, H~ have to be replaced by infinite-dimensional manifolds. As in (5.10)
we define

(@) The tilde map.

Consider the bilinear map |, VuVvdx on the space W}L(2,q) x WiL(2, p), where

_ _4
p=4.

For u € Wi L(2, q) denote with i € W}L(2, p) the unique element such that

sup /Vqudx:/ VuVidx = |Vull2,4lIVitll2,,
{veWEL(2,p): IVvli2,p=IIVullz 4} $2 2

and hence

f VuViidx = ||Vu||%,q = ||Vﬁ||§,p. 9.2)
2
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The existence and uniqueness of z follows from the reflexivity and convexity of
W3L(2,q), see [17].
We can thus define the “tilde-map”: WiL(2,q) — WZL(2, p), u +> ii. This map is
clearly continuous; it is nonlinear, but positively homogeneous: pu = piz, for all p > 0.
On the product space E = WolL(Z, q) X W01(2, p) we can now define two continuous
submanifolds

EY ={(u,ii): ue WiL(2,q)}, E™={(u,—i): ue WiL(2,q)}.

As remarked in Lemma 5.14, the nonlinear manifolds E+ and E~ have a linear structure
with respect to the following notion of tilde-sum:

@, D) F (v,3) = u+y,v+2),
and one has
E=ET&E~, with 2 — |\, &) |2 = [ Vul2, + V|2
=EY&E", withnorm [[w)|} = @, 9], = IVul}, + IVEIZ,.
(b) Linking structure.
Next, we verify that the functional J (u, v) has a linking structure in (0, 0):
First, using (A1) and (A4) one estimates, for given € > 0

F(s) < es? +c|s|3eB)” G(s) <es? +c|sPe®™” s eR.

CLAIM 1. There exist p > 0 and o > 0 such that J(u, #) > o for ||(u, ) ||g = p; indeed,
using (7.10) and

](u,ﬁ):/ wva-/ F(u)—/ G (i)
2 2 2

1 ) 1/2

>—||Vu||%q—e/ Jul? = cllu )3 /ez‘”“'
2 ’ 2 2
1 2
+ vl —e [ |ﬁ|2—c||ﬁ||8</ 2l )
2 2

Now, we use that by Theorem D, Section 7.2
lulle < dsllVullz,g, and f A’ Lo, i | Vull, <61,
2
liille < dal|Viillz.p. and f A < e i | Vit < 62,
2

With these estimates the claim follows easily.
Next, fix e1 € WIL(2, q) and &, € Wi L(2, p) with [|[Vei |24 = [[Vé1]l2,, = 1, and let

Q={V(€1,§1)-T-w; weE™, |wleg <Ro, 0<r <Rt}
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CLAIM 2. There exist Rg, R1 > 0 such that J(z) <0, Vz € dQ, where dQ denotes the
boundary of Q inR(e1, é1) F E~:

(i) For (u,v) € 9Q N E~ we have (u, v) = (u, —it) and hence
J(u,—zl):—/ wva—/F(u)—/G(—ﬁ)g—nwngﬂ <0.
22

(ii) Let (u, D) = r(er, é1) T (w, —) = (re1 + w, rer — w) € 90, with [[(w, —0)| g =
Ro, 0<r <Rq.
First set R1 = 1. Then

J(u,ﬁ)gf V(rer +w)V(rer — w)
2

=f V(w—rel)V(w/fr/el)—/ V(2re))V(w — rey)
2 2

2 —_—
<—|Vw - r€1)||2,q + 2| Vretllaq || V(w — r€1)”2,p
< —lIVwl3, — IVreills,, + 21 Vwl24l Vreillz

+2||Vretlaq (IVwlizg + | Vretllzq)

< —[IVwli3, +4r|Vwlz, + 7% <O,

for 2||Vw||§’q = ||Vw||§’q + ||va)||§’p =ll(w, —®)|% = Eé sufficiently large.
Note that this estimate now holds forall p > 1, with0 <r < p and || (w, —u~))||% = pRo.
(i) Let z = p(e1, 1) F p(w, —w) € dQ, with ||(w, —) ||z < Ro. Then by (A2), for
0 =min{u, v} > 2

J(u,ﬁ)z/ V(pel+pw)V(pe1—pw)—/ F(pe1 + pw) + G(pe1r — pw)
2 2
<P Vs +wl,, [Vt —wl,, - c/g lper + pwl” +c1
—0/ lper — pwl® + c1
2
2
<P (IVerllzg + IVwllzg)

—cpf’{f |e1+w|9+/ |e?—/w|9}+2c1.
2 2

It follows that

J(u, 9) < p?(L + Ro)? — cp%80 + 2¢c1 <0 (9.3)
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for p > Rq sufficiently large, where

do = inf {/ |61+w|9+f Iemle} > 0;
(w,—w)lE<Ro L /2 Q

indeed, if 5o = 0 we would find a sequence w;, with |[(w,, —w,)| < ﬁo and fg le1 +
wnl? + |e1 — wn|® — 0. By the compact embeddings W1L(2,q) c LY and W1L(2, p) C
LY we get strongly convergent subsequences ey + w, — e1 + w = 0 and emn —
em =0,i.e. w=-¢e and w=—ei! contradiction.

Finally, defining Rg = R1 Ry, the claim holds.

(c) Palais—Smale sequences are bounded.
Let (u,, v,) € E with |J (u,, v,)| <d, and

en— 0, Y(¢, V) € E. (9.4)

|7/ G, 5)[(@, ]| < en| (@, 9|

E’

Then | (utn, ﬁn)”E <c. B
Indeed, choosing (¢, V) = (u,, U,) = z,, in (9.4) we get, using (A2)

/ F it + f g(ﬁnmgz‘ / Viun Vi,
2 2 2

<24+2/ F(u,,)+2/ G (Bn) + & || (un. T
2 22

+én |G, 5|

2
<2d+_/ S un)un
nJe
2 - ~
+_f g(vn)vn+8n”(unavn)“E
v /o

from which we get

/;}f(un)un Sctépn ||(un7 6n)| E’ /;Zg(ﬁn)ﬁn <ctey ||(ul’ls ﬁn)”E

(9.5)
and then also
/ F(u,) <e, / G(,) < c. (9.6)
2 2
Next, taking (¢, ¥) = (v, 0) and (¢, ¥) = (0, ii,,) in (9.4) we have
IVvall3,, < fg F@n)vn + & (02, 0)| . 9.7
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and
Va2, <‘/’g(ﬂn)an-ksnn(o,ﬂn)ng. (9.8)
2
i — Un r7 — ity H
Setting V,, = [\CAT and U, = TVinTz, we obtain

”VUHHZ,({ g/ f(un)vn + &y and ”VﬁnHZ,p <f g(i}n)ﬁn + &p. (99)
2 2

We now use the following inequality: for any o > 1 (and setting o’ = ;%7 ) holds:

_ (e —1)+s(log* )%, foralls>0ands > e@”, )
St < o , o
(e — 1) + £=Es, forall 1 >0and 0<s <e@. (I

(9.10)

PrROOF. For fixed s > 0, consider sup,>ofst — (e — 1)}, and let 7, denote the (unique)
point where the supremum is attained; then s = atf*le’s“. We consider the cases:

. 1 o a

(i) 1, > (é)m :then s = at‘f‘_lets > ¢'s and hence (Iogs)% > t,, and then

sup{st — (" — 1)} = st, — (e — 1) < sty <s(logs)™*, hence (1).
t>0

(i) 0<t; < (1)a and s > @ then st, < s(L)aT < s(log* s)* -
<t < (5 > : s <83 < g™ s)a, by the assump
tion on s, hence (1). ,
(iii) 0< 1 < (%)ﬁ and s < " : then (I1) holds; in fact (1) holds always, since as
in (1) st <% + 2L (e — 1) + =15 forall 5,1 > 0.
We apply the above iﬁxequality to the estimates in (9.9).
Applying inequality (9.10) with @« = p and ¢t = |V, (x)|, s = | f (4, (x))]|, to the first
estimate in (9.9):

|th4<4fwww+&
S / (" —1) + f | £ | [log*| £ @) []V7 + &
2 2

<C+f fupu, + &,
2

<c+ey +8nH(”n7i}”)“E'
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Applying inequality (9.10) with@ =¢ and ¢ = |Unl, s = |g(vy)], to the second estimate in
(9.9), and using (A5) and (9.5) yields

IViinllz.p < /Q e 0w + e
s /9(617,? -1) +L|g(5n)|[|°9+|g(ﬁn)|]1/q +én

<c +/ g(n) Uy + &5
2
Sctey H (un, ﬂn)HE+5n~ (9.11)

Joining the two inequalities yields the boundedness of || (i, Un) | E-

(d) Finite-dimensional approximation.

Note that the functional J is strongly indefinite on the space E (i.e. positive and nega-
tive definite on infinite-dimensional manifolds), and hence the standard linking theorems
cannot be applied. We therefore consider an approximate problem on finite-dimensional
spaces (Galerkin approximation):

Denote by (¢;); < an orthonormal set of eigenfunctions corresponding to the eigenvalues
(x).i €N, of (—A, H}(£2)), and set

E;f =span{(e;, &) |i=1,....n},
E, =span{(e;, —&) |i=1,...,n},

Setnow Q, = QN E,, Q asin (b) above, and define the family of mappings
Li={yeC(QnE, ®[(e1.éD]) | y(2) =z0n30,}
and set

cp = inf max J(y(2)).

vel, ze0Qp

It is now quite standard (see [38,17]) to conclude that:

PRoPOSITION 9.4. For each n € N the functional J, = J|g, has a critical point z, =
(un, U,) € E, at level ¢,, with

J(zn) = cn € [0, R1] (9.12)
and

J @)@, )] =0, forall (¢, V)€ E,, (9.13)
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and hence

Jo Vu, Vi = [ @)y

V(¢. V) € Ey. 9.14
fg Vi,V¢ = f_Q fun)o, @) € ( )

(e) Limitn — oo.
By (d) we find a sequence (u,, v,) € E, with

J(@p, 0p) > c€lo, R1] and J, (un,0,) =0, inE,,

and by (c) we have || (i, o)l g < c. Then (u,, v,) — (u, ) in E. Furthermore, we may
assume that

U, —> 0 inL%, foralla >1. (9.15)

Indeed, we have for any small § > 0

WEL(2,q) c WEL2—5,2—8)= Wol’Z*‘S c L(ZE(S)Z,

and hence a compact embedding into L%, forall 1 <« < (2_5—5)2

Using (9.5), (9.6) and assumption (A3) one concludes now as in [14, Lemma 2.1], that

fﬂMaffw, /ﬂ@e/am
2 2 2 2

Thus, in (9.14) we can take the limit n — oo to obtain

V(¢.¥) el JE.=E. (9.16)

Jo VuVy = [, gV,
f_Q Vﬁvqﬁ:fg Sfe,

Hence (u, v) € E is a (weak) solution of (9.16).
Finally, we prove that (u, 0) € E is nontrivial. Assume by contradiction that u = 0,
which implies that also v = 0. Since g is subcritical, we obtain by (A5), for all § > 0
|g(t)} <cs e‘wq, Vvt e R.

Now we choose v = ¥, in the first equation of (9.16), and estimate by Holder

‘/ 8 (V) n
2

where we have used that || V7, |2, < ¢, and hence by Theorem D, Section 7.2 above, for
B > 1 sufficiently small:

||e(s‘ﬁn‘q Hng — L eﬁﬁ‘ﬁrllq g c.

<es ||| s lvnllLe < dsl Bl Lo, (9.17)
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Since ||7, || L« — 0 by (9.15), we conclude that [ g(3,), — 0 by (9.17), and hence by the
first equation in (9.14) that

/ Vitn Vi, — 0. (9.18)
2

This in turn implies, by choosing ¢ = u, in the second equation in (9.14), that also
Jo fn)u, — 0. By assumption (A2) we now conclude that

/F(u,,)—>o, and /G(u,,)—>0. (9.19)
2 2

Finally, by (9.18) and (9.19) we now obtain that J (u,, 0,) = [, Vi VU, — [o F(un) +
G (9,) — 0; but this contradicts (9.12), and thus (u, v) # (0, 0).
This completes the proof. O

9.3. Critical systems in dimension N =2
For the “critical” system (S2) not much is known. Indeed, we can state the following

OPEN PROBLEMS.
— Loss of compactness and concentration phenomena for systems with critical growth,
i.e. when the exponents lie on the “exponential critical hyperbola”;
— nonexistence of (radial, positive?) solutions for certain model equations with critical
growth;
— existence of instantons, or optimal concentrating sequences;
— group invariance and Pohozaev type identities.

Concerning existence results for systems in N = 2 with critical growth, only the follow-
ing result is known, see [16], in which both nonlinearities have critical growth with respect
to H}(£2).

Let d denote the inner radius of the set £2, that is d is equal to the radius of the largest
open ball contained in £2. Recall that we say that a function 4 has critical growth at +oo
w.r. to Hol(.Q) if there exists yp > 0, such that

. h@®) . h@®) ]
tilTw = 0, Vy>wp, and tilTw = 400, VY <yo; (9.20)

in this case we say that yy is the exponential critical exponent of 4.

THEOREM 9.5. Assume that f and g satisfy assumptions (A1)—(A3) in Section 9.2, and
that f and g have critical growth with exponential critical exponents «g, respectively, Bo.
Furthermore suppose that
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A lim LY 4 and  lim £© 4

> m > .
1—>400 got? d? /o Bo 1—+00 gPot? d2 /o0 Bo

Then system (S2) possesses a nontrivial weak solution (u, v) € E.

PROOF. The proof is a combination of the proof of Theorem 3.2 for the scalar equation
and the proof of Theorem 9.3 for the subcritical system. We refer the interested reader
to [16]. O

Note that this theorem gives an existence result for two-dimensional systems in which
both nonlinearities have the same critical growth. This corresponds to the case in which the
exponential exponents lie on the diagonal of the exponential critical hyperbola. Existence
of solutions for critical cases which are not on the diagonal remains an open problem.
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1. Energy quantization

Quantized blowup mechanism is widely observed in nonlinear problems derived from
physical principles and phenomena. Energy quantization is a typical case described by the
Dirichlet norm. In this section, we introduce several examples and then study the harmonic
map case in detail.

1.1. Quantized blowup mechanism

Energy quantization arises if the problem is provided with the scaling invariance of energy,
e.g., harmonic map, semilinear elliptic equation involved by the critical Sobolev exponent,
and H-systems. In more precise, energy identity with bubbling occurs to the noncompact
solution sequence in these cases.

1.1.1. Harmonic map. Given a compact Riemannian surface (X, g) and a compact Rie-
mannian manifold N <— R”", we put

HY (¥, N)={ue HYZ,R") |u(x) e N, ae. x}

E(u)=Ez(u>=/E|Vu(x)|2dvz(x>,

where dvy = dvy(x) denotes the area element of (X, g). We say that u : ¥ — N is a
harmonic map if it is a solution to the Euler-Lagrange equation of E = E (1) defined for
ue HY(Z,N),ie,

—Au=Aw)(Vu,Vu), (1.2)

where A(u)(-,-) denotes the second fundamental form of N < R”. Let $2 be the standard
two-dimensional sphere. Then, there is a quantized blowup mechanism of the harmonic
map sequence defined on a 2-dimensional domain described as follows [70,97,98,49,99,
121,87].

THEOREM 1.1. Let {u;}; be a harmonic map sequence satisfying

Eo = sup E(u) < +oo.
k

Then, passing to a subsequence we assume ux — u in HX(X, N) weakly to some map
u € HY(X, N). This u is a harmonic map, and there exist

e p-sequences of points {x}}, ..., {x/} in ¥,

e p-sequences of positive numbers {6,}}, e, {S,f} converging to 0,

e p-nonconstant harmonic maps {1}, ..., {w?}: 52 — N
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satisfying the following, where Eg(w) = st |V0)|2dvszi

P
Nim Eu) = E@) + 2; Eo(),
i

{5;; 5 Ixf — x|
5

P . -—xj .
uk—u—Z:w1<Tk> —a)](oo)}
k

j=1

lim max

} — +oo,
k=00 i%j

—0. (1.2)
HY(Z,N)

lim
k—o00

The first equality of (1.2) is an energy identity, which says that there is no unaccounted
energy loss during the iterated rescaling process near the point of singularity, sometimes
referred to as the bubbling process, and that the only reason for failure of strong conver-
gence to the weak limit is the formation of several bubbles due to the nonconstant harmonic
maps o’ :S2 — N (j =1,..., p). There is a possibility that some of {x{}x (j =1,..., p)
converge to the same point, and this process is classified into two cases, the separated bub-
bles and the bubbles on bubbles. These properties were proved by Jost [70] (Lemma 4.3.1,
p. 127), and later Qing [98] extended the result for the sequence of approximate harmonic
maps satisfying

—Aup = A(up) (Vug, Vup) + fi (1.3)

with || fkll2 < C, when N is a standard sphere. The general case of N is also known [138,
49].

1.1.2. Elliptic problem with Sobolev exponent. A form of the Sobolev imbedding theo-

rem is formulated by HZ}(£2) < L? (£2), where £2 C R™ is an open set with m > 3 and
2% = szz- If £2 is bounded and 1 < ¢ < 2* — 1, then we obtain the compact imbedding

Hol(Q) — L471(£2), which results in the existence of infinitely many solutions to

—Au=ulP"tu ing, u=0 onasg,

while there is no solution if ¢ > 2* — 1 and £2 is star-shaped [95,100,90]. Several existence
and nonexistence results of the solution to

—Au:ku+|u|2*_2u in 2, u=0 onaif

are also known in accordance with the shape of the domain and the value 1 € R [22,4,90].
Actually, it is the Euler-Lagrange equation of

1 1 .
E;\(u):E/Q(|Vu|2—)»|u|2)dx—§/Q|u|2 dx
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defined for u € Hol(SZ), whereby the control of Palais—Smale sequence is a key ingredi-
ent of the study. Here, we say that {uz}; C Hol(Q) is a Palais—Smale sequence to E;, if
Ej(up) > 0in H-Y(2) = H} (), i,

—Aukz)»uk+|uk|2*fluk+fk in 2, ur=0 onoas,

I fill -1y = O.

We obtain an energy identity and bubbling similarly to those of the harmonic map se-
quence.

THEOREM 1.2. (See [116].) If {ux}x C Hol(.Q) is a Palais—Smale sequence to the above

defined E,, such that sup, E; (ux) < +oo, then there are p € N, 5,{ 4 0,and x,{ e (1<
j < p), such that, passing to a subsequence,

__2 P /
uk—u—Sk ZZ ( 5 )
k

=1

E;.(ug) = E3(u +ZEo(wf)
j=1

as k — oo, where w’/ = w’ (x) (1< j < p) are solutions to
—Aw= |a)|2*72a) in R™

satisfying w € L2 (R™) and Vw € L2(R™; R™),

1 1 \
Eo(a))zi/- |Vol|? dx — o A lw|? dx,

and «® = u%(x) is a solution to
—Au:)\u+|u|2*_2u in 2, u=0 onoas.

1.1.3. H-systems. Parametric representation of the surface of constant mean curvature is
described by u: B = {(x, y) | x2 + y% < 1} — R3 satisfying

Au=2Hu, x uy, iy |? — |uy|2=ux -uy=0 inB

u|35: monotonic parametrization of y fixing three points,

where y c R3 is a given oriented rectifiable Jordan curve, H is a constant, and | |, x, and
- are three-dimensional vector length, outer product, and inner product, respectively. This
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is the Euler-Lagrange equation of Ey = Ep (u) defined for u € H1(B) N C(B) that is a
monotonic parametrization of y fixing three points, where

1 2 2H
EH(M)ZE |Vu| dz+T Qu-uxxuydz
B

for dz = dx dy. Existence of the solution, on the other hand, is associated with that of the
Dirichlet problem

Au=2Hu, xuy+ f ing2, u=0 onoas
and there is an energy quantization of the noncompact Palais-Smale sequence [18,117-
119].
In more precise, we define Ey (u) for u € H}($2; R®), and call {uxh C H} (2;R%) a
Palais—Smale sequence if

Aup =2Hup, X ugy + fi in £2, ur=0 onof

holds with f; — 0in H~1(2; R%) = H}(£2; R®)'. Then, we obtain a similar result to this
{uk .

THEOREM 1.3. (See[19].) If {ui}x C Hol(Q; R3) is a Palais-Smale sequence to the above
defined E g satisfying

sup/ |Vuk|2dz < 400,
k J§2

then, there are p € N, 6,{ 4 0, and x,{ € 2 (1< j < p)such that

— 0,
HY(2)

Py
uk—uo—Za)1< .k>
j=1

5

P
/|Vuk|2dz—>/ |Vu0|2dz+2f Vo 2 dz,
2 2 o/R?

p
V() = V() + 3 Vo))
j=1

as k — oo, where w/ = w/ (x) (1 < j < p) are solutions to

Aw=2Hw, x w, inR? w(00) =0, f [Vol?dz < +00,
) -
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u® = u%(x) is a solution to
Au=2Hu, xuy ing2, u=0 onas,

and

V(u):l/u-uxxuydz, Vo(a))zl'/ - wy X wydz.
3 Q 3 R2

The Palais—Smale sequence is defined also to the harmonic map. It is formulated by
{uy} satisfying (1.3) with fy — 0in H~1(X, N). Then, its energy gap is eliminated under
the additional assumption || fxll2 = O(1) [93]. In contrast with Theorem 1.3, this is not
removable condition, e.g., each o > 0 admits a sequence of smooth maps uy : $2 — S2 (k =
1,2,...) satisfying E’(uy) — 0, the first two relations of (1.2) with p =1, and E (uz) —
E(u) + E(w') + « [97,49,138].

1.2. Harmonic map

The proof of Theorems 1.1-1.3 shares a common argument, and here we describe the
harmonic map case, reformulating the problem with more generality.

Thus, (M, g) denotes an m-dimensional compact Riemannian manifold with smooth
boundary dM, and N is a compact Riemannian manifold without boundary. By Nash’s
theorem this N is isometrically imbedded in R" for large n. We define the Sobolev space
composed of a class of the mappings from M to N provided with the finite energy as in
the previous section, i.e.,

HYM,N)={ue H*(M,R") |u(x) e N, ae. x},

E(u)=EM(u)=/M|Vu(x)}2de<x>,

where dvyy is a volume element of (M, g).

Harmonic map defined in the previous section is indicated by the weakly harmonic map
in this general formulation. More precisely, a map u € H*(M, N) is called a weakly har-
monic map if

d
S E(Mu+29))],_o=0

for any ¢ € C;°(M,R"), where IT:U — N is a smooth nearest point projection from
some tubular neighborhood U of N to N. This is equivalent to saying that « is a weak
solution of the Euler-Lagrange equation (1.1) on M, sometimes called the harmonic map
equation,

—Au=Au)(Vu, Vu),
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where A and A(y)(-,-) denote the Laplace—Beltrami operator on (M, g) and the second
fundamental form of the imbedding N < R at y € N, respectively. In a typical case that
N is the round sphere S”, it takes the form
—Au = |Vu|2u. (1.4)
Amapu e HY(M, N)iscalled a minimizing harmonic map if

Eu) < E(v)

holds for any v € H1(M, N) satisfying u = v on M. We call u € H(M, N), on the other
hand, a stationary harmonic map if it is weakly harmonic, and

d
EE(MOQD,)L:O:O (1.5)

for any smooth family {®;}«1 of diffeomorphisms of M such that &g = Id. Any mini-
mizing harmonic map or weakly C2 harmonic map is stationary.

1.2.1. Monotonicity formula. If M = £2 ¢ R™ is a bounded domain, we can take
& (x) =x +t&(x) for & € C3°(£2,R™). Then, (1.5) implies
mn .
/ > (8ijIVul® — 2D;uDju) D’ dx =0. (1.6)
2 =1

Putting &£ (x) = x — z in (1.6), we obtain the monotonicity formula,

Rz—mf |Vu|2dx—r2_’"/ [Vul?dx
Bg(z) B, (z)

=2/ Ix —z2™|Vul?dx (O<r<R) (1.7)
Br(2)\Br(2)

if BR(z) = B(z, R) € §2, and therefore, the rescaled energy

rz_m/ |Vu|? dx
B (2)

is @ monotone increasing function of . This formula takes an important role in the study
of local regularity.
More precisely, given u € HL(M, N), we put
reg(u) = {z € M | u is C* in a neighbourhood of z},

sing(u) = M \ reg(u).
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Since reg(u) is open, sing(u) is relatively closed in M. It can happen that sing(u) # ¢ even
if u is a minimizing harmonic map. For example, u : B” + §™~1 defined by u(x) = ﬁ
is an energy minimizing map with sing(u) = {0} if m > 3 [78]. Here and henceforth, B
denotes the m-dimensional unit open ball in R™.

Several results are known concerning sing(u). In the following, H* and dimg stand for
the s-dimensional Hausdorff measure and the Hausdorff dimension, respectively. Recall
that m denotes the dimension of M.

(1) If u e HY(M, N) is a minimizing harmonic map and m > 3, then it holds that

dimg sing(#) < m — 3. If m = 3, then sing(«) is discrete [113].
(2) There is a weakly harmonic map u € H(B3, §2) such that sing(x) = B3 [101].
(3) If u € HY(M, N) is a stationary harmonic map, then it holds that " ~2(sing(u)) =
0 [50,13].
(4) Weakly harmonic map for m = 2 is smooth [66,67].
See [79,87,93,99,102] and the references therein for the related work.

1.2.2. Hardy-BMO structure. Here, we describe the proof of the final item of the above
list in the case of M = B? and N = ", that is, any weakly harmonic map u € H'(B?, S™)
is smooth in B2. In fact, first, we obtain

n+1
Z w' Vul =0
j=1

by Z;’j u/|? =1for vV = (&, %), and therefore,

n+1 ) n+1 R
Vu' = Z((uj)ZVu’ — u-/uiVu-/) = Zu-/bﬁ
j=1 Jj=1

for b/l = u/Vui —uivul e R?.
It follows that

V.bli=v. (ujVui — uiVuj) =uw/Au' —u'Aul =0
from (1.4), and hence

. . n+1 . —_ ..
Au' =V Vil =3 "vul bl (1.8)
j=1

and

Bii — 9/t dgt
S \dy T ax
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for some ¢/* € H(B?, R). This implies

A ’g dul 9l dul 3l
u' = — - — .
o dx dy ay 0x

The right-hand side of the above equality is provided with the Jacobian structure. It
is observed in H-systems first, and leads to the continuity of u’ [143]. Actually, each
term of them belongs to the local Hardy space H}OC(RZ), and then Hardy-BMO paring is
applicable [40]. Then, this continuous « is smooth from the standard elliptic regularity.

1.2.3. Energy concentration. Now, we describe the proof of Theorem 1.1. Thus, (X, g)
denotes a compact Riemannian surface without boundary. First, we show a weak version
called rough estimate.

THEOREM 1.4. (See [103].) Under the assumption of Theorem 1.1, u: ¥ — N is a har-
monic map. Furthermore, there is g9 > 0 such that, passing to a subsequence,

ur — u locally uniformly in 2\ {x1, ..., x¢},
¢
|Vur|? dvg — |Vul? dvg +» m;8,, in the sense of measure, (1.9)
=1
where {x1,...,x¢} C X and mj = €.

Since X is two-dimensional, any weak solution to (1.1) is regular, and therefore, the
weak limit u of {uy}x is a harmonic map. More strongly, there is a singularity vanishing
theorem described as follows.

THEOREM 1.5. (See [103].) If u: D\ {xo} C ¥ — N is harmonic and
/ |Vu|2dvg < +00,
D

then there is a harmonic map i : D — N such that it| p\ (x,) = u, where D C X' is an open
setand xg € D.

Henceforth, D(x, r) denotes the geodesic disc on X with radius r > 0 and center x € X.
Then, we obtain an energy decay estimate [103]. Thus, there is g > 0 and 6 € (0, 1)
determined by (X, g) and N such that if u: X — N is harmonic and

/ |Vul? dv, < #0,
D1
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then it holds that

/ |Vu|2dug<e/ \Vul? dvg,
D(x,r) D(x,2r)

where D, = D(xg, r) with xg € X, x € D12, and 0 < r < 1/4. This estimate, combined
with Morrey’s Dirichlet growth theorem [57], guarantees e-regularity, so that

EQ2r) :/ [Vul? dvg < &9
Dy,
implies

sup |Vul> < Crm2E(2r) (1.10)

r

with a constant C > 0 independent of « and r € (0, 1). If {uy }x is a harmonic map sequence
satisfying

/ |Vur|? dvg < g0,
D,

therefore, by (1.1) we obtain a subsequence, denoted by the same symbol, and a harmonic
map « : D1 — N such that

up — u strongly in HY(D,, N) and C%(D,, N),
where r € (0, 1). This e-compactness guarantees the rough estimate as follows.

PROOF OF THEOREM 1.4. Given § > 0, we put

AM:{XGE)./ IVuk|2dvg>so}.
D(x,6)
Then, by Vitali’s covering theorem [115], there is Ag,k C As .k such that

{D(x,8) | x € A5, }

is a disjoint family and A; x C UxeA; . D3s(x) = £2(8, k). This implies

g0 - A5 4 < / |Vuy|? dvg < Eo,
Uieay, D)

and hence #.Aj , < Eo/zo. Passing to a subsequence, therefore, we obtain Aj , = {x{.....
x{ywith ¢ < Eg/epand x] — x; € 5.
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We have, on the other hand,

xR,k = |Vur)? dvg < g0,
Ds(x)

and therefore, applying the diagonal argument to 8 | 0, we take a subsequence, still de-
noted by the same symbol, such that u; — u in C1(X \ {x1, ..., x¢}) for (i 2k, k) =
{x1,...,x¢}. This u is harmonic in X'\ {x1, ..., x¢} and satisfies

/ |Vu|2dvg < 400
by

by Fatou’s lemma, and therefore, {x1, ..., x¢} are removable singular points of u by Theo-
rem 1.5.
We obtain, furthermore,

4
Vug|? dvg — |Vul® dvg + Y " mé,,
j=1

in the sense of measure. In case of m; < g, therefore, there is ro > 0 sufficiently small
such that

/ |Vuk|2dvg:f |Vul?dvg +mj + o(1) < &g
D(xj,2rg) D(x,2rq)

for k > 1, and this implies that x ; is not a blowup point of {u}, by (1.10). Thus, we obtain
(1.9) with m ; > eo. O

The above lemma or the e-compactness guarantees the energy gap lemma described as
follows.

LEMMA 1.2.1. It holds that
inf{/ |Va)|2dvg ‘ w: 8% — N nonconstant harmonic map} > 0.
SZ

1.2.4. Energy quantization. We proceed to the proof of Theorem 1.1. Since 0% =,
there is no boundary effect on the blowing-up behavior of the solution sequence. Further-
more, the blowup profile has been localized around each concentration point. The scal-
ing limit is described by ¥ = $2 with standard metric dvg, 00 ¢ S ={x1,...,x¢}, and
N = §", where oo denotes the north pole.

First, the following lemma is obtained by the above mentioned Jacobian structure, where
0 < g9 <« 1is an absolute constant and Dy, is the geodesic disc with the radius R > 0.
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LEMMA 1.2.2. Ifu: Dr — S" is a harmonic map satisfying

/ |Vul? dvg < &g
Dg

and v € H}(£2, R"*1) is a solution to
Av=0 in £, v=u 1inas2,

then it holds that

/Q|vu|2dvg<C/Q|vU|2dug

with a constant C > 0 independent of 2 € Dyg.

PROOF. Since the target space of this harmonic map is a sphere, we obtain (1.8), i.e.,

n+1
Nt =Y vl
j=1

fori=1,...,n+1, where b/\ =u/Vu' —u'Vu/. Then, subtracting the equation of v, we
have

' n+1 ' B n+1 ' -
Aw—v) = "Vu—v) b+ Vol bl (1.11)
j=1 j=1

and define w' € W&’l(.Q) by

n+1
Aw' =) Vu—-v)y b in2,  w'=0 onif. (1.12)
j=1

Since (Ef")jzl,,,,,nﬂ and (V(u — v)f)j=1,,,,,n+1 are divergence and curl-free L2-vector
fields, respectively, the right-hand side of (1.12) is regarded as an element in the local
Hardy space Hi .(R?) [40], which guarantees

loc

n+1
[V, <cd IV -], [67], (1.13)
j=1

with a constant C > 0 independent of 2 [16,30].
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Multiplying (1.11) by (x — v)’ and integrating over §2, we have

/fJV(u — v)|2dvg

n+1 n+1

:Zf Vu' .V(u—v)idvg— Z / (ij ~5ji)(u—v)idvg
i=1 §2 $2

i,j=1

<08§/2/ |V(u—v)|2dvg+C/ IVul - |Vo|dv,
2 2

by
|67, < ClIVulla < Ceg/® and  Jlu — vl < C.

where the maximum principle to the harmonic function is applied. This and the inequality

/|W|2dug<2/ |V(u—v)|2dvg+2/ Vvl dug
2 2 2

lead to the conclusion when &g is small enough. O

By the proof of Theorem 1.4, it holds that

S:ﬂ{zeff‘liminf |Vuk|2dvg>eo}.

r>0 k=00 Dr (@)

We apply a hierarchical argument, dividing the proof in several steps. From later on, we do
not mention the process of subtracting subsequences unless otherwise stated.

STEP 1. We extract the principal bubble at each blowup point, putting

1 . .,
8= Emln{|x,» —xjl|i#j}.
Thus, we define the concentration function of {u;}; near x; € S by

Qi(t)=sup Vg 2 dvg.
z€Ds(x1) Y Dy (2)

It is continuous, monotone increasing in ¢ > 0, and satisfies Q,%(O) =0and Q,%(S) > go for
k > 1, and therefore, there exist x} € Ds(x1) and 81 € (0, §) such that

€0
Q,%(ﬁ,%):f (VurlP dvg = 2.

1
DSI} xp)
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Then, it is easy to see that x; — x1 and 8} — 0 as k — oo.
The rescaled i} (x) = ux (8ix +x}) is a harmonic map satisfying

- - &
/ ‘Vu,ﬂzdvg < 2
D1(2) 2

for all z € D} (xx) = (1) "1{Ds(x1) — x2} with the equality for z = 0, where d7, denotes
the rescaled metric of dv,. Then, we apply the e-compactness to this {ﬁ,%}k, and obtain

iy —> o' in Hi N CY (52 {oo}, S™)
with ! extended as a harmonic map from S2 to N satisfying

&
|Va)1|2dvsz =2 and / |Va)1|2dvsz < sup E(uy) < +oo0.
D1 2 s2 k

This w?! is called a bubble at the blowup point x;.
Repeating this procedure, we obtain

e sequences of points {x,{} C Djs(x) satisfying Iimk_)oox,{ =X,
e sequences of positive numbers {8;5} converging to 0,
e nonconstant harmonic map w’ : §2 — §”
such that ii] — w/ in HX. N CO.(S2\ {oc}, §") for j=1,..., ¢, where

ft,{(x) =uk(8,£x +x,{).

STEP 2. We estimate the energy difference between u; and the principal bubbles, putting

¢ -
o) = ug () = Z[w" (x ; A ) o <oo)]. (1.14)

j=1 k

It is easy to see that vy — u weakly in H(X, §”). Now, we show

/|Wk|2dug:f |Vug|* dvg — Z |ij|2dvsz+o(1) (1.15)
2 2 Js x]-EQ s

for each openset 2 C X.

PROOF OF (1.15). Given j=1,...,¢, we set

/ Vg2 dvg =1 +1I
Ds(x))
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for

1=/ Vel du,
D ()

Ri%k
— 2
II—[ | Vu|“dug
Ds(cp\D ()
Ik

and R; > 0. Since ﬂ,’c — o/ strongly in H (5% \ {oo}, $™), first, we obtain
1:/ |Vﬁk|2dag—/ |Va)j|2dvsz+0(1)
D, D,

D 52

J
o (xk )
Rjdy

Next, it follows that

Il =/ | Vug [ dvg 4 0(1)
D,

BE\D i @)

from R; > 1, and therefore,

/ |V |2 du, =[ |Vug|? dvg —f V! [2dvge + o(1).
Ds(x)) Ds(x)) s2

Finally, we have the H!-strong convergence u; — u on £2 \ Uf.:l Ds(x;), and hence
(1.15) is proven. ]

STEP 3. To search for further bubbles, first, we assume the case

Iiminf/ |Vvk|2dvg=/ |Vul? du,.
k—oo Jx» bl

Then, v, converges strongly to « in H1(X, §), and the energy identity holds by (1.15).
Moreover, since x,f — x; and |x; — x;| > & for i # j, the second equation of (1.2) also
holds, and thus, the proof of theorem is complete with p = ¢.

We have, otherwise, liminfi_, o [5 |Vuel2dvg > [+ |Vu|? dvg, and define the concen-
tration set of {v;} by

S”:ﬂ{ze)’]‘liminf |Vvk|2dvg>80}.
r>0 k=00 Jro)
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Since

f |Vvk|2dvg</ |Vug|? dvg
Dr(Z) Dr(Z)

by (1.15), we obtain S’ ¢ S and assume &’ = {x1, ..., xg} with 1 < £/ < L.
Taking x1 € S’, now we detect the second bubble. First, we obtain

liminf lim / |V |? dvg > €9 > 0.
Dr(xl)

r{0 k—o0

Then, using the concentration function of v, defined by

0™ (1= sup Vg |? dvg,
z€Ds(x1) Y Dt (2)

we choose
e asequence of points {x; ™} C Ds(x1) satisfying limy_ oo x T = x1,
e asequence of positive numbers {8} converging to 0

such that

€0
ot (st :f |Vl dvg = >

£+1
D X
5£+1( k )

Here, we obtain 5,7 > 6} by (1.15).

We use the rescaled map o)™ (x) = v (8™ x + x{™) defined for x € DS () =

™ =L(Ds (x1) — x. ™) similarly to Step 1. Actually, it holds that

- - &
./ |Vv,f+1|2dvg<—0
Di(2) 2

for all z € D§ ™ (x¢) with the equality when z =0, and

00—~ ot weakly in HY (52 \ {00}, S")
for some w!*1. Although these {vf ™}, and {5}, are not harmonic, we can derive a
variant of e-compactness to the latter.

For this purpose, first, we note the following.

LEMMA 1.2.3. It holds that

s/ sttt |xj—x£+1|
k k k k 00

max{ , =—, —%
s 8] s et

forj=1,...,¢.
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PROOF. The assertion is obvious for j # 1, because
Z+li —

lim |fo - X

|xj —x1| > 6.
k— 00

If this is not the case for j = 1, there exists R > 1 such that

+1 1 +1
R—lg‘sk <R |xje — X |\
5 548,
This implies
€0
> = ot (st =f |V |2 dvg < / |V |2 dv,

L+1
D X
5£+1( k )

=f |V (i} — )| diy — 0
12J3

1
b Ls} )

for some L = L(R) > 0 (L(R) = 2R + R? would suffice) by the H-strong local conver-
gence of iit — w!. This is a contradiction. 0

Now, we show the following lemma.

LEMMA 1.2.4. The above defined »‘*? is a nonconstant harmonic map: 2 — ", and
70— w1t strongly in HE.(S%\ {00}, $™).

PrRoOF. We distinguish two cases of “separated bubbles” (Case 1) and “bubbles on bub-
bles” (Case 2) indicated by Figures 1 and 2 of [97], respectively, regarding (S,f“ > 8,%.

CASE 1. There exists R > 1 such that

sl il — xOH
1 k X Xk
or
£+1 1 0+l
8 oy d e — x|
T oo and  —S——g = 00
Sk 8k +8k

In this case, two bubbles w! and w‘*! are geometrically separated in spite of

; 1_ i 41 _ ;
- —_— — 1 1
limy 00 X = liMy s o0 X x1, and therefore, there is L >> 1 such that

1 £+1
Ds,}L(xk) N Ds,f“L(xk )=1
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for k > 1, regardless with 5,7 ~ 8} or 8; "1 > s}. This implies

~ 1,2
dvg =v/xz+1ﬂ1 o [Vor|“dog
i
71+71DL
5 ok

N

fSZ\D |Va)1|2dvsz =0(1)
L

for L > 1. Thus, it holds that

{+1 1 +1
wl<xk — X =8

i > — w'(c0) strongly in HY (52 \ {oc}, $"),
k

passing to a subsequence.
In the case of j #1,

Dy, () Daf“L(xlfH) =9,

is obvious, and hence it holds that

L st ‘
wf( . 5]; k ) — w/(co) strongly in HZ_ (% \ {co}, 5")
k

similarly. Since we can apply the e-compactness to

~(+1 +1 +1
u (x):uk(Sk X+ x; )

4 +1 +1 J
(6 T Tx+x —X ;
= ot )+ o () o]
5
J

the proof of this lemma is complete, where (1.14) is used to derive the above equality.

CASE 2. There exists M > 0 such that

ﬁ—wﬁ—oo and PES (1.16)
81 8(+1 ~ : '

k k



296 T. Suzuki and F. Takahashi

In this case, we obtain

41 1 +1
X —x; — 8, -
/ Va)l< k k k )
S2\ Dy

1
S
112
= g gn Vo'l dvge =0(1)
SZ\( k o k+ kl Dq)
k

2

d'USz

+1

as k — oo by 6"5—1 — +o0, where o > 0 is arbitrary. For j # 1, on the other hand,
. ) L S N Y e
there is the strong H&,c convergence of Vo’ (%

k
is applicable to the above defined {a{™}, it follows that ii™ — w'*! strongly in

Hig(S\ ({00} U Dy)).
From the first bubbling process it follows that

/ IVu|? dvg = o(1),
Dﬂai(x]%)

Lt
le-i—l k
D 1 6(4—1
B} () k

2
g/ ‘Vw”ly dvg = 0(1)
D /%I% (X£7x£+1)

3€+T
k

) — 0. Since g-compactness

2
dvg

for 8 > 1, and therefore,

[ oo an = [+
Dpg Dy DR\Da

Lyt
Pl (550)
Ar(a,p) 3

Ar(et, B) = Dy (xic) \ Dpga (xi)- (1.17)

2

dvg +o0(1)

holds for any R > 1, where

This A = Ay (e, B) is connecting two bubbles w! and wf*1, and is called the neck region.
(+1

Since 8"8—1 — +o0 is supposed in this case, this region appears always.
k

However, we can assume

S
oy 7= (550)
Ar(.) 3

2
dvgg/ |Vuk|2dvg<8o
Ag (e, B)
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by making 8 > 1> « > 0, and then Lemma 1.2.2 guarantees

/ |Vug|? dvg < C/ IVwg|? dvg (1.18)
Ar(@.p) Ar(@.p)

Awr =0 inAg(a, B), wry =ur 0N dAx(a, B).
To estimate the right-hand side of (1.18), we define f; = fi(x) and gx = gx(x) by

Afi=0 in Ax(a. B),
fie=ue = @™ (P) 0N 9D, e (x}).

fe =ur —wt(co) on aDﬁéi (x,%), (1.19)
and

Agr=0 in Ag(a, B),
gk =0 (P) on 0D, 1 (x}),

gk =w'(co) on D5 (x}), (1.20)

) xlfx(Hl i A
where P = limg_ o0 ka‘—ﬁ Since wy = fx + gk, it holds that
k

/ |Vwk|2dug<2/ |ka|2dvg+2/ |V gr|? du,,
Ay (e, B) Ay (e, B) Ay (e, B)

while
/ ¥ fil? dvg = o(1), (L.21)
Ak(a.B)
1 — o lpy2
/ Varldvg < D=0 D) (1.22)
Ar(a.B) log (%
g( /35]} )
are proven. In this case, we obtain
f |Vug|? dvg < C/ Vw2 dvg = 0(1),
A (e, ) A (e, )

and therefore,

[ 19t 482 — o Pt =0t
R
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which completes the proof of this lemma.
To show the above estimates, we abbreviate

0A, =0D, 51 (xi) and dAf =D (xi)

for simplicity. First, from the strong convergence ii; ! — w1 in H} (52 \ ({00} U D)),
it follows that

e+1
e T

U —@ ( JYas] >‘
k

Similarly, since i+ — w? strongly in H(Dpg), we obtain

1
S—x

up — | —-k
81
k

We have, on the other hand,

=o0(1).
wi/2.2(3 Ak)

=o(1).
Wl/Z,Z(aA//\é)

P —
ot Tk 7 f — w“l(P) and ot — k) a)l(oo)
5" 8

by (1.16), and therefore, (1.21) by the elliptic estimate to (1.19).
Since the boundary value of g is a constant in (1.20), on the other hand, it follows that
gr = Arlog|x| + By, where

a)KJrl(P) _ 0)1(00)

Ak = a5£+1 y
log( ool )
_ o'(c0)logas; ! — o' 1(P) log B8}
k= | a(S]I(Jrl )
Og( ﬁg]% )
This implies
Ry R
/ Ve|?dv, < Cf g/ () [*rdr = CAZ Iog<—2>
Ag(.f) R R1
for R, = a8, ™ and Ry = B8}, and hence (1.22). 0

STEP 4. We have extracted the principal and the second bubbles {Cl)j}j:]_ ,,,,,
{wf}j:gﬂwg/, respectively. If there is no energy gap by these bubbles, the proof is done.
Otherwise, we apply the hierarchical argument and detect third bubbles by the bubbling
process of Steps 2 and 3. By Lemma 1.2.1, on the other hand, each «' has the energy
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bounded from below, and therefore, this process terminates in a finite time. Eventually, we
obtain the energy identity and the proof is complete.

2. Mass quantization

Mass quantization is concerned with the L1 norm. It is associated with a different exponent
from that of energy quantization, but is derived from the scaling invariance of the problem
similarly, where the location of blowup points are prescribed by the linear part. Section 2.1
describes this profile for the complex Ginzburg—Landau equation case. Then, we take a
problem involving two-dimensional Laplacian and the exponential nonlinearity in the sec-
ond section. We study mass quantization of this problem with its higher-dimensional anal-
ogy in the final section.

2.1. Ginzburg-Landau equation

The complex Ginzburg—Landau equation is described by
1 2 .
—Av=S(1-pl)v ing2, v=g O0nas, (2.1)
&

where 2 ¢ R?2 = C is a simply-connected bounded domain with smooth boundary 82 =
S, v:2 —C,and g = g(x):92 — ST =R/(27Z) is a given smooth function. It is the
Euler—Lagrange equation of

1 1 2
Eg(v)=§/9|Vv|2dx+E/9(l—|v|2) dx

defined for v e H}(2) = {v € H'(2;C) | v=g on 082}. Actually, E is compact on
Hgl(.Q) and each critical point of E. corresponds to a solution to (2.1).

This functional was introduced by V. Ginzburg and L. Landau in 1950 in the study of
super-conductivity. Now, it is considered to describe the energy state of a super-conducting
sample on a macroscopic scale. Many variants have been used in various fields so far. Mass
quantization, on the other hand, is observed in 0 < ¢ « 1, called strong repulsive case in
physics.

Any solution v = v(x) to (2.1) is smooth on £2, and is provided with the following
estimates, where C = C(£2, g) is a constant determined by £2 and g:

lv| <1, Vv < Ce™ ! ing,
1
Q: star-shaped = —/ (1- |v|2)2dx <C. (2.2)
482 Q
In fact, we obtain

%A(|v|2—1)>i2|v|2(|v|2—1) in £, lvj=1 onag,
&
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and |v| < 1 follows from the maximum principle. From this inequality and the elliptic
estimate, we have ||v||y2, < Ce™2, and therefore, ||vy1, < Ce™! by the interpolation
theorem, where 1 < p < co. Letting p > 2, we obtain |[Vv| < Ce~1 in 2. The final in-
equality of (2.2) is obtained by the Pohozaev identity

}/ (x-v)
2 Joo

1 d
— — (_x .v) _g
2 IR ot

v |?
0

ds+§/9(l—|v| ) dx

2 dv ag
ds — (x-1)——ds,
kYol dv dt

where v and 7 denote the unit normal and tangential vectors to 952, respectively, such that
(v, ) forms a right-hand system.
The energy minimizing solution to (2.1) attains

ke =iInf{Ec(v) | v e Hy(2)}.

Its existence is obvious although it may not be unique. If £ is a unit disc and
g(0) = exp(zdO) for d € Z, one obtains a solution to (2.1), assuming vg . (r,0) =
Sfa.e(r)exp( do), where f = f; . is a solution to

2
rzf//—i-rf/—dzf‘i‘ ;_Zf(]__fz)zo O<r<l,

f(0)=0, f=1

Estimating E. (vs -), We can show that this vy . with |d| > 2 does not attain «, in the case
of 0 < ¢ « 1. Multiple existence result for the general case is obtained by the method of
variation [2,3].

Asymptotic behavior of the solution to (2.1) as ¢ | 0 is, thus, associated with d, the de-
gree (winding number) of the mapping g : 92 — S. This asymptotics is actually described
by the renormalized energy defined for ¢-points ay, ...a; € £2 and ¢-integers d, ..., d; €
Z satisfying d = Zle d;. In more precise, we take the scalar-valued @ = & (x) satisfying

)4

. 0P

A¢>=§ 2nd;és; In 82, 8—=g/\gr onas2, / Dds =0,
‘ v 882

i=1

and introduce the harmonic function R = R(x) by

14

Rx)=@(x)— Y dilog|x — ], (2.3)
i=1
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where A denotes the wedge product in R2. Then, the renormalized energy associated to the
configuration (as, ..., ay) is defined by

We(ar,...,ap) =—n Y _did;logla; — aj|

i<j

4
1
_nizzldiR(a[)—i—E/anD(g/\gr)ds. (2.4)

£ times

. - - . /_/_\ -
Thus, it is a function defined on £2 x --- x £2\ A, where A denotes the diagonal part:
A={(a1.....ar) € 2" | a; = a; for some i # j}.

We note that this W, depends on the choice of (dy, ..., dp).
Profile of concentration may be called mass quantization in this case.

THEOREM 2.1. (See [15].) Let £2 c R? be a star-shaped bounded domain with smooth
boundary 962, and v, = v, (x) be asolutionto (2.1) for 0 < ¢ <« 1. Then, there is a constant
C > 0 determined by g and £2 such that

E;(ve) < C(|loge| +1).

Any g | 0 admits {g;} C {e} such that for some ¢ distinct points ay, ..., a in £, £ inte-
gers di, ..., dg different from 0, it holds that

Vg = v INCRe(2\8;0)N cle(2\ S;0),

where S ={a1,...,a;},0 <o <1,and v, : 2\ S — St is a harmonic map defined by

¢ o\
v*(z)=ex|o(l<;>(z))]"[<Z “’) 2.5)

i \lz—ail

using the harmonic function ¢ = ¢(z) on £ compatible to v, = g on 9£2. We obtain,
furthermore,

J4
W(l— v 1) dx — E;di 84; (dx)

in the sense of measures on £2, and the configuration (a;);—1
renormalized energy W,:

¢ is a critical point of the

.....

DW,(ay, ...,ar) =0€R%,



302 T. Suzuki and F. Takahashi

which is equivalent to

V(@) —diloglx —a;l) _ =0 (i=1,...,0).

X=a;

Concerning the energy minimizing solution v, € Hg}(.Q) which attains «., the above
result is sharpened as follows. First, in the case of d = 0, there is smooth v : 92 — R such
that ¢ = exp(1v). We define v, = expig,) € HL(£2) by

Ap, =0 in g2, Qs =% 0Nnas2 (2.6)

similarly. Then, it follows that
ke = E¢(ve) < Ec(v) = 5 Vv |®dx = 5 Vo, |*dx,
2Je 2Jo

and then ||vs — v4|loo = O(£2) and v, — v, in H are proven [14,120]. In the other case of
d > 0, we obtain d; = 1in (2.5) and the map v, has exactly d = deg(g) zerosfor0 < ¢ « 1.
Furthermore, the configuration (a1, ..., az) minimizes the renormalized energy on 24\ A
and it holds that

ke =mdlloge| + We(ag, ..., aq) +dyo+o(1)
as ¢ | 0, where yo > 0 is an absolute constant.

In the nonminimizing case, the multiplicity d; may not be +1 and the opposite sign of
vortices can coexist.

2.2. Exponential nonlinearity
Emden—Fowler equation with exponential nonlinearity,

—Av=oce" in§2, v=0 onas 2.7
arises in the theories of thermionic emission, isothermal stationary gas sphere, and gas
combustion [55,27,11], where £2 C R" is a bounded domain with smooth boundary 92
and o > 0 is a parameter. In the case of n = 2, it is also associated with the theories
of turbulence and self-dual gauge [82,80,148,134]. Actually, this equation with n = 2 is
provided with complex and geometric structures, which results in the mass quantization of
the blowup family of solutions [126,128].

2.2.1. Complex structure. Putting u = v 4 log o', we obtain

—Au=¢" ing. (2.8)
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If we identify x = (x1, x2) € £2 t0 z = x1 + 1x2 € C, then (2.8) means

1 u
U7 =——¢€

4

for z = x1 — 1x2. This implies

S7 = Uzzz — UzlUzz = _Zeu”z + Z“zeu =0
for
_ 2
S =z — -ug, (2.9)
2
and therefore, s = s(z) is a holomorphic function of z € 2 c C.
Regarding (2.9) as a Riccati equation of u, we obtain
1
@z + 559 =0 (2.10)

2

for ¢ = e /2. Here, we take x* = (x1,x3) € £2, and define a fundamental system of
solutions to the linear equation (2.10), denoted by {¢1(z), ¢2(z)}, such that

Gz d¢1
P1le=zr = —— =1 and 5. = @2]z=z» =0, (2.11)

0z * "

=z =z

where z* = xI +1x5. This {¢1(2), ¢2(2)} is composed of analytic functions of z € £2, and
it holds that

p=e"?=F@De1(2) + L@Dp2(2) (2.12)

for some functions f1 and f of z.
These f1(zZ), f2(z) are prescribed by the Wronskian. Since

Wi(p1, 92) = p192; — 91202 =1,
it holds that

f1@) = W(p, 2) = 92, — @02,

22 =W(p1,9) = p10: — 1.0,

and the left-hand side is independent of z. Taking z = z* in the right-hand side, therefore,
we obtain

i@ =92 and £ =¢.("2). (2.13)
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Since ¢ is real-valued, it holds that

1

gz + 55p = 0 (2.14)
for 5 = 5(z) defined by 5(z) = s(z). This relation is valid to ¢ = f1(z), f2(z) defined
by (2.13), while {1, p,} forms a fundamental system of solutions satisfying

_ R Q1 _

= — =1 and R = S_o% :0

¥1l=—; 07 | 07 |oee P2lz=2

Thus, f1(2) and f>(z) are linear combinations of @, (z) and @, (7).
If the above prescribed x* = (x7, x3) € §2 is a critical point of , then it holds that

AEH =9 7)) ="/

x:x*’
f1 a _
)_(pZ(Z Z) a M/Z‘x X*=Ov
@) = e T = — TR =
2Z _%Z vZ _aze x_x*— k]

f2 - _ 1_
*) = (pZZ(Z Z )_ 4A€ u/z} =x* —ge u/ZAu x=x*’
1
— —,u/2
= 86” |x=x*

and therefore, we obtain f1(2) = cg1(z) and f2(z) = g¢ " @2(2) for ¢ = e7/2|;_y». This
means f1 = cgy and fo = %g&z, and therefore, it holds that

e 2 = clgy |2 + |¢2|2 (2.15)

by (2.12). Writing y; = c1/28%4¢; and v, = ¢ ~1/28= /4, we have
W1, ¥2) = Wig1, 92) =1,

1\ 1/2 1\ 12 1\ 12 -1
<§> e”/Z:{c<§> lo11? 4+ ¢ 1<§> Iwzlz}

1
T Yl + [yl

and therefore,

, 1/2
IF'| W1 ¥2) _<1> /2 (2.16)

L+IF2~ [P+ 22~ \8
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for F =+ /vr1. This means that (2.7) is reduced to finding an analytic function F = F(z)
of z € £2  C such that

o\ 1/2
pP(Flag = <§> (2.17)

by u =v +logo and v|ye =0, where

||

F)= .
P =1 re

The above defined F = F(z) is a quotient of two linearly independent solutions to (2.10),
and therefore, it holds that

1
{F;z}=—§s,

where

(F: }_3 F 2 1 E™
=\ E 2 F

is the Schwarzian derivative.

2.2.2. Geometric structure. It is known that po(F) describes the spherical derivative of
F = F(z). More precisely, if 4 £? denote the standard metric of the Riemannian sphere C
with the south pole (0, 0, 0) and the north pole (0,0, 1), and if :C — C U {00} denotes
the stereographic projection, then the conformal transformation F = t~! o F induces the
relation

dx
o =n(h). (2.18)
s

where ds? = dx? + dx3 denotes the Euclidean metric on C = R2. In particular, p(F) is
invariant under O (3) transformation of C.

If € £2 is a sub-domain, then the immersed length of F(dw) and the immersed area
of F(w) on C are defined by

zl(aw)zf o(F)ds and ml(w)zfp(F)zdx,
dw w

respectively, and therefore, it follows that

01 (30)? = dmi () (7 — m1 (@) (219)
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from the isoperimetric inequality. Putting
(dw) = / pY2ds = 81/2/ o(F)ds,
dw dw
m(w) :/ pdx :8/ ,o(F)zdx
w w
with p = ¢*, we obtain
2 1
L(Ow)” > Em(a))(&r — m(a))) (2.20)
by (2.16) and (2.19).

Relation (2.20) is a form of Bol’s inequality on the surface M with the Gaussian curva-
ture less than or equal to 1/2. More precisely, (2.20) describes this inequality for nonpara-
metric M, where p = p(x) > 0 is a C2 function defined on the domain £2 ¢ R? of which
boundary is composed of a finite number of Jordan curves,

—Alogp<p ing, (2.22)
and w € £2 is a sub-domain with the boundary dw locally homeomorphic to a line [7].
This geometric isoperimetric inequality induces an analytic isoperimetric inequality con-
cerning the first eigenvalue of the Laplace—Beltrami operator, by spherically decreasing
rearrangement with respect to d X = p(x)1/2ds.
THEOREM 2.2. (See [8].) If £2 c R? is a bounded open set with the boundary 852 com-

posed of a finite number of Jordan curves and p = p(x) > 0 is a continuous function on
£2 which is €2 in £2 and satisfies (2.21), then it holds that

v= [ p<tr = np@>u0 2, 222)
where

(p, 2) =inf{/Q V|2 dx ) ve HA ), /szpdx =1}, (2.23)
pr=o*e", 2* ={x e R?| |x| < 1}, and

—Avt=o*"  in Q% v =0 onaN*,

/*a*e”* = (2.24)

If the equality holds in (2.22), then §2 is a disc and p = p(x) is a radially symmetric
function satisfying —Alog p = p in £2.
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The value vi(p, §2) defined by (2.23) is the first eigenvalue of
—Ap=vpy in$2, =0 o0nas, (2.25)
while the above introduced (o*, v*) exists uniquely for each A € (0,8x). This v =
v1(p, §2) is attained by the eigenfunction ¢ € Hol(.(Z) sufficiently smooth in £, ¢ >0

in 2,and ¢ =0 0n 2. We put £2;, = {x € 2 | p(x) > ¢t} for > 0 and take the open
concentric disc D} of §£2* satisfying

/p*dx:f pdx.
D} D,

Then, we define Bandle’s spherically decreasing rearrangement ¢* of ¢ by
¢*(x)=sup{t | x € D]},

where x € £2*. This ¢* is radially symmetric, ¢* > 0 in 2%, and ¢* =0 on 9£2*. Since
@ — @™ is equi-measurable, the relation

/szpdxzv/g* ™2 p*dx (2.26)

holds, while the decrease of Dirichlet integral,

/Q|w|2dx>/m|w*|2dx (2.27)

is achieved by Bol’s inequality as is described in the following chapter. Thus we obtain
(2.22).

2.2.3. Radial solutions. From the general theory [56], any classical solution to (2.7) is
radially symmetric if £2 is the unit ball. To classify such a solution for n = 2, first, we study

1
V' 4+ v +0e"=0 (0<r<o0), v/(0) =0. (2.28)

r

If vg = vo(r) is a solution to this problem, then so is
v(r) = vo(e*/?r) +

for « € R. Thus, we shall assign a special solution vg(r) to (2.28) and chose « by the
boundary condition, i.e.,

vo(e*/?) +a =0. (2.29)
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For this purpose, we deduce

d2
ﬁ(v +25) +0e’t¥ =0
s

from (2.28) using s = logr, and obtain the one-dimensional case,
W' +oe"=0 (—oo<s <00),

where u = v + 2s. This equation implies
1 !/
{u// _ E(u/)z} — 0’

and we take the case
1
u// _ E(u/)Z = _2.
Actually, (2.31) is reduced to the logistic equation
0=1-20)¢

by £ = 2=°(5/2) 'and we can assign a solution

1 s

This £ = £(s) induces vg = vo(r) defined by

2
vo + 25 = —2logcoshs + log —,
o

1o 8/o
oo =l |

as a special solution to (2.28). Then, (2.29) is reduced to the algebraic equation

8  (e”+1)?

o e¥

9

and thus, we have classified the solutions to (2.7) for

2=2"=|xeR?| x| <1}.

(2.30)

(2.31)
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Actually, they are described explicitly, i.e.,
8B+/0 4 o o\ ?
=v(x)=log} ———— =—{1——4(1-= )
v =10} (x) Og{(l+,3i|x|2)2}’ B+ { 2 ( )
It holds that

2

e

for o = 2, and the number of solutions to (2.7) £2 = £2* is two, one, and zero according
to0 <o <2,0=2,and o > 2, respectively. Total set ofg)lutions C* = {(o,v)}, on the
other hand, forms a one-dimensional manifold in R} x C(27). We obtain

limv** (x) =0 uniformlyinx e 2,

ol0

N 1 . . —
I|£f(1)v+ (x)=4logﬁ locally uniformly in x € £2™ \ {0},
o X

and therefore, the endpoints of C* are (0,0) and (0, v,) with v, = 4log |71‘ Thus, v, =
v4(x) is a singular limit of the solution.
It is convenient to write these radially symmetric solutions as

172 172 1/2
N () 2.32)
8 8 2+

1/2
ve_ e (2T o2
1% My (cr) { + o

In fact, in this case their Liouville integrals (2.16) are described by F(z) = Cz with

with

1 12

and the length of F(3£2*) and the area of F(£2*) are equal to

e 172 o 1/2
£1(082%) :/ (—) ds =2n <—>

and

« et 1 A
ml(Q ): dezé 5 pd.ng,
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respectively. Therefore, A grows from 0 to 87 monotonously along the branch C* connect-
ing (0, 0) and (0, v,). Furthermore, the bending point o = 2 of C* corresponds to A = 4,
while o increases first from 0 to 2, and then decreases from 2 to 0.

If we take A as a control parameter and eliminate o in (2.7), then it follows that

—Av=—— 1ing, v=0 onas. (2.33)

This A casts a physical parameter derived from the inverse temperature and the coupling
constant in turbulence and self-dual gauge, respectively [24,25,82,128,133,148].

2.2.4. Laplace-Beltrami operator. From the general theory of bifurcation [6,44,126], the
above described profile of C* guarantees the linearized stability of v*° as a solution to (2.7)
for £2 = £2*. This means that the first eigenvalue of the self-adjoint operator

*0

L* =—A —ce’-

in L2(£2*) with the domain (H? N H})(£2*) is positive if 0 < o < 2, and zero if o = 2.
These properties are equivalent to v (p*, 2*) > 1 and v (p*, 2*)=1for0 <o < 2 and
o = 2, respectively, where vy = v1(p*, £2*) denotes the first eigenvalue of

—Ap=vp*p inQ*, ¢=0 onaf2* (2.34)
for p* =oe'™ .

This vi(p*, £2*) is equal to v1(p, £2) of (2.23) for (p, £2) = (p*, £2*), and by the above
consideration it holds that

O<i<dr = vi(p*", 2" >1, (2.35)
where
8u
k
X)=——%——= 2.36
g (2 + )2 (2.36)

with u > 0 determined by

A =/ p¥(x)dx. (2.37)
Thus, we obtain
O<i<dr = vi(p,2)>1 (2.38)

by Theorem 2.2 if £2 C R? is a domain with smooth boundary 352, p = p(x) > 0 isa C?
function on £2 satisfying (2.21), and [, pdx = 2.



Nonlinear eigenvalue problem with quantization 311

We can confirm, on the other hand, (2.35) directly, using the associated Legendre equa-
tion. More precisely, putting

_ 2
p)=@@Ee™,  x=re, s=%, A=1p,

we obtain the associated Legendre equation [8]

[A— &), +[2/A—m?/L=§D)]® =0 (€. <& <),
PD=1  PE)=0 (2.39)

by (2.34), where &, = (u — 1)/(u + 1). Thus, if @ = @ (&) denotes a solution to the first
equation of (2.39) for A =1, m =0, and @ (1) =1, then v1(p*, 2*) > 1 is equivalent to

PE)>0 (¢ <E&<)).

Since such @ is given by Py(§) = &, this means &, > 0, and therefore, we can reproduce
(2.35) by

A<dmr & wpu>1 & §£,>0.

The associated Legendre equation appears when one adopts the polar coordinate to get
the eigenvalues of three dimensional Laplacian written in the Cartesian coordinate. To
understand the reason why this equation arises in the study of (2.34), we recall that p* =
p*(x) of (2.36) is associated with the Liouville integral F(z) = u=2z by (p*/8)1/2 =
p(F). Using the stereographic projection: 7 :C — C U {oc}, therefore, g = ¢ o 7 satisfies

—Agpp= %a in @, =0 onaiw, (2.40)

where ¢ = ¢(x) is a solution to (2.34). Here, A is the Laplace-Beltrami operator and
& c C is a disc with the center (0,0, 0). In other words, vy (p*, £2*) defined by (2.36)-
(2.37) is nothing but the first eigenvalue of the Laplace—Beltrami operator —A s> defined
on w C §? with -3, = 0, where $? and w C S? denote the round sphere with total area
8m and an immersed disc with total area A € (0, 8), respectively. Then, we obtain the
associated Legendre equation using separation of variables to (2.40).

Spherically decreasing rearrangement described in the proof of Theorem 2.2 is refor-
mulated as a Schwarz symmetrization on the round sphere in this context. Thus, given a
positive C2 function p = p(x) defined on a domain £2 ¢ R? with continuous extension to
£2 satisfying (2.21) and [, p(x)dx =1 € (0, 87), we take an immersed disc & C 52 with
total area 1. Let ¢ = ¢(x) be a nonnegative C2 function defined on £2 satisfying ¢[3 = 0.
Then, we put

@*(x) =supft | x € wr} (2.41)
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for x € w, where w, denotes the concentric disc of w satisfying

/ dv:/ pdx (2.42)
wy {p>1}
and dv is the area element of $2. Then, (2.26)-(2.27) reads;
2 _ *2 2 *)2
/(p pdx—/<p dv, / [Vl dx}/ Vg™ | dv. (2.43)
2 w 2 10}

2.2.5. Spherically harmonic functions. We recall that if 2 c R? is a domain, then (2.8)
is equivalent to (2.16), i.e., p(F) = (¢*/8)Y/2, where F = F(z) is an analytic function.
This is regarded as an analogy of the harmonic case, that is, Au = 0 in £2 if and only
if u = Re F, where F = F(z) is an analytic function. In fact, we can derive the mean
value theorem for this type of functions described below, and this property guarantees a
Harnack type inequality [123]. In this sense, the function u = u(x) satisfying —Au < e*
and Au < ¢ may be called spherically sub-harmonic and super-harmonic, respectively.

THEOREM 2.3. (See [126,128].) If £2 c R? is an open set and u = u(x) is a C? function
defined in £2, then —Au < €" in £2 if and only if

1 1
ulxg) < ——— uds—2|0g{1—— e”dx}
[0 B(x0, R)| JaB(xo,R) 7T JB(xo,R) n
for any B(xp, R) € £2. Similarly, Au < ¢e" in £2 if and only if
1 1 .
ulxg) > ———— uds —2log{l+ — e'dx
[0B(x0, R)| JaB(x,R) 7T J B(xo,R)

for any B(xg, R) € 2.

The first inequality of the above theorem implies the following fact, called Bandle’s
mean value theorem. The other application to —Au = K (x)e" is given by [31,39].

THEOREM 2.4. (See [5].) If p = p(x) > 0 is continuous on B, C? in B, and satisfies
—Alogp<p inB, [p<4n,
B
then it holds that

0 1
PO / P2 s, (2.44)
1+r°p(0)/8 " 10B:| Jos,

where B = B(0, R) C R%, B, = B(0,r), and r € (0, R).
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PROOF. Putting
u=logp, m(r):/ e dx < 8w,
B,
we apply Theorem 2.3. It holds that

1 m(r)
< —21 1-—
“O < 5, /ag,uds °g< g )

for r € (0, R). Writing p = ¢*, we obtain

2
pO) < (1— %) exp{

uds}
[0B)| JaB,

m(r) 2 1 m(r) -2 ,
<<l_ 871) |aB,|/aB,pds_E(l_ 871) )

by Jensen’s inequality, and hence it follows that

m'(r)

(A —m(r)/(87))?

R 1 R
P(O)R2 =2/ pO)rdr < —/ dr =8m@Br —m) L,
0 T Jo

where
m=m(R) =/ pdx.
B
Bol’s inequality, on the other hand, guarantees
1
< Em(87r —m)

for ¢ = [, , p'/?ds, and therefore, m < m_ in the case of m < 47, where M =m_ is the
smaller solution to

M? — 8 M + 202 =0,

m_=4x(1—/1—j2) forj=1¢/(2v/2n).
Then, we obtain
p(O)R?> <8m_(87r —m_)"*

and hence (2.44) for r = R. O
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2.2.6. Duality. Problem (2.33) is the Euler-Lagrange equation of the functional
1 2 v
jx(v)zznvv”z_)»log e’ ) +Arlogh — A (2.45)
2

defined for v € Hol(.Q). The Trudinger—Moser inequality [85] guarantees that this func-
tional is C*, and is bounded from below if » = 87. Actually, there are several variants of
this inequality [127].

This J,, = J,.(v) is regarded as the dual form of a physically important functional,
Helmholtz’ free energy

}'(u):/ u(logu—l)—l((—AD)*lu,u)
o 2

defined for u >0 and [, u = 4 [128]. The equilibrium with respect to F () is described
by

(—=Ap)~tu=logu + constant in £2, lulls = A. (2.46)

We define, on the other hand, the Lagrangian by

L(u,v) =f u(logu — 1) + E||Vv||§ — (v, u).
o 2

First, if v € Hol(SZ) is a solution to (2.33) then u = f’\ezu is a solution to (2.46), and con-
2

versely, if u > 0 is a solution to (2.46) then v = (—Ap)~tu is a solution to (2.33). Next,
there are unfolding Legendre transformation and the minimality in accordance with the
Lagrangian formulated by

Llymcapy-tu=F and L|_,e =0, (2.47)

Jae

and
L(u,v) = max{F(u), Jr(v)}, (2.48)
respectively, where u > 0, |lulj1 =A,and v € Hol(.Q). We have, more precisely,

inf{L(u,v) |ve H(2)} = Fw),
inf{L(u,v) [u>0, luls=r} =T (v),

and in particular,

LnIL(u, V) = igfjk(v) = irulf]:(u).
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These profiles are the consequence of the abstract structure of Toland duality [135,136]
observed in wide areas [128].

Decrease of this free energy together with mass conservation, on the other hand, is real-
ized by the model (B) equation [61,68]. This is the Smoluchowski—Poisson equation con-
cerning material transport under the self-attractive force, or a simplified system of chemo-
taxis in the context of mathematical biology, i.e.,

u;=V-(NVu—uVv), —Av=u in2x(0,7T),

0 d

P —y=0 onae x0,7). (2.49)
v av

In fact, this system is described by
ad
u =V - (uVSFu)), ua—vé]-'(u)|ag =0

and hence it follows that

d / f 88.7:( )=0
— U=— u— u)=0,
dt Jo 30 OV

L _/ u|VsFw)|? <0.
dt Q

This means that the stationary state of (2.49) is defined by

u >0, lullr = A, 8F (u) = constant,
that is, (2.46), equivalent to (2.33) by the above mentioned transformation.
2.2.7. Collapse formation. There is a quantized blowup mechanism in the nonlinear
eigenvalue problem (2.33) derived from (2.7), which is the origin of the formation of col-
lapse with quantized mass to (2.49). A typical example of such a profile is the following

theorem. See [127,128] for related topics.

THEOREM 2.5. (See [127].) If the solution to

1 .
u;=V-(Vu —uVv), —Av=u—— [ u In2x(0,7T),
12| Jo
0 0 0
M _ %0 onaex (0,7
v v dv

blows-up at r = T < 400, then it holds that

u(x,1ydx = Y ma(x0) 8y, (dx) + f(x)dx

onS
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in M(2)=C(2') as t 1 T, where 2 c R? is a bounded domain with smooth bound-

ary 0£2,

S = {xp € 2 | there exist x;y — xo and # 1 T such that

u(xg, ty) — +oo}
is the blowup set, 0 < f = f(x) e LY(2)NC(£2\ S), and

8 (xp € £2),

ms(¥0) = {47[ (x0 € 082).

Thus, we obtain
28( SN 2) +8(SNas2) < luollr/(4r).

We can show also that the equality in (2.50) is excluded [128].

2.3. Method of scaling

The quantized blowup mechanism to (2.7) is described as follows.

(2.50)

THEOREM 2.6. (See [88].) Let £2 c R? be a bounded domain with smooth boundary
052, and {(ox, vr)}x be a solution sequence to (2.7) such that o | 0. Then, passing to
a subsequence, Ay = fg ore’ dx — 8w ¢ with some £ =0,1, ..., +o0. According to this

value, the solution behaves as follows:
(1) ¢=0: uniform convergence to 0, i.e., [|vx]lcc — O.

(2) 0 < £ < +4o0: £-point blowup, i.e., there existxj eR(j=1,...,¢)and vg = vo(x)

such that vy — vg locally uniformly in 2\ S for S = {xI, ...,

4
vo(x) =8m Z G(x, x;),
j=1
1
2 et
i#]j

where G = G(x, x’) is the Green’s function:

—AG(,x)=8u(dx) In2, G(,x)=0 ona

defined for x’ € £2, and

R(x) = |:G(x,x’) + 1 log|x — x’|:|
2w

x'=x

is the Robin function.

SVR(x) + ) ViG(xf.x¥) =0 (1<j<0),

x;}. We obtain

(2.51)

(3) €= +o0: entire blowup, i.e., vy — +oo locally uniformly in £2.
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The second case is crucial in the above theorem. Using (2.33), we can reformulate it as
follows.

THEOREM 2.7. Let £2 c R? be a bounded domain with smooth boundary 352, and
{(Mx, vi)} be a solution sequence to (2.33) satisfying Ay — Ag € (0, +00). Then, 1o =8¢
with £ € N, and passing to a subsequence, we obtain vy — vg locally uniformly in 2\ S
with vo = vo(x) satisfying (2.51) for S = {x7, ..., x;}.

To prove this case, first, we note that ||vk|ly14 = O(1) holds by the L1-estimate [114,
23], where 1 < g < 2= ;%5 for n = 2. This implies a uniform boundary estimate indicated

by
vkl Loe () = O (1), (2.52)

using the reflection argument combined with the Kelvin transformation [56,45], where
o= ®N 2 and @ is an open set satisfying 452 C @.
The original proof uses the complex structure [88]. In fact, we obtain

-1
_ oc
e””=dmﬁ+—§4wﬁ

in (2.7), using s(z) of (2.9) with u replaced by v, where {¢1(z), 92(z)} is the fundamental
system of solutions to (2.10) defined by (2.11) with z* corresponding to a critical point of
v, denoted by x* € £2. Thus, there is a family of holomorphic functions {si(z)} defined
by (2.9) for u = vz, and this family is uniformly bounded on £2 by (2.52) and the elliptic
estimate. Passing to a subsequence, therefore, we obtain s; — so locally uniformly in £2.

Introducing the fundamental system of solutions {¢1x (z), @21 (z)} to (2.10) for s = s (z),
we take x* = x; as a maximum point of v;. Passing to a subsequence, the conver-
gence sy — s mentioned above guarantees those of g1 — @10 and ¢ — @20 locally
uniformly as analytic functions in £, because {x/} is in £2 \ &. Then, it holds that
cr = exp(—|lvklloo/2) — 0 in the analogous relation to (2.15),

-1
_ ocC
e%”=%wwﬁ+—ng%ﬁ (2.53)

Since {v;} is bounded in W14 (£2) for 1 < ¢ < 2, any blowup point of {v;} must be zero of
the analytic function ¢19, and therefore, each blowup point is isolated. We obtain finiteness
of the blowup points in this way, while classification of the singular limit, (2.51), is derived

by residue analysis, more precisely, singularity vanishing of so(z) = vo,; — %vgz.

This concludes the proof of the theorem, but here we obtain Ukck_l ~1,ie., ||villeo &
—2log oy as k — oo. From the proof of Theorem 2.9 described below, on the other hand,

each x}‘.‘ takes a sequence x,{ — x;, where x,{ is a local maximum point of vg. Thus, we

can reformulate x* = x;f in (2.53), and consequently, the blowup rates vk(x;f) — +00
(j=1,...,¢)are proportional each other.
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The other proof of the above theorem uses Theorems 2.8, 2.9 described in the following
paragraph and the Pohozaev identity instead of the complex structure [81]. This argument
is valid even to the nonhomogeneous coefficient case.

The second equality of (2.51) means that (x7, ..., x}) € 2 x --- x £ is a critical point
of

1
H=H(x1,...,x)= EZze(xi)JrZG(xi,x,-).

i<j

If it is nondegenerate, then there is a local branch of solutions taking (o, v) = (0, vg) as
an endpoint for vg = vg(x) defined by the first relation of (2.51) [9]. First, the complex
structure was used for this purpose, assuming that £2 is simply-connected and ¢ = 1 [145,
84,125]. See [46,51] for later results.

Theorem 2.7 guarantees that the total degree of the solution set is constant in each com-
ponent of [0, +00) \ 87N [74]. It is actually determined by the genus of £2 and explicit
formula is given by a detailed blowup analysis [32—-34]. For example, if £ = 1, then it holds
that

lvelloo = —2l0g oy + 21098 — 87 R(xp) + o(2).

We obtain also

(x) i asi 8=kl
v(x) = .
— 8+ |x|? 8+ |x|?

if v = v(x) is a uniformly bounded solution to the linearized entire problem
nR?,

v
_sz—z
(1452

where a;, b € R. See [58,106].

2.3.1. Blowup analysis. Most of the fundamental equations of physics are provided with
self-similarity. Concerning (2.8) derived from the vorticity equation and the abelian Higgs
theory, it is invariant under the transformation

u"(x) = u(ux) +2log u,

where © > 0 is a constant. This causes the lack of compactness of the family of (approxi-
mate) solutions, and this mechanism is clarified by the blowup analysis of which ingredi-
ents are summarized as follows:

(1) scaling invariance of the problem,

(2) classification of the entire solution,

(3) control at infinity of the rescaled solution,

(4) hierarchical argument.
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The following theorem, free from the boundary condition, is useful in such a study,
because the effect of boundary conditions is usually lost in the scaling argument. It also
deals with the nonhomogeneous coefficient case with the lack of the complex structure.
Theorem 2.6 is associated with this theorem by vy — logoy. Actually, we obtain v > 0
in (2.7).

THEOREM 2.8. (See [21].) If 2 ¢ R? is a bounded domain and vy = v (x) (k=1,2,...)
is a solution sequence to

—Avi = Vi (x)e¥ in$2
with
0<Vi(x)<C1 ing2, / e’ < Co, (2.54)
Q

where C1, C are constants, then, passing to a subsequence, there arises the following
alternatives:
(1) {vi} is locally uniformly bounded in £2.
(2) v — —oo locally uniformly in £2.
(3) There is a finite set S = {xj} C 2 and m; > 4 such that vy — —oo locally uni-
formly in £\ S and

Vie(x)e% dx — ij Ber(dx) in M(£2). (2.55)
j

Furthermore, S is the blowup set of {v} in £2.

THEOREM 2.9. (See [75].) In the third case of the above theorem, we obtain m ; = 87 n;
for some n; € N, provided that Vi, — V uniformly on Q.

Boundedness of the Palais—Smale sequence relative to the Trudinger—Moser inequality
does not follow always. Then, the above theorem is applied to compensate this difficulty
in constructing nontrivial solutions to the mean field equation [122,48].

There are several differences between the energy quantization described in the previous
chapter. First, the above blowup mechanism occurs only to the quantized values of mass,
realized as the eigenvalue A. Thus, we obtain the residual vanishing, the disappearance
of the regular part of the limit measure in (2.55) under the control (2.54). Second, global
structure described by the compactness of the domain manifold or the boundary condition
excludes multiple bubbles, prescribing the location of blowup points.

The proof of these theorems are as follows [134,128]. First, we perform the prescaled
analysis to prove Theorem 2.8. In more precise, if £2 ¢ R? is a bounded domain, f e
L1(£2), and

—Av=f(x) ing, v=0 onas2,
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then it holds that

/ exp<4n _5|v( )|>d < 4jrz(diam 2)?
X XX —/— ’
2 IIf 1l 8

where 0 < § < 4x. This implies e-regularity, stated as the following lemma, and then
Theorem 2.8 is obtained by a standard argument.

LEMMA 2.3.1. Let 2 C R? be a bounded domain, K C £2 a compact set, c1, ¢ > 0, and
&0 € (0,4m). Then, there is C > 0 such that

—Av=V(x)e", 0<Vx)<c1 ing2,

ot < e, / Vne <o
2

implies [|v*| Leox) < C.

Once Theorem 2.8 is proven, then Theorem 2.9 is reduced to the following case, where
B =B(0,R) c R?and B, = B(0,r).

THEOREM 2.10. If
—Avg = Vi (x)e'™, Vi(x) >0 inB,

Vi >V inC(B),

max vy — 400,
B

maxv, — —oo (0 <r <R),
B\B:

lim Vi(x)e™ = a,
k— 00 B

/ e’ < Co,
B

then it holds that o € 8 .

There is actually the case of « = 87 ¢ with ¢ > 2 in the above theorem [37]. However,
the conclusion o = 87 arises, provided that

maxvy —minv, <C and ||V Villeo < C. (2.56)
dB B

We obtain, furthermore,

eV (0)

vr(x) —log (2.57)

<
1+ Vkéo)evk(0)|x|2)2 =
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fork=1,2,...and x € B in this case [74]. If (2.56) holds for B = £2, then n; =1 for any

J in Theorem 2.9 and furthermore, the blowup points x7, ..., x; are prescribed by
1
—VR N+ Y VG (xf +8—VlogV( =0 (1<j<0
i#]

similarly to the second equation of (2.51) [81]. See [89,91,106,127] for related results.
Theorem 2.10 is proven by the blowup analysis. Thus, we take x; € B satisfying
v (xr) = |lvk lloo With x; — 0, and put
Uk (x) = v (8xx + xx) + 2109 &,

Sp = e U2 _ 0
Then, it holds that

— ATk = Vi (8kx + xp)e*, 3k <0=x(0)=0 in B(O, R/25y),

/ % < Co,
B(O,R/28;)

and Theorem 2.8 is applicable to this {3 }. Thus, {#} is locally uniformly bounded in R?,
and passing to a subsequence, we obtain 7 — ¥ locally uniformly in R? with

—AT=V(0)e’, 5<0=19(0) inR2

/ZeﬁéCo
R

by the elliptic regularity. From this we can infer V (0) > 0 and hence assume
a<Vix)<b (xeB)

for k =1,2,... without loss of generality, where a, b > 0 are constants. We obtain, fur-
thermore, o = (|x|) by the method of moving plane [36], which results in

3(x) = log /R ) V(0)e’ = 8. (2.58)

L+ P22

2.3.2. Sup+ Infinequality. We have detected the principal collapse formed at the origin
in the proof of Theorem 2.10. Now, we have to show the vanishing of residual parts by
collecting the other collapses. This is done by the sup + inf inequality proven by Alexan-
droff’s inequality originally. Alexandroff’s inequality is also an isoperimetric inequality on
surface described by its Gaussian curvature, regarded as a refinement of Bol’s inequality
[8]. Thus, we can show the following lemma.
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LEMMA 2.3.2. (See [112].) Let B = B(0,1) c R? and a, b > 0 be constants. Then, there
are Co > 0 and ag > 4 such that

—Av=V(x)e’, a<Vx)<b inB,

/ V(x)e’ <ap
B
implies v(0) < Co.

This lemma is regarded as a refinement of Lemma 2.3.1 under the cost of V (x) > a. If
V = V (x) is restricted to a compact family in C (£2), which is sufficient for later arguments,
then we can apply the blowup analysis for the proof. In this case, the above «g can be
arbitrary in ag < 87 and furthermore, the case a = 0 is permitted.

Using the above lemma and the scaling invariance of the equation, next, we show the
following lemma.
LEMMA 2.3.3. (See[112].) If 2 c R? isabounded domain, K C 2 is a compact set, and
a, b > 0 are constants, then there are ¢y =c1(a,b) > 1 and ¢» = c2(a, b, dist (K, 952)) >
0 such that

—Av=V(x)e’, a<Vx)<b inf

implies

supv + cpinfv < . (2.59)
K 2

In the other version of (2.59) proven by the blowup analysis [20], the condition ¢; =1
is achieved under the cost of |VV | < C. In any case, this sup + inf inequality induces
the key estimate, again by the scaling.

LEMMA 2.3.4. (See [75].) Givena,b > 0 and Cy > 0, we obtain y > 0, C2 > 0 indepen-
dent of 0 < Ry < R/4 such that

—Av=Vx)e’, a<V(x)<b IinBg,
v(x)+2log|x| < C1 inBg\ Bg,

implies
D) L Cpe VO | 20r+D)

for 2Ry < |x| < R/2.
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2.3.3. Residual vanishing. To complete the proof of Theorem 2.10, first, we recall the
blowup argument to detect the principal collapse. Using the diagonal argument, this process
is refined. More precisely, we obtain rk — 0 satisfying r; /80 — 400 and

/ Vi(x)e% — 8,
B(xD,2r)

where [|vk[loe = ve(x?) — 400, x? — 0, and 89 = ¢ —u (/2 0,
If

Sup{vk(x) + 2log|x —xk| ‘ X € B\ B(xk,rk)} < 400, (2.60)
then Lemma 2.3.4 is applicable. We have

evk(x) < Ce—yvk(x,?)}x . x]((),—Z(V—i—l)

for x € Brj2 \ B(x?, r?), and therefore,

vk 0\2v oo —2(y+1)
Vi(x)e <b-C-(8k) <27 - r rdr
Br/2\B(xD.rd) 2

Tk

rrbC
- s —0.
S == (800>

This implies
/ Vi(x)e% — 8x
B

because v — —oo locally uniformly in B \ {0}, and hence « = 8.
If (2.60) is not the case, then there is x,} € B such that

sup {vk(x) +2 |Og‘x — X |} (x,%) +2 |Og‘xk — X | — 400.
xeB\B(xk rk)

This implies v (x}) — +oo and x{ — 0. Furthermore, o} = d /8; — oo for
dy = |xk —xk| and 31 — e UOD/2,
Given |x| < o} /2, we have

b +xk = 2| > [ub = 29|~ 5H1e1 > 3 |xf — |
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and therefore,
Te(x) = ve(8gx + xt) + 2log 8}
< vk (xg) +2log|xi — x| — 2log[sfx + xp — x2| +2log 8¢
< vk(x,}) +2log 8% + 2log|x,% —x,8| —2log %|x,} - x,?|
=2log2.
This implies
— A} = Vi(8x +xf)e™, 5} <2log2 in By,
20) =0,
and passing to a subsequence, we obtain o — o in Cj;¢ (R?) with 71 = o' (x) satisfying

2

31 (x) =log 7t(x) <2log2 (forx € R?),

a
1+ p2a?|x = %1%

310)=0

for some ,a > 0 and x € R2.
This convergence allows us to reformulate x; and 8} by

1
Uk(xk) = ||Uk||L00(B(x,},2r,f)) — oo,

8t = (/2 5 0, and rl/st — 400, where r} = di./4. Similarly to the above case, it
follows that

/ Vi(x)e% — 8r
B(xt2rh

with B(xt, 2rH) N B(xP, 2r)) = 0.
We shall show o = 167, if

1
Sup{vk(x) + 2logjn:1gt11’x — x,i| ‘ X € B\ L%B(xz,r,f)} < 400 (2.61)
]=

is satisfied. It suffices to prove

/ Vi (x)e% — 167 (2.62)
B(x0,2dy)
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because

/ Vi(x)e% — 0
B\B(x{,2dy)

follows from (2.61) similarly. For this purpose, we take vy (x) = vg (dgx + x,?) + 2log dy
and obtain

—Av = Vk(dkx ~|—x]?)eﬁk in dk_l(B — {xlg})

We put, furthermore,

J 0 . J J

o = Xk "M 5 — o E/2 _ S PN
k= : k= = k=

di di dy

for j =0, 1, and then it holds that

~] J
r r
£ =k 4o,
s 8
k k

B(%,27)) N B(%}. 27}) = 9,

1
sup{ﬁk(x) +2log min |x — | ( xe BR/dk\ U B()Z,{,f,f)} < +oo,
j=01 art

/ Vet > 8r (j=0,1) (2.63)
B(&] 27

for Vi(x) = Vi(dix +x,8).

We obtain ¥ =0 and |¥} — ¥°| = 1, and therefore, ¥} — %! with |¥| = 1, passing to
a subsequence. The third relation of (2.63) and Theorem 2.8 now imply vy — —oo locally
uniformly in R? \ {0, ¥1}. Therefore, if 7} — 71 > 0, passing to a subsequence, then

f Vi(x)e™* — 87 (2.64)
B(it,1/2)

and hence (2.62). If 7{ — 0, we apply the scaling around x1. Then, it holds that (2.64) by
the third relation of (2.63).
If (2.61) is not the case, we continue the process and obtain x? — 0 and 2 — 0 sat-

isfying ve(xf) = l[vell o 2, 2,2)) = +000 7E/8F = 0, B(xi, 2r) N B(xj, 2r)) = ¢ for
0<i<j<2and

/ Vi(x)e% — 8,
B(xZ,2r})
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where 62 = e~(0)/2, To show that o = 24 in the case of
. 2 . .
Sup{vk(x) + 2logoglji22|x - x,ﬁ| ‘ X € B\ U B(x,{,r,{)} < 400,

we classify the rate d; ; = |x,i - x,{| of concentration to the origin for 0 <i < j < 2. First,

we show the residual vanishing inside the ball containing B(x,{, 2r,{) with a proportional
rate. These balls are contained in a larger ball, where the residual vanishing occurs simi-
larly. We end-up this procedure in finitely many times, and obtain the conclusion.

Profile of vy = vr(x) in the outer region x € B \ B(xg, 8;) is almost similar to that of
the Kelvin transformation of vy = vi(x) on B(xg, &), under the assumption of (2.56). This
is actually proven by the method of moving plane, and then (2.57) is obtained [74]. An
alternative proof valid to degenerate v(x) > 0 is given by [10].

2.3.4. Free boundary problem. Putting w = v +logx — log [, e” in (2.33), we obtain
—Aw=¢e" ing, w = constanton I" = 942, / e’ = . (2.65)
2

Conversely, if w = w(x) solves (2.65), then v = w — wp is a solution to (2.33). By Theo-
rem 2.7, we can show the quantized blowup mechanism to (2.65).

THEOREM 2.11. If 2 c R? is a bounded domain with smooth boundary 852 and
{(h, wb)} is a solution sequence to (2.65) satisfying Ay — Ao, then passing to a subse-
guence the following alternatives hold:

@) vkl = 0.

(2) supo wk — —oo.

(3) 1o =8m¢ for some ¢ € N, and there exist x;‘ €2 (j=1,...,1¢) satisfying the sec-

ond relation of (2.51) and x,{ — x;-‘, such that x = x,ﬁ is a local maximum point

of wk = wk(x), wk(x,{) — +00, wk

and

— —oo locally uniformly in 2\ {x},...,x}},

wk . " H O
eV dx ZSnBXj(dx) in M(2).
J

Thus, S = {x}, ..., x}} is the blowup set of {w*}.

PROOF. First, Theorems 2.8, 2.9 and their proof guarantee the following alternatives, pass-
ing to a subsequence.

(@) {wX} is locally uniformly bounded in £2.

(b) w* — —oo locally uniformly in £2.
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(c) There is a finite set S C §2 such that wy — —oo locally uniformly in 22 \ S, any
xo € S admits x; — xo with x; a local maximum point of w* = wk(x) satisfying
wk (x;) = 400, and

e dx — Y m(x0)xy(dx) i M(R2)

x0€S

for some m(xg) € 87 N.
We obtain, on the other hand, vy = w* — w’,ﬁ > 0in £2 by the maximum principle, and
also

lvkllLo@w) < € (2.66)

from the proof of Theorem 2.6, where  is an $2-neighbourhood of 3s2. Since w* > wk.,
we have either w’,& — —o0 or w'} = 0(1), passing to a subsequence.

Actually, w’} = O(1) occurs in the case of (a), and then {v} is uniformly bounded on
£2 by (2.66). Thus, the first case of the theorem arises. In the other case of w’; — —00, if
{vr} is uniformly bounded, then the second case of the theorem follows. If not, we obtain
llvklleo — 400, passing to a subsequence, and therefore, there arises the second case of
Theorem 2.6, i.e., Theorem 2.7. This guarantees the third case of the theorem by

—Avpdx = —Awkdx =" dx — Y 8rsedx) in M),
j

The proof is complete. d

2.3.5. Higher-dimensional case. The problem (2.65) is regarded as a free boundary prob-
lem associated with plasma confinement, where {w > 0} indicates the plasma region [54,
128]. Higher-dimensional mass quantization is observed in an analogous problem

—Aw=w! ing, w = constant on I, / wl =1, (2.67)
2

where 2 Cc R™ (m > 3) is a bounded domain with smooth boundary 92 = I'", and ¢ =
—. Furthermore, we can formulate it as the equilibrium self-gravitating fluid equation
described by the field component [128].

Similarly to Theorem 2.11, we can prove the quantized blowup mechanism, where the

quantized value m, > 0 is defined by

m*=/Uq
B

for U = U (x) satisfying

—AU=U%, U=>0 inB, U=0 ondB
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with B = B(0, R). This U is radially symmetric and exists uniquely for each R > 0, while
m, is independent of R > 0. In the following theorem, G = G (x, x’) denotes the Green’s
function of — A on £2 with the Dirichlet boundary condition and

R(x)=[G(x,x) =T (x—x"]

x'=x’
where

1

Ty = =22

is the fundamental solution to — A and w,, is the (m — 1)-dimensional volume of the bound-
ary of the unit ball in R™.

THEOREM 2.12. If 2 Cc R™ (m > 3) is a bounded domain with smooth boundary 32 and
{(h, w)} is a solution sequence to (2.67) with ¢ = — satisfying Ay — Ao, then passing
to a subsequence the following alternatives hold:
(1) llw*lleo = O(D).
(2) supo wk — —oo.
(3) Ao = m,£ for some £ € N, and there exist x;f € 2 and x,f — x;.‘ (j=1,...,0),
where S = {x7, ..., x;'} C £2 coincides with the blowup set of {w*} on 2 satisfying

the second relation of (2.51), x = x,f is a local maximum point of w* = wX(x),
k . —oo locally uniformly in 2 \ S, and

wk(x,{) — 400, w

wk () dx — Zm* 8yr(dx) in M(2).
j

There is a partial answer concerning the actual existence of the solution sequence de-
scribed in the above theorem [140,147,141]. Similarly to the two-dimensional case, we
obtain vy = wk — w’; > 0in £ by the maximum principle. This {v}, furthermore, sat-
isfies the boundary estimate (2.66). In fact, v € [0, 00) — f(v) = (v + w]“)z_ is locally
Lipschitz continuous in (2.67), and also if the first two equations hold for 2 = B¢ with
B = B(0, 1), then we obtain

—Av=|y[7?v}? inB,  v=constantondB

and also

/|y|—2vidy</ |y|—’"vidy=f wf dx
B B B¢

by the Kelvin transformation v(y) = |x|”2w(x) with y = x/|x|. These structures are
sufficient to guarantee (2.66) similarly to the two-dimensional case.

Local version comparable to Theorems 2.8, 2.9 also holds. Actually, there are e-
regularity, self-similarity, classification of the entire solution, and sup + inf inequality, and
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these structures guarantee the following theorem. A slight difference to Theorem 2.11 is
that the entire solution

—Aw:wf{_, w<w@ =1 inR™, fm w3_<+oo (2.68)

has a compact support, which, makes the argument simpler.

THEOREM 2.13. (See [139].) If 2 c R™ (m > 3) is a bounded domain and w = w*
(k=1,2,...)satisfies

—Aw=w} ing, fwigc
2

fpr q = "= and C > 0, then, passing to a subsequence, we obtain the following alterna-
tives.

(1) {w*} is locally uniformly bounded in 2.

(2) wk — —oo locally uniformly in £2. ’ _

(3) There exist £ € N, x¥ (j =1,...,¢), and x] — x* such that x = x{ is a local

maximum point of wk = w* (x), wk(x}) — 400, wk

2\ {x],...,x;},and

— —oo locally uniformly in

keNd 7. o s ;
wk () dx Zm*njéxj(dx) in M(£2),
J

where n; € N.

PROOF OF THEOREM 2.12. We have only to show the third case, assuming w* — —oo
and vk lloo — o0 for ve = wk — wk. > 0. Henceforth, we drop & for simplicity. Then, it
holds that

w(x)i dx — Z m(xg) 8y, (dx)

x0€S

in M(£2), where S = {x{,...,x;} C £ is a set prescribed in the third case of Theo-
rem 2.13, and m(xg) € m4N for each xg € S. Thus, we have only to show m(xg) = m, and
the second relation of (2.51).

For this purpose, we apply the method of duality and scaling [128]. Thus, we take u =
w? >0 and obtain

/ u=»xA, W—wFZf GG, xu(x)dx'.
2 2
This implies

Vw(x):/ V.G(x, xu(x")dx'
2
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and therefore,
/ (W - Vw)u = // Y(x) - ViG(x, xu(x)u(x')dx dx’'
2 2x0

for ¢ € C3°(§2)™, where the left-hand side is equal to

1
f@/f Vw)u——/ ¥ -vultt=— il witv .y, (2.69)

Henceforth, ¢ = ¢, g denotes a smooth function supported by B(xo, R) and is equal to
1 on B(xo, R/2). We put ¥ (x) = (x — a)p(x) for a € R™ and ¢ = ¢y, g, Where xg € S,
B(x0,2R) C £2,and B(xg, 2R) NS = {xp}. Then, it holds that

V.Y =mp+(x—a) Vo,

and therefore,

/Q(w-Vw)u =—#/ wito +o(1)

by (2.69). Thus, we obtain

m

— w3_+l(p + // Y(x) - ViG(x, xux)u(x")dxdx' = o(l).
qg+1Jq 2x2

(2.70)

Using ¢ = ¢y, 2r, the second term of the left-hand side of (2.70) is equal to
// Y(x) - VoG, xHux)u(x")dx dx’
2x82
= // Y(x) - VG, xu(x)@x)u(x"ydx dx’
2x82
2/ Y (x) - ViGx, xHu(x)@(0)u(x)@(x") dx dx’
2x82
+ // Y (x) - Vi G (x, X u(x)g(x)ux") (1 — ¢(x")) dx dx’.
2x82

The second term of the right-hand side of the above equality is equal to

m(xg)(xg —a) - Z m(xy) Vi G (x0, xg) + 0(1),
x€S\{x0}
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while the method of symmetrization [127] is applied to the first term. Using
K(x,x")=Gx,x") = I'x = x),

this term is thus equal to
1
—// p%(x,x’)uo(x)uo(x/)dxdx’
2 )Jaxe
+ ff V() - Ve K (x, xHul(0)ul (') dx dx’,
2x2

for u® = u¢ and ,03 (x,x)=Wx) =¥ &)) - VI (x —x).
Since K = K (x,x") € C29(2 x 2 U 2 x £2), it holds that

f/ Y (x) - VoK (x, x)u (x)ul(x') dx dx’
2x82
= m(x0)*(xo — a) - V<K (x0, X0) + o(1).
We have, on the other hand,
p)(x.x')=—(m—2)I'(x —x') inB(xo.R/2) x B(xo. R/2)
and therefore,
Py (Xl (x) = —(m = I (x = )i (0’ ()
+ 09 (2, x) (1 = () @) ul ()’ (x)
+ g, (6, XG0 (1 — G ) () (),
where ¢ = gy, r/2 and ii° = ug. Here,
|09 (x, x| < CT(x —x')

and it holds that

0< /f Ix—x)(1—ge))ul@ul () dx dx’
N2x2

= (I «u® (1 - guP).
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This term is o(1) because [|(1 — $)u°|loc — 0 and ||I" x u°|j1 = O(1) by |lu]1 = O(1).

Thus, we obtain

1
—/f p,?/(x,x’)uo(x)uo(x’)dxdx’
2 )Jaxe
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m—2 N0 N0 /
=—— F'x—xHu (x)u' (x)dxdx"+ o(l),
2 2xQ

and (2.70) is reduced to

m q+1 m_Z// INmO N~0/ 7 ’
_— wi g — ———— I'x —xHu (x)u (x")dxdx
g+1Jo 2 2xQ

+mxo)(xo—a)- Y m(xg)VeG(x0, X))

x€S\{x0)

+m(x0)%(x0 — a) - Vi K (x0, x0) = 0o(1).

Since

fory =1+ 2 =2— 2, itholds that
(m — 2) Fo(ou)

+ m(xo)(xo —a) - { Z m(x4) VG (xg, xg) + m(x0) Vi K (xo, XO)}
x5S\ (xo)

=o0(1), (2.71)

for any a € R™. Here and henceforth,

1 1
fo(u):—/ u’ — = (I *u,u)
)/ m 2

and 0-extension is taken to u where it is not defined. Since « is arbitrary, this implies

m(;") VRGxo) + Y. m(xp)ViGlxo,xp) =0 (2.72)
xp€S\(x0}
and also
Fo(gu) =o(1). (2.73)

Using ¢ = -, we obtain
Foluy,) = w2 Fou),

where p > 0 and u,, (x) = "™ u(ux + xo).
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Beginning the blowup analysis, now we prescribe the suffix k& again. First, there is a
maximum point x = x,? of ur = ur(x) in B(xg, 2R) such that x,? — xo from the proof of
Theorem 2.13. Then, the rescaled iy (x) = uy ug(prx + x,?) is associated with w; (x) =

,uzlfzwk(ukx + x,?), and passing to a subsequence, w; — w locally uniformly in R™,
where . = uy(x?) "1™ and

—Ab=w1, D<HO) =1 inR", /uvi<+oo.

This entire solution w of (2.68) is radially symmetric, compactly supported on B for some
B=B(,L),and

/ ﬁ)i = M.
m

Here, we reformulate iy = iy (x) by itx (x) = ) (Qug) (ix + x,?) and obtain
Folii) = w2 Fo(@ug) — 0 (2.74)

by (2.73). It still holds that iy — u = ﬁ)i locally uniformly in R™, and therefore, Vw =
VI xu. This implies

Folil) = 1/ & — Yirsaay =0 (2.75)
Y m 2

similarly to (2.70), i.e.,

m
— | w +/f x-VI(x —x)ia(x)i(x")dxdx =0.
g+1Jgm * R xR
We have, on the other hand,
<F * Uy, ﬁk)—> (I xu,u) (2.76)

passing to a subsequence, because {ii;} is bounded in (L1 N L>)(R™). Thus, me ﬁ}(’ —
Jrm @Y by (2.74)-(2.76), and therefore,

fix — i in LY (R™). .77)

From the proof of Theorem 2.13, if m(xg) > m,, then there exist a local maximum point

X =x,% of uy = ui(x) and r,?, r,% — 0 such that x,} ;éxlg, x,} — X0,

/ Oouk—>m*, / 11uk—>m*,
B(kark) B(Xk’rk)
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and B(xk, Zrk) N B(xk , 2r,}) = ¢. Furthermore, the connected components of the support
of uy containing xk and xk are contained in B(xk, Zrk) and B(x,}, Zrk) respectively, for k
large. In the rescaled variables, this means

/ i —> My, / g — My (2.78)
B(0,L") B(x},r})

and B(0,2L") N B(x;, 2r;) =@ for some L’ > L, x;, and r;,, where the connected compo-

nents of the support of it; containing 0 and x; are contained in B(0, 2L") and B(x;, 2r;), re-

spectively. Here, it holds that |x; | — +oo, because ity — 0 locally uniformly in B(0, L).
The second rescaling is defined by

—1/m

i) (x) = (M;{)mﬁk (/L;cx +x,'{) with = iix (x,’{) >1.

Passing to a subsequence, now we shall show ), — +oo, which implies also r; — +o0
by (2.78).

In fact, if this is not the case, then it holds that u; = zzk(x;{)*l/m ~ 1. We obtain i} =
(- +xp) =i’ = aw  locally uniformly in R”, where a > 0 is a constant and

—Aw' = aﬁ)lq, 0<w’(0)=maxw”, inR™, / w/f < +00.
Rm m

This implies r; ~ 1 with

- //q
/ f = My,
m m

and therefore, it holds that

Iim/ il > Iim/ (i) > 0.
k JB(,2L)¢ k= JB(x;,2r)

Since this contradicts to (2.77), we obtain u; — +o0, or equwalently, k(xk

x)
Now, we replace the roles of xk and xk, and repeat the above argument. Changing no-

""(xk; — 0 and therefore, {iix} concentrates around x; € B(0, L')". We

— +00.

tations, this means n
k
obtain

/ ﬁk —> My
B(x;.1)

by |x;| — +o0, while fB(xl,{’l) ﬁ{ — 0 follows because (2.77) is obtained similarly. This

is a contradiction again, and thus, m(xg) = m, for each xo € S. Then, (2.51) follows
from (2.72). |
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3. Eigenvalue problem

Total mass of the stationary closed system is prescribed by the eigenvalue, and this section
is devoted to the detailed description concerning eigenvalues and eigenfunctions of non-
linear problems. Thus, taking preliminaries from the linear theory in the first section, we
develop the theory of rearrangement in the next section. In the final section, we show a
uniqueness theorem which guarantees the propagation of chaos of many vortex points.

3.1. Linear theory

Linear eigenvalue problem arises if one adopts the methods of super-position and separa-
tion of variables to several partial differential equations. The wave equation,

pXuy =Au in 2 x (0,7T), u=0 onaf2 x(0,7), (3.2)

for example, describes the vibration of membrane, where 2 c R" is a bounded domain
with smooth boundary 92 and p = p(x) > 0 is a continuous function indicating density.
Method of separation of variables assumes the form u(x, 1) = ¢(x) f(¢) of the solution,
which results in

7 Ay
f pe

Observing that this quantity is a constant, we write it as —A and obtain the eigenvalue
problem

—Ap=xip(x)p in$2, =0 onas, (3.2)
and
f(t) = Acos~/At + Bsinv/at/v/A,

where A, B are constants under the agreement of sin/Az/v/A =1 if A =0. If (3.2) has a
nontrivial solution ¢ = ¢ (x) # 0, then this A is called an eigenvalue. In this case it describes
the frequency of oscillation of u(x, 1) = ¢(x) f (¢).

If the eigenvalue is prescribed, the set of eigenfunctions forms a linear space, and its
dimension is called the multiplicity. In our notation, eigenvalues are counted according to
their multiplicities, and therefore, each eigenvalue takes only one eigenfunction ¢ = ¢(x)
normalized by |¢|l2 = 1. Eigenvalues of (3.2) are discrete and it holds that

O<ii<ir< -+ —> 400

under this agreement. This discrete structure is related to the quantization of the energy
level of particles in quantum mechanics.
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Each finite dimensional linear space generated by the eigenfunctions with the same
eigenvalue is as an object bifurcated from the trivial solution ¢ = 0 in (3.2), and in this
context, (2.33) is regarded as a nonlinear eigenvalue problem. In this problem, quantiza-
tion is observed in the blowup mechanism of the solution sequence, while bifurcation can
actually occur from the branch of nonminimal solutions [83,28].

3.1.1. Min-Max principle. We develop the abstract theory for the moment. Let H be a
Hilbert space over R provided with the inner product (-,-) and the norm | - |, and b = b(,)
be a positive-definite symmetric bilinear form on H, i.e., b: H x H — R is symmetric,
bi-linear, and satisfies

blu,u) = 8lul?,  |b(u,v)| < Mul|v|

for u,v € H, where §, M > 0 are constants. Thus, this b = b(-,-) is regarded as an inner
product in H.

Let V be another Hilbert space, continuously imbedded in H, with the inner product
((,-)) and the norm | - ||, and @ = a(-,-) be another symmetric bi-linear form on V satisfy-

ing
a(u,u) = 8llul® — Clul?,  |aGu, v)| < Mull|lvl|

for u, v € V, where C > 0 is a constant. Then, we define the abstract eigenvalue problem
by finding (&, ¢) € R x V such that

a(p, ) =Ab(p,y) foranyyreV. 3.3)

Any X% € R admits ¢ = 0 as a solution to (3.3), and 2 is called an eigenvalue if there is
¢ # 0 satisfying (3.3). This ¢ is normalized by b(¢, ¢) = 1, and then the Hilbert-Schmidt
theory follows, justifying the method of super-position [8,17,109].

THEOREM 3.1. If the imbedding V C H is compact, then we obtain the following.
(1) Eigenvalues of (3.3) are countably many, denoted by {A:}22 . It accumulates only
to +o00.
(2) The set of eigenfunctions {¢;}7 , forms a complete orthonormal system of H with
respect to b = b(-,-). Thus, it holds that —oco < 13 <Ap < -+ = +00, b(gk, @)) =
8kj, and

k
U—Zb(v,goj)gpj =0 (34)

j=1

lim
k— o0

foreach v € H.
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The Fourier expansion (3.4) guarantees
o o
b,v)=)Y ¢ and a(w,v)=) icf <+00
k=1 k=1

for v € H and v € V, respectively, where ¢, = b(v, ¢r). Defining the Rayleigh quotient

a(.v) Y
bv,v) 32

for v e V \ {0}, therefore, we obtain

R[v] =

M =inf{R[v] |ve VN H_1\ {0}, (3.5)

where Ho=H, Hi_1={ve H | b(v,¢;)=0,1<j<k—-1}fork=1,2,.... Then, the
min—max principles are indicated by

A= min{ max R[v]|LiyCV, dimLy =k}
veLi\{0}

—max{ min R[v]‘VkCV dimV/ Vi = k —1}
veVi\{0

See [8].

Given a bounded domain £2 c R" with smooth boundary 92, a relatively open set
Iy C 382, and continuous functions ¢ = c¢(x), p = p(x) > 0 on §2, we take H = L%(£2),
V ={ve HY() | v|, =0}, and

a(u,v) = / (Vu - Vo +c(x)uv)dx
2

b(u,v) =/ uvp(x)dx, (3.6)
2

where -, - HY(2) — HY?(Ip) is the trace operator. Then, (3.3) describes

(A +c@)p=rp(x)¢g ing,

¢=0 on Iy,

)

% _0 onae\ I 3.7)
av

and Theorem 3.1 is applicable by Rellich-Kondrachov’s theorem, where v is the outer unit
normal vector.
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3.1.2. Hartman-Wintner’s theorem. To study the profile of zero-sets of eigenfunctions,
the following theorem is useful.

THEOREM 3.2. (See [12,64].) Let £2 C R” be an open set containing the origin and L
be an elliptic operator of order 2m with C*° coefficients. Suppose that f = f(x) is C*®
around x = 0 and satisfies Lf =0in £2,

D*f(0)=0 (la|<N), and |a|r2?vx+1|D f(0)| 0.

Then, there is a homogeneous polynomial p = p(x) of degree N + 1 satisfying
D® f(x) = D% p(x) + o( x|V 1) (38)
for |a| < min(2m, N + 1) asx — 0, where N =0,1,....
The following theorem shows that if n = 2, m = 1, and the principal part of L is A, then
(3.8) is valid up to |a| < N + 1. We describe the proof for completeness, while several

applications are found [60,144,35,1,104].

THEOREM 3.3. (See [63].) If 2 c R? is an open set containing the origin and u = u(x)
is a C2 function satisfying

|Aul < C(IVul + |u]) in 2, (3.9)
and

u(x) = o(|x[") (3.10)
as x — 0, then

fie

exists, wheren =0, 1, ... and z = x1 + 1x3. Thus, we obtain u, = az" + o(]x|") with some
a € C, and therefore, it holds that

n+1

— 2 n+1
u(x)—Re(n+1> —|—0(|x| )

asx — 0.

PROOF. Since u = u(x) is C2, this theorem is obvious for n = 0, 1. We suppose n > 2 and
show that

u; =o(|z[*1) (3.11)
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implies the existence

lim u, /25 = ax (3.12)
x—0

fork=1,2,...,n.
In fact, first, (3.11) is valid to k = 1, because u = u(x) is C2 and (3.10) with n > 2.
Next, if (3.12) holds, then

k+1

u(x) = Re(akZ ) + 0(|Z|k+l)

k+1

and therefore, a; = 0 follows from (3.10) if k¥ < n. This means (3.11) with k replaced by
k + 1. Continuing this procedure, we obtain (3.12) and hence the conclusion.

To prove that (3.11) implies (3.12), we suppose 2 = B(0, Rg) and take w = B(0, R) \
(B(0,e)UB(z,¢)) € 2,where0 < || < R < Rpand 0 < ¢ « 1. Since

0 1/ 0 0 0 1/ 0 n 0

—=z|l—=-1—=), ==3—+1—

0z 2\ 0x1 0x2 0z 2\ 0x1 0x2
and

dzANdZ7=—-21dxy ANdx)

for z = x1 4+ 1x2, Green’s formula is described by
f (guzz+uzg-)dzdz = / guzdz.
w dw
Applying this to g(z) = z7¥(z — ¢) 7%, we obtain

/ 7%z - g“)*luz dz = / I g“)*luzg dzdz,
w

w

Here, the left-hand side is equal to

([l o
lz|=R lz—¢|=¢ lz|=¢

=/ Mz — o) tudz — 2mie T uL(©) + o(D)
|z|=R
as ¢ | 0 by (3.11), and therefore,

THe-0 M dz = / M@ - ) tuzdzdz.
|z|<R

—anuz(z)z‘“rf

lz|I=R

(3.13)
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To guarantee the convergence of the right-hand side of this equality, first we apply (3.9)
and obtain

[t e- o taza
|z]<R
<c/ (luz] + lul) 1zl %1z — ¢1 7 dz az] (3.14)
|z]<R

by |Vu| = |u,| because u = u(x) is real-valued. Here, we obtain
u/f|=0@),  |u/|=0(z™") (3.15)

by (3.10)-(3.11), and therefore, the right-hand side of (3.13) converges. Using (3.13), now
we obtain

27 |uz ()17 </

—k -1
luzllz| "1z = £ ldz]
zZ|=R

+C/ (|uz|+|u|)|z|_k|z—§|‘1|dzd2|. (3.16)
|z|<R
For 0 < |zg] < R, we operate f|£|<R |¢ —zol~1 - |d¢dz| to both sides;
Zn/ |uz(£)¢ 75 — z0)7HId¢ d2|
[¢|<R
</ | |1z) ¥ |dz| |z = )¢ — 20)| '1dz dT|
|z|=R [¢]<R
+C/|| R(|uz|+|u|)|z|*k|dzd2| |z = 0)(¢ — 20)| M2 dT).
i<

IgI<R

We obtain

=@ —20)|  =le—20l Y= + @ — 207 Y
<lz—zolHlg =zt + 18 — zol™Y)

and also
/ |Z—§|_1|d§d2|</. |t —z|712dx =8xR
[¢I<R |t —z|<2R

by |z| < R. It follows that

/l |(Z—C)(C—zo)|_1|d§dzl<167TRIz—zo|_1,
|<R



Nonlinear eigenvalue problem with quantization 341

and therefore,

/ () (¢ — z0)Y1d¢ T

[¢]<R

<8Rf luz|lz) ™|z — 2ol F1dz
[z]=R

+8RC/ (qul+Iul)lzl_klz—Zol_llddeI,
|z|<R
or equivalently,

(1—8RC) .z (2 — z0) 7 |dz dz]
|z|<R

<8R/ ‘uzz_k(z—zo)_l||dz|+8RC/ |uz_k(z—zo)_l‘|dzd2|.
|z|=R |z|<R

Here, we can take 0 < R < 1/(8C), while the right-hand side is bounded as zg — 0 by
(3.15). This implies

/| R|“zz_k(z -7 Yidzdzl = 0(1)

as ¢ — 0, and therefore, the right-hand side of (3.16) is bounded as ¢ — 0 by (3.15). Then,
it holds that

uz/2¥=0()

as z — 0, and the right-hand side of (3.14) converges as ¢ — 0. This means the summabil-
ity of the right-hand side of (3.13) for ¢ = 0, and hence the existence of (3.12). O

3.1.3. Kuo’stheorem. Combining Theorems 3.2, 3.3 with the following theorem, we can
clarify the profile of zero-sets of eigenfunctions.

THEOREM 3.4. (See [73].) If f = f(x), h = h(x) are smooth around x = 0 € R", satisfy
f)=h@) +o(xI"*),  Df(x) =Dh(x)+o(lx") (3.17)
as x — 0, and

D*h(0)=0 (la| < N), max |D*h(0)| #0,
le|<N+1

then there is a local C?! diffeomorphism @ satisfying @ (0) = 0 and
fx)=h(@x),

where N =0,1,....
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PROOF. Given an open set U C R” containing the origin and f, h € C*°(U), we define
the homotopy function

F (2) = (1 —a)f(x)+ah(x)
for (x,a) e U x [0, 1]. Since

x\ _ [ (L —a)Df(x)+aDh(x)
VF(a)‘( h(x) — f(x) )

we obtain
0
VF<a>:O 0<a<l) (3.18)
and
‘VF (Z)‘ > |Dh| = (1= a)|Df = Dh| = | f = h|
= |Dh|+o(|x|) ~ x|V
as x — 0 uniformly in a € [0, 1]. Thus,

¥ <x> _ { IVF|™2(h — f)VF (x#0),
a 0 (x=0)

isa C! vector field on Uy x [0, 1] by (3.17) again, where Uy C U is an open set containing
the origin, and thus, we can define

()=()-x(0)

For the moment, - denotes the inner product in R"*1. This vector field v satisfies

v-VF=(h—-f)—X-VF=0 (3.19)
and
v- G) =1-X- (2) =1—|VF|%2(h— f)VF - (2)
=1-|VFI2(h— f)*=1-o0(x*) >0 (3.20)

for |x| < 1 uniformly ina € [0, 1].
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We take (x,a) € U1 x (0, 1) and introduce the flow ¢ = ¢( 5, ¢) by

d x
=@, o= (a)

Since (3.20), the a-component of ¢ is increasing as far as its x-component is sufficiently
close to zero. Therefore, the orbit

RORIEEY

crosses the hyperplane a = 1 at a unique point, denoted by @ (x), provided that |x| < 1.
This means

X [ PX)
BENEY
for some 7.
We obtain, first, @ (0) =0 by v((2)) = (?). Since (3.19), next, it holds that

d X
() )
and therefore,
x\ D(x)
7o) =r (")
by (3.21). This means f(x) = h(®(x)), and the proof is complete. a

If M is a d-dimensional Riemannian manifold, L is an elliptic differential operator, and
f = f(x) is a smooth function satisfying

Lf=0,  f#£0 inM\aM, (3.22)

then N(f) ={x € M | f(x) =0} is called the nodal set of f. If L isthe second order, then
each zero of f is of finite order by the unique continuation theorem, and therefore, N (f) is
locally C? diffeomorphic to that of a polynomial by Theorems 3.2 and 3.4. More detailed
analysis, however, guarantees the following theorem.

THEOREM 3.5. (See [62].) If L is a second order elliptic operator with C*° coefficients
defined on a d-dimensional C* manifold M and f is a C* function on M satisfying
Lf =0, then the nodal set N(f) of f isa (d — 1)-dimensional C*° manifold except for a
closed set f~1{0} N Df~1{0} of Hausdorff dimension less than or equal to (d — 2).
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In the two-dimensional case, we can take i (x) = Re(“,fﬁl) with some a 20 and n =

1,2, ..., and this complex structure guarantees the following theorem easily.

THEOREM 3.6. (See [38].) If M is a two-dimensional C? manifold, L is an elliptic oper-
ator on M with bounded coefficients such that the principal part is the Laplace-Beltrami
operator, and f = f(x) is a C? function satisfying (3.22), then the nodal set N(f) is
provided with the following properties.
(1) Critical points of f on N(f) N M are isolated.
(2) For any compact set K c M \ M, N(f) N K consists of C? curves crossing
transversally.

Consequently, if M is a compact Riemannian surface without boundary, then N(f) is
composed of a finite number of €2 Jordan curves crossing transversally at most finitely
many times. If M is a compact Riemannian surface with piecewise C2 boundary M and
f = f(x) is a continuous function on M such that C2 in M \ M, satisfies (3.22), and

f=0 onoM,

then N(f) U dM comprises a finite number of C2 curves crossing transversally at most
finitely many times.

3.1.4. Nodal domains. Each connected component of {x € M \ M | f(x) # 0} is called
the nodal domain. If M is a compact Riemannian surface with or without boundary, then
each C2 curve comprising N(f) = {x € M | f(x) = 0} is called the nodal line.

For the moment, the eigenvalues and the eigenfunctions of (3.7) are denoted by {A}72;
and {gx )32, respectively, where

—00 <A <A< = 00, lorllz = 1.

This problem is associated with a = a(-,-) and b = b(-,-) defined by (3.6), where 2 = M C
R" is a bounded domain with smooth boundary 82, H = L2(£2) and V = {v € HY(£2) |
v|p0 = 0}

THEOREM 3.7. (See [41].) The nodal domain of the kth eigenfunction ¢, of (3.7) has the
following properties.

(1) The number of nodal domains of ¢y is at most k.

(2) Only the first eigenfunction ¢; has a definite sign in £2.

(3) The second eigenfunction ¢, has just two nodal domains.

PROOF. The minimum A of (3.5) is attained by a constant times ¢;. From the elliptic
estimate, this ¢ is C1? on £2. We suppose that ¢ has at least k + 1 nodal domains denoted
by £21,..., 2r41 C £2, and define y; as the zero extension of @kl2;- By Theorem 3.5, it
holds that y; € V and

a .
f wjﬂdﬂn—l —0 (3.23)
ag; ~ v
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for each j, where d H" ! denotes the (n — 1)-dimensional Hausdorff measure.
We can take ay, ..., a; € R satisfying

b(y,¢¥j)=0 forl<j<k—1

for v = a1y + -+ - + axyx # 0. Thus, we obtain i € V N Hy_1, while

k
a(y, 1/0=L(|vw|2+c<x>w2)=Za§L(|ij|2+c(x>wf)
j=1

.Q-(

k
= Z"Jz/ —AYj + )YV
j=1
holds by (3.23). This implies

k
a(y. ¥) = Zaf/g pEWE = b, ),
j=1 :

7

and therefore, v = 0 attains the minimum of (3.5). Then, it holds that ¢» = constant x ¢.
However, ¢ = 0 holds in £2;1, and therefore, 1 = 0 by the unique continuation the-
orem to ¢. This is a contradiction, and the number of nodal domains of ¢y is at most
k.
In particular, ¢1 has a definite sign. Without loss of generality, henceforth we suppose
@1 >01in £2. Then, ¢ for k > 2 cannot have a definite sign, because

b(g1, ¢i) = 0.
In particular, ¢ has two nodal domains. O
The above described profile of the nodal domain provides a proof of A1 < Ap.
THEOREM 3.8. The first eigenvalue A1 is simple.
PROOF. If this is not the case, we obtain A1 = A2, and therefore, ¢, attains
A =inf{R[v]|ve V\{0}.

This implies that ¢2 has a definite sign in £2 from the proof of the previous theorem, a
contradiction. d
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3.2. Rearrangement

Based on the considerations in the previous section, given a bounded open set 2 ¢ R", we
define the first eigenvalue of

—Ap=Xrp in$2, =0 onas, (3.24)
by
A1(£2) = inf{R[v] | v € H(2) \ {0}},

where R[v] = [[Vv||3/]lv]3. Itis actually attained by the first eigenfunction 1 € H3 (£2),
smooth and positive in £2. Then, there is an isoperimetric inequality for 11(£2).

THEOREM 3.9. (See [52,72].) If 2 c R" is a bounded open set, then it holds that
11(82) = 1 (27), (3.25)

where £2* is the ball in R" provided with the same volume of that of £2. Furthermore, the
equality holds if and only if £2 is a ball.

The kth eigenvalue of (3.24) is reformulated by the min—-max principle. It is attained
by the kth eigenfunction, denoted by ¢, smooth in £2. Then, each connected component
of the open set {x € £2 | pr(x) # 0} is called the nodal domain of ¢;. The above theorem
implies the following fact.

THEOREM 3.10. (See [96].) If n = 2, only finitely many ¢;’s have k nodal domains.
PROOF. Since n =2, it holds that

MRY =me?/12|,
where £ > 0 is the first zero of the Bessel function Jy of order O:

£=2.4048....

If £21,..., 2y are the nodal domains of ¢y, then ¢y is regarded as the first eigenfunction
of

—Ap=>Lrp Ing2;, =0 o0nag;.
Thus, we obtain Ay = 11(£2;) > n£2/|9j|, which implies

12| = 7w l°N /.
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If N =k occurs to infinitely many times, therefore, it holds that

. k
limsup — < |.Q|/n£2.
k—+o00 )\k

However, the left-hand side is equal to |$2|/(47) by Weyl’s formula [41], and hence ¢ < 2,
a contradiction. O

The eigenvalues and eigenfunctions of

—Ap=pp ing2, =0 onag

el
av
is also defined by the min-max principle and R[v] = ||Vv||§/||v||§. Its first eigenvalue

11(82) is always zero taking the constant eigenfunction. Thus, the second eigenvalue is
defined by

12(£2) = {R[v] ] ve HY(2)\ {0}, f vdx=o},
2

and there is also an isoperimetric inequality.

THEOREM 3.11. (See [131,142].) If £2 c R" is a bounded open set then it holds that
n2(82) < u2(82%), where £2* is the ball in R” provided with the same volume of that of £2.
Furthermore, the equality holds if and only if 2 is a ball.

3.2.1. Schwarz symmetrization. \We use the process of rearrangement to prove (3.25). In
fact, the first eigenfunction ¢1 = ¢1(x) of (3.24) is smooth and positive in £2, and satisfies
@1 =0 o0n 352, and therefore, each level set {x € 2 | p(x) > ¢} is compactly imbedded in
2 fort > 0.

Given a measurable function u : 2 — R, we take the distribution function p = () :
[0, 400) — [0, +00] by

u(t):|{xe[2 | |u(x)| >t} , (3.26)

where | - | denotes the n-dimensional volume. This = p(¢) is right-continuous and non-
increasing, and it holds that

/Q’u(x)|pdx=/:otpd(—u(t)) (3.27)

for p > 0, where the left-hand and the right-hand sides are the Lebesque and the Riemann—
Stieltjes integrals, respectively.

First, the decreasing rearrangement u* = u*(s):[0, +00) — [0, +o00] of u = u(x) is
defined by

u*(s) = inf{t >0 | u() < s}.
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Then,

/Oou*(s)pds = /ootpd(—,u(t)) (3.28)
0 0

follows similarly. The Schwarz symmetrization u*:R" — R of u = u(x) is then defined
by

w* (x) =u*(calx["),

where ¢, = /2 /I" (1 + n/2) is the volume of the n-dimensional unit ball. It follows that

/Q|u(x)‘p=/Rn|u*(x)’p (3.29)

from (3.27)—(3.28).
In the case that £2 is bounded, the Schwarz symmetrization may be defined by

. sup{r | x € 2/} (x € 2%),
u(x)=
0 (x & 27%).
Here, given a measurable set w, ™ denotes the open ball with the center origin satisfying
lw| = |o*| and £2; = {x € §2 | lu(x)| > t}. In fact, we obtain x € 27 < ¢,|x|" < u(¢), and
also

sup{r =0 cplx|" < w(®)} =inf{r | w(t) < calx|"}.

The following properties are obvious.

(1) u* =u*(]x|) is nonnegative, decreasing in r = |x|, and satisfies infg |u| = infrn |u|,
SUPo |u| = Supgn u*.

(2) If Jua| < luz| in 2, then u} <uj inR".

The following relation is called Hardy-Littlewood’s inequality:

/|u(x)v(x)}dx</Oou*(s)v*(s)ds=/ u*(|x|)v*(|x|)dx. (3.30)
2 0 R~

If 2 C R” is a bounded open set, then the following properties hold also.

(1) If u is continuous, then u* is so.

(2) If u is nonnegative, Lipschitz continuous on §2, and u | = 0, then so is true for u*
on £2%, and the Lipschitz constant of «* is less than or equal to that of u.

Inequality (3.25) is a consequence of (3.29),

A =inf{R[v] | v e HF () \ {0}}

for R[v] = ||Vvl|3/Ilv|3, and the following fact.
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THEOREM 3.12. (See [94].) If 2 Cc R” is an open bounded set, 1 < p < oo, and u €
WeP(£2), then u* € WP (£2*) and it holds that

/|vu|l’dx>f |Vu*|P dx.
22 %

3.2.2. Talenti’s theorem. There are several monographs concerning the theory of re-
arrangement and its applications to partial differential equations [94,8,86,71,47]. Here, we
describe a pointwise estimate of the solution to

Lu=f in§$2, u=0 onasg, (3.31)

where 2 C R" is a bounded open set,

"9 9
L=— i,z=:1 o (aij (x)g) + c(x) (3.32)

is an elliptic operator of the second order in divergence form with the coefficients a;;, ¢ €
L*°($£2) satisfying ¢ > 0 and

D aij0EE = 5P (xeR, E=(51.....&) €R"), (3.33)

i,j

and feL 2 (£2). Actually, Riesz’ representation theorem guarantees the unique existence
of the weak solution u = u(x) € H}(£2) to (3.31).

THEOREM 3.13. (See [132]) If v=wv(x) € Hol(.Q*) is the weak solution to
—Av=f* inQ*, v=0 onJN*, (3.34)
then it holds that v > u™* in 2%, where 2* is the open ball satisfying |£2*| = |£2].

In the regular case, we can perform the following proof. First, if a;;, ¢, f and 952 are
smooth, then so is u = u(x). Replacing f by | f|, we reduce the theorem to the case of
u>0in 2. Then, 2, ={x € 2 | u(x) > t} is compactly imbedded in §2 if + > 0.

By Sard’s lemma, each component of 92, is a smooth (n — 1)-dimensional compact
manifold contained in {x € 2 | u(x) =1t} for a.e. t € (0, M), where M = |ju|| . FOr such
t, the outer normal vector on 92; is given by —Vu/|Vu|, and we obtain

ad au - Uy,
_ _ .. — )dx = . ) i dHn—l
/u>z;8x,~ <“”(x)8x,/) o= [ e g

~ij=1

> / |Vu|dH" 1
u=t
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and therefore,

/ |Vu|dH"*1</ f(x)dx
u=t u>t

by (3.33), (3.31),and ¢ > 0.
For the right-hand side, we use Hardy-Littlewood’s inequality (3.30):

()

/ Fydx = / Yoot () F () dx < / Xy () F* () ds = / F4(s)ds,
u>t 2 0 0

where © = w(¢) is the distribution function of u = u(x) defined by (3.26). The co-area
formula, on the other hand, is described by

) danl
_l‘l’ (l‘): _, a.e.tG(O,M),
u=t |VM|

and it follows also that
H Y (u=1})*< —M’(t)/ f(x)dx
u>t

from Schwarz’ inequality. Finally, the isoperimetric inequality to {u > ¢} guarantees

H' Y(fu=1)) >ney" u@®)*Y" ae.re© M).
These relations imply

— (Opu@)FEm o
nzcﬁ/"

1< f*(s)ds=®'(t) ae.te (0, M)

for

1 22| r
D)=~ / r2t2n gy / f*(s)ds. (3.35)
neccy () 0

Since @ = @ (¢) is nondecreasing and (0) = |$2], inequality (3.35) implies
t
r < / @'(s)ds < @) — @(0)
0

11 '
= / r*+/"dr/ fr(s)ds (O<t< M),
nw 0

n2c2™ Jua

and hence

_ 1 12| r
u*(s) = mf{t >0 | u() < s} < W/ po2+2/n dr/ (s ds'.
necy K 0
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Thus, we obtain
u*(Jxl) = u*(calx") < v(Ix]),
where
1 1821 942 r
v(lxl)=—/ ret /”dr/ f*(s)ds
2,.2/n n
nccy cnlx] 0

is actually the solution to (3.34).
We can show also

n
/ |Vv|2dx 2/ Z a,-j(x)uxiuxj dx
2 2=
i,j=1
under the same assumption of the above theorem.

3.2.3. Singular set. Theorem 3.13 is thus proven by the isoperimetric inequality and the
co-area formula. These inequalities are described by perimeters in the irregular case. First,
if E C R" is a measurable set, then its perimeter relative to £2 is defined by

P(E,rz):sup{/Evvf |V ecE @, 1l < 1},

where [ [loo = max{>_}_; ¥2}/? for ¥ = (Y1, ..., ¥n). The measurable set E C R"
is called a Caccioppoli set if P(E) < +oo, where P(E) = P(E,R™). Then, DeGiorgi’s
isoperimetric inequality and Fleming—Rishel’s co-area formula [53] guarantee

P(E) > ncy/"|E[*Y"

and

/ |Du|:/ooP({x| |u(x)|>s},.{2)ds,
|u|>t t

respectively, where u = u(x) is a function of bounded variation [59] and E C R" is a
Caccioppoli set. The irregular case of Theorem 3.13 is proven by these inequalities, and
this argument is useful to derive a dimension estimate of the singular set.

In more precise, if 2 Cc R" is a bounded open set and X' C §2 is compact, then the
s-capacity of X (1 < s < n) is defined by

CapS(E)zinf{/ |Vf|"dx‘f>0, feCPR", f>1on 2}.
R}’l

Given a harmonic function u = u(x) in £2 \ X, next, we say that X' is removable if there
is a harmonic function i = it (x) in £2 such that iz| o\ » = u. Then, Carleson’ theorem says
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that X' is removable for any harmonic function in £2 \ X which belongs to L. ($2) if

and only if Cap,(X) = 0 [26]. In the other criterion of Serrin [110], X is removable if
ueL1(2\ X)and Cap,(X) =0, where 2 <s <nand g > =.
There are several generalizations [111,65], but if |u| = 400 on X, on the contrary, then

it follows that Cap,(X) =0and u € Li72(82). Here, L (£2) denotes the weak L space
on 2 (1 < p < o0o) defined by

LY (2) ={v e Liy () | vl pw < +00},

1ol pow =sup{|K|_1+1/”f lv| dx ’ K C £2 is a compact set}.
K

This result also has several generalizations including the parabolic case [105], and here we
show the following version. We note that u = u(x) discussed here is Holder continuous in
£\ X by Nash—Moser’s theorem [57].

THEOREM 3.14. (See [107].) Let £2 Cc R" (n > 3) be a bounded open set, ¥ C £2 be

compact, and L be a differential operator defined by (3.32) with the coefficients a;;, ¢ €
L. (£2\ X) satisfying ¢ = c(x) <0 and

Y aij(0EE > EP (xeR\ X, E= (&, ..., &) €R").

ij
We assume the existence of u = u(x) € H,%JC(Q \ X) and sg > 0 such that
Lu=0 inR\x,
£25, € £2 with the Lipschitz boundary I'y = 9£2,,, and £2; is open for any s > so, where

Qsz{er\E||u(x)}>s}UE.

Then, it holds that Cap,(¥) =0and u L{LﬂTZ (£2).
PROOF. Putting 2o = £2,,, we obtain u € HY (20 \ ¥) and
Lu=0, |ul>s0 inp\X, lu| =so o0on as. (3.36)
For s > s, it holds that X € £2, and therefore,
@5 = (sgnu) - max{s — |u|,0} € Hi5.(20\ 2)
satisfies

@slage = (Sgnu) - (s — o), s =0 (£,\ %)
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and

Voo = { —Vu (20 25),
0 (2, \ 2).

Testing this to (3.36), we obtain

f a,'ijuDiudx=(s—s0)K+/ C|u|(s—|u|)dx, (3.37)
20\2 20\82

where K = —(ﬂ SANU) yr-1/2(1y). 1Y2 (1) AN ﬁ =Y, jviaijD;. This implies

/ |Vu|2dx<(s—so)K=0(s2)
‘QU\QS

by ¢ <0.
Here, we take s1 > so and prescribe x = x (x) € C5°(R") suchthat 0 < x < 1, supported
in 20, and x =1 on £2;,. Then,

1
fo==min{lul,s}x € H'R") = WHR")
A
satisfies X C {x € £2¢ | fy(x) =1}° and

IVQulx)  (ul<s),

V=
4 {VX (Jul > s),

and therefore, it holds that
capy(x) < [ 191 dx——/ v (jul) |2 dx = o(1)

as s — +00.

Now, we show u € L;,~ 2((.2) In fact, the mapping s — fgo\g clul(s — |u])dx is de-
creasing and it holds that

d d
— ajjDjuDjudx = —— a;iiDijuDiudx < K (3.38)
J J
ds ds
$£20\825 2,\2

by (3.37) for a.e. s € (sg, s”), where s’ > sg. Now, we shall show

d

ds Jona,

d
|Vuldx < (—u’<s>)”2{——

1/2
/ ai,-DjuD,'udx} (3.39)
ds Jon@,
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a.e. s € (sg, s’), where p(s) = |825]. In fact, s € (sg, s") — ffzx\ﬁ/ |Vu|dx is nonincreas-
ing, and it holds that “

1
A
hlJona, Jeuna,
1
= —/ |Vu|dx
h Jona,.

) L/2 1/2
g{.M(S) pis + )} {_/ |Vu|2dx}
h h 2,\8254n

1142 1/2
4%} {_[ L,UDMDMX}
h Jona,

h h

J 172
/ aiijuDiudx} +0(1)
2\ 2

12
={-1')]} {ds

as i | 0. Then, (3.39) follows.
It holds that

d
< PRy =—— \Vu|dx (3.40)
ds 95\53'/

l/n

for a.e. s € (so, s") by DeGiorgi’s isoperimetric inequality and Fleming—Rishel’s co-area
formula. Inequalities (3.38)—(3.40) now guarantee

n?ch!" < —Kp(s)"2AYm 1 (s),

or equivalently,
n d
c=n’c)/" K1 < Zg(n(s)

a.e. s € (s, s’), where ¢ (u) = n%zu*"n;z. This implies

n n/(n—2)
<
Hes) {(n Z2)(c(s —s0) + P (s0)) }

for s > so, and therefore, 1(s)s™/ ™2 = O(1) as s — +oo. Then u € L2 (£2) follows
[137,149]. O

Ifc=0,thenu ¢ H,})C(Q) by (3.37). The crucial assumption of the above theorem which
induces this is X, € £2. We note also that H1(£2 \ X) = H(£2) holds by Cap,(X) =0
([65]). See [130] for the parabolic case.
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3.2.4. Bandle’s rearrangement. As is described in Section 2.2, Bol’s inequality holds
on surfaces with bounded Gaussian curvature, and then Bandle’s spherically decreasing
rearrangement is defined. In more precise, we obtain

Bw)® > %m(a)) (87 —m(w))
for
E(Bw):f pY2ds, m(a)):/pdx,
dw w

if p= p(x) > 0is a C? function defined on the domain £2 c R? of which boundary is
composed of a finite number of Jordan curves,

—Alogp<p ing, (3.41)

and w € £2 is a sub-domain with the boundary dw locally homeomorphic to a line. Both
geometric and analytic proofs are known for this fact. Here, we emphasize that the simply-
connectedness of £2 is not necessary ([8], p. 38, [Topping]).

Let 22 and p = p(x) be such a domain and a function satisfying p € C(£2) and

A =/ p(x)dx < 8m.
2

Putting £2* = B(0, 1) C R?, then we obtain a unique v* = v*(x) satisfying

v*

Are .
—AU*:W n Q*, U*:O on a982*.
€

In this case, it holds that

ret”

fm e’

—Alog p* = p* in 2* for p* =
and also
1
Ldw*) = Em(w*)(sn —m(w")

if o* C £2* is a concentric disc.
Now, given a measurable function ¢ : 2 — R and ¢ > 0, we define the concentric disc
2/ of 2* by

/ p*dx:/ pdx =a(t) and Q,:{xe.(2||<p(x)|>t}, (3.42)
2 2
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and put
v (x) =sup{r | x € 2/}

This operation v — v* is an equi-measurable rearrangement, and it holds that

/ ¢2pdx=/oot2d(—a(t))=/ *2 p*dx,
2 0 2%

while ¢* = ¢*(x) is a nonnegative, radially symmetric, and nonincreasing function of
r = |x|. Thus, Theorem 2.2 is reduced to the decrease of the Dirichlet integral (2.27). Since

vl(p,Q)zinf{f |Vv|2dx‘veH01(.Q), / vzpdle}
2 2

is attained by ¢ € H&(Q) smooth and positive in §2, the following fact is sufficient for this
purpose.

THEOREM 3.15. Let 2 C R? be a bounded open set contained in a bounded domain
£2  R? of which boundary is composed of finitely many Jordan curves and p = p(x) is a
positive C2 function in £2, continuous on 2, and satisfies

A

—Alogp<p ing. (3.43)

Then it holds that
/|V<p|2dx>/ V¥ 2dx, (3.44)
Q o*

provided that ¢ € Hol(Q) is a nonnegative C2 function in £2. If the equality holds in (3.44),
then £2 isadisc, ¢ = ¢(x) and p = p(x) are radially symmetric functions, and —A log p =
pin £2.

PROOF. The function a = a(t) defined by (3.42) is right-continuous and increasing in
t > 0. Since ¢ € Hy (£2) is C2 and nonnegative in 2, it holds that

d d
—d(r):/ PE g L |V(p|2dx=f IVo|ds
ot 179 ar Jo, ot

for a.e. t > 0 by co-area formula and Sard’s lemma. We obtain also

d 2 d
__/ Vol dx > {/ pl/ZdS} // pds
dt Jo, o=t o=t Vol

=t({p=1})%/—d @)

> }(871 —a(®)a(t)/ —d (1) (3.45)

N
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fora.e. t € (0, M) by Schwarz’ and Bol’s inequalities, where M = ||¢||«. The nondecreas-
ing function

j= —/ Vol dx
2
is continuous by
j(z)—j(r—0)=/ Vo[2dx =0.

p=t

Thus, it is absolutely continuous, and it holds that

</ g
IVo|?dx = —=— | |Ve?dx)dt
2 0 dr Jo
t

< }/00 B —a(t))a(t) dr.
0

) —a'(t) (346)

Since ¢* = ¢*(x) is a nonincreasing function of » = |x|, we obtain the equality at each
step of (3.45) for 2 = 2*, p = p*, and ¢ = ¢*. This implies

o d
/ |V¢*|2dX=f (--/ |V<,0*|2dx> dt
Q% 0 dt Q%

_ }/O" B8 —a(t))a(t) dr,
2 Jo —a’(t)

and hence (3.44). Here, the final assertion concerning the equality of (3.44) follows also. [

3.3. Spectral analysis

As is described in Section 2.2, Bandle’s symmetrization is reformulated as the Schwarz
symmetrization on sphere. In more precise, if $> ¢ R3 denotes a round sphere with total
area 87 and the area element dv, and w C S? is a geodesic disc, we define ¢* = ¢*(x)
by (2.41), where w, denotes the concentric disc of w satisfying (2.42). If ¢ € Hol(.Q) isa
nonnegative C? function in £2, then it holds that (2.43).

The reference problem (2.34), on the other hand, is equivalent to

—Apy=1vp ino, =0 ondw (3.47)
by the stereographic projection 7 : 2 — C U {oo}, where the north pole of S2 corresponds

to oo and the south pole (0,0, 0) € S? coincides with the center of w. In this case, A =
[o pdx = [. p*dx indicates the area of o C $2: A = [ dv.
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Now, we apply the method of separation of variables to (3.47) using three dimensional
polar coordinate because w C S is a geodesic disc, which results in the associated Legen-
dre equation,

[(L—-&%)@e], +[2v—m?/(1-E%)]@ =0 (& <E<D),
o1)=1,  PE)=0, (3.48)

where m =0, 1, ... describes the argument mode of ¥ and @ (u;) = 0 is derived from the
boundary condition @[3, = 0. More precisely, &, € (—1, 1) is a decreasing function of A €
(0,87),and » =0, 4, 8 correspond to &, =1, 0, —1, respectively. Thus, v (p*, 2*) > 1
means @ (&) > 0 for & € (&, 1), where @ = @ (&) denotes the solution to (3.48) forv =1
and m =0.

Since @ (&) = & in this case, it is equivalent to A € (0, 47r). Thus, we obtain (2.38) if
£2 c R? is a bounded open set contained in a bounded domain £2 ¢ R? of which boundary
is composed of finitely many Jordan curves, p = p(x) is a positive C2 function in £2,
continuous on £2, satisfies (3.43), and fQ pdx =

3.3.1. Mean field equation. If 352 is sufficiently smooth, say C2, then the L” estimate is
valid to —A with the Dirichlet boundary condition. Then, the solution v = v(x) € Hol(Q)
to the mean field equation (2.33),

re?
—Av=—— 1ing, v=0 onadf (3.49)

Joe€’
is continuous on £2. In this case, its linearized operator is defined by

evw. _ f.Q evw. .ev)
Joe  ([ge)? .
More precisely, this £ is realized as a self-adjoint operator in L2(£2) with the domain

L= (H?N H})(£2).
If this £ is degenerate, then

£¢=—A1/f—x<

. ad
—Ap=vpp In$2, @ = constant on 042, / %% _ 0 (3.50)
IR ov

has the eigenvalue v = 1 for

re?

:ffzev.

In fact, if € (H? N H)(£2) \ {0} satisfies Ly = 0, then it holds that
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and therefore,

Joe'v
Joe’
satisfies (3.50) for v = 1. If ¢ =0, then vy = constant, which contradicts to ¥ € Hol(Q) \

{0}. Thus, (3.50) has the eigenvalue v = 1. The converse is also true [124,146].
The eigenvalue problem (3.50) is formulated by (3.3), using

o=y -

X =L%).
V =H}2)={ve H'(2) | v=constanton 32},
alp,¥) = Ve, V),

b(w,lﬁ):/gw(X)lﬁ(X)p(X)dX-

This p = p(x) > 0 is continuous on £2, C? in £2, and satisfies (3.41) because v = v(x) is
a solution to (3.49). We obtain [, pp dx =0 in the above transformation v € Hol((z) >
e Hcl(Q), and actually, the first eigenvalue of (3.50) is v1 = 0 associated with the con-
stant eigenfunction 1 = A~1/2 under the normalization b(g;, @j) = &;;. Thus, the second
eigenvalue is described by

vz(p,.Q)zinf{/ |Vv|2dx’veHC1(.Q), / vpdx =0, / vzpdle}.
2 2 2
(3.51)

This value is attained by the second eigenfunction of (3.50), denoted by ¢ = ¢». Then,
N(p) N K is composed of a finite number of smooth curves for any compact set K C £2,
where N(p) ={x € 2 | ¢(x) =0}. If N(p) N2 # @, then ¢|3 = 0, and therefore, N (p)
itself is composed of a finite number of smooth curves, provided that 352 is smooth. This
fact holds obviously in the other case of N(¢) N 3£2 = @, and we can show the following
theorem by the method of [124].

THEOREM 3.16. If 2 C R? is a bounded domain with C2 boundary 352 and p = p(x) €
C(£2) is C?% in £ and satisfies (3.41), then it holds that

O<)»=/pdx<8n =  wp, 2)>1 (3.52)
2

PROOF. Putting 2+ = {x € 2 | +¢(x) >0}, weobtain 2 =02, UL_and 2, N2_ =
N(p)Uas$2. Obviously, p = p(x) satisfies (3.41) for £2 = £2., and it holds also that 2 #
# by [, epdx =0.We obtain, furthermore, 1 = A, +A_ < 8x for

At =f pdx.
24
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If c =glse =0, then ¢ € Hy (£2), and therefore

v2(p, 2) =vi(p, 2+)

follows, where v1 (p, £2) is the first eigenvalue of (2.25) formulated by (2.23). Since A4 <
4 and Ax < 4w imply vi(p, 24) > 1and v1(p, £2+) > 1, respectively, v2(p, £2) =1 can
occur only in the case of AL = 4z and v1(p, £2+) = 1. This implies, however, that both
2+ are discs, a contradiction.

In the other case of ¢ = ¢y # 0, it follows that N(¢) N 32 = @. Without loss of
generality, we assume ¢ > 0, and then it holds that 352 C 9. Here, we note that any
nodal domain w of ¢ = ¢(x) takes the boundary 9w composed of some portions of N (p) U
952, and zero-extension of ¢|,, belongs to H}(Q). We obtain, on the other hand,

where 2% (i e I') are nodal domains of ¢|_ and these structures assure that ¢|o_ has ex-
actly one nodal domain. In other words, §2_ is a domain satisfying £2_ &€ £2, and therefore,
it holds that vo(p, £2) = v1(p, £2_). Thus, we have only to consider the case of A_ > 4x,
and then, it holds that A, < 4.

The set £21 = {x € 21 | ¢(x) > ¢} may be empty, but otherwise we take Bandle’s re-
arrangement to ¥1 = ¢|g,. More precisely, we take a geodesic disc B C $2 satisfying

/dv:/ pdx,
B 21

and define ¥ = ;' (x) on B by

Vi (x) =supfr | x € o},

where w; is the open concentric disc of B such that
/ dv = / pdx.
w; Y1>t
From the co-area formula and Bol’s inequality, it follows that
2 2 2 |2
Vvipdx =[ Yi¢dv  and / V1| dx >/ |Vyi|  dv.
21 B 21 B

To treat the main part £2; = 2, \ w, we take open concentric discs By C By C S satis-

fying

/dv:/ pdx=Ai_ and dv:/ pdx
Bo 2_ B 24 \o
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and define Yo, = Y24 (x) 0n A = By \ Bg by
Y3 (x) = inf{r | x € A},

where A, is the closed concentric annulus of A such that A, U By C S2 is a closed disc and

/ dv :/ pdx
A;UBg Yo <t

for ¢t € (0, ¢). For this equi-measurable rearrangement it holds that

/ wzzpdx=/1ﬂ22*dv and / |w2|2dx>/|wz*|2dv
29 A 29 A

similarly. In fact, the methods of co-area formula and isoperimetric inequality are valid by

0< Y2 <cin 22, Y2lag. =0, and Y2lhe, =c.
These procedures guarantee

v2(p, §2) = vs

_ inf{/ VU [ e HABUA), Ylss, =0,
AUB

Y¥lap, = ¥]ap = constant, wzdvzl}.
AUB

Since Ay <4m < A_and A4 + A_ < 8w, we can put By so that its center is the north pole
n, it occupies the closed hemisphere S with the center n, and A, B are concentric with
the center south pole and AU B C S_ = 52\ S,. Then, v = v, is the first eigenvalue of

—Agy =vy inAUB, }[/|330=O,

9 9
¥lap, = ¥|yp = constant, / —wds—i—/ W ogs—0
il 0B

B, OV av
if B+# @, and

—Agy =vy inA, Ylo, =0,

0
Vs, = constant, / w ds=0
9B av

if B = 0. In the polar coordinate, this induces the associated Legendre equation (3.48), i.e.,

[(1_;;:2)®$]S+21)®=O, ®>0 (bp<&<by, b<&<l)
®(bp) =0, Pb)=d®h), D'b)=2'®B), P1)=1
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or

[(1- 5;2)(155]S +200 =0, ®>0 (bg<&<Dby)
@ (bo) =0, @'(b1) =0,

where
0<bhy<br <b< 1.
Thus, v = v, > 1 is equivalent to
() >0 (bo<&<bi, b<f<l
in the case of B ), where & = & (&) is the solution to

[(1—52)435]5 +26=0 (-1<&<1) (3.53)

satisfying @ (1) =1, @ (b) = @ (b1), and &’ (b) = &’ (b1), and
®(E)>0 (bo<&<by)

in the case of B = f, where ® = & (&) is the solution to (3.53) satisfying @ (b1) = 1
and @’ (b1) = 0. These elementary inequalities are assured using a fundamental system of
solutions to (3.53), say,

Py(§)=¢ and Q1<s>=—1+§log g 0
3.3.2. Global analysis. Theorem 2.7 guarantees that each 0 < ¢ « 1 takes C, > 0 such
that any solution v = v(x) to (3.49) with 0 < A < 87 — ¢ satisfies ||v]|co < Ce. Using this
and Theorem 3.16, we can show that the solution to (3.49) with 0 < A < 8 is unique, and
if it is denoted by v; = vy (x), then C = {(A,v;) | 0 < A < 8z} forms a one-dimensional
manifold in Ry x C(£2) [124]. This v € Hol(fz) attains ianol(Q) J>., because it is actually
attained for 0 < A < 8m, where 7, = J,.(v) is the Trudinger—-Moser functional defined by
(2.45). The solution to A = 8 is also unique if it exists, and therefore, infﬁol(m Jer is
attained if and only if C does not blowup as A 1 8.

Blowup profile of the solution sequence, on the other hand, is obtained in detail using
(2.57) and its refinement [33]. Thus, if {(Ak, vi)}x is a solution sequence to (3.49) satisfying
A — 8w and ||vk|leo — +00, then, passing to a subsequence it has a unique blowup point
denoted by xg (Theorem 2.7). It is a critical point of the Robin function R = R(x), and
if 2 is simply-connected, then we take a conformal mapping g: B(0, 1) — £2 satisfying



Nonlinear eigenvalue problem with quantization 363

g(0) = xo. In this case it holds that g”(0) = 0, and according to [129,126] we put

0 2

k
D(xo) =) | ——laul® —laal?, (3.54)
k=3

where g(z) = Y 72 g axzX. Then, it holds that
A =8m + n(D(xo) + 0(1))0’k (3.55)

for oy = )\.k/fg eV [33,28].

From (3.55), if there is a critical point xg of R such that D(xp) < 0, then
limy 487 lvilloo = 4-00. Since v;, is a minimizer of 7, for 0 < A < 8, this xo must be
a maximizer of R. If D(xp) > 0 holds for any critical point xo of R, conversely, then C
does not blowup as A 1 8w, and therefore, Jg is attained by a unique solution to (3.49)
for A =8x.

We obtain limy g [|vsllec = 400 even if there is a critical point xo of R such that
D(xg) = 0 [28]. In fact, in this case we can take a family of conformal mappings {gx}
satisfying gx — g uniformly on B(0, 1), ¢;/(0) =0, and Dy (xo) < 0, where Dy (xo) is the
value defined by (3.54) for g = gx. Putting £2; = gx(B(0, 1)), we apply the above result
to this domain. Thus, the minimizer y’; of the Trudinger—Moser functional 7, defined on
Hol(_Qk) blows-up as A 1 87w, and therefore, any ¢ > 1 admits Ax(c) € (0, 87) such that

”yl)ik(c) Hoo =c.

Making k — oo and passing through a subsequence, we obtain A (c) — A(c) € (0, 87]
and a solution v, = v.(x) to (3.49) in £2 for A = A(c) satisfying ||v¢]lco = ¢. Since the
solution to (3.49) is unique for A = 8, the case A(c) = 8x is admitted at most once as
¢ 1 +oo, and therefore, it holds that A(c) < 8x for ¢ >> 1. This means that v, = v, and
hence C blows-up as A 1 8. Furthermore, xg is a maximizer of R in this case also because
it is a maximizer of the Robin function R; on §2; for k > 1. Using the uniqueness of the
solution to 0 < A < 8, thus we obtain the following.

THEOREM 3.17. (See [28].) If £2 is simply-connected, then Ig, = ian&(Q) Jsr is attained
if and only if there is a maximizer xo of R satisfying D(xg) > 0. If this is the case, then
D(xg) > 0 for any critical point of xg of R. If there is a critical point xg of R such that
D(xp) <0, on the contrary, then it is a unique maximizer of R and C blows-up as A 1 8.

PROOF. Let S C £2 be the set of critical points of R and So C £2 be that of maximizers
of R. It holds that Sp # @. From the above consideration, if there is xo € S such that
D(xp) < 0, then xp € Sp and it follows that lim 48z [|v).llcc = +00. Thus, if D(xg) > 0 for
some xg € Sp, then D(xg) > 0 for any xg € S, which guarantees

limsup [[vs]lec < +00 (3.56)
MM8m
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as is described. Here, (3.56) means that Ig, is attained, and it is equivalent to D(xp) >
0 for some xg € Sp. Finally, each xo € Sp with D(xg) < 0 corresponds to the singular
limit vo(x) =87 G(-, xo) of C as A 1 8, and therefore, D(xo), D(xj) < 0 with different
x0, xy € So is impossible. |

An immediate consequence is that if §Sg > 2, then Ig; is attained. It is also shown that
I3, is attained if and only if the criterion of [24] holds, i.e.,

Ig; (£2) > 1+ 4w supR + log l.
Q2 [£2]
See [28].

3.3.3. Neumann problem. The Neumann problem

v 1\ . 9
—Av=Ar[-—— =) e, fv:O, —0 onoe
o€ 1£2] o v

arises as a stationary state of the simplified system of chemotaxis obtained by Jager and
Luckhaus [69], and is regarded as a special case of the mean field equation

v 1
—Av:k(e———> in M, / v=0, (3.58)
fMeU |M| M

where M is a compact Riemannian surface [127]. Blowup of the solution sequence occurs
only to A € 87N in (3.58), while these quantized values are reduced to 47N in (3.57) [108,
91,92]. See [76,77,31,39,29] for the uniqueness of the solution to (3.58).

If v =wv(x) is asolution to (3.57) and its linearized operator is degenerate, then

(3.57)

v v
Ay =2 v _JeV .\ e, Y _g onoe
Joe'  (Jgen)? v
has a nontrivial solution. Using
e’ Jo e’y
= and g=y — 22— 3.59
g Jae o=V Joe (359
this implies that
. A
—Ap=vpy in$2, — =0 onag (3.60)

av

has the eigenvalue v = 1 with the nonconstant eigenfunction. Actually, the first eigenvalue
of (3.60) is v = 0 with the constant eigenfunction, and the other eigenvalue v > 0 does not
take the constant eigenfunction.



Nonlinear eigenvalue problem with quantization 365

Here, we note that the method of symmetrization does not work to evaluate w2 (£2) in
Theorem 3.11. In more precise, [142] adopts a direct calculation, while [131] uses the
method of conformal transplantation. The latter is valid only to the case that 2 c R? is
simply-connected, but is applicable to (3.60). Using Theorem 2.4, we obtain the following.

THEOREM 3.18. (See[8].) If 2 c R?isa bounded simply-connected domain with smooth
boundary 352, p = p(x) > 0 is continuous on §2, C? in §2, satisfies (3.41) and A = fﬂ p<
47, then it holds that

> (3.61)

where v; (i =2, 3) denotes the ith eigenvalue of (3.60).

Since we obtain —Alogp < p in 2 for p = p(x) defined by (3.59), the equality is
excluded in (3.61), and therefore, v, = v2(v, ) < 1 forany solution v = v(x) to (3.57) with
A =4m. Since v = 0 is a trivial solution, an immediate consequence is that v,(0, A1) =0
for some A1 < 4x. If this vy = v2(0, A1) is simple, then we obtain the bifurcated branch C
[42,43]. This C can reach A = 47 only if it loses stability caused by secondary bifurcation,
bending, and so forth. Thus, in contrast with (3.49), we obtain generic multiple existence
of the solution to (3.57) in 0 < A < 4x if £2 is simply-connected.

References

[1] G. Alessandrini, Critical points of solutions of elliptic equations in two variables, Ann. Scoula Norm. Sup.
Pisa IV 14 (1987), 229-256.
[2] L. Almeida and F. Bethuel, Multiplicity results for the Ginzburg-Landau equation in presence of symme-
tries, Houston J. Math. 23 (1997), 733-764.
[3] L. Almeidaand F. Bethuel, Topological methods for the Ginzburg—-Landau equations, J. Math. Pures Appl.
77 (1998), 1-49.
[4] A. Bahri, Critical Points at Infinity in Some Variational Problems, Longman, New York (1988).
[5] C. Bandle, Mean value theorems for functions satisfying the inequality Au + Ke* > 0, Arch. Ration.
Mech. Anal. 51 (1973), 70-84.
[6] C. Bandle, Existence theorems, qualitative results and a priori bounds for a class of non-linear Dirichlet
problems, Arch. Ration. Mech. Anal. 58 (1975), 219-238.
[7] C. Bandle, On a differential inequality and its applications to geometry, Math. Z. 147 (1976), 253-261.
[8] C. Bandle, Isoperimetric Inequalities and Applications, Pitmann, London (1980).
[9] S. Baraketand F. Pacard, Construction of singular limits for a semilinear elliptic equation in dimension 2,
Calc. Var. 6 (1998), 1-38.
[10] P. Bartolucci, C.-C. Chen, C.-S. Lin and G. Tarantello, Profile of blowup solutions to mean field equations
with singular data, Comm. Partial Differential Equations 29 (2004), 1241-1265.
[11] J. Bebernes and D. Eberly, Mathematical Problems from Combustion Theory, Springer-Verlag, New York
(1989).
[12] L. Bers, Local behavior of solutions of general linear elliptic equations, Comm. Pure Appl. Math. 8 (1955),
473-496.
[13] F. Bethuel, On the singular set of stationary harmonic maps, Manuscripta Math. 78 (1993), 417-443.
[14] F. Bethuel, H. Brezis and F. Hélein, Asymptotics for the minimization of a Ginzburg—Landau functional,
Calc. Var. 1 (1993), 123-148.



366

[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]
[23]

[24]

[25]

[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]

[38]
[39]

[40]

[41]
[42]

T. Suzuki and F. Takahashi

F. Bethuel, H. Brezis and F. Hélein, Ginzburg—Landau Vortices, Birkhduser, Boston (1994).

F. Bethuel and J.M. Ghidaglia, Improved regularity of solutions to elliptic equations involving Jacobians
and applications, J. Math. Pures et Appl. 72 (1993), 441-474.

H. Brezis, Analyse Fonctionnelle, Théorie et Applications, Masson, Paris (1983).

H. Brezis and J.M. Coron, Multiple solutions of H-systems and Rellich’s conjecture, Comm. Pure Appl.
Math. 37 (1984), 149-187.

H. Brezis and J.M. Coron, Convergence of solutions of H-systems or how to blow bubbles, Arch. Ration.
Mech. Anal. 89 (1985), 21-56.

H. Brezis, Y.Y. Li and I. Shafrir, A sup+ inf inequality for some non-linear elliptic equations involving
exponential non-linearities, J. Funct. Anal. 115 (1993), 344-358.

H. Brezis and F. Merle, Uniform estimates and blow-up behavior for solutions of —Au = V (x)e* in two
dimensions, Comm. Partial Differential Equations 16 (1991), 1223-1253.

H. Brezis and L. Nirenberg, Positive solutions of non-linear elliptic equations involving critical Sobolev
exponents, Comm. Pure Appl. Math. 36 (1983), 437-477.

H. Brezis and W.A. Strauss, Semi-linear second-order elliptic equations in L, J. Math. Soc. Japan 25
(1973), 565-590.

E. Caglioti, P.L. Lions, C. Marchioro and M. Pulvirenti, A special class of stationary flows for two-
dimensional Euler equations: A statistical mechanics description, Comm. Math. Phys. 143 (1992), 501-
525.

E. Caglioti, P.L. Lions, C. Marchioro and M. Pulvirenti, A special class of stationary flows for two-
dimensional Euler equations: A statistical mechanics description, Part 11, Comm. Math. Phys. 174 (1995),
229-260.

L. Carleson, Selected Problems on Exceptional Sets, Van Nostrand, Princeton (1967).

S. Chandrasekhar, An Introduction to the Study of Stellar Structure, Dover, New York (1957).

S.-Y.A. Chang, C.-C. Chen and C.-S. Lin, Extremal functions for a mean field equations in two dimensions,
Lectures on Partial Differential Equations, S.-Y.A. Chang, C.-S. Linand S.-T. Yau, eds, International Press,
New York (2003).

S. Chanillo and M. Kiessling, Rotational symmetry of solutions of some nonlinear problems in statistical
mechanics and in geometry, Comm. Math. Phys. 160 (1994), 217-238.

S. Chanillo and Y.Y. Li, Continuity of solutions of uniformly elliptic equations in RZ, Manus. Math. 77
(1992), 415-433.

C.C. Chen and C.-S. Lin, A sharp sup+ inf inequality for a semilinear elliptic equation in R2, Comm.
Anal. Geom. 6 (1998), 1-19.

C.C. Chen and C.-S. Lin, On the symmetry of blowup solutions to a mean field equation, Ann. Inst. H.
Poincaré Anal. Non Linéaire 18 (2001), 271-296.

C.-C. Chen and C.-S. Lin, Sharp estimates for solutions of multi-bubbles in compact Riemann surfaces,
Comm. Pure Appl. Math. 55 (2002), 728-771.

C.-C. Chen and C.-S. Lin, Topological degree for a mean field equation on Riemann surfaces, Comm. Pure
Appl. Math. 56 (2003), 1667-1727.

J.T. Chen and W.A. Huang, Convexity of capillary surfaces in the outer space, Invent. Math. 67 (1982),
253-259.

W. Chen and C. Li, Classification of solutions of some non-linear elliptic equations, Duke Math. J. 63
(1991), 615-622.

X. Chen, Remarks on the existence of branch bubbles on the blowup analysis of equation —Au = €2 in
dimension two, Comm. Anal. Geom. 7 (1999), 295-302.

S.Y. Cheng, Eigenfunctions and nodal sets, Comment. Math. Helv. 51 (1976), 43-55.

K.-S. Cheng and C.-S. Lin, On the asymptotic behavior of solutions to the conformal Gaussian curvature
equations in R2, Math. Ann. 308 (1997), 119-139.

R. Coifman, P.L. Lions, Y. Meyer and S. Semmes, Compensated compactness and Hardy spaces, J. Math.
Pure Appl. 72 (1993), 247-286.

R. Courant and D. Hilbert, Methods of Mathematical Physics, vol. 1, Wiley and Sons, New York (1962).
M.G. Crandall and P.H. Rabinowitz, Bifurcation from simple eigenvalues, J. Funct. Anal. 8 (1971), 321-
340.



[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]
[57]
[58]

[59]
[60]

[61]
[62]
[63]
[64]
[65]
[66]
[67]
[66]
[69]

[70]

Nonlinear eigenvalue problem with quantization 367

M.G. Crandall and P.H. Rabinowitz, Bifurcation, perturbation of simple eigenvalues, and linearized sta-
bility, Arch. Ration. Mech. Anal. 52 (1973), 161-180.

M.G. Crandall and P.H. Rabinowitz, Some continuation and variational methods for positive solutions of
non-linear elliptic eigenvalue problems, Arch. Ration. Mech. Anal. 58 (1975), 207-218.

D.G. de Figueiredo, P.L. Lions and R.D. Nussbaum, A priori estimates and existence of positive solutions
of semilinear elliptic equations, J. Math. Pures Appl. 61 (1982), 41-63.

M. del Pino, M. Kowalczyk and M. Musso, Singular limits in Liouville-type equations, Calc. Var. 24
(2005), 47-81.

J.1. Diaz, Nonlinear Partial Differential Equations and Free Boundaries, vol. 1, Elliptic Equations, Pitman,
London (1985).

W. Ding, J. Jost, J. Li and G. Wang, Existence results for mean field equations, Ann. Inst. H. Poincaré
Anal. Non Lineaire 16 (1999), 653-666.

W. Ding and G. Tian, Energy identity for a class of approximate harmonic maps from surfaces, Comm.
Anal. Geom. 4 (1995), 543-554.

L.C. Evans, Partial regularity for stationary harmonic maps into spheres, Arch. Ration. Mech. Anal. 116
(1991), 101-113.

P. Esposito, M. Grossi and A. Pistoia, On the existence of blowing-up solutions for a mean equation, Ann.
Inst. H. Poincaré Anal. Non Lineaire 22 (2005), 227-257.

G. Faber, Bewies, dass unter allen homogenen Membranen von gleicher Flache und gleicher Spannung
die kreisformige den tiefsten Grundton gibt, Sitzungsber. Bayer. Akad. Wiss. (1923), 169-172.

W. Fleming and R.I. Rishel, An integral formula for total gradient variations, Arch. Math. 11 (1960),
218-222.

A. Friedman, Variational Principles and Free-Boundary Problems, John Wiley and Sons, New York
(1982).

.M. Gel’fand, Some problems in the theory of quasilinear equations, Amer. Math. Soc. Transl. 29-2
(1963), 295-381.

B. Gidas, W.-M. Ni and L. Nirenberg, Symmetry and related properties via the maximum principle, Comm.
Math. Phys. 68 (1979), 209-243.

D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, second edition,
Springer-Verlag, Berlin (1983).

F. Gladiali and M. Grossi, Some results on the Gel’fand problem, Comm. Partial Differential Equations 29
(2004), 1335-1364.

E. Guisti, Minimal Surfaces and Functions of Bounded Variation, Birkh&user, Basel (1984).

R.D. Gulliver, I, Regularity of minimizing surfaces of prescribed mean curvature, Ann. Math. 97 (1973),
275-305.

B.I. Halperin, P.C. Hohenberg and S.-K. Ma, Renormalization-group methods for critical dynamics: I,
Recursion relations and effects of energy conservation, Phys. Rev. B 10 (1974), 139-153.

R. Hardt and L. Simon, Nodal sets for solutions of elliptic equations, J. Differential Geometry 30 (1989),
505-522.

P. Hartman and A. Wintner, On the local behavior of solutions of non-parabolic differential equations,
Amer. J. Math. 75 (1953), 449-476.

P. Hartman and A. Wintner, On the local behavior of solutions of non-parabolic partial differential equa-
tions, 111, Amer. J. Math. 77 (1955), 453-474.

J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic Equations,
Clarendon Press, Oxford (1992).

F. Hélein, Régularité des applications faiblement harmoniques entre une surface et une sphére, C. R. Acad.
Sci. Paris Sér. I. Math. 311 (1990), 519-524.

F. Hélein, Régularité des applications faiblement harmoniques entre une surface et une variété riemanni-
enne, C. R. Acad. Sci. Paris Sér. | Math. 312 (1991), 591-596.

P.C. Hohenberg and B.l. Halperin, Theory of dynamic critical phenomena, Rev. Mod. Phys. 49 (1977),
435-479.

W. Jager and S. Luckhaus, On explosions of solutions to a system of partial differential equations modelling
chemotaxis, Trans. Amer. Math. Soc. 329 (1992), 819-824.

J. Jost, Two-Dimensional Geometric Variational Problems, John Wiley and Sons, Chichester (1991).



368

[71]
[72]

[73]
[74]
[75]
[76]
[77]
[78]
[79]
[80]
[81]
[82]
[83]
[84]
[85]
[86]
[87]
[88]
[89]
[90]
[91]
[92]

[93]
[94]

[95]
[96]
[97]
[98]
[99]
[100]

[101]
[102]

[103]

T. Suzuki and F. Takahashi

B. Kawohl, Rearrangements and Convexity of Level Sets in PDE, Springer-Verlag, Berlin (1985).

E. Krahn, Uber eine von Rayleigh formulierte Minimaleigenshaft des Kreises, Math. Ann. 94 (1924), 97—
100.

T. Kuo, On C*®-sufficiency of sets of potential functions, Topology 8 (1969), 167-171.

Y.Y. Li, Harnack type inequality: the method of moving planes, Comm. Math. Phys. 200 (1999), 421-444.
Y.Y. Li and I. Shafrir, Blow-up analysis for solutions of —Au = Ve* in dimension two, Indiana Univ.
Math. J. 43 (1994), 1255-1270.

C.-S. Lin, Uniqueness of solutions to the mean field equation for the spherical Onsager vortex, Arch.
Rational Mech. Anal. 153 (2000), 153-176.

C.-S. Lin and M. Lucia, Uniqueness of solutions for a mean field equation on torus, J. Differential Equa-
tions 229 (2006), 172-185.

F.H. Lin, Une remarque sur I’application x/|x|, C. R. Acad. Sci. Paris Sér. |. Math. 305 (1987), 529-531.
F.H. Lin and T. Riviere, Energy quantization for harmonic maps, Duke Math. J. 111 (2002), 177-192.
P.-L. Lions, On Euler Equations and Statistical Physics, Cattedra Galileiana, Pisa (1997).

L. Ma and J.C. Wei, Convergence of Liouville equation, Comment. Math. Helv. 76 (2001), 506-514.

C. Marchioro and M. Pulvirenti, Mathematical Theory of Incompressible Nonviscous Fluids, Springer-
Verlag (1994).

N. Mizoguchi and T. Suzuki, Equations of gas combustions: S-shaped bifurcation and mushrooms, J. Dif-
ferential Equations 134 (1997), 183-215.

J.L. Moseley, Asymptotic solutions for a Dirichlet problem with an exponential non-linearity, SIAM J.
Math. Anal. 14 (1983), 719-735.

J. Moser, A sharp form of an inequality of N. Trudinger, Indiana Univ. Math. J. 20 (1871), 1077-1092.

J. Mossino, Inégalités Isopérimétriques et Applications en Physique, Hermann, Paris (1984).

L. Mou and C. Wang, Bubbling phenomena of Palais—Smale-like sequences of m-harmonic type systems,
Calc. Var. 4 (1996), 341-367.

K. Nagasaki and T. Suzuki, Asymptotic analysis for two-dimensional elliptic eigenvalue problem with
exponentially dominated non-linearities, Asymptotic Analysis 3 (1990), 173-188.

Y. Naito, T. Suzuki and K. Yoshida, Self-similar solutions to a parabolic system modeling chemotaxis,
J. Differential Equations 184 (2002), 386-421.

W.-M. Ni, Qualitative properties of solutions to elliptic problems, Handbook of Differential Equations,
Vol. 1, M. Chipot and P. Quittner, eds, Elsevier, Amsterdam (2005), 157-233.

H. Ohtsuka and T. Suzuki, Palais—-Smale sequence relative to the Trudinger—-Moser inequality, Calc. Var.
17 (2003), 235-255.

H. Ohtsuka and T. Suzuki, Blow-up analysis for Liouville type equation in self-dual gauge field theories,
Comm. Cont. Math. 7 (2005), 177-205.

T. H. Parker, Bubble tree convergence for harmonic maps, J. Diff. Geo. 44 (1996), 595-633.

G. Pélya and G. Szegd, Isoperimetric Inequalities in Mathematical Physics, Princeton Univ. Press, Prince-
ton (1951).

S.1. Pohozaev, Eigenfunction of the equation Au + Af (u) = 0, Soviet Math. Dokl. 6 (1965), 1408-1411.
A. Preijel, Remarks on Courant’s nodal line theorem, Comm. Pure Appl. Math. 9 (1956), 543-550.

J. Qing, On singularities of the heat flow for harmonic maps from surfaces into spheres, Comm. Anal.
Geom. 3 (1995), 297-315.

J. Qing, Harmonic maps from surfaces, Nonlinear Functional Analysis and Applications to Differential
Equations, A. Ambrosetti, K.C. Chang and I. Ekeland, eds, World Sci. Publ., River Edge (1998), 203-236.
J. Qing and G. Tian, Bubbling of the heat flows for harmonic maps from surfaces, Comm. Pure Appl.
Math. 50 (1997), 295-310.

P.H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential Equations,
Amer. Math. Soc., Providence, Rl (1984).

T. Riviere, Everywhere discontinuous harmonic maps into spheres, Acta Math. 175 (1995), 197-226.

T. Riviére, Bubbling and regularity issues in geometric non-linear analysis, Proceedings of the Interna-
tional Congress of Mathematics Beijing, 2002, vol. 111, Higher Ed. Press, Beijing (2002), 197-208.

J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2- spheres, Ann. of Math. 113 (1981),
1-24.



[104]
[105]
[106]

[107]
[108]

[109]
[110]

[111]
[112]

[113]
[114]
[115]
[116]
[117]
[118]
[119]
[120]
[121]

[122]

[123]

[124]
[125]
[126]
[127]
[128]
[129]
[130]
[131]

[132]
[133]

Nonlinear eigenvalue problem with quantization 369

S. Sakaguchi, Uniqueness of the critical point of the solutions to some semilinear elliptic boundary value
problems in RZ, Trans. Amer. Math. Soc. 319 (1990), 179-190.

S. Sakaguchi and T. Suzuki, Interior imperfect ignition can not occur on a set of positive measure, Arch.
Ration. Mech. Anal. 142 (1998), 143-153.

T. Sato and T. Suzuki, Asymptotic non-degeneracy of the solution to the Liouville-Gel’fand problem in
two dimensions, Commentarii Mathematici Helvetici, in press.

T. Sato, T. Suzuki and F. Takahashi, p-capacity of singular set of p-harmonic function is zero, preprint.
T. Senba and T. Suzuki, Some structures of solution set for a stationary system of chemotaxis, Adv. Math.
Sci. Appl. 10 (2000), 191-224.

T. Senba and T. Suzuki, Applied Analysis, Mathematical Methods in Natural Science, Imperial College
Press, London (2004).

J. Serrin, Removable singularities of solutions of elliptic equations, Arch. Ration. Mech. Anal. 17 (1964),
67-78.

J. Serrin, Local behavior of solutions of quasilinear equations, Acta Math. 111 (1964), 247-302.

1. Shafrir, A sup + inf inequality for the equation —Au = Ve*, C. R. Acad. Sci. Paris Sér. | 315 (1992),
159-164.

R. Schoen and K. Uhlenbeck, A regularity theory for harmonic maps, J. Differential Geometry 17 (1982),
307-335.

G. Stampacchia, Le probléme de Dirichlet pour les équations elliptiques du second or dre a coefficients
discontinuous, Ann. Inst. Fourier 15 (1965), 189-258.

E.M. Stein, Harmonic Analysis, Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Prince-
ton Univ. Press, Princeton (1993).

M. Struwe, A global compactness result for elliptic boundary value problems involving limiting non-
linearities, Math. Z. 187 (1984), 511-517.

M. Struwe, Large H-surfaces via the mountain-pass-lemma, Math. Ann. 270 (1985), 441-459.

M. Struwe, Plateau’s Problem and the Calculus of Variations, Princeton Univ. Press, Princeton (1988).
M. Struwe, Multiple solutions to the Dirichlet problem for the equation of prescribed mean curvature,
Analysis, et cetera, P.H. Rabinowitz and E. Zehnder, eds, Academic Press, New York (1990).

M. Struwe, On the asymptotic behavior of minimizers of the Ginzburg—Landau model in 2 dimensions,
Diffential Integral Equations 7 (1994), 1613-1624; Erratum: Diffential Integral Equations 8 (1995), 224.
M. Struwe, Variational Methods, Applications to Nonlinear Partial Differential Equations and Hamil-
tonian Systems, third ed. Springer-Verlag, Berlin (2000).

M. Struwe and G. Tarantello, On multivortex solutions in Chern-Simons—Higgs gauge theory, Boll. Unione
Math. Ital. Sez. B(8) 1 (1998), 109-121.

T. Suzuki, Introduction to geometric potential theory, Functional-Analytic Methods in Partial Differential
Equations, H. Fujita, T. Ikebe and S.T. Kuroda, eds, Lecture Notes in Math. 1450, Springer-Verlag, Berlin
(1990), 88-103.

T. Suzuki, Global analysis for a two-dimensional elliptic eigenvalue problem with exponential non-
linearity, Ann. Inst. Henri Poincaré Anal. Non Linéaire 9 (1992), 367-398.

T. Suzuki, Some remarks about singular perturbed solutions for Emden—Fowler equation with exponen-
tial non-linearity, Functional Analysis and Related Topics, H. Fujita, H. Komatsu and S.T. Kuroda, eds,
Lecture Notes in Math. 1540, Springer-Verlag, Berlin (1993), 341-360.

T. Suzuki, Semilinear Elliptic Equations, Gakkotosho, Tokyo (1994).

T. Suzuki, Free Energy and Self-Interacting Particles, Birkhduser, Boston (2005).

T. Suzuki, Mean field theories and dual variation, preprint.

T. Suzuki and K. Nagasaki, On the non-linear eigenvalue problem Au + 1e* =0, Trans. Amer. Math. Soc.
309 (1988), 591-608.

T. Suzuki and F. Takahashi, Capacity estimate for the blow-up set of parabolic equations, Math. Z., to
appear.

G. Szegd, Inequalities for certain eigenvalues of a membrane of given area, J. Rational Mech. Anal. 3
(1953), 343-356.

G. Talenti, Elliptic equations and rearrangements, Ann. Scuola Norm. Sup. Pisa IV 3 (1976), 697-718.
G. Tarantello, Multiple condensate solutions for the Chern-Simons—Higgs theory, J. Math. Phys. 37
(1996), 3769-3796.



370

[134]
[135]
[136]
[137]
[138]
[139]
[140]
[141]
[142]
[143]
[144]
[145]
[146]
[147]

[148]
[149]

T. Suzuki and F. Takahashi

G. Tarantello, Analytic aspects of Liouville-type equations with singular sources, Handbook of Differen-
tial Equations, Stationary Partial Differential Equations, vol. 1, M. Chipot and P. Quittner, eds, Elsevier,
Amsterdam (2004), 491-592.

J.F. Toland, Duality in nonconvex optimization, J. Math. Anal. Appl. 66 (1978), 399-415.

J.F. Toland, A duality principle for non-convex optimization and the calculus of variations, Arch. Ration.
Mech. Anal. 71 (1979), 41-61.

L. Véron, Singularities of Solutions of Second Order Quasilinear Equations, Addison—Wesley/Longman,
New York (1996).

C.Y. Wang, Bubble phenomena of certain Palais—Smale sequences from surfaces to general targets, Hous-
ton J. Math. 22 (1996), 559-590.

G. Wang and D. Ye, On a non-linear elliptic equation arising in a free boundary problem, Math. Z. 244
(2003), 531-548.

S. Wang, Some non-linear elliptic equations with subcritical growth and critical behavior, Houston J.
Math. 16 (1990), 559-572.

J. Wei, Multiple condensations for a semilinear elliptic equation with sub-critical growth and critical
behavior, Proc. Edinburgh Math. Soc. 44 (2001), 631-660.

H.F. Weinberger, An isoperimetric inequality for N-dimensional free membrane, J. Rational Mech. Anal.
5(1956), 533-536.

H.C. Wente, An existence theorem for surfaces of constant mean curvature, J. Math. Anal. Appl. 26 (1969),
318-344.

H.C. Wente, The differential equation Ax = 2H (x,, A xy) with vanishing boundary values, Proc. Amer.
Math. Soc. 50 (1975), 131-137.

V.H. Weston, On the asymptotic solution of a partial differential equation with an exponential non-
linearity, SIAM J. Math. Anal. 9 (1978), 1030-1053.

G. Wolansky, On the evolution of self-attracting clusters and applications to semilinear equations with
exponential non-linearity, J. Anal. Math. 59 (1992), 251-272.

G. Wolansky, Critical behavior of semi-linear elliptic equations with sub-critical exponents, Nonlinear
Anal. 26 (1996), 971-995.

Y. Yang, Solitons in Field Theory and Nonlinear Analysis, Springer-Verlag, New York (2001).

W.P. Ziemer, Weakly Differentiable Functions; Sobolev Spaces and Functions of Bounded Variation,
Springer-Verlag, New York (1989).



CHAPTER 5

Stationary Problem of Boltzmann Equation

Seiji Ukai and Tong Yang

Department of Mathematics and Liu Bie Ju Centre for Mathematical Sciences, City University of Hong Kong,
83 Tat Chee Avenue, Kowloon, Hong Kong
E-mail: mcukai@cityu.edu.hk; matyang@cityu.edu.hk

Contents
Lodntroduction . . . . . . 372
L1 OVEIVIEW . . . oo 372
1.2. Boltzmannequation . . . . . . . ... 375
1.3. Boundary condition . . . . . ... 387
2. Half-space problem—nonlinear boundary layer . . . ... ... ... .. ... .. ... .. . . . ... 390
2.1. Mathematical formulation . . ... ... ... ... ... ... 390
2.2, EXISEENCE . . . . o o e 394
2.3. Stability for M < —1 . . . . 423
3. Exterior problem—flow pastanobstacle . . . . ... ... ... ... ... ... 438
3.1. Formulationof problem . . . . . . . .. 438
3.2, Preliminaries. . . . . . 441
3.3, 0perator BE® .. 446
34, OpErator Be . . v v v e 460
3.5, Stationary solution . . . . .. 471
4. Time-periodic SOIULION . . . . . . . . . 473
4.1. Problemand basicstrategy . . . . . . . .. 473
42. Semi-group !B 475
4.3. Existence and stability . . . . . ... 478
ACknOwIegemENtS . . . . . . 482
References . . . . . . . 482

HANDBOOK OF DIFFERENTIAL EQUATIONS
Stationary Partial Differential Equations, volume 5
Edited by M. Chipot

© 2008 Elsevier B.V. All rights reserved

371



372 S. Ukai and T. Yang
1. Introduction
1.1. Overview

It is well known that the Boltzmann equation has a special stationary solution called the
Maxwellian. In physics, the Maxwellian is a universal distribution function which appears
when the gas attains an equilibrium state. However, if an external forcing is exerted on
the gas, the non-Maxwellian steady state may persist. This external forcing may be caused
through the boundary of the vessel containing the gas, the external force field, the external
gas source, and others. The aim of this chapter is to discuss the stationary problem of the
Boltzmann equation in these situations.

The mathematical and physical significance of the non-Maxwellian steady states will be
better understood on the emphasis of the fundamental roles that the Maxwellian and the
Boltzmann equation play in the kinetic theory of the gas. The Maxwellian is a velocity dis-
tribution function of the gas in the equilibrium state while the Boltzmann equation is the
most fundamental kinetic equation designed to describe the motion of the nonequilibrium
gas in the phase space. They are two keystones of the kinetic theory but were established
independently and on different physical principles: J.C. Maxwell [47] discovered his dis-
tribution function in 1857 based on the statistical argument on the equi-partition of the
kinetic energy of gas particles, while it is in 1872 when L. Boltzmann [14] established his
equation based on the Newtonian mechanics.

In [14], Boltzmann showed that the Maxwellian is a special stationary solution of his
equation. More precisely, he deduced from his equation the celebrated H-theorem which
suggests, among others, that any solution of the Boltzmann equation, if it exists globally
in time and has some nice properties, converges to a uniform Maxwellian as the time
goes on. In other words, the H-theorem implies that the Maxwellian is the only possible
asymptotically stable stationary solution of the Boltzmann equation. From the physical
view point, this may be rephrased as the equilibrium state of the gas is uniquely described
by the Maxwellian, not by any other distribution functions.

Despite of its significant implications to physics, the mathematical justification of this
statement had not been known until 1932 when T. Carleman [16,17] proved that the Cauchy
problem for the spatially homogeneous Boltzmann equation has solutions globally in time
and that any of the solutions converges to a Maxwellian specified by the initial data as
the time goes to infinity. Roughly, the Maxwellian is asymptotically stable for any initial
perturbation (global asymptotic stability).

The spatially inhomogeneous Boltzmann equation, which is physically more realistic
model, was solved much later. The first solution was constructed, locally in time by H. Grad
[33] in 1965, and globally in time by one of the authors [58] in 1974. In [58], the Cauchy
problem of the Boltzmann equation is solved on the torus, i.e. under the space-periodic
boundary condition, globally in time for initial data close to a uniform Maxwellian and

11t is a famous episode of the history of science that the H-theorem raised a long and serious controversy
between Boltzmann and his contemporaries. However, it is Boltzmann who was endorsed finally, though more
than 100 years later, by Lanford [39] who established the convergence of the Newton equation to the Boltzmann
equation and by many people mentioned below who proved the existence of the global solutions. See also [19]
for a detail of the controversy.
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also is established the exponential convergence of the solution to the relevant Maxwellian.
Since then, this result has been extended to the Cauchy problem in the whole space and
various initial boundary value problems. We mention, Guo [35], Liu and Yu [44], Liu, Yang
and Yu [42], Nishida and Imai [49], Palczewski [50], Shizuta [52], Shizuta and Asano [53],
Strain and Guo [57], Ukai [59,61], and references therein. They show, among others, the
asymptotic stability of the uniform Maxwellian for initial perturbation close to the same
Maxwellian (local asymptotic stability).

For general initial data, the renormalized solutions, initiated by Diperna and Lions [24]
for the whole space case, have been constructed also on the torus and in a bounded domain
under some physical boundary conditions by Hamdache [36], Arkeryd and Cercignani [4],
and others. Moreover, it has been shown that there is a time sequence along which the
solution converges to a uniform Maxwellian in a weak topology, see [18,22] for details.
However, the uniqueness of the renormalized solutions and hence the uniqueness of the
limit Maxwellians are still open and the renormalized solutions in a domain with boundary
are known only to satisfy the boundary condition in inequality.

A recent result presented by Desvillettes and Villani [23] suggests that the global asymp-
totic stability of the uniform Maxwellian holds in a much stronger sense: They discussed
both the torus case and the boundary value problem in a bounded domain with the specular
or reverse (bounce-back) reflection boundary condition and showed that any sufficiently
smooth global solution converges almost exponentially to a uniform Maxwellian at time
infinity. This is a remarkable result because no smallness conditions are imposed, although
the existence of such smooth solutions is a big open problem in the present mathematical
theory of the Boltzmann equation.

Thus, all the results mentioned above lead to the conclusion that the uniform Maxwellian
has a kind of universality in the theory of the Boltzmann equation. However, it should be
stressed that both the Maxwellian and H-theorem were originally developed in the force-
free space.

Suppose that the gas is exerted by an external forcing through the boundary of the vessel
of the gas, by the force field, gas source or others. Then, the stationary state of the gas, if
sustained, may be different from the uniform Maxwellian. Mathematically, this raises the
stationary problems for the Boltzmann equation in a domain with boundary, in the external
force field, with the inhomogeneous term, or others. Among typical examples are the half-
space problem with the Dirichlet boundary condition, the exterior problem for the flow
past an obstacle, and the interior problem with forcing. The half-space problem with the
Dirichlet boundary condition describes complex behaviors of the gas near the wall such as
the development of the boundary layer, the evaporation-condensation phenomenon, and so
on. The classical Milne and Kramer problems are also to be mentioned which are the linear
half-space problems with the Dirichlet boundary condition supplemented with the flux con-
ditions that arise from the albedo problem for neutrons or photons. The exterior problem
arising in the study of the flow past an obstacle is one of the most classical and important
subjects in gas dynamics and fluid mechanics. The point of this problem is to assign the
bulk velocity at infinity, which is not a trivial driving force on the flow. The interior problem
in the external force field or under inhomogeneous or nonisothermal boundary conditions
is also of great importance, describing the forced flows including the Couette and Benard
flows. Furthermore, the time-periodic flow induced by the time-periodic external forcing
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can be viewed as another kind of stationary problems, a boundary value problem with the
time-periodic boundary condition.

In this chapter, we will discuss the three of these stationary problems, the half-space
problem, the exterior problem and the time-periodic flow problem. Our plan is as follows.
Section 2 is devoted to the study of the half-space problem under the Dirichlet boundary
condition, which arises, as mentioned above, in the analysis of the complex interaction
of the gas and the solid wall of the vessel, see, e.g., [12,54] for the physical background.
The main feature of this problem is that it is not a unconditionally solvable problem, and
the number of the solvability conditions to be imposed on the Dirichlet data varies with
the Mach number of the far field. The stability of the stationary solution is also discussed,
though only for restricted Mach numbers.

In Section 3, we study the exterior problem for the flow past an obstacle. For the phys-
ical background, see, e.g., [41]. Whereas many important mathematical results have been
established for fluid dynamical equations including the Euler and Navier-Stokes equa-
tions, little is known for the Boltzmann equation. Here, following [64,65], we construct the
Boltzmann flow under the smallness assumption on the Mach number of the far field. The
Boltzmann shock profile of transonic and supersonic flows induced by the obstacle is one
of the challenging open problems in the mathematical theory of the Boltzmann equation.
Most of this section is a reproduction of [64] but a part of the proof is renewed by explicitly
using the “velocity averaging” argument, resulting in the relaxation to some extent of the
restriction introduced in [64] on the boundary conditions on the boundary of the obstacle.

Finally in Section 4, we will study the inhomogeneous Boltzmann equation with a time-
periodic source term. This is a simplest model problem for the generation and propagation
of the sound wave in the gas, [41]. Under some smallness condition on the source term, the
time-periodic solution with the same period as the source term will be constructed and is
proved to be asymptotically stable.

There are two important kinds of stationary problems which are not covered by this
chapter. One is concerned with the shock profile solution. This is a traveling wave problem
and can be formulated as the stationary problem for the one-dimensional wave pattern con-
necting two different assigned far fields. The typical wave patterns known in fluid mechan-
ics are the shock, rarefaction, and contact discontinuity waves. The shock wave solution
of the Boltzmann equation was constructed in [15] and its stability was studied in [44].
For the other two wave patterns, unlike the shock pattern, only the time-asymptotic wave
profiles can be constructed for the Boltzmann equation, which is just the same situation as
for the compressible Navier-Stokes equations. The stability of such time-asymptotic wave
profiles for the Boltzmann equation were also studied in [38,43]. See also [67] for a review
on this subject.

The interior problem, i.e. the boundary value problem in a bounded domain with bound-
ary, is another important stationary problem. However, most of works done so far are de-
voted to the case where the boundary condition preserves a uniform Maxwellian so that
the same Maxwellian is the only possible stable stationary solution, see, e.g., [9,50,53].
If this condition is violated, the non-Maxwellian stationary solution may appear. This is
indeed the case which was demonstrated by Sone [54] in a subtle experiment for detecting
the “ghost effect” in which the steady flow of a highly rarefied gas is realized by the high
gradient of the wall temperature. This is not a fluid dynamical phenomenon in the clas-
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sical sense and can be explained only by the Boltzmann equation with the nonisothermal
boundary conditions. This is another challenging open problem of the mathematical theory
of the Boltzmann equation.

We also note a series of works in progress by Arkeryd and Nouri in [5,6,8,7] and oth-
ers on various stationary problems including the slab case and the Couette flow. Their
results are remarkable and the methods are promising because no smallness conditions
are introduced. At the present, however, they need some artificial cutoff assumptions on
the collision operator (see [7], however) and the uniqueness is still uncertain in various
contexts.

The rest of this introduction is devoted to some preliminaries needed for the later sec-
tions. In the next subsections, after introducing the Boltzmann equation, we summarize
some properties and estimates of the collision operator under the celebrated Grad’s cut-
off assumption which will be adapted throughout this chapter. Finally in Section 1.3, we
present some classical examples of the boundary conditions which are widely accepted for
the Boltzmann equation.

1.2. Boltzmann equation

In this chapter, we discuss the Boltzmann equation for the mono-atomic gas. The reader
is referred to [19] for the physical background and derivation of the Boltzmann equation.
Thus, the Boltzmann equation we study is

of 1 1
8—+~§~fo+—F'st=—Q(f,f)+S,
t m K

(t,x,8) e Rx 2 xR". (1.2)

Here, 2 C R”" is the domain of the vessel containing the gas and f = f(¢, x, &) is the
unknown function representing the probability (mass, number) density of gas particles
around position x = (x1, ..., x,) € 2 with velocity & = (&1,...,&,) e R" attime r e R.
(1.1) is a balance law. The linear term —& - V. f — F - V¢ f, the transport term, gives
the rate of change of f due to the motion of gas particles in the external force field
F=F(t,x,& = (F1,...,F,), m being the mass of the gas particle. The last term on
the right-hand side is the rate of change of f due to the external source of gas particles of
intensity S = S(z, x, £). The term « ~1Q gives the rate of change of f due to binary elastic
collision of gas particles, where Q is the nonlinear collision operator

oW ) =/ q, ) (f' fi— ffs) désdo, 1.2)
R”xS"‘l
where

fzf(tv-xsg)» f/zf(tv-xvé/)9 f;zf(tv-x»é;)s f*:f(t1x7‘$;:*)a
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with

i"/ =&- ((E — &) 'w)a)a 5; =&+ ((%‘ — &) -a))a),
§—&

S5 e

1§ — &l

Here, &, &, can be thought of as the velocities of gas particles before collision and &', &, as

those after collision, respectively, and (1.3) describes the laws of the elastic collision. Thus,
the conservation laws of momentum and kinetic energy hold in the course of the collision:

weS"l v=|8 &), cosH= (1.3)

Et+e.=£ 48,  EP+HIEP=1E12+ g (L4)

(1.3) may be taken to be a set of solutions of equation (1.4) parameterized by w.
The collision cross section g (v, #) is determined by the interaction law between two
colliding particles. A classical example is the hard sphere gas for which, [34],

q(v,0) =qov|cosh|, cos = (& — &) w/v, (1.5)

where ¢g is the surface area of a hard sphere, and another well-known example is the
inverse power law potential »—* for which [34]
2n—1)

n—1

Ly =1+ — (1.6)

q(v,0) =v"[cos0| " qo(0), y=1-

where ¢o(0) is a bounded nonnegative function which does not vanish near 6 = /2. The
interaction potential is said hard if s > 2(n — 1) and soft if 0 < s <2(n — 1).

Finally, « is the Knudsen number (the ratio of the mean free path of the gas particle
and the characteristic length of the domain of the vessel containing the gas) which plays
an important roll in the study of asymptotic relations between the Boltzmann equation and
the fluid dynamical equations such as the Euler and Navier-Stokes equations. Since this
chapter deals only with the stationary problem of the Boltzmann equation, however, we
will fix simply « =1 as well as m = 1, without loss of generality.

1.2.1. Collision operator Q. Roughly speaking, the mathematical study of the Boltz-
mann equation is aimed at revealing various interplays between the linear transport term
—& -V, f — F - Ve f and the nonlinear collision term Q(f, f). We summarize here three
main properties of the operator Q deduced by Boltzmann himself. The reader is referred
to e.g. [19,34] for details.

Define the inner product

(f,g)ZA)lf(E)g(S)dE- a7
A function ¢ (&) is called a collision invariant if

(6.0, 1)) =0 (Vf € CF(RLRY)). (L8)
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The first property of Q is
[Q1] Q hasn + 2 collision invariants,

1
$o(6) =1, pi)=8& (=12,....,n), ¢>n+1($)=§|$|2~ (1.9)

The proof comes via the integral identity

1
(¢, O(f, )= 5/ q,0) ff«(@' + ¢\ — ¢ — du) dEEsdo,  (1.10)

R" xR" x §n—1

which can be obtained by means of several changes of variables [16,19]. Then, this integral
is zero independently of the particular function f if and only if

¢+, —¢—¢.=0. (1.11)

Boltzmann is the first who solved this equation, showing that within the space of twice
differentiable functions, the most general solution is a linear combination of the collision
invariants (1.9). Later, this result was extended to more general function spaces including
the spaces of continuous and L,lOc functions, see [19].

A significant consequence of [Q1] is the conservation laws of the Boltzmann equation,
which connects the microscopic description due to the kinetic theory of the gas and the
macroscopic description due to fluid mechanics. Since f(z, x, &) is the mass density in
the (x, &)-space, that is, the microscopic mass density in the one-particle phase space, its
moments with respect to & are macroscopic quantities in the usual physical space. The first
few moments are

1Y =(¢03 f(tv X, ))7
pui =(di, ft,x,9)) (=1,2,....n),
PE =({pnt1, f(t,x,°)). (1.12)

Here, p is the macroscopic mass density, u = (u1, uy, ..., u,) is the macroscopic (bulk)
velocity, and E is the average energy density per unit mass, of the gas around space position
x € R" at time ¢. The temperature T and the pressure p are related to E by

E=%|u|2+%T, p=RpT, (1.13)
where R is the gas constant (the Boltzmann constant divided by the mass of the gas parti-
cle). The last equation in (1.13) is called the equation of state for the ideal gas.

Consider the case 2 =R" and F =0, S =0. Let f be a smooth solution to (1.1) which
vanishes sufficiently rapidly with (x, £). Multiply (1.1) by ¢; and integrate it over R} x Rg.
By virtue of (1.9) and by integration by parts, we have

d
— | (¢, ft.x,))dx=0, i=0,1,....,n+1, (1.14)
dt R
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which are, in view of (1.12), the conservation laws of total mass (i = 0), total momenta
(i=1,2,...,n)and total energy (i =n + 1), of the gas.

It is seen that similar conservation laws can hold for the case 2 # R3 and F + 0 if some
appropriate assumptions are imposed on the boundary conditions on the boundary 92 and
on the external force F.

The second property of Q to be mentioned is

[Q2] (log f. O(f. /) <0 (Vf € CF°(RE,Ry)).

First, we observe [19] that putting ¢ = log f in (1.10) and a simple change of variable give
the identity

o g f)= [ alle=ed )7~ £1)
x log ff/]{*/ dédéido. (1.15)

Now [Q2] follows in view of the elementary inequality
(a—b)(loga —logh) 20 (a,b>0).

Notice that here the equality holds if and only if a = b, which then implies the following.
[Q3] Q(f./H=0 <& (logf, O(f, /))=0 <& f=M(E)where

_ __r |6 —ul?
M(S)—M[p,u,T](g)— WEXD<—W). (116)

M is the Maxwellian, and according to Maxwell, it represents the velocity distribu-
tion of the gas in an equilibrium state with the mass density p > 0, bulk velocity u =
(u1,u2,...,u,) € R", and temperature 7 > 0. Maxwell derived M on physical arguments
but [Q3] implies that it is built-in for the Boltzmann equation. Notice that [Q3] is equiva-
lent to solving the equation

[ fi— ff=0,

and this is reduced to equation (1.11) after plugging ¢ = log f. If (o, u, T') are constants,
M is called a uniform (global, absolute) Maxwellian while if they are functions of (x, ),
M s called a local Maxwellian. An immediate consequence of [Q3] is that the uniform
Maxwellian is a stationary solution of (1.1) if the external force and source are absent.

We now recall Boltzmann’s H theorem mentioned in Section 1.1, which is the most
significant consequence of the properties [Q1]-[Q3]. Let f be a density function of a gas.
Since it is nonnegative, we may define the H-function,

H(t) :/ flog fdxdé, (1.17)
R” xR”
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which gives, according to Boltzmann [14], the negative of the entropy of the gas. Consider
again the case 2 =R", F =0,8 =0, and let f be a nonnegative smooth solution to
(1.1) with rapid decay properties in (x, £). Multiply (1.1) by log f and integrate in (x, y).
Integration by parts, together with [Q1], yields,

dH (1)
dt

+ D(t) =0, (1.18)
where
D(t)=—/Rn(Q(f, f).log f) dx (1.19)

is called the entropy dissipation integral. Since D(¢) is nonnegative by virtue of [Q2], we
conclude that

dH
— <. 1.20
T (1.20)

This implies that the entropy is increasing with time. Moreover, by virtue of [Q3], the
equality in (1.20) holds only when f is a Maxwellian, so that f converges to a Maxwellian
as ¢ goes on. This is the celebrated H-theorem.

The nonnegativity of the integral D in (1.19) indicates that the Boltzmann equation is
a dissipative equation. This fact is essentially used in the L! theory of the Boltzmann
equation, [24]. On the other hand, its linearized version results in the nonpositivity of the
linearized operator of Q at the uniform Maxwellian M, and is a key ingredient in the theory
of the Boltzmann equation near the Maxwellian.

This nonpositivity is formulated as follows. Introduce the bilinear symmetric operator
associated with the quadratic operator Q:

1

ot 40Ot & S et & f) dbedo. - (121)
)l>< n—

Let f be a function near M in the form
f=M+eM¥?y, (1.22)

for small € € R and some function u = u(&). Then, by virtue of [Q1,3] and the bilinearity
of O, we get

(log £, (£, 1)) = (log(1 + €M Y2u), eMY2(Lu + €I (u, u)))
where

Lu=2M"Y2Q(M,M/2y), I, v) =M"20(MY2u,M¥2y).  (1.23)
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Here, L, the linearized collision operator, is a linearized operator of Q around M while
I", being its remainder, is a bilinear symmetric operator. Now, we see at least formally that

1
—{log f. Q(f. /) = (. Lu) (e —0),
€2
concluding, by the aid of [Q2], that
(u, Lu) <0. (1.24)

1.2.2. Grad’s angular cutoff. Needless to say that all the properties of Q in the preceding
subsection are substantiated only when the relevant integrals are convergent.

The collision kernel ¢ in Q has no singularity for the hard sphere gas (1.5). However,
(1.6) for the inverse power law potential has a strong singularity at 6 = /2 which corre-
sponds to the grazing collision, and as a consequence, the integral over $"~1 in (1.2) does
not converge under a mild assumption on f, g such that they are bounded. Actually, it is
well known that Q(f, g) is well defined only for sufficiently smooth f, g as a nonlinear
pseudo-differential operator, see, e.g., [2,23,60]. However, this is a too strong restriction
to solve the Boltzmann equation in full generality. In order to avoid this difficulty, Grad
[34] introduced an idea to cut off the singularity at & = /2 so that go(8) € L1(S"~1). This
assumption has been widely accepted and is now called Grad’s angular cutoff assumption.

In the following discussion, we assume that ¢ (v, ) is a nonnegative measurable function
satisfying

/ q(v,0)dw = qov”’, q,0) <q1(l+v” +v7")|cosd], (1.25)
sn—1

for some constants g, g1 > 0 and y, € [0, 1] Clearly, this is satisfied by the hard sphere
gas (1.5) with y =1 and by the inverse power law potential case (1.6) under the Grad’s
cutoff with y =1 — 2(n — 1)/s for s > 2(n — 1). Thus, (1.25) is a slightly generalized
version of Grad’s cutoff hard potential.

Under this assumption, Q becomes well defined for integrable functions. Let us show
this for a modified collision operator I" introduced in (1.23). To this end, with the same
Maxwellian M used there, we define the function

v(E) = /R q(1& — &1 0)MY2(E,) db. do, (1.26)
which satisfies under the assumption (1.25),

vo(L+181)" <v(&) <vo(L+1£1)", (1.27)
for some positive constants vg, vp.

THEOREM 1.1. Forany p €[1, co] and § € [0, 1], there exists a constant C > 0 such that
the operator I" defined by (1.23) satisfies



Stationary problem of Boltzmann equation
[v=ra o, <c(=ul vl + lul, [0 ,),
where || - ||, is the norm of the space LP(Rg).

PROOF. Recall (1.21) and write

I(u,v)=S{N@,v) + N, u) — Dou,v) — No(v,u)},

N[ =

with
N, v) = /Rnxsnflq(@ — &, O)u(EH(EIM (52 dbs do,
P = [ a(le =61 0u@uEIM ) dE do,
where we have used that

M(EOM (&) = MEM (&)

which comes from the conservation laws (1.4).
First, we consider I';. The Holder inequality gives

1/q
[N, v)| < (/an(lé“ —§*|,9)"M(§*)‘1/2d§*dw>
1/p
X (/Rn|u(§’)|p|v(§;)|pd§*da))
1/p
< CV(§)</Rn\M(é’)!”!v(éi)lpdé*dw)
with p € [1,00),1/p + 1/g = 1. The last line comes from
f q(1€ — &1,0)'M ()% dé do < C(1+ E])7! < Cv(§),
Rn
which holds by virtue of (1.25) and (1.27). Consequently,

/Rn|v<s>*8r1<u, 0@ d

< V&P u )| [v(g])|” dé dt. do.
R xR §n—1

381

(1.28)

(1.29)

(1.30)
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By virtue of (1.3) and (1.27),

vE) S C(L+E) =C(L+ € — {(£' — &) - w}o|)”
<CQ2+E1+]gl]) <CvE) +v(E)).

Since the Jacobian of the change of variable (&, &, w) < (£§/, &L, —w) is unity, we finally
have

/Rn\v(er‘*n(u, 0(©)|” d
s C/ (WEY TP 1 u(E) M) u @) u(EL)|” a8’ gL do.
R xR x §7—1

This proves (1.28) for 7 for the case p € [1, 00). The case p = oo can be proved similarly,
and the proof for I is also similar but much simpler. Now, the proof of the theorem is
complete. |

The function v (&), the collision frequency, is bounded if y = 0 and unbounded of order
O(|&]7) if y > 0. As a consequence, Theorem 1.1 asserts that Q is a bounded operator if
y = 0 whereas it is well defined but unbounded with the weigh loss of order O (|&]") if
y > 0.

REMARK 1.2. Theorem 1.1 was first proved in [34] for the case p = oo, § = 1 and will be
used in the sequel, while the case p =2, = 1/2 is due to [31] and was used successfully
in conjunction with the L2 energy method for the Boltzmann equation initiated by [44] and
developed in [35,42] and others.

1.2.3. Linearized collision operator L. Theorem 1.1 ensures also the well-definedness of
the linearized collision operator L in (1.23). Here, we shall summarize its properties which
will be used in essential ways throughout this chapter. Most of them go back to Grad [34].
All the results below hold for any choice of the Maxwellian M in (1.23), but they are
equivalent to each other by a simple scaling and translation of the velocity variables. This
can be seen from the definition of Q in (1.2). In particular, Q is translation invariant; With
the translation t.u = u(¢ — ¢), ¢ € R", it holds that

. Q(f, &) = Q(tc f, 7c&)- (1.31)

Thus, in the sequel, we fix M to be the standard Maxwellian My o1}, without loss of
generality.

PROPOSITION 1.3. (See [34].) Under the assumption (1.25), the linearized collision op-
erator L defined by (1.23) has the decomposition

Lu=-—v(&)u+Ku, (1.32)
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where v (&) is just the function in (1.26) while K is a linear integral operator in &;

Ku = /Rn K (&, 5)u(és) déx, (1.33)
whose kernel is real symmetric and enjoys the estimates

/R K@ g s <C, (1.34)

/Rn K& e0|(1+16D) " ds < Cp(1+1e) T B0, (1.35)

for some constants C, Cg independent of &.

In fact, the estimate

ENq N

K (&) <ko{(v+v—")exp(— (|5|2+|;-*|2))

+ (T o7 e><|°<—%(v2 + |C|2))} (1.36)

holds for ko > 0 and 7 € [0, 1), where v = |€ — &,], £ = (|€|> — |£4]?)/v. This was proved
for n =3 in [34] and for n > 4 in [52]. Then, (1.34) for n = 3 and (1.35) follow. (1.34)
should be modified for the other cases but is assumed here for the sake of simplicity.

For the hard sphere gas (1.5), the explicit expressions for n = 3 and for the standard
Maxwellian M = Mq,9,1; are found in [34,19]:

€]

V() = <2n>1/2{(|s| + g™ fo exp(—u?/2) du +exp(—|s|2/2)},

K. &)= <2n>1/2v1exp(—%(v2 + |<|2)> - %vexp(—%(lsﬁ + |s*|2)>-
The operator K is to be considered in various function spaces such as
LP =LP(RE), pell ool (1.37)
LY = L®(RY: (1+ 1) ag), BeR.
Note that L5 = L*°. The following lemma is partly from [19,34,61].
LEMMA 1.4. (a) Let 2 < p < r < oco. Then, the operator
K:LP > L' (1.38)

is bounded.
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(b) Let 8 > 0. Then, the operator
K: Lf§° — Lj§°+1 (1.39)
is bounded.

PROOF. We first prove the part (a) for the case p = r € [2, oc]. The case p = r = oo comes
from (1.35):

|Ku(®)| </Rn|1<($,s*>|d§*uunm.

Let p < oco. Again by (1.35) and the Holder inequality,

Ku(®)|” < (/R”|K(s,s*>|ds*)p_lfw|K<s,s*>||u(s*)|”ds*,
whence follows

IKull?, <2 Cps /R (4 180) e | de (L.40)
Thus,

K:LP > L7, (1.41)
is bounded for any p € [2, co].

Next, we prove the lemma for the case with p =2 and r = oco. (1.34) and the Schwarz
inequality give

2 2 2
Ku@)? < /RJK@’E*)’ dt, /Rn‘“@*)’ d&. < Cllul2,.
which indicates that
K:L?— L™ (1.42)
is bounded.
Finally, the usual interpolation (see, e.g., [13]) between (1.41) for p = oo and (1.42)
proves (1.38) for the case p € [2, o] and = oo, and then the interpolation between this

result and (1.41) for p € [2, oo] proves (1.38) for p < r forany r € [p, oc], proving (a).
For the proof of (b), use again (1.35) to compute

|Ku(®)| < fRn|K@,s*>|(1+ 60) " gl e < Cp(1+ 1) T lull -

Thus the proof of the lemma is complete. |
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The following lemma is classical, [34].
LEMMA 1.5. K is a self-adjoint compact operator on L2,

PROOF. K is a bounded operator on L2 according to (a) of the previous lemma and it
is self-adjoint since the integral kernel is real symmetric according to Proposition 1.3. To
prove that it is compact, for R > 0, let xz (£) be a characteristic function for |£| < R and
put xg =1 — xg. By (1.40) for p =2, we get

IK xrul2, < CoCi /R (14 18D) R @ |uE [ dé
< CoC1(1+ R) 2 |lull?,.
which indicates that
1K Zgll =0 (R — 00),

in the operator norm of L2. The same is true for z K by the direct calculation or via the
adjointness argument. On the other hand, the operator xz K xr is a compact operator on
L?, or more precisely, it is of Hilbert-Schmidt type as (1.34) implies that its integral kernel
isin LZ(]Rg X Rg’*). Now, the proof is completed by [40, Theorem I111.4.7]. O

Fundamental properties of the operator L are now summarized in

PROPOSITION 1.6. Assume (1.25) with y € [0, 1] and consider the operator L defined by
(1.23) with the domain of definition

D) ={ueL?|v(#)ueL?}.

Then, the following holds.
(1) L is a linear densely defined closed operator in L?.
(2) L is self-adjoint and nonpositive in L?.
(3) Its spectrum o (L) satisfies the following.
(@ o(L) C (—00,0].
(b) The set o (L) N (—vy, 0] consists only of discrete semi-simple eigenvalues and
its only possible accumulation point is —v, where

Vy = gienﬂ{n v(€). (1.43)

Note from (1.27) that v, > vp.

(c) 0 is a semi-simple eigenvalue of L. Its eigenspace, which is the null space of
L, denoted by A/, is (n + 2)-dimensional and spanned by collision invariants
weighted by M1/2,

1
N:span{Ml/z, EMY2(i=1,2,...,n), z|g|2|\/|1/2}. (1.44)
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(4) Let
P:L2 > N (1.45)

be the orthogonal projection. It is a bounded operator from L? into L;;O, B eR,as
well as from L? into itself. Further,

PLu =0, PI'(u,v) =0, (1.46)
for any u, v.
PROOF. (i) is true for the multiplication operator v defined by
vu = v(€)u(f), D) ={ueL?|v(#)ueL?}, (1.47)
where v(&) is the function in (1.26). Since K is bounded owing to Lemma 1.4(a), L is a
bounded perturbation of —v, and (i) follows from [40].

It is easy to see that v is self-adjoint, and consequently, so is L since K is self-adjoint
bounded, owing to Lemma 1.4(a). Now, it is clear that (1.24) is valid for any u € D(L),
hence the nonpositivity. This proves (2) and (3)(a) is a simple consequence of (2).

On the other hand, (3)(b) follows from Weyl’s theorem on the compact perturbation, [40,
Theorem 1V.5.35], since o (v) C (—o0, —v,] due to (1.27) and since K is compact. And,
(4) is a direct consequence of [Q1], see [19,34]. Thus, the proposition is proved. |

Note that (3)(b,c) in the above proposition imply the spectral gap: There exists a constant
u1 > 0 such that

u, Luy < = | (1 = P25, Vue D(L) (1.48)

holds. Actually, —u1 is the first largest nonzero eigenvalue of L in (—v,, 0) or if it does
not exist, ;1 = v,. This can be strengthened as

LEMMA 1.7. There is a constant i > 0 such that
(u, L) < —pu VY2 =Py, Vue D(L),
where v1/2 is the multiplication operator by the function v1/2(¢).
This lemma is due to [31] and comes from the decomposition (1.32) and the spectral gap
(1.48).

Finally, we note

LEMMA 1.8. The operator K v is a bounded operator on L2.
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PROOF. Use again (1.40) for p =2 and recall (1.27). Then,

IKvull2, < crocl/ (1+ 6.]) 202 u(E) [Pde, < Cllull 2,

Rﬂ

whence the lemma follows. O

1.3. Boundary condition

Physically plausible boundary conditions for the Boltzmann equation are those which de-
scribe the interaction of gas particles with the wall of the vessel. Although the physical in-
vestigation of this interaction has a long history, as is seen from an example of the boundary
condition given below which has the name after Maxwell, there are still difficulties to write
down the correct boundary conditions, due to the lack of knowledge of the fine structure of
the solid surface and hence of the effective interaction potential of the gas particle with the
wall. Thus, most of the boundary conditions proposed so far for the Boltzmann equation
are heuristic models. Here, we present some examples which are now widely accepted for
the Boltzmann equation. In this chapter, especially in Section 3, however, we do not spec-
ify the boundary condition but work only under rather general and mild restrictions on the
boundary condition.

Recall that £2 c R” denotes the domain of the vessel. Let 02 be its boundary and n(x)
the outward normal to 952 at point x. Set

ST={(x,6) €32 xR*|n(x)-& >0},
(1.49)
S™={(x,6) €32 xR*| n(x) - & <0}.

According to the choice of the direction of n(x) (outward), a gas particle having the po-
sition x and velocity & in S™ is a particle just striking the wall and a particle with those
in S~ is a particle just emerging from the wall. In the sequel, we will call the striking
and emerging particles simply outgoing and incoming particles respectively. Notice that in
some literature, the inner normal is used with the reverse usage of the words *“outgoing”
and “incoming.” Here, the outward direction is chosen as in the presentation of Green’s for-
mula in usual textbooks of vector analysis. This formula plays a central role when carrying
out the energy method for PDE’s, and this is the case also in this chapter.
Write the restrictions of the density distribution function f = f(z, x, £) to ST as

yEf=fls= (same signs throughout). (1.50)

They are the boundary values or traces of f and y* are called the trace operators. Clearly,
v T f (respectively y~ f) represents the density of outgoing (respectively incoming) parti-
cles. The well-definedness of the trace operators y* will be discussed in Section 3.2.2.



388 S. Ukai and T. Yang

Note that the incoming particles are those either reflected by the wall or emitted from
the source installed on or inside the wall. This means that the natural boundary condition
to the Boltzmann equation should take the form

vy f=ByTf+h onS", (1.51)

where B, being an operator which maps functions on S to those on S—, describes the
reflection law of gas particles by the wall, and 2 = h(x, &) is a given function on S~ which
stands for the intensity of emitted particles from the source.

It is worth noting that, unlike (1.51), the boundary condition of the type

ytf=By f+h onST (1.52)

does not make sense for the Boltzmann equation. Indeed, from the mathematical view
point, the (initial) boundary value problem can be well-posed with the boundary condition
of the type (1.51) but becomes ill-posed with (1.52), as will be seen from the energy esti-
mates established in the following sections. This is plausible also from the physical view
point because the incoming density y ~ f can be controlled by the external source installed
inside or on the wall while the outgoing density y* f cannot be controlled by any external
force or source.
Now, we present some typical examples of the reflection operators B.

(2) Perfect absor ption, Dirichlet boundary condition. Suppose that outgoing particles
are all absorbed by the solid wall and never return to the vessel. Thus, B =0, or

y~f=h onS". (1.53)

This is the Dirichlet boundary condition to the Boltzmann equation.
(2) Specular reflection. Suppose that outgoing particles are all reflected specularly by
the wall. Let & and & be the velocities of a particle at x € 352 before and after reflection

respectively. Clearly, (x,&) e ST, (x,€) e S~,and &' =& — 2(¢ - n(x))n(x), and thereby,
the reflection law is described by the operator

By f=@THx&-2( -nx)n), teR, (x,§)eS". (1.54)

(3) Reversereflection. If outgoing particles are all bounced back in the reverse direction
by the wall, the boundary condition is described by the operator

Byt f=@*).x,—§), 1€R, (x,E)eS™. (1.55)

(4) Diffusereflection. If the reflection is random, that is, if the velocity of a particle after
reflection is not deterministic, the boundary condition may be described by the integral
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operator

BY TS = | g OTEEVOT NG X, EDE,

teR, (x,&)eS, (1.56)

where the integral kernel m (¢, x, &, £") determines the velocity distribution of particles after
reflection.

The diffuse reflection refers to the case where the distribution is specified by the
Maxwellian associated with the wall, which is given, for the wall at rest, by

mx,&,&) = QmY*M10,7, @) (n(x) - &), (1.57)

T,,(x) being a given function on 952 representing the wall temperature.
Note that all of the above boundary conditions conserve the number of particles during
the reflection:

/( ) O<By+f>(t,x,s>\n<x>~s|ds=/ DDl e

(x)-§

The boundary condition (2)—(3) can be generalized as
By =t Nmx8), 1eR, (x§eS, (1.58)
with a suitable map m: S~ — ST, and (4) as
BVJrf:/ m(t,x,x', & &)yt ), x', E)doy dE’,
S+
reR, (x,§)eS™, (1.59)

doy being the measure on 92, and so on. Further, more general boundary conditions
are any (convex) linear combination of different reflection laws. For example, write B for
(1)~(4) by B;, i =1, 2,3,4, and define

B=) «kBi, ki€l01], Y k=1 (1.60)

For the case x4 # 0 with (1.57), this is the (generalized) Maxwell (or accommodation)
boundary condition, [19].
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2. Half-space problem—nonlinear boundary layer
2.1. Mathematical formulation

Most of the physical models have boundaries so that the study on the boundary effects
has its importance both in mathematics and physics. For the Boltzmann equation, it is
well known that when the Knudsen number tends to zero, the Hilbert expansion and
the Chapman-Enskog expansion give the Euler and Navier—Stokes equations respectively.
This implies that at least smooth solutions to the Boltzmann equation can be well described
by the classical fluid dynamical systems when the Knudsen number is sufficiently small.
However, this is not true in the appearance of the boundary layer, shock layer or initial
layer. In this section, we will consider the boundary layer for the Boltzmann equation in
the simplest setting. The presentation follows closely from the recent works [20,68,69,71]
on the existence and stability of the boundary layers to the Boltzmann equation. For the
half space problem for the Boltzmann equation, please also refer to the recent survey paper
[12]. And the dimension of the velocity space is set to be three in this section.
Recall the Boltzmann equation (1.1) in the form

1

where « is the Knudsen number. Assume that the boundary is a flat plane and the particle
distribution function depends only on time ¢, velocity & and the distance of the particle
from the boundary still denoted by x for simplicity of notations. Let &, be the component
of the velocity in the direction of x, by using the scaling x — <, the leading term in
equation (2.1) gives the stationary equation

§1F, = Q(F, F), 2.2)

which is the equation for the boundary layer.

The main purpose of this section is then to study the half-space (initial) boundary value
problem of the nonlinear Boltzmann equation by assigning the Dirichlet data for the in-
coming particles at the boundary (see Section 1.3 for the incoming and outgoing particles)
and a Maxwellian in the far field. This type of (initial) boundary value problems arise in
the analysis of the kinetic boundary layer, the condensation—evaporation problem and other
problems related to the kinetic behavior of the gas near the wall, [12,54].

An interesting feature of this problem is that not all Dirichlet data are admissible and
the number of admissible conditions changes with the Mach number of the far field
Maxwellian. This has been shown for the linear case by many authors [10,18,21,32],
mainly in the context of the classical Milne and Kramer problems. A nonlinear admissible
condition was derived for the discrete velocity model in [62] and the stability of steady
solutions was proven in [48]. The full nonlinear problem was solved on the existence of
solutions in [31] for the case of the specular reflection boundary condition, whose proof,
however, does not work for the Dirichlet boundary condition, and in [5] for this case, but
with the ambiguity that the far field Maxwellian cannot be fixed a priorly.
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It should be mentioned that in [3,54,55] and references therein, an extensive numerical
computation is made on the nonlinear problem. And the theoretical analysis so far has
justified part of their numerical results.

The problem considered can be formulated as follows. Consider the boundary value
problem for the stationary Boltzmann equation:

&1Fy,=Q(F,F), x>0, £ RS,
Fli—o = F(&), £1>0, (62,83) € R?, (2.3)
F— Mg(&) (x—>o00), £eRS

Here, Q is asin (1.2), and throughout this section, we assume Grad’s cutoff hard potential
(1.25). The second equation in (2.3) is the Dirichlet boundary condition (1.53). The Dirich-
let data Fj,(£) can be assigned only for incoming particles (&1 > 0), but not for outgoing
ones (£1 < 0) because, then, the problem becomes ill-posed as will be seen from the a pri-
ori estimate stated in the following discussion. This corresponds to the physical situation
that one can control the incoming distribution but not the outgoing one, on the wall.

It is clear that the far field M (&) in the third equation of (2.3) cannot be assigned
arbitrarily but must be a zero of Q, and hence a Maxwellian. Thus, we must take

MOO = M[poo’”omToo]’ (24)

where the constants poo > 0, ttoo = (Moo 1, Hoo,2s Uoo,3) € R3, and T, > O are the only
guantities that we can control. By a shift of the variable £ in the direction orthogonal to
the x-axis, we can assume without loss of generality that 1o 2 = us0,3 =0, and then, the
sound speed and Mach number with sign of this equilibrium state are given by

5
Coo =1/ 5 Tco> M = Hood ) (2.5)
3 Coo

respectively, see [19]. Note that the flow at infinity is incoming (respectively outgoing) if
M < 0 (respectively > 0) and supersonic (respectively subsonic) if |M°°| > 1 (respec-
tively < 1).

We will see that the Mach number M determines the structure of the solvability con-
dition for the problem (2.3). Indeed, since M (&) is the “Dirichlet data” at x = oo and is
imposed for all £&1 € R, it is over-determined (ill-posed), and as a consequence, (2.3) may
not be solvable unconditionally. Actually, we will show that the co-dimension of the man-
ifold made of the admissible boundary data changes with the Mach number M. More
precisely, set

M® € (-0, —1),
M>® e (-1, 0),
M>® e (0,1),
M € (1, 00).

(2.6)

o~ P O
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The forthcoming existence theorems show that the problem (2.3) is solvable uncondi-
tionally for any F}, sufficiently close to M, if M < —1 but otherwise not. A physical
explanation of this is that if M < —1, any information near the boundary cannot affect
the far field while if M > —1, a part of it propagates to infinity and affect the far field.

In the numerical works of [3,54,55] and references therein, the Dirichlet data F, is
fixed to be the standard Maxwellian My1,0,1;(€) for & > 0, and values of five parame-
ters (Poo, M, U200, U300, Too) OF the far field Maxwellian (2.4) are sought numerically
which admit “smooth” solutions connecting F, and M. The conclusion is that the set
of such admissible values is, in the parameter space R, a union of a 5-dimensional sub-
domain in the region M*> < —1, a 4-dimensional surface when —1 < M*® <0 and a
1-dimensional curve when 0 < M < 1 whereas no solutions are found if M* > 1. The
existence theorems of this section agree with this for the case M* < 1 in the sense that
the above mentioned regions of admissible values have the co-dimension just equal to n+
of (2.6) in R®. For the case M > 1, F, = M{y1,0.1] may not be on the manifold defined
by the solvability condition and hence, no solutions.

In the second part of this section, we will study the asymptotic stability of the boundary
layer solutions for the case of incoming and supersonic far filed by a combination of the
energy method and a bootstrap argument.

Notice that the following analysis which relies on a detailed study on the corresponding
linearized problem at M, provides a new aspect of the linear problems discussed in [10,
18,21,32]. To present this, define a weight function:

Ws&) = (L+1E) " M uw .18) 2, @.7)
with 8 € R. Set
F(x,8) =Moo (&) + Wo(€) f(x. &), (2.8)

where Wy is the weight of (2.7) with 8 = 0. Then, the problem (2.3) reduces to

fif —Lf=T(f). x>0 &eR5
fle=o =ao(£), £ R} =Ry x R?, (2.9)
f—>0 (x—o0), &ecRS,

where L are I" are as in (1.23). for the sake of convenience, they are reproduced here:
Lf=Wo{QMw. Wof)+ Q(Wof. Moo},

r(f)=WytQ(Wof, Wof),
ao =Wyt (Fy — Mo).

The linear operator L and the quadratic operator I" are those in (1.23) associated with the
Maxwellian M 4.
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Now, the linearized problem of (2.3) at M  is just (2.9) with the term I" () dropped:

E1fe —Lf=0, x>0, £ R’
flx=0=ao(é), £eR3, (2.10)
f—0 (x— 00), EeR3_

One of the consequences of the existence theorem given in this section implies that when
M £0, +1, there exist n functions r;, 1 <i <n*t, of LZ(RS, &1 d¢) such that for any
ag € R+ with

R =span{ry,r2, ..., ry+},

the linearized problem (2.10) has a unique solution.
To compare with the previous existence results for the linearized problem given in [21],
let ' =ker L be as in (1.44). As was stated in Proposition 1.6,

N =span{yo}a=0.1,...4 = SPan{Wo()$i (§)}, g1 4 (2.11)

where ¢; is a collision invariant as in (1.9) and thus N is a 5-dimensional subspace of
L%(R®). Let V' be the orthogonal complement of A/ and let

Po:L*(R} >N,  P1:iL3(R®) — N2,
be the orthogonal projections. Define the operator
A = Poé1 P,
which is the 5-dimensional linear bounded self-adjoint operator. By assuming that the

Mach number M £ +1, or 0, we know that the matrix for A = Py&1 Pg is invertible
on the Range(Pg) and is given by

1 3

ul, e 0 0 0
%Coo uio 0 0 \/gcoo
0 0 ul, O 0o |
0 0 0 uf O
0 Vi 0 0 i

where the entries are calculated by (xq,&1x), @, B =0,...,4, with {x,, ¢ =0, ...,4}
being an orthonormal basis of {v/,,« =0, ..., 4}. The eigenvalues of the above matrix are

Al =Uoo,1 — Coo> Ai=Uco1, 1=2,3,4, A5 =Uoo,1 + Coo- (2.12)
Define

IT={jla;>0}, I~ ={j|x; <0}



394 S. Ukai and T. Yang

Note that n* of (2.6) is nothing but #/ . Let x; be the eigenfunction corresponding to the
eigenvalue 2 ;. In [21], it is shown that for any ag € L%(R3, 1 d€) and for any constants
cj, j € I, there exists a unique L? solution f satisfying the first two equations of (2.10)
and instead of the last one, the auxiliary condition

(Xj,f(x,~)>:cj, x>0, jel . (2.13)
Moreover, there exists an element g, € A/ such that
f—>qgoo (x—00)in LZ(R3).

To determine the limit g, we only need to notice that (2.10) is linear and that go, €
N =kerL. Thus, f = f — g solves all of three equations in (2.10) with ag replaced by
ag — goo. That is, ag — goo € R which determines ¢, uniquely together with (2.13).

Finally in the introduction, we want to point out some interesting mathematical problems
on the boundary layers which remain unsolved. Firstly, the existence theorem presented
here apply only to the case when the Mach number of the far field Maxwellian is not +1
or 0. The case with M = £1 corresponds to the transonic problem while the case with
M =0 corresponds to the transition between incoming and outgoing boundary condi-
tions. Therefore, the phenomena of the boundary layer in these cases are richer and the
analysis should be more difficult, cf. [56]. Recently, this issue is addressed in [29]. Sec-
ondly, the stability given in this section is only for the case when M* < —1. For the case
when M > 1, similar analysis combining the energy method and the Green function can
be applied. However, for other cases, more detailed information on the wave propagation
is needed, for example, from the study of the Green function given in [45]. Thirdly, for the
time evolutionary problem, it is natural to consider the pattern of the superposition of the
boundary layer and the macroscopic waves. For this kind of problems, even though there
are stability results on the boundary layer and the wave patterns separately, the combina-
tion of the analysis on these two topics is not clear because of the different mathematical
settings. The last but not least, we only consider the one-dimensional boundary layer prob-
lems with Dirichlet type condition. In practice, the shape of the boundary and the form
of the boundary condition can be various. Therefore, there are many unsolved problems
such as those in multi-dimensional space and those with different boundary conditions.
And we expect the analysis in this section shed some light on future investigation on these
problems.

2.2. Existence

In this subsection, we will present the existence theory for the half-space boundary value
problem (2.3). It will be shown that the solvability of the problem changes with the Mach
number M® of the far field Maxwellian. If M* < —1, there exists a unique smooth
solution connecting the Dirichlet data and the far field Maxwellian as long as they are
sufficiently close. Otherwise, such a solution exists only for the Dirichlet data satisfying
certain admissible conditions. The set of admissible Dirichlet data form a smooth manifold
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of co-dimension 1 for the case —1 < M*> <0, 4 for 0 < M* < 1 and 5 for M*> > 1,
respectively. The same is also true for the linearized problem at the far field Maxwellian,
and the manifold is, then, a hyperplane.

There are two ingredients in the proof of the existence theorem. One is to add an artificial
“damping” term and the other is to introduce some weight functions which are different
for the hard sphere model and the cutoff hard potentials. The artificial “damping” term
which vanishes under the solvability condition is used to control the incoming macroscopic
information, while the weight function is used to capture the dissipation on the outgoing
macroscopic information through the convection term.

To construct the damping term, we decompose the operator A on A into the positive and
negative parts A*, A~, and denote the corresponding eigenprojections by P, P, . Note
that if M =£0, 1, then A has no zero eigenvalues (see (2.12)), so that

A=AT+A",  Po=P{+P;.

We modify the equation in (2.9) by adding to its right hand side a damping term
~yK@Pg&f. v>0,

and then put f = e <% g, to deduce

18 — €018 —Leg =h — yK(x)e” P{ €167,

x>0, £ RS, (2.14)
gly—0=bo(§) =ag(£)e " |,—0, & eR3,
g—0(x— 00), £ € RS,

where € > 0 is a small constant, o may be a function of both x and &, K (x) is a function
of x defined later and

L.=¢““Le 7, h=e“T(e g, e %g). (2.15)

Note that for the case M < —1, we have n™ = 0 and Par =0, and hence no damping
term is needed. The problem for the hard sphere model and the hard potentials with angular
cutoff will be discussed separately as follows.

2.2.1. Hard sphere model. For the hard sphere model, we can choose the weight function
o =x and K (x) =1 so that ag = by, cf. [68].

As the first step, we consider the corresponding linear problem (2.14) by viewing 4 as a
given source satisfying

Poh =0, 1l = 12l 2 , s sy < 00 (2.16)

The idea of proving global existence of solutions to the linear problem is to introduce a
linear functional on a subspace of L)Zc,s- Then, we will show, using the energy estimates,
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that the linear functional is bounded. Finally, the existence of the weak solution is obtained
by the Riesz representation theory. The linear functional is defined on a linear space W as
follows:

€0 = (h. ¢) + (100, 0°), . (2.17)

where (,) is the inner product in L)ZC’E(RJr x R3) and (, ) is the inner product in Lg(Ri),
and

_ 00 3 0: _n=
{V_{qbeCo ([0, 00) x R?) [ ¢ = |x=0 = 0 for &1 <0}, (2.18)

W={x|x=—6¢: — €10 +yP 610 — Lo, peV}

Here, V is the space of test functions for defining the weak solutions and W is the base set
on which the functional ¢ is defined.

First, we shall show that ¢ is well defined on W. To this end, recall from Lemma 1.7 that
for the hard sphere model, the H-theorem implies that

—(f, L) Zwlf, (L+E1) ),

for some constant vy > 0 and f € V'L,
To prove the linear functional ¢ is well defined and bounded on W when y > € > 0 are
sufficiently small, consider the inner product of x e Wand ¢ € V:

(x. ) = (619", ¢°), — €510, ¢) + v (P§E16. ) — (L. ). (2.19)
Notice that none of the eigenvalues of A is zero when M # 41 or 0. Thus,
—€(&19.¢) +v(Pgér9.9)
= €[(—Po&1Pogo. do) — 2(Pob1¢1, do) + (101, ¢1) ]
+7[(A+do, do) + (PG 6101, d0) ]
=€e(—A_¢o, $0) + (¥ — €)(A1 o, o) — 2€(Poé1¢1, $o)
+v(Pg 8101, ¢o) + €(51¢1, $1)
> cellgoll® — ¢ ellgrll® + €1, b, (2.20)

where we have used the assumption that y = 0(1)e for some positive constant 0(1) > 1.
Here, ¢; = P;¢,i =0, 1, and from now on ¢ denotes a generic constant.
Since (Lo, ¢) = (L¢1, ¢1), for sufficiently small € > 0, we have
(. 8) = c(lpl? + (E16°, ¢°).)-

Therefore, we have

161+ (£16% 6°)2 < cllx I,



Stationary problem of Boltzmann equation 397
which implies, firstly, that for any given x € W, there exists a unique ¢ € V such that

X =—€b1p +y Py &1¢ — &1¢x — L9,
so that £ make sense on W, and, secondly, that
1£00] < [(h, )] + (€100, 6°), < (IRl + (Era0. a0)4)llxI.
forany y e W, (2.21)

showing that ¢ is bounded on W and the bound depends on the boundary data and the given
function A.
Now, the linear functional £ can be defined on the Li’s closure of W with the same

bound, and hence, by the Hahn-Banach theorem, there is an extension £ of ¢ to the space
L2 . such that

€00 | < c(lIhll + (€1a0, a0)+) I x|I,  forany x e LZ ;.

with the bound unchanged. For this functional £ on L2, we can apply the Riesz represen-
tation theorem so that there exists a unique g € Li,g such that

0(x)=(g.x), forany x e L?. (2.22)

And this implies that g is a weak solution to the linear equation (2.14). To prove both
g for almost all (x, &) and the trace of g at x = 0 are well defined, choose a family of
particular test functions:

¢ =/ n(x’, &) dx',

where 7 satisfies f0°° n(x’, &) dx" = 0 for any &. Applying this test function to (2.14) yields

X
(fo (—e$1g+J/P0+$1g—Lg—h)dx’+§1g,n> =0,

which gives

/O (—€&1g + y Py é1g — Lg — h)dx' + &18 = b(£),

for almost all (x, &), where b(&) is a function of & only. Therefore, the trace of g at x =0
is well defined and we have (2.14) for almost all (x, &).

In order to prove the uniqueness of g, we need to show that |§1|%g € L2, cf. [10,21] for
similar discussion. So far we know that g € L2 ... To obtain the uniform boundedness on
(|€11g, ), choose a smooth cut-off function 6 (&) satisfying that

0()=0, for|é|> M, 0E)=1, forlgl<M—1,
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and is monotone when M — 1 < |€] < M.
Applying 6g to equation (2.14) and then integrating over (x, &) give,

—e(018.8) + v (0P £18. 8) — (0618, 8) =0 — (OLg. ) = (Bh,g).  (2.23)
Since

—(0Lg,g) =(Ovg,g) —(0Kg, g),
we have for sufficiently small ¢,

(01€1lg. &) + (01£118, &), g ¢, <0 < c(II* + lIgll* + (5100, a0) +)- (2.24)
By letting M — oo, the above inequality implies that (|&1|g, g) is uniformly bounded.
Therefore, the energy estimate similar to the one given above gives the uniqueness of the
solution g to (2.14).

Finally, we will show that the solution obtained indeed satisfies the given boundary

condition. In fact, if we take the inner product of equation (2.14) with ¢ € V, we have after
integration by parts

(8. —E16x — €E1 + v Py 610 — L) = (h, ¢) + (E10, ¢°).,. (2.25)
By the definition of x, (2.17) and (2.22), we have

(h, )+ (£18°, ¢°), = (h, ¢) + (E1a0, ¢°) .,
which gives

g®=ap, for& >0, ae.

In summary, we have the following existence theorem for the linear equation with damp-
ing (2.14).

THEOREM 2.1. Consider the linear problem (2.14), if the boundary condition ag and the
source term h satisfy

1 1
(¢1a0,a0)§ + (h, h)? < oo,

then there exists a unique solution g € L)zc £ with

(16218% &%) + | (2 + 18 1) 2| + 1611 (L + 1€D) 20| < col|lEa B, + 1A,
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Now we turn to study the nonlinear Boltzmann equation with damping, i.e. problem
(2.14) and (2.15). As for the discussion on the Cauchy problem, we use the weighted
norm:

||f||ﬁ=”(1+|§|)ﬂfHLfé= sup  (L+1&))7| £ x, 6)].

x>0, £€R3

Notice that the norm used here is consistent with weighted function W 4. In order to obtain
the estimate on | gllg, we will use the following weight w_, in the analysis from the L?
estimates of the solution for the linearized problem to the || - || s estimates of the solution
for the nonlinear problem. Set

,a 1
e { Eal7, Jal <1, (2.26)
1, 1] > 1.
Precisely, we will prove the following lemma.
LEMMA 2.2. ForO<a < % B> % the solution to the problem (2.14) satisfies
lgllp < c(v=rh] + Ikl + llw—ohl + laol+p), (2.27)
where
— 1 B 2.28
jaol+.p = sup  (1+181)"|ao(®)]. (2.28)
EER3,§1>0
PROOF. Rewrite (2.14) as
v(§) 1 -
g = (e _ _)g + —(Kg+h),
€1 &1
where
K=K —yP{&.
Notice that K is a compact operator and is bounded from the space Lf;o to L/°3°+1, and from

Lg to Lg°, see Section 1.2.3. Since the operator PaLg is a mapping to the macroscopic
subspace which is of finite dimension, it has the same properties as K stated above. Let

K(x,&)= (—6 + Lég))x
&1

We have «(x, &) > 0 both forx >0, & > 0and x <0, & < 0 when ¢ > 0 is sufficiently
small. Therefore, the solution g can be formally written as

g=a+U(Kg+h), (2.29)
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where

P (2.30)

~ { exp(—«(x,&))ag¢), &1>0,
0, &1 <0,
and

Jo &p(—k(x =X, ENEh( E)dx',  E&>0,
Uy=1"" (2.31)
— [ exp(—k(x —x', ) h(x', §)dx’, £ <0.

We first show that the operator U has the following two properties:

OIS R TICE]

-1
|U k) Lt S c|v=*h Lrwhy (2.32)
where 1 < p,r < co. To prove (2.32), rewrite U (h) as:
Ut = [ 5= ohe ax
Ifl
where
P _{[O,x], for§1 >0,
7 | v, 00), forén <0,
and
exp(—(—e + v@))x )gi, forx” >0, & > 0,
S, §) = :
—exp(—(—e + V(é))x”)%, forx” <0, & <0.
Thus,
|S(x —x', &)|dx’
Ifl
(S) 1
Jo oxp(—(—e + g d < s 810, (2.33)
/ 1 '
Jo~exp(—(—e+ ”(E))x' Va4 = srtemn 6 <0

Hence for sufficiently small ¢, we have

c

S(x —x, dx’ < —.
/I§| (= O)ldr' < T

1
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Therefore, for positive integers p, g > 1 with % + 5 =1, we have
1
q
|U(h)(x,§)|<( |S(x—x’,§)‘dx’>
[gl

1
x ( S — ', 8)| |, g)|de’> "
Ifl

Thus,
o0 P o0
f \Uh)(x,8)|"dx < cv(E) 7 / |S(x —x, &)||h(x', &)|" dx’ dx
0 0 lgl
p [ele}
< cv(g)‘E/ / |S(x —x', &)||h(x", &)|" dx dx’
0 lél
21 > ’ Py
<cev 4 (S)/ |h(x'. §)|" dx',
0
where
/ [-x/9 OO), sl > 01
- 2.34
b {[O,x’], £ <0, (2:34)
And this gives (2.32). .
By using the properties of the operators U and K, we have
lgllp < laol+p +c([v " Kg] 5+ V0] )
<laol+p +c(llgllg—1+ [v0] ). (2.35)
Iterating (2.35) gives for 8 > 1,
lgllp < c(laol+.p + lgllo + [v=7h] ). (2.36)

It remains to estimate ||gllo = ”g”LZ"g' By the energy estimate applied to the linear equa-
tion (2.14), we have

Igl% < c(In]1? + (€100, a0)+) = E3. (2.37)

The estimate on || g|lo will be obtained by using the properties of the collision kernel and
the properties of the operators U and K.

Let 6 be the cutoff function in & used above and w = w(&) > 0 be a weight function.
Applying 82w?g to (2.14) and integrating it over x and £ give

(161162w?g, g)_ — e(810%w?g, g) + (vO?w?g, g)
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= (Kg,0%w?g) + (h, 6*w?g) + (E16%wao, ao), ,
which implies
gai2owg|” + vZowg|’
<c(lwKgllowgll + 6wkl |6wg | + ||$1|%9wao|i)- (2.38)

2

If wK is bounded from Lis to itself, wh € Lis and |&1|2wag € L,

0(¢) — 1, we have

then by letting

||v%wg | <c(E2+ llwh] + |||gl|%wa0 (I} (2.39)
Thus, if w(¢) =1, then
v2 ¢l 2, <cEa. (2.40)

Notice that for o < 1,

/ R &)o@ de <c.

We have both operators w_, K and K w_, are bounded from Lg to Lg when o < §. Hence

they are bounded from LZ(L$°) to L§(L§°). Therefore, if we choose w = w_g (£) in (2.39)
for0<u < %,

1 /
lw-agl < ¢(E2+ lw-ahll + [ 1§1]12w_aao]) = cEj. (2.41)
By using equation (2.14) and (2.40), we have
lwigxll < cEa. (2.42)
Let; <p <3, ie,0<1-28<3, wehave
2 2
lwpgl e g2y < Nwpslite e
< 2/{w§w1‘1||g(-,s>||L§}{w1||g<-,s)||L§}ds < CcEjE2. (2.43)
Now by the expression (2.29) of g and using (2.43), we have
15 -1
||g||L§(L;°) < llaoll+ + ¢(||v Kw—ﬂwﬁgnLg(L;c) + v h”Lg(LgO))

< llaoll+ +C(||wﬁg||L§(Lg°) + ||"_1h“L§(L;C))
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< llaoll+ +c(E2 + Ey + [v7ia|| 2, ) (2.44)
X 2 LE (L;O) .

By using the expression of g again and noticing that K is a bounded operator from L§(L§°)
to L7, we have

lgllez, < llaoll i+ |UKg +m] 2,
< laolly g +c(IK gl +[vrh )
< llaoll. o+ c(llgl 2z + VO] o)
< laol4, L + c(Ea+ Ey+ ||v_1h||L§(L§c) +|vth ”L?fg)' (2.45)
For 8 —1> 3, by using (2.45), we have
ligllp < c(laol+.p + E2 + E; + ||V_lh||,s +[vth ”Lg(L;O)mL;{CE)
< c(laol+,p + Il 2, + llw-ohll + [v=th ls+ ||”_1h”L§(L§3°)mL§?€)
< c(laols.p + [v7rh] 4 + k] + w—ahl). (2.46)
This completes the proof of the lemma. O
Now we are ready to prove the existence of solutions to the nonlinear Boltzmann equa-
tion with damping (2.14) and (2.15). For this, we need the following property of I"(g, k)

which corresponds to Theorem 1.1 when § =1 and p = oo.

LEMMA 2.3. The projection of I"(g, k) on the null space of L vanishes and there exists a
positive constant ¢ such that

[v=treg, ], <clinllsliglis, (2.47)
for any 8 > 0.
Therefore, for 8 > 5/2, we have
-1 2 -1 2
lexp(—exyw (@), <clglf.  [exp(=exw™ I (@) <cligl.
Moreover, for 0 < a < % we have
|w_oexp(—ex) I ()| < cligli3.
In summary, (2.27) gives

lglls < c(llglF + laol+.p)- (2.48)
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When |agl4 g is sufficiently small, the contraction mapping theorem and (2.48) give the
following existence theorem for the problem (2.14) and (2.15).

THEOREM 2.4. When the boundary data ag is sufficiently small in the norm | - | g given
in (2.28), the nonlinear Boltzmann equation with damping (2.14) and (2.15) has a unique
solution g which is bounded in the norm || - || g when g > g

In what follows, we will show that under some solvability condition, the solution to the
Boltzmann equation with damping is in fact the solution to the Boltzmann equation itself.
That is, we will prove the following theorem.

THEOREM 2.5. For hard sphere model, let M o, be given as in (2.4) with M #£0, +1,
and let 8 > 5/2. Then, there exist positive numbers €, €, Co, and a C* map

w:L3(R3,&dE) — R, w(0)=0, (2.49)

such that the following holds.
(i) For any Fj, satisfying

|Fp(€) =Moo (§)| ScoWp(€), &€R3, (2.50)
and
(Wl (F, —Mo)) =0, (2.51)
the problem (2.3) has a unique solution F(x, &) satisfying
|F(x, &) = Moo(®)| + [E1(1+ 1) 2 Felx. 6)|
< Coe ™ Wp(£), x>0, £eR3 (2.52)

(i) The set of F, satisfying (2.50) and (2.51) forms a (local) C! manifold of co-
dimension nt.

To prove Theorem 2.5, we denote by I” the linear solution operator as follows:
" (ao) = (0, ), (2.53)
where f(x, &) is given by

{flfx =Lf—yPJ&f
f0,8)=ao(§), foré& >0.

Similarly, let Z¥ be a nonlinear solution operator

Z"(ag) = £(0, ), (2.54)
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where f(x, &) is given by

_ _ +
{glfx_Lf yP{&Lf +T(f, f) (2.55)

f0,8)=ao(§), foré >0.

For these two operators I” and Z¥, we first have the following lemma.

LEMMA 2.6. The solution operators I” and Z* have the following property.

f1.+ €1

I :ag € LE , + T7 (ao) € L% | is bounded, when ag is sufficiently small.

{HV rage L2 |+ 17 (ap) € L2, is bounded,
[611

This lemma is a direct consequence of the energy estimates for the linear and nonlinear
equation based on the estimates obtained above, cf. Theorem 2.1. Therefore, we omit its
proof for brevity.

The following theorem gives an implicit condition on the boundary data which guar-
antees the solution obtained for the Boltzmann equation with damping is exactly the one
without damping. That is, it gives the solvability condition of the boundary layer problem
for the Boltzmann equation.

Note that the function ¥ in Theorem 2.5 is defined by

v =Pl6Tr.
THEOREM 2.7. For agiven y > 0, suppose that
PJ&TY (ap) =0. (2.56)
Then, the solution of (2.14) and (2.15) is a solution when y = 0.
PROOF. For a given y > 0 when (ag, &1a0), is sufficiently small, (2.55) has a unique
solution f(x, &). We project the problem (2.55) to its macroscopic component, then we
have
0Py Potrf =—yP§PoPi&Lf =—yPJ&f.
If the boundary condition satisfies Pa“§1f|x:0 =0, then we immediately have
Pief=0, forx>0.

That is, under the condition (2.56), the damping term added in (2.14) vanishes identi-
cally. O

Similar to Theorem 2.7, we have the following theorem on the homogeneous linearized
equation.
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THEOREM 2.8. For a given y > 0, suppose that

P &l” (ag) =0. (2.57)
Then, the problem

§10: f =LFf,
f(0,8) =ao(§), foré >0,
lim, o0 f(x,6)=0

has a unique solution.

Finally, we will classify the boundary data by analyzing the solvability condition (2.57)
for the linearized equation, and (2.56) for the nonlinear equation respectively.
Firstly, consider

Py &1" (ag) =0.

Since 1 defines a bounded linear operator, the function nglﬂy (ag) defines a bounded
linear map from L2 . toafinite dimensional space. According to the Mach number of the
far field Maxwellian, we have the following theorem on the co-dimension of the boundary
data satisfying (2.57).

THEOREM 2.9. The classification of the boundary data satisfying the solvability condition
(2.57) can be summarized in the following table.

M® < —1 Codim({ag € Lg P& (ag) =0}) =0

1,+ |

—1<M*®<0 Codim({ag € Lgﬁ | P& (ag) =0}) =1
0<M™®<1 Codim({ag € L§1’+ | P& (ap) =0}) =4
M>®>1 Codim({ag € ng | P& (ap) =0}) =5

PROOF. Denote p; the eigenvector of the operator A = Po&1 Po on NV by

Ap; =Aip;,
AM <A =A3=Ag < As.

We want to show that dimension of the nontrivial solution ag to

Pg&l” (ao) #0, (2.58)

is exactly n™. Since Parsl]ly is a bounded linear operator from L§1’+ to R"", the dimen-

sion of the nontrivial solutions is at most n*. It suffices to find n* linearly independent
nontrivial solutions to (2.58).



Stationary problem of Boltzmann equation 407
For this, we introduce auxiliary functions
Ji§)=e"pi6), j=1,2,345.

The case for M*> < —1 is obvious. When M ¢ (-1, 0), the range Pg,L is spanned
by ps. Therefore,

dim(P(J)r) =nt=1
It is straightforward to check that the function j g satisfies
§10cj§ — Ljy +yPgévjy = —ye " Pié1ps(6).

Let JE = jL + kI (x, &) be a solution of

§10.Jf — LI, +yPi&aJ} =0,
JL(©0,6) =jL0,&), for& >0.

The equation for k7 is

kY —LkY +yPrek! =yev*P ,
{slx y L4y Plakl =y 161p5(8) (259)

kL (0,6)=0, foré& >0.
Notice that this equation for kg is just the equation for g in (2.14) by letting & =

ye 7 P1&1ps(§).
By choosing € and y satisfying

le] < 1, ‘g':O(l), and €—y <0,

the estimates from Theorem 2.1 with k})’ (0, &)|¢,~0 = 0 yields that
| Po&rds]|,—o = Po&r(is +k5)[,—
= |PgELit] o] + OW()E #0. (260)

Here we have used the fact that y can be arbitrarily small. Therefore, if we choose ag(¢) =
ps(§) for &1 > 0, then (2.60) implies that for sufficient small y,

P&l (ao) #0.

Then, (ps, Pa“gllll’ (ap)) defines a nontrivial bounded functional from Lgﬁ to R. Then,
by Riesz representation theorem there exists r5 € L§17 + such that

(ps. PJ&11" (a0)) = (rs. £100) 4 - (2.61)
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This shows that
codim{ag € L, ,: PJ&1l(ag) =0} =1.

When 0 < M™ < 1, dim(P§) = 4. The range of P is spanned by p,, p3, p4, and ps.
The bounded linear functional Pa“sllly(ao) can be written as

5

Pi&l (@) =)

i=2

(p;, P{&l (ap))
(pi, p;)

it

Similar to the construction of r5 in the case M € (-1, 0), we can use jl?’ fori=2,...,5
to obtain four linearly independent r;, i =2, ..., 5, so that

(pi, PJ&LLY (a0)) = (ri, é1a0)+ fori=2,....5.

This gives the theorem for the case 0 < M < 1. Similar to the above argument, one can
show the theorem holds also for M*° > 1.

To classify P}&177 (aop) = 0, based on the classification of PJ 117 (ap) = 0, we can
consider the Fréchet derivative of Parf;‘lIV (ag) and show that it is nontrivial in a space
of dimension n*. For this, we normalize the vectors r; obtained for the linear operator
P &7 (ag) in the direction p; such that

(ri,&1rj)+ =1, fori=1,...,5,

if they exist. From the above analysis, the boundary data ag can be decomposed as follows:

—1<M>®<0 ap = (rs, £1a0) 415+ ¢ (c,&1r5)+ =0
5

0<M>® <1 ao=Z(ri,§1ao)+r,~+c (c,&1r;)y =0fori=2,...,5
j=2
"5

M>® =1 ap=Y (ri.&1a0)1ri +c¢ (c,&1ri)4 =0fori=1,...,5

i=1

From the decomposition in the above table, we can parameterize Z7 (agp) as follows.

—1<M>®<0  TIV(ag) =1 (bs, c) bs €R, c e {rs}*
0<M>®<1 TV (ag) =17 (b, ..., bs, €) ba,....bs €R, ce(_olri}*:
M>® =1 T (ag) =17 (b, ..., bs, ¢) bi,....bs€R, ce(V_ylri}*

(2.62)

where the orthogonal relation is with respect to the inner product (&1 - ,-)+.
Under this parameterization, we have the following lemma on the Fréchet derivative of
P67 (ap). O
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LEMMA 2.10. Referring to the table (2.62), suppose that Parsll}’ (ag) =0, then aq is a
function of ¢ when (ag, £1a0), is sufficiently small.

PROOF. Itis obvious that Z¥(0) =0, and
iIV )} =T
Ic (€ao)| _o =1"(ao).
From this, we have

d
—cPo&iT’ (cao)|_o = P&l (ao). (2.63)
Now, we consider the case of —1 < M < 0 for illustration. For this case, from (2.63),
we have

d
To(ps, Pg&iT" (can))|_o = (rs. £ao) 4

Take ag = rs, then we have

d -
Sc\pss Po&rT" (€ro))| o = Obs(ps, Py 117 (b5, 0))| g ) = (r5.§75) = 1.
Then, by the implicit function theorem (ps, Pgélfy (bs, ¢)) = 0 defines bs = bs(c). This
shows the theorem holds for —1 < M < 0.

Similar argument applies to the cases 0 < M* < 1and M > 1. O

Theorem 2.9 and Lemma 2.10 give (ii) of Theorem 2.5.

2.2.2. Cutoff hard potentials. In this subsection, we will study the existence of boundary
layer solutions for the cutoff hard potentials. The main difficulty comes from the sub-linear
growth of the collision frequency in &. This requires a complicated weight function of both
space and velocity variables.

Throughout this subsection, the cross section ¢ (v, 0) is assumed to satisfy (1.21) with
0 < y < 1. To distinct the notation from the damping coefficient, we denote the parameter
y in the cross section by yp in the following.

The weight function o can be defined as follows. Let n: [0, co) — R be a smooth non-
increasing function, n(s) =1 for s <1, n(s)=0fors >2,and 0 < n < 1. For x > 0,

set
_ rfy _ ox +1
U(x»é) _5(8x l) 0 <1 77<(1 |§ —u |)3—}/0

(S.x+l 2
+<<1+|s—uoo|)1—yo 3~ sl )"

Sx +1
) <<1+ B —uoon“o)' (2.64)
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Note that this weight function also works for soft potentials which needs more subtle cal-
culations and we will not discuss it in this chapter.
The existence theorem for cutoff hard potentials can be stated as follows.

THEOREM 2.11. Let M* #£0,+1and 8 > max{% =+ 10, 3 — 2yp}. Then, there exist pos-
itive numbers ¢, g, €1, and a C map

L*(R3,&dE) » R, w(0)=0, (2.65)

such that the following holds.
(i) Suppose that the boundary data F;, satisfies

_1
|Fp(6) =Moo (8)| < €00y 2(0,8)e " CDWy(E), £eR3, (2.66)

where [ > 0 is a large constant and § > 0 is a small constant. Then, the problem
(2.3) admits a unique solution F satisfying

_1
|F(x,8) = Moo(®)| + [E1v T Fe(x, 6)| < €10y 2 (x, £)e O Wy(8),
x>0, £ RS, (2.67)

if and only if F, satisfies
v (e« OOWIL(F, —Mo)) =0. (2.68)

(ii) The set of F;, satisfying (2.66) and (2.68) forms a (local) C; manifold of co-dimen-
sionn™.

REMARK 2.12. Itis straightforward to check that the weight function o (x, &) satisfies

2
o(x,&) =cx+1)3n,

, _lm 149 _lm
camin{@x +1)" ¥, (14 & — usol) } <ow <cadx+1) 0,

for some constants c1, ¢z > 0 when the constant / is large and § > 0 is small. Hence,
2

F(x,&) tends to M« (&) as x tends to infinity by (2.67) exponentially like ¢~ 0 , While
the convergence rate for the hard sphere model is like e=<* corresponding to yo = 1.

To apply the weight function o (x, &) in the existence analysis, we need the following
lemmas. Recall that (-,-) is the inner product in Lg. For simplicity of notations, we denote

§=$—uoo-
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LEMMA 2.13. There are constants e; > 0 and v» > 0 such that if 0 < e < ey and g e N1,
then

(g, P Le¢ 1 g) > 1a{u (). g),
where v2 > 0 depends on e;.
PROOF. Since v(&) is commutative with ¢<¢” and e—<€1° it suffices to show
||e5‘5‘21<e—€‘5‘2 _K ||L§ -0, (2.69)
as € — 0. Notice that here K is given by (1.29) with a slight modification because the
background Maxwellian is now M .

By the Schwarz inequality, we have

(€417 — |£])2

. — 12> 21812 — 1B 2.70
e Tl g > 2lEl - g (2.70)
Rewrite
cEPK E £)e B — K (&8,
B 1 [(&2 — €72 2
_{K@’g*)exp<16roo[ ez T D}
-1 [(&%—IE%)? 5
X{exp<16roo[ & —gp e El D
x (exp{e(I€1? — 1&.%)} — 1)}
= p(E, &) X s(€, &, &). 2.71)
By (2.70),

sup|s(e, &,&)| — 0, ase— 0.

Since p(£,&,) is also a kernel of a bounded operator on L2 by Proposition 1.3 and
Lemma 1.4, we have (2.69) and this completes the proof of the femma. O

Notice that we choose [ > 0 as a large constant and § as a small constant to have

2
0,0 ~ 0y (8x +1)3 10,

for |&| being large. The factors 5 and 3 in the definition of o (x, &) are for o, (x, &) > 0.
The following lemma shows that the linearized collision operator with some variation still
keeps the dissipative effect on the microscopic components.
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LEMMA 2.14. There are constants e3 > 0 and v3 > O such that if 0 < € < ez and g e N+,
then

—(g, eI Le D ) > 130 (8)g, g).

PROOF. The proof is similar to the one for Lemma 2.13. Let

L1 TR — EPR)2
E(e,s,s*)sexp(m [('ig' e +|é*—§|2D

X (exp{e(a(x, &) —o(x, S*))} - 1).

We only need to show
sup|s(e, £,&)| >0, ase—0, (2.72)
§.6«

by discussing cases according to the values of |£|, |€,| and x. For illustration, we check

only two of them as follows. .
o When (14 [5)3770 > (L4 [&:)%77° > 2(5x +1):

dx +1 Sx +1 s0 =09
- )| < = - = 3 — |Sx
A P e ST v L
ox +1 ~ - s0 =9
v E e N1~ Bl — 1
< c|lEP - (& . (2.73)

This is dominated by the left hand side of (2.70) when e is sufficiently small.
o When (14 [E)3770 > 2(8x +1), 8x +1 > (1 + &>

Sx +1
(14 L7
< clIE — &3 (2.74)

(. 8) — 0 (6. 60| < 1 +Gx+ DT + B

Again, this term is dominated by the left hand side of (2.70). All the other cases can be
checked similarly to have (2.72) and this completes the proof of the lemma. O

REMARK 2.15. Let the cutoff function in (2.64) be in the form of n((l‘ifl‘gl’)y ). The reason
to choose y = 3 — yyp is that (2.74) requires that < 3 — yp, and

|&1]|dxo (x, )| < (1 +1E1)"°, (2.75)

is needed for the following energy estimate which requires > 3 — yp. Therefore, the
decay rate of the boundary layer solution at x = oo stated in Remark 2.12 is canonical for
the cutoff hard potentials.
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Similar to the hard sphere model, the existence to the linearized problem with an artifi-
cial damping term can be proved by energy estimate. Precisely, by using o (x, &) defined

in (2.64) and choosing K (x) = (8x + )~ with ® = %j—;g (2.14) becomes

18y —€oxk1g — Leg=h—D.g, x>0, £ eR®,
gly=0 = bo(§) = ag(&)e® ), £eR3, (2.76)
g — 0(x — 00), £ eRS,

where
De=y@x+1) % PlEe .
Let D} be the adjoint operator of D, and set
V={x|x=—t: —€oxkrp — Lcp+ D¢, ¢ € C§°,
¢° = ¢lmo=0for & <0}.

Consider

() = / f [—e&10:¢% + $Le + ¢ D] dE dx
R JR3

1

- 02 y¢ . 277
+2/&>oa(¢) : 2.77)

LEMMA 2.16. Let! in (2.64) be large enough. Then there is v4 > 0 such that when y =
ODe 1,

/§|3V0<

where ¢g = Poo.

l (v P3&LPo — € Po£1Po)p dE > vge /R3 o3 de, (2.78)

2

PROOF. Notice that the macroscopic component ¢ is exponential decay in & like eclEl,
Then for [ large enough, the integral f‘g‘sfyog% ¢(yP6r§1P0 — ePo&1Po)¢p dE has the
same order as ng ¢(yP8L§1Po — ePo&1 Po)¢ dE. On the other hand, we know that the

operator yPa”g‘lPo — e Po&1 Py is positive definite on the space N when y > €. Hence,
we have the estimate (2.78). O

We now estimate the terms in (2.77) as follows. Recall the notations ¢1 = P1¢ and

¢ = Pod = Y4 _ by By Using Lemma 2.16 and the fact v, decays like e~“¥", we
have

fR (0Dt —etr0:6?) de > 7= 6x +D ol
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—ce / V(€)@ dE, (2.79)
R3
which gives the dissipation estimate on the macroscopic component. Here we have used

o€l <c(L+€])"° < cv(®).

The dissipation on the microscopic component comes from ¢ L.¢ which can be esti-
mated as follows. By using the exponential decay of v, we have

|Legpo(€)| < |Lgol + |(Ke — K)o (&)
1
2 4 2
< csexp[—c(x +1)¥ 7] (be) ,
j=0

where K, =e°Ke™°.
Similarly, we have

1
2 4 2
|L_cgol < cexp[—c(dx + I)W]<Zb§> . (2.80)
It then follows
) 4
‘ /RS $oLeo dé‘ <cexp[—c(@x+DF0] Y b (2.81)
j=0

Lemma 2.14 and (2.79)—(2.81) imply
- [ orevde == | goLetn~ [ osbtn- [ soletr [ orLeon
R3 R3 R3 R3 R3
2 -0 2 -1
> —ce"(Bx + D" ligolljz + ¢ (vgr, 41). (2.82)
By choosing [ large enough, say / > € ~1 when ¢ is sufficiently small, we have

(6. 9) = cole]| 6x + D~ Fgo|” + [viea |+ (£%0° ¢°), ). (2.83)
Denote
k1] = || Gx + 1) Z hol) + 171l (2.84)

Thus, (2.83) implies that

I0x1| = ce (|| 6x + D~ % go|| + ligal)- (2.85)
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In summary, an argument similar to the one for the hard sphere model gives the following
theorem.

THEOREM 2.17. Consider the linearized Boltzmann equation with damping (2.76). If
[[h]] < oo then (2.76) has a unique solution satisfying

x40 F o]+ o aa]+ 16260, ).

< ce, bo)(|E1lZao, + |[A1]). (2.86)

where g% = g|,—o.

_ln -
REMARK 2.18. Since o, ~ (8x + 1) ¥ for 2(1 + |£])3770 < 8x + [, when [ is large
enough, (2.86) implies

1
loZ gol” + [v2gu]? + |(626% &°)_| < cle,a0)(|lEslZan|, + |(h]]).  (287)

Based on the estimates on the solution to the linearized problem (2.76), we now prove
the existence for the nonlinear problem again by fixed point theorem and then discuss the
solvability condition on the boundary data.

Define a weighted norm:

’

1 1
[l =0 (1 +18) h] o = sup o (1+1€)°|n(x.8)
6 x>0,€R3

for any function i (x, &) such that the above norm is finite.
Rewrite (2.76) as

gx = (6% — L)ng i(fg+h),
& &1

where
K= ee(r(x,S)Kefeo(x,E) —y(x + l)f@eezr(x,é)Pa-glefea(x,é)'

Notice that K is a compact operator on L2, and is bounded from the space L;" to L§°+1,
and from L§ to Lgo, see Lemmas 1.4 and 1.5. Following the proofs for Lemmas 2.13

and 2.14, we now prove that K has the same properties as K in the following lemma.

LEMMA 2.19. When e is sufficiently small, K satisfies:
1. _1
(1) 02 Ko, ? is a bounded operator from L§ to itself.

1. _1
(2) 62Ko, ? is a bounded operator from Lg to Lg°.
() [Kh]p < c[h]p-1, for B eR.
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PROOF. By the definition of o (x, &), we have the following expression for o.

S(L+ & ~Lm, (x,€) € 21,
or =1 8C1A+ENDTI 4 op(x +1)79),  (x,£) € §22, (2.88)
T (Bx +1)77, (x.§) € 23,

where ¢1 and ¢ are positive functions depending on (x, &) and n with ¢1 + ¢ having a
uniform positive lower bound. Here

21

[, 8): ox +1< (1+E)°7),
{(X,S): (1+|§ 3-¥ <5x+l<2(1+|§|)3_7’0}’

)
(e, ) sx +1>2(1+8)° 7). (289)

§27

£23

Notice that K has two parts, and the one coming from the artificial damping is simpler
because the operator Pg &1e7¢° maps a function to the macroscopic subspace which is

of finite dimension and has exponential decay like ¢—<§1°. Consider the operator By =

1 _1 .
yoie“PiEe 0, ? and By = ye“P{ &1, By noticing that o (x, £) is bounded by
c|€]?, itis straightforward to check that By has the following three properties:

|Bih|?de <c | h?dg,  ||Bihlp= <cllhll,2,
R3 R3 § 3

[B1(1+18) 7] o < ce~e? < o(14 1) P (2.90)

_1

With (2.90), the property of the operator By can be discussed as follows. If the o 2(x,&)

in Par is of the order (1 + |&|)1~70, then it can be absorbed by the exponential decay factor

from the projection on macroscopic component. Otherwise, it is of the order (x +1)®. In
1

this case, if the 0.2 (x, &) has the same order, then they cancel. If not, then we have a factor
5

@ ~
of the order —*}=— when (8x +1) < 2(1 + |€])%~7° which is bounded. Therefore, B,

a+gp—z
has the same properties as B stated in (2.90).
1 1

Denote the first part in 0,2 Ko, 2 by By. Its kernel is given by

1 _1
ba(§, &) = 0y (x,6)e™ (x, )K (£, E)e™ 7 (x, 60y * (x, 1),

We will illustrate the following three cases to show that the operator B, keeps the main
structure as K.

CASE 1. When (x, £), (x, &) € £23, we have by (&, &) = k(&, &,).
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CASE 2. When (x, &), (x, &) € £21, we have

-l
1+|S*|> 2
1+ €]

SX +l ~92 (S.x +l ~ 2)}
EXp{6<<l Epte T T e

< cK (&, &) expfce|E|? — |&%]}. (2.91)

bz(%,é*) < K(ésé*)(

By the discussion for Lemmas 2.13 and 2.14, (2.91) implies that b, has the same properties
as K (&, &) when ¢ is sufficiently small.

CASE 3. When (x, &) € £21, (x, &) € £23, we have

Sx+1)%
ba(t. £) < K (6,60~ DT
A+ED7
2 ox +1 ~
xexp{e<—5(8x+l)3 B+ W_‘_B'S' )}

< cK (&, &) expfce||E[? — |E,?

5, (2.92)

where we have used 8x + 1 < (1 + [E])3 " for (x,&) € 21, and ||E|2 — &% >
2
c¢(8x +1)3 0 because (x, &) € £23.
In summary, by (&, &) also has the same properties as K (&, &,). This together with the

property of By complete the proof of the lemma.
To have a shorter expression for g, let

caie) = [ oyt g =),

Since k(x,x’;€) >0bothforx —x’ >0, & >0and x —x" <0, & <0 whene >0is
sufficiently small, the solution g can be formally written as

e=bh+U®Rg+h), (293
where
[;Z{exp(—x(x,O;E))bo, >0, (2.94)
0, £ <0,
and
S exp(—k (x, X'; £)) 2 h(x', ) dx/, 0,
U(h)={f0 P KGR D, 8> (2.95)
— 2 exp(—k (¥ ENERG, £ dx', £ <0,
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Similar to the hard sphere model, the operator U here also has the following properties.
The proof is omitted for brevity. |

LEMMA 2.20. The operator U satisfies, for 1 < p, r < o0,

Um0 <o @6

o]y, < c|vth Lty (2.96)
And for 8 e R,
[vm], <c[vr],. (2.97)

Now in order to obtain the weighted Lfg estimate on g, similar to the hard sphere model,
we prove the following lemma based on the energy estimate on the linear Boltzmann equa-
tion with damping (2.76). Again, the proof is omitted for brevity.

LEMMA 2.21. The solution to the linear Boltzmann equation with damping (2.76) satisfies
for0<a < 3,

||ax% w_av%gH + ||ax% wlvf%gx || < cEy, (2.98)

where
1 1
Eo = |||&112w—gbo| , + |[2]] + |w-ao? (x, )R]
By Lemma 2.20 and 2.21, we have the following lemma on the [-]g norm of g.
LEMMA 2.22. ForO<a < % B> % the solution to the problem (2.76) satisfies
1

[elp < (v hlg + |thl] + | w-ao? 2] + Ibol.), (2.99)

where

Ibols = bol1.p + | 112 w_abo)

+

bolys= sup (L+I€1)’ Ibol. (2.100)
E€R3,§1>0

PROOF. By using the property of the operators U in (2.97) and noticing that the operator
K is a bounded operator from [-]g—_1 to [-]4, we have

[glg < clbol+.p + c([[v_lkgﬂﬂ + [[v_lhﬂﬂ)

< clboltp +c(lglp-1+ [v ] ). (2.101)
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Iterating (2.101) gives
[es < c(lbol+p + [glo + [v 4] ), (2.102)
where we have used for 8 > 1,
[va],+- -+ i), + v h], <c[vrh] . (2.103)

1
In order to obtain (2.99), we need to estimate || g|lo = ||6x2g||L§c§.
By using (2.98), we have for } < g < 1,ie,0<1-28 <3,

i 2 i 2
||‘fx2 wgg ||L;><>(L§) < H”xz wﬁé’HLg(L;O)
1 1
<c/{wzwl—lv%<s)||afg(-,s>||L;}{w1v*%<s>||ax2gx(-,s>||L§}ds

< cE3. (2.104)

Here we have used |oy,| < ¢do, to absorb some terms from differentiation by
i . -

llol w,gg||i2(L20) when § is sufficiently small.
By the expression (2.93) of g, we have

1 1
2

1 ~ 1 1_ 1
olg=0lb+0olUo, *(07Kg+0lh). (2.105)

_1
2

11
Similar to the proof for (2.96), we can show that o> Uo, 2 shares the same property of U
in (2.96). Hence,

1
|0 g L2(LY)
11 1 13
<c(llboll+ + |02 Koy *w_gol wpg| r2ag v "thHL§<L;>°>)
1 1
<c(llboll+ + |0 wﬂg”Lg(LgO) + ||"_1Ux2h“L§(L§°))

1
<c(libolly + Eo+ [vrolhl 120, (2.106)

1 _1
because o,* Ko, *w_pg is bounded from Lg to itself.

1. _1
By (2.106), and using the expression of g again and noticing that o, Ko, 2 is a bounded
operator from Lg(L;"’) to L;‘f , We have

1 _
[¢lo < cliboll+.0+ o? UKg + 1]
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1. 11 1 4
<c(lboll+o+ |of Koy 2olg o + [V 0l h] 1 )
1 1
< c(llboll+.0+ ”szgHLg(L;C) + ||”_1‘7x2h||L§?s)
1
< c(lIboll+.0 + Eo + Hv*laxzhHLg(Lgo) + [vth],). (2.107)
By using (2.107), when 8 > % we have

1
[els < c(lboll+p + Eo+ [ h] g + 70l hl 12 00)0p)

1 1
< c(lbols + |[A]] + [w—ao k| + [[V_lh]]ﬁ + ||V_1Ux2h||L§(L;O)ML§°S)

<c(lbols + [v] 4 + |01 + ||w_aox%h ). (2.108)

1
because ||v’lox2h||L§(Loo) < c[v~th]s when B > 3. This completes the proof of the
lemma. O

Now we are ready to prove existence of solution to the nonlinear Boltzmann equation
with damping (2.14) and (2.15). Before that, we prove the following lemma on the property
on I'(g, g) inthe norm [-] g which is similar to the one in the norm | - || g used for the hard
sphere model.

LEMMA 2.23. The projection of I"(g, g) on the null space of L vanishes and there exists
a positive constant ¢ such that for all (x, &),

1

v E)ole” (L+1E) T (e g, e h)]
_ 2841
<c@x+1) 70 [g][h]p. (2.109)
forany 8 > 1‘77’0 and sufficiently small constant € > 0.

PROOF. By the definition of [-]g, we have

|v—1<s>o§ (1+1€) e r (e g, e g)| < sxu?|H<x, £)|[glplAlp
where

Hx8) = v @ Wit (L+ 1)) of e

1
2

_1 _ — _
x (e~ Wooy 2 (1+18) . e~ Wooy ? (1+[€1) ).
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_2,‘3+y0—l
All we need to prove is that sup, ¢ H(x, &) is uniformly bounded by c(éx +1) 20
when e is sufficiently small.
According to the definition of Q(-, -), there are two terms representing the gain and loss
respectively. Hence, we have

H =y oWs i) ofe [ [ Wole)Woe(+ [el) 1+ 1)
x 0y 2 (x, &) 2 (x, €)%< g (v, 0) d&, duw
—v i) f / Woen) (L+ I&.)) Por 2(x, £)e=q (v, 0) dE, dw
— Hy — H». (2.110)
Notice that WoWo (&) = Wo (&) Wo(£)). By using o, > c(8x + l)ﬁ, we have
Hy <covi(e)

1-n

. f /R Woeng(& — &, 00 max{ex +0F, (L+18) 7 |dé.do

2
< ce=C@x T (2.111)

The estimation on H; is more complicated. Firstly, notice that for any positive constant
av

(L+1E) 1+ &) <c(1+15)"% (2.112)

Depending the locations of (x, &), (x, &) and (x, &,), there are different cases. For illus-
tration, we consider the following two cases. The other cases can be proved similarly.

CaSE 1. When (x, &), (x, &), (x, &) € £21, we have when g > 170,

L+ |7
A+ 6P~ 20 A + gL
8x +l =2 Sx +l
ex _ 1} 3 _—
p{6<<1+|5|>1—yo S e
Sx +1
L+ &L

Hy <cvE) / /R  Wo(E)q(E = &.0)

—31')° - —3|§;|2>}dg*dw

<eviE) f /R  Wo(E)q(E — & 0) explea — 3el&,?} dE do,  (2.113)
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where

dx +1 dx +1 Sx +1
1= = - = - = .
A+gDtre  @A+1EPr A+ I1EHT

If A1 <0, then (2.113) yields

2B+yp—1

s Cl”_l@/ / WoE)q(E —£.0)6x +1) 0 dt.do
R

_2p+n-t
<c(éx+1) 26,

Otherwise, we have || < min{|&'|, |£.|}. In this case, since

B2+ B2 = 182+ |E),

we have |£| < |E.| and thus % < |12 < |&,)2. Hence, when ¢ is sufficiently small,

2
exp{e A1} can be absorbed by Wq(&,) so that Hy is bounded by ¢ exp{—e?(8x + 1) }.

CASE 2. When (x,&) € £23 and (x, &'), (x, &}) € £21, Hy can be estimated as follows

0 1-n
2

H < cv—1<s>//mg WoE)q(E —&.0)(1+ 1)) 2 1+ &)

x +1

x (x +1) 2exp{e<5(x+l) 0 L Epm

- % —3I&'1 —3|§;|2)}ds*dw
< C”_l(g)f/Rg Wo(E)q(E — &, 0) exp{—c2(6x + )77 } dé, do
< cexp{—e?(8x +Z)ﬁ}, (2.114)
where we have used
EP+ P> gox+h7,

when [ is sufficiently large because (x, ¢") and (x, &.) € £21.

Therefore, combining the estimates on Hy and H, gives the estimate (2.109). O
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We are now ready to prove the global existence for the nonlinear Boltzmann equation
with damping. For 8 > max{% + 10, 3— 2y}, by (2.109), straightforward calculation yields

[V e e g, e " 9)] 4 < clel

||0;%e€"1“(e*€”g,€7“g) | <clgl3. (2.115)

|[ee<r F(eiﬂrg, €7€Gg)]|

-1
2

< C(”Ux eezr]—v(e—ezrg’ e—eag) H + ”eeal—v(e—eag, e—eag) H) < C[[gﬂ%;,

and for 0 < o < 3, we have

1
||w_(,[ax2 eT'(e g, e %g) || < c[[g]]lzg.
By noticing that 1 = e€“ ' (e % g, e % g), in summary, (2.99) gives

lelp < c(lg]5 + Ibol-). (2.116)

When |bg|, is sufficiently small, the contraction mapping theorem and (2.116) give the
following existence theorem for the problem (2.14) and (2.15).

THEOREM 2.24. When the boundary data F, satisfies that eE"(Of)ng[F;, — Moo] is
sufficiently small in the norm | - |, given in (2.100), the nonlinear Boltzmann equation
with damping (2.14) and (2.15) has a unique solution F such that e ng[F — Mgl is

bounded in the norm [ when g > max{3 + yo, 3 — 2y0}.

Similar to the argument for the hard sphere model, the solvability condition on the
boundary data can be obtained by considering the corresponding solution operators to en-
sure the vanishing of the artificial damping. And the co-dimension on the boundary data
follows from the same argument.

2.3. Stability for M < —1

In this section, we will apply the energy method and a bootstrap argument to prove the
stability of the boundary layer obtained in the previous subsections. Besides its mathemat-
ical importance, the stability yields that the nonnegativity of the boundary layer solution
obtained in the previous subsections. Again, because of the intrinsic difference between
the hard sphere model and the cutoff hard potentials, the convergence rates of the solutions
for the initial boundary value problems to the boundary layers are different. Precisely, it is
of exponential order for the hard sphere model while it is of only algebraic order for the
cutoff hard potentials. Here we only consider the case when the far field is incoming and
supersonic. This case is easier than other cases because all the information from infinity
goes into the boundary layer and in macroscopic level, no wave propagates to infinity as
time tends to infinity.
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2.3.1. Hard sphere model. Let F = F(x, &) be the stationary solution to the problem
(2.3). Consider the initial boundary value problem,

F, +&F, = Q(F, F), >0, x>0, £ €R3,

_ 3
Fli=o = Fo(x, &), x>0, &R’ ) (2.117)
Fly—o=Fp(§), t>0, & >0, (5,83) e R%,

F—>Mg(€) (x—>o00), t>0, £eRS

The stability of the boundary layer when the Mach number of the far field is less than
—1 can be stated as follows for the hard sphere model.

THEOREM 2.25. When M < —1, under the assumption that
|Fp(8) =Moo(®)| <coWs(§), €€R3, p>5/2,

for a sufficiently small positive constant €, let F(x, &) be the boundary layer solution to
(2.3) given in Theorem 2.5. For the problem (2.117), when the initial data satisfies

[Wo e @O (Fotx,6) = F(x, )]y <1, B>5/2,

where €1 > 0 is a sufficiently small constant, there exists a unique solution F(z, x, &) which
decays exponentially in time to F(x, £). In other words, the boundary layer solution is
nonlinearly stable.

To prove the stability result, we will first consider two semi-groups associated with
two linearized problems of (2.117) and show that they both have exponential decay prop-
erty. Then by applying the bootstrap argument and using the smallness assumption on the
strength of the boundary layer, we will have the nonlinear stability result stated in The-
orem 2.25. This will be done in two steps. The first step is to consider the corresponding
linearized problem by energy method for L)ZC’ estimate and the bootstrap argument for Lfg
estimate. The exponential decay in time estimate obtained in the first step can be used in
the second step for the nonlinear stability by using the Grad’s estimate on nonlinear Boltz-
mann collision operator to obtain an a priori estimate on the solution for the application of
fixed point theorem.

Again, write the solution of (2.117) in the form

F(t,x,6) =Moo (§) + Wo(§) f (2, x, §). (2.118)

Then, the problem (2.117) reduces to

fi+&fe—Lf=T(f), >0, x>0, £ RS,
Sfli=0 = fo(x, §), x>0, £ eRY,

flimo =ao(®) = Wy '(F, — M), >0, & >0, (&2,&3) €R?,
f—=0 (x— 00), t>0, £ RS,

(2.119)
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Let f =e *g in (2.119) to have

gt +&18x —€b1g—Lg=e “I'(g),
t>0, x>0, £ e€R?,
gli—o=g0(x,§), x>0, £eR? (2.120)
g|x:0 =a0(§)7 > 09 él > 01 (521 ES) € R2a
g—0 (x—>o0), t>0,&ecRS

Now, denote the stationary boundary layer solution to (2.120) by g and let the initial
data go be a small perturbation of g. Then the stability problem can be formulated as:

G +&8 —eqg—Lg=e{Lg+T(3)},
t>0,x>0, £ €R3,
Zli—o=2%0(x.&), x>0, &eR? (2.121)
glx=0=0, t>0, & >0, (§,&) eR?,
§—>0 (x—>o0), >0, £cRd

where g =¢ — 2, do=go — g and Lg =2I'(g. 2).
Let S(¢) be the solution operator (semi-group) of the linear problem

h; + €1h, — e&yh — Lh =0, >0, x>0, £ €R5,
hli=0=0(£1>0), h -0 (x — 00), t>0, £ eR®, (2.122)
h|l=0 =ho(x7$)v X > O, é eRs

Then we have h = S(t)hg.

For the case M> < —1, L? decay estimate for (2.122) is easy to establish. Recall that
in this case, the operator A = P&, Py is negative definite on /. Now for asmall ¢ > 0, a
straightforward energy estimation gives

1/2

1ld v
5 7 RO+ (82h® 1)+ 2 [ (L+18)*ho | <0,

where 1% = h|,—o. This implies that

d v v
E(e?lt |)])?) + 2 {2(|g1|h°(t), @)+ % (2 +1€1)h0) HZ} <o0.
Thus,
v t V-
e?'nn|? +/0 e21’{2<|“§1|h0(t), W)+ %H 1+ |§|)l/2h(z)||2} dt

< llholl?, (2.123)
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and

|S@ho| <e ™ol k= % (2.124)

As for the existence analysis, we want to prove the following estimate which is needed
for the application of the fixed point theorem to get the global existence of solution to the
nonlinear problem (2.121). For 8 > 0,

[s®hol 5 < ce™ {liollg + liholl 2 }- (2.125)

In order to prove (2.125), we first consider another simpler linear solution operator. Let
So(¢) be the solution operator (semi-group) of

hy 4+ E1hy — €Eth +v(E)h =0, >0, x>0, £ €RY,
hlim0=0(&1>0), h—0(x—>o00), t>0,£eR? (2.126)
hli=0 = ho(x, &), x>0, £ RS

The solution to the above linear initial boundary value problem has the following explicit
expression.

h = So(t)hg = e~ VOV ¥ (x — E11)ho(x — £11, £), (2.127)

where x(y) is the usual characteristic function for y > 0. Based on this expression and
with the lower bound v(¢) > vo > 0, a simple calculation yields the following estimate
on Sp.

ISoho] < ce™® =" |ihgl|x, (2.128)

with « chosen to be min(”7°, %), for some small constant € > 0. Here, the space X can be
either L3> or L2 ..
From (2.122) and (2.126), we have

S(t)ho = So(tho + [y So(t — s)K S(s)hods
=Y L @) + T (@),
Io(1) = So(1)ho, (2.129)
1j(t) = [y So(t —s)KI;_1(s)ds = (SoK) * I;_1,
T (t) = (SoK) 5 (SoK) s - - - % (S K ) s I,

m

with & = S(t)ho. Here and hereafter, “x” stands for the convolution in . By using the
estimate (2.128) and the regularizing property of the compact operator K, we have for
B=j=0,

1,5 < eje™*F inollp-;- (2.130)
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The estimate on J,, is more complicated and can be stated in the following bootstrap

lemma.
LEMMA 2.26. For 8 >0, we have

—Kt

[ 530 5 < ce™llnoll 2 .

PROOF. Firstly, again by the regularizing property of K, we have
Vsl < 5 / (1 =0 BTN | e g2 (1) T,

where
Jo(t) = (SoK) * (SoK) x h = Sg * J,

with

t t
f:KSoK*h=/ KSo(t—s)Kh(s)ds=/ Jot — s, s)ds.
0 0

(2.131)

(2.132)

(2.133)

We now estimate Jo(z, s) as follows by using the integrability property of the compact

operator K. By definition, we have
Jo(t, s) = KSo(t)Kh(s)
N / K (& &K @E &) "EIEy (y)
R3xR3
X h(s,y, ") dg" d&",

where y = x — &/r. Hence,

|Jotz, ) < e~ 07 /R oo Ko 8.8 xWlhGs. y. 87| dby d&”

where
Ko(§,¢1,£") zfRZ!K@,e’)||K<s/,s”)|ds§ds§,

with &' = (&1, &5, &3).
Notice that the estimate of the kernel K (¢, &') satisfies

f K (.8 de’ :/ K& 8)|d&' < Co,
R3 R3

[ Ik &) dggag <

(2.134)

(2.135)
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where Co and C1 are some positive constants depending only on the parameters 0o, oo,
To. Thus, we have

f Ko(s,si,s”)déids”:/ |K (&, &)||K (& £"|de' dg” < CE,
RxR3 R3xR3

/ Kol(. £}, &") d& < Co / K (&', &")| dydEll < CoCr.
]R3 RZ

By (2.135) and Schwarz inequality,

’J_o(t,s)‘z < e_Z(ZK_e)t[A; . KO(é,Si,SH) d%'i ds//:|

2xR

< [ / Ko(s,s;,s”)x<y>|h<s,y,s">|2dsids"}
R2xR3

< Che2@or f Ko(&, €. &") x 0 |h(s, v, €M) d&| "

R2xRR3

(2.136)

Therefore, we have
= 2 . = Zd
||J0(t,S)||L$C(L§)—SU[()) R3|J0([’S)| S
: X>
< Cgcocle—Z(Zk—e)t/ X()’)Vl(sv y,%.//)yz déi de"
RxR3

C _2(k—e)t OO 1" " |2
e dy | dg"|h(s,y, ")
t 0 R3

C

t

< e—2(2k—8)te—2ks ||h0 ”iz . (2137)

x.§

Here, we have used the L? decay estimate (2.124). Hence (2.133) and (2.137) give
- t -
70z < [ 1o =59,

t e—(ZK—e)(I—s)
< c/ e llholl 2, ds
0 X,

Jt—s
» tef(/(fe)(tfs) .
<ce” —————ds |\holl < ce o]l 2.138
et [ s ol < e Il (2138)
This together with (2.128) and (2.132) give

t
| JZ(I)”L;’O(Lg) =|1So* J </0 emGeme) ||](S)||L;>°(L§)ds
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t
<c / e~ @ =OI=) 7S gs || | 2 < ce ! |holl ;2 - (2.139)
0 X, X,

Plug this into (2.131) yields

t
—xt € —(k—e€)(t—
[p+alp <e™ 5 / (t = )P e ® =D dr |iho|l 2
B! Jo X

< ce ™ |holl 2 . (2.140)
And this completes the proof of the lemma. O

This lemma and (2.130) complete the proof of the L;;O decay estimate (2.125).

In order to estimate the nonlinear term I"(g) and the coupling term L3 in (2.121), we
need the following lemma.

LEMMA 2.27. When B > 0, for the two semi-groups Sp and S, we have

IS0 vhllg(t) < ce™ sup {“Tllhllp(v)],
0Lt

IS % vhllp(0) < ce™/*{ sup (/" |Inllp()) + sup (e“/zfnvhuLig(r))],

0<T<t 0<T<t
both for every function A(z, x, &) with the relevant norm bounded.

PROOF. Firstly, by the expression of the semi-group Sp and the linear growth rate of v (&),
we have

t
I|So * vl g < sup /O (L+161P)e™ ety (x — Er5)| (s, x — &15,&)|ds
x,&

t
<e ™ sup {e“nhn,e(r)}sup{ / e—<“@>—K—€f““—%<s>ds}
& 0

o<t
<ce ™ sup {ellnllp(r)}.
0<r<t
To give the estimate on S, we use the relation between S and Sp,
S=So+ So*xKS.

Write (2.125) as

| S@hol| 5 < ce™ o}, (2.141)
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with
tp=10-Np+0-1lz, (2.142)

We assume 8 > 1 but the proof is similar for other 8. By the regularizing property of the
operator K again and (2.141), we have

t
IS0 * K S % vh| g < c/ e TS % vh| g_1(s) ds
0
t Ky
gc/ e*W*S)/ e STl g_1(t) dT ds
0 0

t
<c sup {e* {{vhlp_1(D)) f e KU gK/25 5 g g
o<t 0

<ce ™2 sup [T (v p_1(0)).
o<t

Combining this with the estimate for Sp, we have
IS *v&)h ||ﬂ(z)

<ce‘“/2f{ sup (e“/*"|hllp(v)) + sup (ek/zr{{Vh}}ﬁ—l(T))}~

0Lt o<t

Recalling the linear growth of v(&¢) and the definition (2.142), this completes the proof of
the lemma. O

By using the estimates in the above lemmas and (2.141), we can now construct a global
solution to the nonlinear problem (2.121). The definition of the semi-group implies that

g=8SMg+S*{e < (Lg+ @)} (2.143)
Write the right hand side by @[g]. We have
[zl < IS®aofl+ S+ fov~re ™ (La + T @)} 4
<™/ {{gols + sup(e"* [em VL + T @) 5)
+sup(e ¥ [ (L + I @)1z, (0)]
<ce ™ {{zohs + 1216121 + 11212},
where

Al = sup{e’? | nllg()}. (2.144)

t>0
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In the above, we have used for 8 > % to obtain

||e*“fvh||iiS < (foooem dx /Rs 2@ (1+ 18N ds)uhn,% = c||hl)3-
Consequently,

ltell, < c(ttzohs + 12NN+ NZN7).
Similarly,

181 - @1hll, < c(Iglplg — Al +11g + Al 11— All),

with some constant c.

The smallness assumption on {{go}} s and that on || g|| g which follows from the smallness
assumption on the boundary data aq in (2.120) now guarantee that the nonlinear map @
is contractive in a small ball in the Banach space defined with the norm (2.144) so that a
unique fixed point exists. This implies, taken into account the choice of the norm (2.144),
that (2.121) has a unique global in time solution converging exponentially to 0 as ¢t — oc.
Thus Theorem 2.25 follows.

2.3.2. Cutoff hard potentials. We now turn to study the stability of the boundary layer
to the Boltzmann equation for the cutoff hard potentials. As for the existence theory, the
sub-linear growth in the collision frequency creates some difficulty in the analysis. For
the stability, an exponential decay in the form of ¢’ can not be expected. However, the
following analysis gives an algebraic decay rate which may not be optimal.

To formulate the problem on the nonlinear stability of the boundary layers for the cutoff
hard potentials, set F = F(x, £) again to be the boundary layer solution. Consider the
initial boundary value problem (2.117) and the stability theorem when M* < —1 can be
stated as follows.

THEOREM 2.28. When the Mach number M> < —1, and the boundary data satisfy

_1
|Fp(&) — Moo (&)] < €00y 2e 7@ Wy (8),

3
£k, ,3>max{§~l—yo,3—2yo},

where g is a sufficiently small positive constant, let F (x, £) be the boundary layer solution

to (2.3) given in Theorem 2.11. For the initial boundary value problem (2.117), if the initial

data satisfy for g > max{3 — 2, £ — 20},
ot Wole (Fotx, &) = Fx, ©) 12

+[Wote (Fox, ) — F(x, )], < e, (2.145)
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where €1 > 0 is a sufficiently small constant, and I > ¢ ~3*70 in (2.64), then there exists a
unique solution F(z, x, &) such that

[Wole® (F - )], < Ca+n)%.

This implies that the perturbation of the boundary layer converges to zero in time with an
algebraic rate (1 + t)_% , that is, the boundary layer solution is nonlinearly stable.

REMARK 2.29. If we impose faster spatial decay on the initial data, then faster time decay
in the perturbation can be obtained. More precisely, for m > 2, if we replace (2.145) by

Jow Wt (Focx. &) — Fox.6) 2,

+ [[Wo—leeo (Fo(x, £)— F(x, g))]}ﬂ <eém,

for B > max{"f4 — Ly, 15— mE3y01 then similar analysis gives that the decay rate

as (1+1)~"%". However, ¢,, — 0 as m — oo.
For later use, notice that the weight function o (x, &) satisfies

0, (x,8) € §21,

|GXX(X’ §)| < {c(&x _}.[)—@—1, (x,&) e 2, U £23,

where 2;,i =1, 2, 3, are defined in (2.89).

The dissipation of the modified linearized collision operator on A/ will be given as
follows. Since the proof is similar to the corresponding lemma for the hard sphere model,
we omit it for brevity.

LEMMA 2.30. There is constant e, > 0 such that for 0 < ¢ < €, and g e N'-

m

(g.0x Ze“Le 02 g) < —vs(v(I€])g. g), m=-1,0,1,2,
for some positive constant vs.

Moreover, by the dissipation of the convection term on the macroscopic components
given in the previous subsection:

/~ $POELPod dE < —vg f o2 dt,
EP0 <3 RS

we have the following lemma for L, = ¢€°Le ™.
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LEMMA 2.31. Assume that M>® < —1, ¢ is sufficiently small and / > ¢~1. Then there
exists a constant ¢ > 0 such that

—(ocE1. ) > %((ax +1)7 7 o, (5x + 1)~ 2 go) — c(v (&)1, p1),

—(Leg, @) > —ce((5x + 1)~ 2 go, (5x + 1)~ % o) + cvs(v (&)1, 1),
Furthermore,

—e(0,E100. ¢) — (Letp. §) > <<6x +D)" %, 6x+1)" 7).

The following lemma comes directly from the definition of o (x, &) so that we omit its
proof for brevity.

LEMMA 2.32. When M™ < —1, ¢ is sufficiently small and / > e~3*70, there exists a
constant ¢ > 0 such that for any ¢,

/Rs Onry 42 d§‘<ce (8x +1)7° (0. do) + ce3 (v (1€ 1) 1. 61).

The next lemma is about how to transfer the decay in space to the decay in time through
some recursive relations in terms of energy inequalities. This lemma is crucially used to
obtain the time convergence of the solution for the initial boundary value problem to the
boundary layer.

LEMMA 2.33. Suppose that y and Z (¢, x, &) > 1 are functions of (¢, x, £). Define
L (1) =/ E(t,x,&)"y(t, x, )% dxde, form > —1.
RxR3
If there exists a positive constant e such that

d d d
<0 el <Oy el 1 <O, (2.146)

then for —1 < n < m, there exists constant c,,  such that
(1+t)m7n|n(t) <Cm,e|m(0)- (2147)

PROOF. By definition, notice that 1 _1(¢) < lo(®) < -+ < 1,,(¢) for all t > 0 because
& > 1. Define

le
Ft) = (m+1)'(1+r)'"+1| 1+ (1+z)m|o+ +1 e 4 1)t

m!
—m
—e "
o "
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From (2.146), it is straightforward to obtain

d A+0)"tle d d
—Fl)=— T+ A+0)"| I I_
7 @) 1l i 1+A+1) dt0+6 1

d
+...+m!e_m|:alm+élm_1j| <0.

Thus, F(¢) < F(0) which implies that there exists a constant c,,  such that
(1+t)m_n|n(t)<cm,elm(o)a for —1<n<m.
The proof of the lemma is then completed. O

With the above preparation, we are now ready to prove the stability for incoming and
supersonic case. Again, let f = e=<“ -8 g in (2.14). Then the problem for f is reduced to:

& +&18x —€ob1g — Leg

=e“T'(e7%g,e %), t>0, x>0, &€ RS,
1
gli—0=80(x, ) =e“"M&L(Fo— M), x>0, £ eR3, (2.148)
glimo =bo() =e“ODag(€) (51 >0), 1>0, (&,4)eR?,
g—>0 (x—> 00), t>0, £ eRS

Denote the corresponding stationary boundary layer solution to (2.3) by g and let the initial
go be a small perturbation of g. Then the stability problem can be formulated as:

gt + Slgx - eo'xélg - Leg
=e“{1:€§ +I'(e g, e °g)}, t>0,x>0,¢&¢ RS,

1 -
gli=o =e“"M& (Fo — F), x>0, £ eRS, (2.149)
glk=0=0 (51>0), >0, (5.83) €R?,
g—>0 (x— o0) t>0, £ eR®,

where g =g —2,80=go—gand L, =2I"(e €7 g, e 7 ).
We first derive some energy estimates on the solution to the linearized equation using
several weight functions. Let S(¢) be the solution operator of the linear problem:

hy + &1hy —eoéth —L;h =0, t>0, x>0, £ eRS,
hlx=0=0 (61 > 0),

h—0(x = 00), >0, £ €R?,

hli—g = ho(x, £), x>0,&eRS

(2.150)

For the hard sphere model, the solution operator S(z) has exponential decay property
when the Mach number is less then —1. For the cutoff hard potentials, we will use the
spatial-temporal estimates in Lemma 2.33 to derive an algebraic decay.
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Set

It is straightforward to derive the following equations for p?, i = —1,...,2:

1 1

1 2 -2 ,-1
—oiLeoy 2p7 =0,

-1 _ - _ _
P st — Gk pT —eonkap

pQ+ 100 — €orkr1p® — Lep® =0, 2.150)

_1 1
pi+ 810} + 5EELp — €oyk1pt — o PLeol pt =0,
/0[2 +§1j§ + %51,02 — EGXS;L,OZ — GX_lLeax/o2 =0.

By multiplying (2.151)1 by p~! and integrating it over Rt x R3, when ¢ is sufficiently
small, Lemma 2.30 and Lemma 2.31 give

(bt o™, + (&l o7
tee(Gx+DZp L Gx+ 1% p 1) <0, (2.152)
Similarly, for sufficiently small ¢, for i =0, 1, 2, we have,
(o' 0'), + (1E1l0". o) +ce(Gx+ 1) p' (5x +1)"F pl) <.
Since oy (x, €)1 > c(8x + 1)@ and (|&1]p", p')— >0, fori = —1, ..., 2, we have
(P toh), <0, (0% 0°), +ce(pt o) <0,

(0" p1), e %) <0 (p?. p%), +ce(pt. ") <O.

_1
Corresponding to Lemma 2.33, if we choose y = pLE=0,2>1landm=2,n=—1,
(2.147) gives

(04 p7H @) <ce+173(p%, p%)(0),
that is,
1 3
o2 S(t)ho ||ng <ce(+1)72 |0y hol 12, (2.153)
The following decay estimate on the solution operator S(¢) is essential to obtain the
global existence and convergence rate for the nonlinear problem through the fixed point

theorem:

[S0ho] 4 <@+ {Thols + o5 ko] ;2 ). (2.154)
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for some g > 0, where [-]4 is the norm defined in the subsection for existence. To prove
(2.154), consider a simpler linear solution operator. Let So(¢) be the solution operator of

hy + E1hy —€oréth +v(E)h=0, t>0, x>0, £ €R3,

— 3
h|t=0 —ho(.x,%‘), X > 07 geR [l , (2155)
hlx=0=0, x>0, & >0, (5,8) eR?,
h—0 (x— 00), t>0, £ eR3.

It is straightforward to check that the solution to the above linear initial boundary value
problem has the following explicit expression:
h(t) = So(t)ho
— ho(x — 11, £) x (x — Er1)e” JoW @) —cox(x—&1(1=5).E)611ds
By using this expression and the positive lower bound for v(&) > vg > 0, the following

lemma gives the exponential decay estimate on the operator So(z). We omit its proof for
brevity.

LEMMA 2.34. For So(¢) defined above, there exist positive constants ¢ and « such that

[Soholly < Ce™ lihollx. k>0, X=[Tgor-Iz . (2.156)

Sirpilar to the discussion for the hard sphere model, we can rewrite S(¢) in terms of Sp(¢)
and K = e Ke €

t
S(t)ho = So(t)ho +/ So(t — $)K S(s)hods

m—1

=Y L)+ Ju(®),

j=0

where i = S(t)ho and I; and J,, are defined as in (2.129) with K replaced by K. By

using the estimate (2.156) and the regularizing property of the compact operator K given
in Lemma 2.19, we have for 8 > j >0,

[1; (t)]]/s < ce ™ [ho] -

The estimate on J,, can be obtained by a bootstrap argument as for the hard sphere model.
The following proof mainly follows from the one of Lemma 2.26 where we replace K by
1 1

o Koy % and the norm | - g by [-]g. Moreover, the exponential decay for the hard sphere
model now becomes the algebraic decay from the energy estimate given in (2.153). Thus,
we omit its proof.
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LEMMA 2.35. For 8 > 0, there exists a constant ¢ > 0 such that
_3 -1
|[Jﬁ+3(f)]],3 <e+077 oy hO“LgO(Lg)'
In order to estimate the nonlinear term and the coupling term with the boundary layer,
the following lemma is needed which is similar to the one for the hard sphere model. The

main difference is that here only algebraic decay is involved.

LEMMA 2.36. When 8 > 0, for the two semi-groups Sp and S, we have

[So# vhls(t) < CA+072 sup {1+ 1) [hls(D)],
o<t

[S % vh]p() <CA+072 sup {(1+1)?[h]s(r)
[\ £ 1

3 -1
+(1+1)2|vo; h||Lz$(r)},
for any function h(z, x, &) with the corresponding norms bounded.

With the above estimates, the global solution to the nonlinear problem (2.149) can be
proved as follows. Note that

g=SMg0+ S *{e“ (Leg+T(e™ %8, e 79)}.
By denoting the right-hand side of the above equation by T'[g], we have
[T181] 5 < [S0&0] 4 + [ * w e (Leg+ (e g, )],

<ca+n73 oy aols + sup (A+1D)?
0t

X [[v_le“’ (Leg+I'(e %8, e_eog))]]ﬁ)

+ sup (A+ ‘L’)% ||0;lvv71e€” (Leg+T(e %8, e %)) ||L2 )}
0Lt x.E

<c@+072{{{3oMs + [2]6 12N + NZN2).

where

0 =lohlz, +0lp WH=sup{A+0F A1)},

Here, we have used for > max{3 — 2, 1 — 3y},
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— — — 2
||o_x 1e€UF(e €Ug’e EUh)”LZE
X,

oo 1
< /0 dx /R o2 v@? || o e P g e de

2B+yp—1

gcfo dx/és|a;3v(s)2|<5x+l)‘ w0 (L+181) 7% ag [el3 1013

2B+yp—1

c/oo dx /3((5x +D% + 1+ E)*T)Gx+0)7 3
0 R

x (1+161) 2P ag [¢]3 113
< clel3 [n13-

N

Consequently,
7121 < e({t@os + [2lpMEM + MET°).
Similar argument gives
(7181 - T1A1]]] < c(I8]1& — AT + g + AINME — A10).

for some constant c.

Finally, the smallness assumptions on {{go}}}s and [g]g coming from the smallness
assumption on the boundary data bg guarantee that the nonlinear map T is contractive in
a small neighborhood of the original in the Banach space with the norm [[[-T]. Therefore,
there is a unique fixed point which implies that (2.149) has a unique global in time solution

converging to 0 with the algebraic rate (1 + t)‘%as t — oo. This completes the proof of
Theorem 2.28.

3. Exterior problem—flow past an obstacle
3.1. Formulation of problem

The flow past an obstacle is one of the classical problems in gas dynamics and fluid me-
chanics. In the context of the Boltzmann equation, this problem is formulated as follows.
Denote the domain occupied by the obstacle by O c R”, its exterior domain R” \ O by £2,
and the boundary by 062 = 3. We consider a gas flow in the domain §2 which is in an
equilibrium state at infinity with a prescribed nonzero bulk velocity ¢ € R". Moreover, we
assume that there is no external force nor source. Then, the problem is,

Wf+&E-Vif=0(f, f), t>0,xef, £eR,

f— Mc(&) (x| = 00), t>0, £EeR",

Sli=0= fo, xeR, £EeR",

Yy f=Bytf >0, x€d, £E€R", n(x)-& <O.

(CRY
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Here, M. is the Maxwellian for the far field. By suitable scalings of f and velocity vari-
ables, we can take

Mc(§) =M1c,11(5), 32

without loss of generality. The third equation in the above is the initial condition and the
last equation is the boundary condition on the boundary 2. B is the boundary operator
and y* are trace operators, both introduced in Section 1.3 with n(x) being the outward
normal to the boundary 92 at point x € 952 (inward with respect to O).

The aim of this section is to present the existence theorem of the stationary solutions to
(3.1) for sufficiently small c. The presentation follows [64], with a part of proof renewed.
As for the stability of the stationary solutions, we refer the reader to [65]. The case where
the bulk velocity c at infinity is large, especially, close to the Mach number 1, is a physically
interesting problem in connection with the transonic flow with a shock waves emanating
from the surface of the obstacle. This is a big open problem for the Boltzmann equation,
however.

Thus, the stationary problem we shall solve is

E-Vif=0(f. ), xeR, EeR",
=M (x| >o00), EeR", (3.3)
y f=Bytf x€92, E€R", n(x)-£ <0,

where f = f(x, &). In the below, we assume that the Maxwellian M. is not a stationary
solution except ¢ = 0. Since M. satisfies the first and second equations of (3.3) for any
¢, this is equivalent to assuming that the boundary operator B preserves the Maxwellian
M. for ¢ = 0 but not for ¢ £ 0. All the examples of boundary conditions presented in Sec-
tion 1.3 satisfy this assumption. Then, we can expect that the non-Maxwellian stationary
solution exists at least for nonzero but small bulk velocity c.

The strategy of proof is as follows. Write Mg = M.—o. We look for a solution in the
form,

f=Mc+Mg%u, (3.4)
which reduces (3.3) to

E-Viu=Lau+T(u,u), xef2, R,
u— 0 (x— 00), £ eR", (3.5)
vy u=DBoytu+he, x€d2, EeR", n(x)-£ <0,

where
Lew=2Mg QM M), I, v) =2Mg ™2 0 (MG % M),
Bo =My “BM", (36)



440 S. Ukai and T. Yang

—-1/2 _
he =My 2By M, — y"Mo).

Here, L. is not the same operator as the linearized collision operator L in (1.23) but I" is
the same as in (1.23).

One might expect that the setting f =M, + Mi/zu is another choice that seems more
convenient in analysis of the problem because, then, L. becomes self-adjoint. However, in
this setting, the boundary operator By turns out to be unbounded and hence the problem
(3.5) becomes ill-posed.

Let B. be the linearized operator,

BC:_E - Vy +|—c’ (37)

coupled with the boundary condition y ~u = Bgy Tu and suppose that it has an inverse
B1. Then, (3.5) can be reduced to

u+ B (1) = ¢, (38)
where ¢, is a solution to the linear stationary problem

g'VX¢C:LC¢Ca er,éeRn,
¢C - 0 (-x — oo)’ é € R}’l’ (39)
Y ¢ =Boy T +he, x€d2, EcR" n(x)-&<0.

Once the existence of B and ¢, is established, (3.8) can be solved by the implicit func-
tion theorem.

A delicate problem is the construction of the inverse operator B*. Indeed, the point 0
is in the continuous spectrum of B.. However, B, can have a bounded inverse by a suitable
choice of function spaces for the domain of definition and range of it. This argument is in
the same spirit as in the principle of limiting absorption which is familiar in the scattering
theory. Actually, we will do this on the operator BZ° introduced as the extension of B, to
the whole space by ignoring the boundary condition. The limiting absorption principle is
carried out using a semi-explicit formula of the inverse operator of BZ° which is obtained
based on the spectral analysis of the operator B3° (c = 0) developed in [58,59,61]. Then,
the inverse of B, will be constructed as a compact perturbation of B2°. The compactness
property is based on the “velocity averaging” which was used in [58] and has been gener-
alized later extensively, see, e.g., [30,51].

This section is a close reproduction of the results from the paper [64]. There, a detailed
argument was developed on the continuity property of various operators and resolvents
with respect to the spectral parameter 2 as well as the flow parameter ¢. However, they will
be skipped here because, as far as the stationary problem is concerned, the estimates of the
resolvent are needed only for A = 0 while the continuity properties in ¢ can be checked
with somewhat straightforward modification of the computation in estimating norms of
various operators for each fixed c.
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On the other hand, in this section, the key compactness argument is revised by the aid
of the “velocity averaging” property. This compactness property is essential in the con-
struction of the inverse B;l. In [64,65], this was established by using a compact integral
operator whose integral kernel can be visualized only by a rather complicated change of
variables specific to the particular reflection law of particles on the wall, so that rather re-
strictive conditions were required on the reflection boundary conditions. These conditions
will be somewhat relaxed in this section.

As is noted in [9,50], the velocity averaging argument for the interior problem has a
difficulty arising from the fact that even in the force-free field, particles can be reflected by
the wall infinitely many times for a finite time. On the other hand, in the exterior problem,
there is no such difficulty if the obstacle is a convex domain: The particle in the force-free
field is reflected by the wall at most once, that is, a reflected particle does never return to
the obstacle.

The plan of this section is as follows. After a brief description on the property of the
linearized collision operator L. and the trace operators y* in the next subsections, we
will study, in Section 3.3, the linearized Boltzmann operator in the whole space. Denote
this operator by B2°. First, based on the spectral analysis, a semi-explicit formula of its
resolvent is derived. This formula shows that O is a spectral point of the operator BX°
but an unbounded inverse operator (B2°)~! exists, say, in the L? space. Fortunately, this
formula provides a far-reaching information on the spectral singularity at 0, ensuring that
the inverse operator turns out to be a bounded operator if the domain of definition and range
space are appropriately chosen. This is exactly in the same spirit as the limiting absorption
principle for the resolvent operator in the scattering theory.

Starting from the bounded operator B> thus established, in Section 3.4, the inverse B 1
will be constructed by the perturbation argument. Since our obstacle is “compact,” the
perturbation can be expected “compact”. In fact, we will derive a semi-explicit expression
of B! in terms of B and a related compact operator. It is at this stage that the “velocity
averaging” argument is used. Finally in Section 3.5, the nonlinear problem (3.8) is solved
by the aid of the contraction mapping principle.

3.2. Preliminaries

3.2.1. Properties of L.. Although the operator L. in (3.6) and L in (1.23) are not the
same operators, since L. is defined with the normalized Maxwellian Mz .13, and owing
to the translation invariance property (1.31) of Q, the relation

Le=0"L0, Ou) =e T 2 +0) (3.10)

holds for all ¢ € R". This and Proposition 1.3, then, imply that L. has the decomposition
of the form

Lot = —ve(®)u + /R Kol ) i,

1
ve(§) =v(€ —c), Kc(§,86)= K(S,E*)exp{—ﬁc-(é —E*)}- (3.11)
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With an evident modification, the function v.(&) enjoys the estimate (1.26) with the same
constants vg, v1, while the kernel K. (&, &) enjoys the estimates (1.34) and (1.35), because
the estimates (1.36) can absorb the quantity exp{%c - (& — &)} with the factors 1/4,1/8
replaced by smaller ones in the exponents in (1.36).

This indicates that Lemmas 1.4, 1.5, and 1.8 are valid for K. except for the self-
adjointness. Moreover, it is seen that K. is continuous in ¢ in relevant operator norms.
Also, observe that since as before, the quantity exp{a (|| — |&«])} is absorbed by K, the
proof of Lemma 1.4 works to prove that

Ke:LP — L4 (3.12)
is bounded forany « e R and 1 < p < g < oo, where
LD ={u|e®lue LP(RE)}.

Although the operator L. is no longer self-adjoint, it still enjoys Proposition 1.6 ex-
cept (2).

ProprosITION 3.1. Define L, with the domain of definition
D(Le)={ueL?|v(§)ue L*(RY)}.

Then,
(i) The spectrum o (L) outside (—oo, —v,) consists of discrete eigenvalues which are
invariantin c.
(ii) The null space N, of L. is invariant in ¢ and hence the corresponding eigenprojec-
tion P, is just P of Proposition 1.6.

PROOF. Since K, is a compact operator (Lemma 1.5), the spectrum outside (—oo, —vy)
consists of only discrete eigenvalues. Let u € L? be an eigenfunction of L. corresponding
to such an eigenvalue A: Au = L .u. Rewrite this as

u=Hu, H=O+v.) 'Ke.

Owing to (1.26) and (3.12), H is bounded on L2 and so is Hy = x(|&| > a)H for any
a > 0. Moreover, the norm of H; can be made smaller than 1 if a is chosen sufficiently
large, so that the inverse (I — Hy)~! exists and is bounded on Lg. On the other hand,
H; = x(|€| <a)H : L?> — L2 is bounded. Noting that « satisfies u = (I — H1) " Hou,
we conclude u € L2 for « > 0. Therefore, v = 6.u € L? and in view of (3.10), v satisfies
Av = Lv. The converse is also true, so the proof of (i) is complete. The proof of (ii) follows
if we note that

Ne=6N =N O
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3.2.2. Trace theorem. The boundary values, or traces, can be defined only for functions
having some regularity. Here, we shall establish the trace theorem for functions having the
regularity associated with the differential operator B.. Throughout this section, we assume
that

O is a bounded convex domain of R”

(3.13)

and the boundary 9O is piecewise C*.
Recall 2 =R"\ O, 322 =90 and set

D=2 xR", (3.14)
and introduce the linear operators

Atu=& -Vt hEu, (x,&)eD (same signthroughout), (3.15)
for functions h = h(&) satisfying

heL(R"),  ho= infReh () > 0. (3.16)
Our trace spaces are

WPE={ueLP(D) | A*u e L7 (D)},

YPE = LP(S%, p(x,£)doy dE), (3.17)

for p € [1, oo, where S* are defined by (1.49), p is a weight function defined by

p(x, &) =|nx)-&|,

and o, is the Lebesgue measure on 9£2. These spaces are all Banach spaces endowed with
obvious norms. The main result of this subsection reads as follows.

THEOREM 3.2. Assume (3.13) and (3.16). Then, for any p € [1, oo], there exist operators
y* satisfying

(i) y*:wP* - yP,*  arelinear bounded operators,
(i) y*f=/fls= (VfeCs(D).

They are unique extensions of the operators defined by (ii), for the case p < oc.
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PrRooF. We will present the proof for the case ‘+’ only, because the proof for ‘-’ is the
same. Let (x,§) € S+_. Then, the point x — ¢£ is in §2 for any ¢ > 0, and it holds that for
any function u € C3(D),

%(e—h@”u(x —1&)) = —e MO (ATu) (x —18).

Integrate this over ¢ € [0, oo) to deduce
o0
u(x, &) = / e MO AU (x — 1) di. (3.18)
0
By the Holder inequality, we get for p € [0,00), 1/p+1/g =1,
o0
u(x. £)|" < (qho)p/q/ (A i) (x — 18)|” d.
0

Set for each & e R”,

302%@E) ={xed2 n(x)-£ =0},
2@ ={x F1E|x€dQ*(©), 1 >0},

and compute

/(/ |u<x,s)|”p<x,s)dox>ds
n 92+ (&)
<(qh0)p/q/ (f /OO|(A+u>(x—ts>|”drp(x,s)dax)ds
re \ Ja+e) Jo

=(qho)”/"f (/ ’(A+u)(x)|pdx)d$,
n\JetE)

which yields
ly Tullyr+ < (gho) YA ullLe D). (3.19)

Here, we have used Fubini’s theorem,
o
/ wx)dx = / / wx Ft&)p(x,&)dtdo, dE. (3.20)
Q*¢) 02%(&) JO

So far, u € C&([)) has been assumed, but it is seen from density argument that (3.19) still
holds for u € W»-* if p € [1, co), whence follows the theorem for y*, and also for ¥~ in
exactly the same way.
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Actually, the above argument implies more: u € W»:* is absolute continuous on the line
{x —t&,t > 0} for almost all (x, &) € ST, on which holds

() (x, €)= — lim / eMEOS A+ ) (x — 58 ds.
t—0+

t

aa (x,€)eST. (3.21)

See (3.18).

Now, consider the case u € W, Its cutoff xu with a smooth cutoff function yx of
support in {|x| < Ry, |€| < Ry} isin WP+ for any p € [1, co0) if Ry is fixed so large that
the ball {|x| < R1} can contain O. Then, (3.21) applies to xu, which gives, after letting
Ry — o0,

ly ullyses <hg AT ullLo(p) + collull=o), (3.22)
where ¢g > 0 is a constant depending only on V, x and Ri. This proves the theorem for
the case p = oo.

Observe that u € W»-T does not imply u € WP~ unless hu € LP (D), so that it may not
have the trace y ~u € Y?:~. However, it has a trace y "u € Y,’;;:_ as seen by the truncation
with respect to &.

The situation differs for the functions defined on the whole space D*° =R" x R". O

PROPOSITION 3.3. Let p € [1, c0] and u € L? (D). If u satisfies either A*u € LP (D)
or A~u € LP(D®), then, u has both the traces y Tu e Y»T and y~u € Y7~

PROOF. Notice that for u € C%(DOO), (3.18) holds for (x,&) € S~ as well as for

(x,&) e ST, This is not possible for the exterior domain case because (x, £) € S~ results
inx —t& ¢ 2 for t > 0 small. Instead of (3.19), we now have

—(p—1
N p—1 (p=1)/p N
ly“ullyr+ < o AT ullLp(pocy.

The rest of the proof is similar to that of Theorem 3.2. O
Another difference is in the
PROPOSITION 3.4. Assume ImA(§) € L°°(R™). Then
WEH(D®) = W2 (D™®) = {u € LA(D™) | & - Viu, h(E)u € L*(D™)}.

PROOF. The function u(x, £) € L2(D*) has a Fourier transform ii(k, &) € L2(D™®) (k €
R™) with respect x, and the Parseval relation gives

”Aiu”LZ(DDC) = | (ik-& ih(‘f))’;”LZ(DOO)'
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Now, the equality |ik - & = h(&)|? = |Reh(£)|> + |(k - £ £ Imh(&)|? proves the proposi-
tion. O

The following Green’s formula will be used to prove the dissipativity of the operator B,.

LEMMA 3.5. Letu € W2 be such that hu € L2(D) and y ~u € Y2~ Then,
R A+ _ 1 +..112 — 2 Re(h
e( M»M)LZ(D) = 5(”7/ ”||y2,+ =y “”yz,—) + Re(hu, M)LZ(D)~

PROOF. This is immediate for u € C&([)) by integration by parts and the general case
follows by density argument. |

3.3. Operator BZ®

As stated in the introduction, we will construct the inverse of the operator B, as a per-
turbation of the whole space case. If this operator is defined, say, in the space L2(D),
its spectrum contains the point 0, which means that either the inverse does not exist, or
if exists, it is unbounded. Actually, the latter case occurs. This will be shown, in the next
subsection, by constructing a semi-explicit expression based on the spectral analysis de-
veloped in [58,59,61].

Fortunately, this expression tells us much more. In Section 3.3.2, it will be shown, with
the help of some additional boundedness properties obtained by a bootstrap argument based
on the smoothing effect of a related transport operator, that the inverse can be viewed as a
bounded operator if an appropriate choice of functions spaces is made for the domain of
definition and for the range space. This procedure is called the limiting absorption principle
in the scattering theory.

3.3.1. Spectral analysis of B2°. The operator we consider is
BXu=—&-Viu+Lou, (x,8)eD™. (3.23)

Proposition 3.4 says that it is well defined in the space L2(D) endowed with the domain
of definition

D(BZ) ={u € LAD™) | £ - Vou, ve(&)u € LA(D™))}. (3.24)
As is easily seen, this is a densely defined closed operator, and its spectral property can be

best studied by the Fourier transformation with respect to x since the coefficients in this
operator are all constant in x. Let

ﬁ(k,g):f(u)z(zn)—”/Z/ e RNy (x,8)dx, keR", i=+—1, (3.25)
Rn
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be the Fourier transform of the function u = u(x, &) with respect to x. Formally, we have,
F(BZu) = (—if -k +Lo)i. (3.26)
This suggests the study of the operator
BX®(kyw = (—i& -k +Lo)w (3.27)
acting on functions w = w(&) of the variables & only, with k € R” fixed.
In the sequel, we consider this operator in the space L2 = Lz(Rg‘) with the domain of
definition,
D(BX(k)) ={w e L? | (k- &)w, v(E)w e L2}, (3.28)
and construct its resolvent
Bk, )= (h— BXW)) . (3.29)

Actually, we can have its semi-implicit expression based on the spectral analysis which has
been carried out for the case ¢ =0 in [58,59,61].

THEOREM 3.6. Assume (1.25). Then, there exist positive numbers cg, o, 09, o1 such that
oo < o1, and the following holds for eagh ceR" |c] < cp.

(1) The spectrum of the operator B2°(k) is empty in the half-plane {ReA > —ag} if
|k| > ko while it consists only of n + 2 discrete semi-simple eigenvalues A (k, ¢),
Jj=0,...,n+1, inthe half-plane {Re A > —o1} if |k| < kp.

(2) The asymptotic expansion

Ajk, ) =ik-c+irjalkl —xj2lkl> + O(kP), (3.30)
holds for |k| < kg uniformly in |c| < co, with some constants

Aj1€ER, )‘j,2>0'

The corresponding eigenprojection, denoted by P; (k, ¢), has an asymptotic expan-
sion,

Pj(k,c) = Pjo(k) + |k|Pj1(k,c), k=k/lk|eS" 2, (3.31)

with orthogonal projections P; o(k) on L? which are orthogonal to each other and
satisfy

4
> Pioty=P (kes" ™), (3.32)
j=0
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where P is the orthogonal projection (1.45) onto the null space N of L. Moreover,
the operator

Pii(k,c) L> > LY (3.33)
J: B

is a bounded operator for any 8 > 0 and a continuous function of (k, ¢) in the region
k| < ko, |c] < co. Here, Lg° = LO(RY: (1+ €)1 dé).
(3) The formula

n+2
Dk, @:Z@,-(A,k,c), Red > —vy, keR", |c| < co, (3.34)
j=0

holds where
(@) for j=0,...,n+1,

Di(t,k,c)= Pj(k,c)x k), (3.35)

A=Ak, 0

x (k) being the characteristic function for |k| < «g, and
(b) ®,12(2, k, c) is a linear bounded operator on L2 whose operator norm enjoys
the estimate

|®@ni2Gi,k, )| <bo, Rer>—oo, kR, |e| <co, (3.36)
for some constants bg independent of A, k, and c.

REMARK 3.7. The coefficients 1 ; ,, in the asymptotic expansion (3.30) have well-known
physical meanings. Under a suitable numbering of j, they are characterized as follows.
(@) X0.1=—20.n+1 =cs # 0 (sound speed), 11,1 = A1 ,4+1 = « (heat diffusivity).
() xo,; =0, A1, ; = v (viscosity coefficient), j =1,...,n.
These physical constants are for the gas in the equilibrium state specified by My1,0.1). See,
e.g., [11,67].

PROOF OF THEOREM 3.6. This will be given in four steps.

Step 1. We shall show that the spectrum of BZ°(k) in the right half plane {Rex > —v,}
consists only of discrete eigenvalues with possible accumulation points on the line {Re A =
—v,} or at infinity. To this end, introduce an auxiliary operator

AX(w = (=i -k —ve@)w,  D(AZ(k)) = D(BX (k). (3.37)

Since this is a multiplication operator in L2, its spectrum consists of an essential spectrum
given by

o (AX(K)) = {—it -k —v.(§) | eR"} C {r € C|ReA < —vy} (3.38)
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and the resolvent has an explicit expression

A - 1 N
PR 103 R T — A A (k 3.39
( Xk) w TE e ¢ o (AX(K)), (3.39)
which implies that its L2 operator norm satisfies
[( = AZw) 7 < (3.40)

ReA + v,

forRe A > —v,.

Since éé’o (k) = A‘g"(k) + K. and K, is a compact operator, owing to Weyl’s lemma on
the compact perturbation of the spectrum, [40], éfo(k) has the same essential spectrum and
its spectrum in the solvent set of Ag’o(k), in particular in the region {A € C | Re X > —v,},
consists only of discrete eigenvalues with possible accumulation points on the boundary of
the resolvent set of Ago(k). This proves the claim.

Step 2. Let (%, ¢) be a pair of an eigenvalue and eigenfunction of f)’f" (k) forRe A > —v,.
By virtue of (3.10) it holds that

OFic-kyy =BL&)y, v =071

Repeat the proof of Proposition 3.1 with (A + ic - k + v.)~* in place of (» + v.)™2, to
conclude y» € D(Bg°(k)). Thus, A +ic - k is an eigenvalue of By° (k).

Step 3. On the other hand, the spectrum of ég"(k) in {ReA > —v,} has been studied
extensively in [27,58,59,61], which leads to the following lemma, whose proof will be
given at the end of this section.

LEMMA 3.8. There are positive numbers cg, kg, 09, 01, 0% such that og < o1, and the fol-
lowing holds if |c| < co.

(1) If |k] > ko, then, B°(k) has no eigenvalues in the half-plane {Re A > —oo} and

|@G. k. ow|,, <bilwl.2, Rer>—oo, welL? (3.41)

holds for a constant b1 > 0 independent of ¢, k, A, w.
(2) If |k| < ko, then, A;(k,c), j =0,...,n+1, given in Theorem 3.6(1) are the only
eigenvalues of I§§’° (k) lying in the half-plane {Re A > —o1} and satisfying

Reijk,c) > —01/2, j=0,...,n+1, k| <ko, |c| <co.
Further, put

ro=max{|[Imi;(k,c)| | j=0,....n+1, |c|<co, Ikl <o},
which is a finite number by virtue of Theorem 3.6(2). Then,

|Gk, Ow| . <bilwlz, *e D, wel? (3.42)
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holds for a constant 51 > 0 independent of ¢, k, A, w and
Yy.={Rel>o,}U {ReA > —o1, |ImA] > 210}.

Admit this for a while to conclude the proof of Theorem 3.6. The statement (1) in it
is now evident from the above lemma, while the asymptotic expansions of A ;(k, 0) and
P;(k, 0) for the case ¢ = 0 have been discussed in [27], whence (2) of Theorem 3.6 follows.

Step 4. It remains to prove the statement (3). Recall that we are considering A with
Re A > —op. The proof is carried out separately for |k| > «xg and |k| < ko. For the former,
Lemma 3.8 (1) indicates that @,., = @ and therefore, gives (3.36). For the latter, owing
to the second part of (2) in Lemma 3.8, this is the same also when A € X,.

Now, it remains to check the case where |k| < ko and |ImA| < 21p. (3.34) is then the
Laurant expansion of @: The principal term is given by (3.35) because A ; (k, c) are seen to
be semi-simple, and the remainder is given by the contour integral

1 d(,k,
¢,1+2(k,k,c)=ﬁ/;%d§,

where C is a simple closed rectifiable curve enclosing the points A and 4 ;, j =0, ..., n+1,
but no other points in the spectrum of égo (k) are inside nor on C. In view of Lemma 3.8(2),
C can be chosen in the domain, say, {¢ € C| —o1 < Re¢ < oy, |Im | < 319} so that all of
the points A and A ;(k, ¢) can stay away from C uniformly for k, c. Then, (3.36) follows
if we note that @ (¢, k, ¢) is analytic in ¢ on C and hence its operator norm is uniformly
bounded in ¢, k, c¢. This completes the proof of the theorem. O

The rest of this section is devoted to the proof of Lemma 3.8. The following proposition,
implying the “velocity averaging,” was originally proved in [58] for the case ¢ = 0. In the
sequel, we write A = o +it.

PROPOSITION 3.9. There are positive numbers C, ¢g such that the following estimates
hold whenever |¢| < cg, § >0and o > —v, + 4.
(1) Forany k € R" and t € R, it holds that

|(h = A () K| < €O/ Gt g =2/ Gty
(2) Forany kg > 0, there is a constant o such that
| (r = A2 ) K| < CoHH 272/ 04D)

holds for any |k| < ko, |T| > 0.
Here, || || stands for the operator norm in Lg.
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PROOF. Fixcand put G(A, k) = (A — Ago(k))—lKC. Let x (D) be the characteristic func-
tion of the domain D C R”. By virtue of Lemma 1.4(a) with p =2, r = oo, we get

) 1/2
A +ik-&+v.8)]” dg) )
<R

[x(g1 < R)G (. b <c</

&1

Denote the last integral by J. Set A =0 + it and

T ={£eR" || <R, |t +k-&| <elkl},
D ={6cR"[I§] < R}\ 21, (3.43)

for any € > 0. It is easy to see that there is a constant C > 0 independent of k, R, €, T such
that

mes X1 < CeR" L, mes X, < CR",

hold, mes being the Lebesgue measure in R”. Let o > —vgp + &. Then, we get,

J:/ +/ <C(572R"™ 4 (elkl) 2R").
1 P

Choose € = RY/3(8/|k|)?/® to deduce

Ix (€] < R)G (. k)| < Co~2/3RGn=2/6¢=1/3,
On the other hand, by virtue of (1.34),

|x (11> R)G(r. b < cs7 1R

Choosing R = (|k|/8)%/®"+% leads to (1) of the proposition.
To prove (2), let |t| > 2kg R for which

T +k-&| = |t| = [kl§] = It| —koR > |7]/2,
whenever |k| < kg and |€] < R, whence
J<C(@+1tA) 'R

Choosing R = (|7]/8)% *2 leads to (2) with the choice 1o = (2ko) 1 t2/78=2/", This com-
pletes the proof of the proposition. O

Notice that although the estimates in (1) and (2) make no sense if k =0and z =0, G is
still uniformly bounded owing to (3.40).
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REMARK 3.10. Introduce the transport operator
AX =—£.V, +L,. (3.44)

The estimate (1) in Proposition 3.9 states that for a given f e L%(D*), the function
u= (A — A®)"1K.f gains a regularity in x in such a way that u € L>(R}, HY), £ =2/
(3n +4) > 0, where H is the usual Sobolev space. Notice that  is a unique solution of
the transport equation

(A—AX)u=K.f, feli,. (3.45)

This property has been extended extensively and is now called the “velocity averaging”,
see, e.¢., [30,51]. A significant consequence of this is that the operator

(A= A®) 'K LA(D®) — L(D' x R")
is a compact operator for any compact domain D’ c R”. Roughly, this is seen from Rel-
lich’s theorem [40] that a bounded set of H¢ is locally compact in L2 and from Lemma 1.5
that K. is a compact operator on Lg. See Lemma 3.22 in Section 3.4.
Now, we are ready to give the
PROOF OF LEMMA 3.8. First, we consider the eigenvalues of f?fo(k). Let |c| < ¢o with ¢

of Proposition 3.9. Let (1, ¢) be an eigenpair in the plane {Rex > —v, 4+ 8}, § > 0. Then,
the eigenvalue problem

(r=BXW)e=0, ¢eD(BZ®K), ¢#0, (3.46)
can be rewritten as
p=GR, ke
which, in turn, gives rise to
G, k| > 1.
However, this is violated, that is, |G (A, k)|| < 1, for the following three cases.
(@) ReX > v, and k € R" with some constant v, > 0 (by (3.40)),
(b) Rer > —v, + § and |k| > k1 with some constant «1 > 0 (by Proposition 3.9(1)),
(c) ReA > —v, + 3, |k| <1, and |7| > 11 with «1 of (b) and some constant 7; > 0 (by
Proposition 3.9(2)).
In other words, such eigenvalues can exist only when |k| < k1 and lie exclusively in the

region

E*:{k:a—l—ire(C|—v*+5<6<v**, |t|<rl}.
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The number of such eigenvalues is uniformly bounded for |k| < «1.

We can show v, = 0. For this, it suffices to consider the case ¢ = 0 as seen from the
proof of Theorem 3.6: The eigenvalue for the case ¢ # 0 is given by the shift by ic - k of
an eigenvalue for the case ¢ = 0. Recalling that L is nonpositive self-adjoint, we compute
the inner product of (3.46).—o and ¢,

0=Re((r— B°(®))p.9) 2 =cllel* — (Le.@) Zolel’. r=o0+ir,

which is a contradiction if o > 0, proving v, =0.

Furthermore, this computation shows that

(i) no eigenvalues exist on the imaginary axis when k # 0 and

(i) the point 0 is the only eigenvalue on the imaginary axis when k = 0.
In fact, if we set o = 0 in the above computation, we get (L¢, ¢);2 = 0, and hence by
virtue of Proposition 1.6, ¢ € /. Then, the eigenvalue equation (3.46) is reduced to

(t+k-8¢p=0,

which is impossible, however, for ¢ # 0 unless t =0 and k = 0.
It can be also shown that
(iii) as k — 0, the eigenvalue in X* either goes out of the region X* or approaches one
of the eigenvalues p € [—v, + 8, 0] of f?f.’o(O) =Lo=L,and x;(k,c) in Theo-
rem 3.6(2) are the only eigenvalues which tend to 0.
The first half is easy to prove, see Proposition 1.6(3)(b)(c), while the second half is due
to [27]. Let w4 < O be the largest eigenvalue of L other than 0, and set o1 = |u«|/2.
Evidently, then, there is a number xo > 0 such that for all |k| < kg, the only eigenvalues
lyingin ¥*N{Rex > —o1}are A;(k,c), j=0,...,n+1, given in Theorem 3.6(2), with
Reijk,c) > —o1/2.
Now, with this ko chosen smaller if necessary so that «g € (0, x1], let A* denote the
totality of the eigenvalues in X* for |k| € [«g, x1], and put

1
00 =5 inf{—ReX | A € A*}.

A consequence of the above (i) is that og > 0. This proves the first halves of both (1) and
(2) of Lemma 3.8.

It remains to evaluate ||@ ()., c¢)||. First, the second resolvent equation can be written
in the form

DOk )= (I — GO k) (A — A% )7,

which implies that if both inverses on the right hand side exist, then, the resolvent
@ (), k, ) exists and is given by the above formula.

In view of (3.40), (. — Ago(k))*l exists and uniformly bounded for all A with Re
A > —oy since o1 < v,. In the regions (a), (b), (c) in the above, |G| < 1, so the inverse
(I —G)~ L exists as seen by the aid of the Neumann series. Further, in these regions, we can
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have, say, |G|l < 1/2 and hence ||(I — G)~Y|| < 2, uniformly in A, k, ¢ if vy, k1, 71 are
chosen sufficiently large, which comes from (3.40) and thanks to Proposition 3.9. Thus,
we proved (3.41) for |k| > «1 and (3.42) for |k| < k1 and A € X, with oy, 279 replaced
by v., 71 respectively. The rest of relevant values of A, k forms a bounded set on which
there are no eigenvalues belonging to X*, so @ (A, k, ¢) is uniformly bounded there. This
completes the estimates (3.41) and (3.42), and hence the proof of Lemma 3.8. |

3.3.2. Limiting absorption principle. The inverse Fourier transform of @ (1, k, ¢) is the
resolvent (A — B§°)*1. Thus, the inverse of the operator B2°, which we denote by U*°(c)
in the sequel, is given by

n+2
U=(e)=(BX) "= U,
j=0
U (c)=—F H@,;0,k o)} F. (3.47)

Actually, Uj‘.’o(c) is not a bounded operators for j =0, ...,n 4 1: @;(0, k, c) behaves like
1/xj(k,c) near k =0 and 1;(0,c) =0, as seen from (3.30). That is, ®;(0,k,¢) has a
singularity at k = 0 and therefore, is not a Fourier multiplier in LZ(D).

The singularity behaves differently according to the classification of A ;(k, ¢) given in
Remark 3.7, but it is integrable near kK = 0. Consequently, U (c) can be extended as a
bounded operator by modifying the spaces of its domain and range appropriately. This is
in the spirit of the limiting absorption principle.

To be precise, introduce the function space,

Ly ={u=u(x,&) | €)Fuecl (RS LV (RY))], LP" =L (3.48)

PROPOSITION 3.11. There is a positive number c¢g such that for each |¢| <cg, j =0, ...,
n+1,and m =0, 1, the operators

e U ()@ Py LY — Ly

are all bounded operators and their operator norms are uniformly bounded in ¢, whenever

nz3, B20, m=0,1 1<g<2<p<oo,
y=1l/q—-1/p>U—-m)/(n+0),

where

[1=1,06=0 for the case (a) of Remark 3.7,
=2, 0¢e[0,1) forthe case (b) of Remark 3.7.

Here P = P, is the projection in Proposition 3.1.
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PROOF. The proof relies on the following property of the Fourier transformation:
F,F L LIRY — LP(RY) (3.49)

is a bounded operator whenever 1 < g <2< p<ooandl/g+1/p=1.
First, we prove the case m =0.Let p >2, s >1and 1/p +1/p’ = 1. We have

U7 @) ey < 1950 k.01 0

LY (RY) (by (3.49))

/ , 1/p
= </ |njk, 0" | Pk, o)ia(k, &)|° dk)
Ik <Ko

(by Theorem 3.6 (3a))

, 1/p's
< JV(/ |Pj (k, c)ﬁ(k,g)V“dk)
Ik| <o

(by Holder)

, , 1/(p's)
< CJV(f &) ak, -)||§§dk>
[k| <Ko 4
(by Theorem 3.6(2))
SCE Il g2, 1/g=1-1/(p's) (by (3.49))

where J is the integral
_1 ,
|<ko

Consider the case (b) of Remark 3.7, that is, the case where ;o = 0 in the asymp-
totic expansion (3.30) of Theorem 3.6. Its higher order term O (|k|®) may be ignored by
choosing xo smaller if necessary, and we compute the integral

Jozf lic -k +alkl?| " dk
[k|<xo
for, say, a = 1 2/2 > 0. Use the spherical coordinates of k € R” to deduce
K0
Jo = C/ Jl(/c, |c|)/("_1 dk,
0

where

1 _ 2y(n=3)/2
(1—pu2)
J1(k, lel) —/0 (Ic|2k2u2 + a2k 1/ @) dp.
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The change of variable © = («/c)y and the Holder inequality yield

lel/x
0

lel/x r' o plel/x , 1/s'
< |C|—1K1—2/y</(; dy) (/O (2 +a?) /(2y>dy> ’

1/r +1/s'=1

< C|C|—1+1/V/Kl—2/y—l/r/’ if S//)/ > 1.

Putd =1-—1/r.Then,s'/y > 1 means y0 < 1and
Ko ,
Jo < C|c|—9/ K" g < Clel 70
0

The last inequality follows if n — 2/y — 1/r' > —1 or y > 2/(n + 6), which proves the
proposition for the case Il =2 and m = 0.
In the computation for the case m = 1, & is replaced by (I — P)u. Then, since Theo-
rem 3.6(2) gives
Pj(k,c)(I —P) = [k|Pj1(k, c)(I —P),

it suffices to compute the integral
_ Uy |y . =Ly
Jo —/ KIMY |y (ko) |7 dk,
k<Ko
y=1/wr=1/q-1/p A/s+1/r=1).
Now, still in the case (b) of Remark 3.7, the preceding computation leads to
KQ ,
Jo < C|c|—9/ k"= e < Clel 7P
0

The last inequality holds if n — /y — 1/r' > —1 or y > 1/(n + 6), which proves the
proposition for the case / =2 and m = 1.

Consider the case (a) of Remark 3.7. Then, since A ; g # 0 and if ¢o > 0 is chosen smaller
if necessary, A ; (k, ¢) behaves like ib|k]| +alk|? witha > 0, b + 0 for |k| < ko and |¢| < co.
Then, the integral Jy takes the form, in the spherical coordinates,

Jo= C/KOK—(l—m)/y+n—l(b2 +K2)—1/(27) dic
0

which isbounded if y > (1—m)/n, proving the proposition for the case/ = landm =0, 1.
This completes the proof of the lemma. O
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REMARK 3.12. The operator U}’O(c) has a singularity |c|~7? if & > 0. The freedom of
choice of p, g is the most restrictive in the case / =2, m = 0.

The remainder term U;fiz(c) is easy to evaluate: Theorem 3.6(3b) and Parseval’s relation
lead to

LEMMA 3.13. U3, (c) is a bounded operator on L2 = L22 for each |c| < co with uni-

formly bounded operator norm.
We can now deduce the main result of this subsection.

THEOREM 3.14. There are positive numbers C, ¢o such that for each |c| < ¢, it holds
that

[U® @)@ =Py vul| L
< Clull g + [oeu] 2 + 1t oiu] 2) (350)
whenever

nz3, p=0, m=0,1 1<qg<2<p, r<oo,
ael0,1], 0¢€[0,1),
y=1/q—1/p>2—m)/(n+06).

PrROOF. To simplify the notation, put
R=U%0)=(B®)™", R=(4®)"  G=FRK,

where A2° is as in (3.44). An argument similar to that in Section 3.2.2 yields an explicit
expression of R’

Ru= /ooe—“v@)fu(x —1£,8)dt, (x,£) e D™. (3.51)
0

We need the following lemma.

LEMMA 3.15. Letcop >0, p,r €1, 0], and B > 0. Then, the following operators are all
bounded with uniform bounds of operator norms for |¢| < cp.

Q) Rv:Lg" — Lp" (Yael0,1]),

(2) G*: Ly" —Lp"  (VLeN),

(B G':L1—Ly" (Vg €[1, p), 3t €N).
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Admit this for a while to complete the proof of the theorem. Write the second resolvent
equation, [40], as R = R’ + GR. lterating this gives

4
R=Y G"R'+G'R
h=0
and hence
4
R(I —P)"% = ZGhR’(I —P)"v% + G'R(I — P)"v* = Hy + H,.

h=0

Apply (1), (2) of the above lemma to Hi, which gives the first term on the right hand

side of (3.50). Its second term is a contribution from G* Uy ,(c) to Hp evaluated by using

Lemma 3.13 and (3) of the above lemma. Finally, The contribution from G¢U%(c) for
other j is just the third term in view of Proposition 3.11 and (2) of the above lemma. Here,
we are forced to use the worst case £ = 2. This completes the proof of the theorem. ]

We shall also discuss the boundary operators y*U > (c) which are well-defined in Y-+
as seen in Proposition 3.3. We need them in different boundary spaces. Define

Yé”r’i Su &

5 1/pyr
/ {(1+|5|) (/ !u(x,s>|”p<x,s>dox> } d§ < oo. (352)
R" %)

Notice Y7+ = y/'P*  See (3.17).

THEOREM 3.16. There are positive numbers C, ¢o such that for each |c| < cp, it holds
that

ly=U® @@ - Py v2u] ypr
<C(IEPul gy + Iogu] o+ 1el 77 [oful 1o2) (353)
whenever

nz3, B20, m=0,1 1<g<2<p, r<oo,
ae[0,1], 6€]0,1),
y=1l/q—1/p>Q@2—-m)/(n+0).
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PROOF. We use again the second resolvent equation, but now in the form
¢
yERUI —P)"vg =y*R Y (GH'(I = P)"vf + y*G'R(I — Py™?

h=0
— gt +
= H + Hf,

where G’ = K.R’. The first term Hli gives the first term on the right hand side of (3.53) if
we note that Lemma 3.15(2) is valid also for G’ and if we admit

=R u] o < €l u] g (3.54)

This will be proved later, together with Lemma 3.15.
The second term on the right hand side of (3.53) is a contribution from the part v =
GZU,fiz(c)(I — P)™v¢ contained in Hzi. In fact, it comes from Lemma 3.13 combined
with Lemma 3.15(3) for ¢ large enough to realize p = r = oo and the elementary inequality

||)/jtv||yffmi S Clvlieg. B’ =B +1/p+1/r (since p(x, &) <|&]).

The third term is obtained similarly by Proposition (3.11) for U;X’ (¢c)for j=0,...,n+ 1.
This completes the proof of the theorem. ‘ O

The rest of this section is devoted to the proof of Lemma 3.15 and the claim (3.54).

PROOF OF LEMMA 3.15. Taking the LY norm of the formula (3.51) yields

o0
[Rouc ]y < [ @t o pdr <7 a0 .

whence Lemma 3.15(1) follows, and also (2) exactly in the same way, combined with
Lemma 1.4.

To prove (3), we again start from the formula (3.51) but take its Lg norm. Let p,q €
[1, oo] be such that

1
q4< P y=-——-—<-.
Then,
o0
|mmme<A e e 18.6) | gt

By the change of variables ¢ — y = x — t&, we get

[ute =18, &) g =7 u(y. & =0)/1) | 1g-
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Write the last norm as w(z, x). Put » = p/q > 1. Then, again by the change of variables
x—>E=@x—-y/,

]2, = Jwie.xy

dy=1" el ity

< [ Ml 6 =00

Combining these estimates yields

00
/ —Vut ,—ny —
IR M”Lf(Lg) </O e t ”M”LZ(Lg)dt = C”””Lz(Lg)'

Now, the bootstrap argument based on this and Lemma 1.4(1) proves Lemma 3.15(3). O

PROOF OF (3.54). Put w = R'v%u. Then, by Hélder inequality and (3.51),
o
wix. )7 < f [ve@® Pt x — 1. 8|7 dr.
0

Multiply this by p(x, £) and integrate over S*. Then, we get the desired estimate (3.54). [J

3.4. Operator B,

Since the obstacle O is “compact,” the operator B. may be expected to be a compact pertur-
bation of B°. Actually, we will derive a semi-explicit formula of the inverse operator B;l
in terms of the inverse U*°(c) = (Bgo)—l and related operators, in which the compactness
argument based on the “velocity averaging” plays a key role.

Our working hypotheses are (1.25) for the collision operator Q, (3.13) for the domain
£2, and the one for the boundary operator By is stated as

(1) Boy™Mg%=y"Mg? Vx, £ es,
[B] (2 [Boullyz- < llully2+, Vu e Y2+, (3.55)

(3) Bo:Y)" — Y[~ bounded Vpe(2 00], B>0.

[B1(1) requires that B preserves the standard Maxwellian (¢ = 0) and (2) that the boundary
condition is conservative or dissipative in L2 sense. It is easy to check that any convex
linear combination of the examples (2), (3), and (4) with T, =1 in (1.57) introduced in
Section 1.3 fulfill [B].

For simplicity of notation, throughout this section, the inverse BC‘1 will be denoted by
U(c). Thus, U(c) is a solution operator of the boundary value problem

—&-Viu+Lu=f xef, £EeR?,
Mu =0, (x,&)e ST, (3.56)
u— 0 (Jx| = 00), §eR”,
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where M is the boundary operator
Mu =y u—Boy™. (3.57)
Let r denote the restriction operator from D to D, and e the extension operator from
D to D* by 0. U(c) will be constructed in the following steps. Suppose, first, that U (¢)
exists. Then, ug = U(c) f — rU(c)ef must solve the inhomogeneous boundary value

problem

—&-Vyur+Lui =0, xef2, £ eR",

Mu =H, (x,&)e S, (3.58)
u1 — 0 (|x| — 00), & eR",
where
H =MrU*(A, c)ef. (3.59)

Introduce an auxiliary problem

—&-Viug —ve(Euz =0, xe, §eR",
Yy u2=~H, (x,5)e s, (3.60)
us —> 0 (x - 00), £ cR",

This can be solved explicitly as us = R(c) H with the solution operator R(c) given by

e e T (x — 17 (x, £)E), t7(x,&) < o0,
0, 17 (x,8) =00,

R(c)h = (3.61)

where ¢~ is the “backward exit time”
T (x, &) =inft >0|x—t£ €0}, (x,&)eD.

The operator R(c) will be studied later in Lemma 3.21, which shows, among others,
that ¥ ™ R(c) = 0. Admitting this for a while, we now see that u3 = u1 — u» solves the
inhomogeneous problem

—&-Viuz+Leus=Keuz, xe£2,&eR",
Muz =0, (x,6) €S, (3.62)
uz — 0 (|x| — 00), & eR".

Thus, uz = U(c) K uz if U(c) exists.
Now, gathering all the above quantities, we arrive at the operator identity

U(c) = So+ R(c)S1 + U(c)S251 (3.63)
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with
So=rU®(c)e, S1 = M.Sp, S2 = K:R(c).
Define the operator
T=T(c)= 8182 =MrU>(c)eK R(c). (3.64)

Then, if the operator I — T'(c) has an inverse, (3.63) gives a semi-explicit expression of
U(c):

U(c) = So+ R(c)S1 + (SoS2+ R()T)(L - T) 718
= So+ (S0S2+ R())(L—T)7*$4
= So+ (¥ rU®()e) (1 = T) 718y, (3.65)

where T means the adjoint operator. Notice that if we put T'(c) = S251, we have another
expression. However, the present one has an advantage that Theorem 3.14 can be used
with m = 1 which gives the best possible estimate when combined with the nonlinear term
I'(u,u).

Although the derivation given above is formal, it is clear that if all the operators ap-
pearing on its right hand side are well-defined, the expression (3.65) is substantiated and
provides the desired inverse operator U (c).

Thus, our task is now to establish estimates of those operators. The operator U°(c)
has been already studied extensively and R(c) is given explicitly. A crucial point is the
invertibility of the operator 1 — 7. Write Y~ = Y;"”™ in (3.52):

Yy ={ul©Pucyr ]

The following theorem is a key theorem to our theory, whose proof will be given at the end
of this section.

THEOREM 3.17. For n > 3, there exist positive numbers pg > 2 and ¢g such that for any

p€lpo,ool, B>n(l/2—1/p), |c|<co, (3.66)
the following holds for the operator

T(c): Yg’* — Ylg"*.
(1) T(c) is a bounded operator whose operator norm is uniformly bounded in c.
(2) T(c) is a compact operator for p € [po, o0) and so is 7'(¢)® for p = .
(3) For p € [po, o], the inverse (I — T'(c)) ! exists and its operator norm is uniformly
bounded in c.
We can have po =2 whenn > 5.
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REMARK 3.18. For p = oo, it is not yet known whether or not 7 (c) itself is compact.

Now, Theorems 3.14 and 3.17, together with Lemma 3.21 given below, can justify the
expression (3.65). To show this, put

Ly =Lg" (D) ={u=u(x,&) | (€)Pue L’ (RE; LP(2)))},

8
X0 =L L Z,=L2?*nLe? (3.67)
p="Lp p=1/p* g=Ly"NLg”". .

THEOREM 3.19. Let

nz3, 1<g<2<p<oo,
ael0,1], 6€[0,1), m=01 J>n/2
1/g—1/p>Q2—-—m)/(n+0), 1/p<1l—-2/(n+2). (3.68)

Further,sety =1+ 1/p — 1/q. Then, there is a constant ¢ such that

[v@@=Py"gul e <Clel™ (lullyy + IvEulz,) (3.69)

holds for |u| < co.

REMARK 3.20. Compared with Theorem 3.14, U(c) behaves worse than U®°(c) near
c=0.

In order to prove this theorem, first, we shall study the operator R(c) defined in (3.61).
The statement (2) of the following lemma has been used in the derivation of equa-
tion (3.60).

LEMMA 3.21. For any ¢ € R", the following holds.
(1) Let p,g,r,s €[1, 0] Withr < p, s <g and g > 0. Put

The operators
R(@):Yg ™ - Ly (v>w. ory 2 nifg=s),

KR(@O:YE2™ - Ly (y>w—1)

are bounded operators with operator norms locally uniformly bounded in c.
(2 yTR(c)=0.
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PROOF. Putu = R(c)h and set w = |u|” in (3.20) to reduce

1
Juc )], =/ Jutx, &) dx < —/ e, ) p(x, &) do
o Jem® "V Jog- ()

for each &. Then, (1) for the first operator follows for the case p =r, g =s, y =0. The
other cases come from this by a simple observation that 92 is bounded, p(x, &) < |£[, and
the injection

Yé’fy’_ C YE’S’_ is continuous if y >y (@#s)ory >y (g=s). (3.70)
Use Lemma 1.4 for the second operator. To prove (2), let € Y>~. Then, u = R(c)h €

W2+ since u e L? as shown above and A*tu = (£ - V + v.)u = 0 € L? by (3.60). Thus,
(3.19) implies y *u = 0. This completes the proof of the lemma. |

Now we are in the position for the

PROOF OF THEOREM 3.19. We shall evaluate each term on the right hand side of (3.65).
Its first term Sp was already evaluated in Theorem 3.14, from which the first condition of
(3.68) comes.

To evaluate the second term, combine Theorem 3.14 for r =00, g =00, mp=a =0
with Lemma 3.21 for ¢ = 1 to evaluate SpS». Then, if the second condition of (3.68) is
satisfied,

[(SoS2+ R@)R| px < C(Ihllypos + S2hll .2 + 17" 11 Shll 11.2)
_QV/
SO+ Nel™ ) hllypos.-

holds with " =1 — 1/p. The estimate of R(c) is due to Lemma 3.21. Now, put & = (I —
T (c))~th'. Notice that the injection Yé’ff/’; C Ygo" is continuous, and use Theorem 3.17
for p = oo, to get

2y p.oo—
Y 1/

< Cllhllye- < IRy (3.71)

Finally, put A" = MrU>(c)e(I — P)"v%u, and use Theorem 3.16, for p = r = oo to obtain
estimates of 2’ in Y5>~ and Y2~ . The restriction for ¢ in Theorem 3.16 is absorbed in the
first condition of (3.68). This completes the proof of Theorem 3.19. O
The rest of this section is devoted to the proof of Theorem 3.17.
PROOF OF THEOREM 3.17(1). Choose pg > 2 so that
po>n/(n—2).

Put u = eK.R(c)h in Theorem 3.16 with p =r > po, ¢ =1, « =0 = m = 0. Then, the
condition for p, ¢ in the theorem is satisfied for n > 3 since 1/g —1/p >1—1/py >
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2/n. The three terms on the right hand side of (3.53) can be evaluated by means of
Lemma 3.21(1), which gives the desired estimate of 7'(c). proving Theorem 3.17(1).
Clearly, we can choose pg =2 for n > 5. O

The proof of Theorem 3.17(2) relies on the “velocity averaging” stated in Remark 3.10,
which is now stated as follows.

LEMMA 3.22. LetRe A > —v,, 8 >0 and ¢ € R". The operator
yE( = A®) Ko LGP - Y)T
is bounded for p € [2, co] and compact for p € [2, c0).

PROOF. Proposition 3.3 assures that the relevant operator is bounded for the case p €
[1, o] and B8 =0, but the same proof given there works also for the case 8 > 0.

For the compactness, therefore, it suffices to prove the case p = 2: Other cases come by
means of the interpolation [13]. Put W = (» — A%°)~1K... Proposition 3.3 gives the trace
estimates

||yi Wully2+ < CllKcul g2 posy-

On the other hand, the Fourier transform of W is the operator G = G(A, k) = (A —
A% (k))~1K. studied in Proposition 3.9 on the decay property in k. We decompose G
into three parts

G =x(1 > R)G + x(Z0)x (1§l < R)G + (1 - x(Z0)x (16| < R)G

=G1+ G2+ Gg,
where X1 = X1 (e, R) is given by (3.43) and R, € > 0. Correspondingly, write W = W +
Wy + Wa.
First, note that the computation in the proof of Proposition (3.9) can be rewritten as

IG1l < C8TR™,  Gal < 87 e /PRUTDI,

I1Gsll < C(elkl) "R, (3.72)
which hold for any ¢, k € R” and ReA > —v, + 8, § > 0, where || | is the operator norm
on Lg and C > 0 is independent of ¢, k, §, A.

Now, it is important to observe that the same computation, combined with Proposi-
tion 3.3, yields

ly=Wanllyas < CllOLK cull 2 poey < CR™ ]l p2pocy.

Iy = Waullyz+ < CllO2Kcull 2(poey < C8TL2RD2|ull 2 pec,
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where ®1 = x(|€] > R) and @2 = F~1x(Z1)x (€] < R)F. Note that ®;, j=1,2,com-
mutes with (A — A®®)~L. Take e = R™"~1. Then,

ly*W —y*W3|| SC5T'R™ >0 (R — 00),
in the relevant operator norm. Since the operator norm limit of compact operators is a
compact operator [40], it now suffices to prove the compactness of y* Ws.

For this, it is essential to observe that the estimate of G3 stated above implies that

W3:L*(D™) — L*(R}: H'(R}))
is a bounded operator. According to the Sobolev—Rellich theorem [1], any bounded set of
HY(R™), £ > 1/2, is compactly embedded in L2(S) for any (n — 1)-dimensional compact
manifold S of R”. Thus, we can conclude that

yEW3: L3 (D®) — Y2+
has a compactness property with respect to x.

On the other hand, the compactness with respect to & is expected from the compact-
ness of K. stated in Lemma 1.5. To see this, however, we need to do a little more. First,
decompose W3 as

W3 = x (Ik| < ko) W3+ x (Ik| > ko) W3 = W31 + W3,
for kg > 0. The estimate of G3 gives

||W32”||L2(R2;H1771(R;)) < CK(?””””LZ(DOO)

for any n € [0, 1]. This and the Sobolev—-Rellich theorem indicate that the operator norm
of

yEWap: LA(D®) — Y2+

tends to 0 as kg — oo.
Thus, we shall consider W3;. Its Fourier transform is given by

Gar =¥ (k, K,
Wk, &)= (A +ik-&+ vc(é))fl(l — x(Z0)x (Ikl < x0)x (1] < R).

We claim that

sup | Wk, &+h)— Wik, §)|2dg =o(lhl) (heR", |n|—0). (3.73)
keRr JR®
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If this is valid, then, putting w = W31u and T,w = w(x, & + h), we have
” (Th - 1)w||L2(R§;HZ(R¥)) g C” (Th - I)KCM”LZ(DOO) +0(|h|)”u”L2(D°°)

Here, £ > 0 can be taken arbitrarily large because of the presence of the cutoff function
x ([k| < ko). As is well known [26], a bounded set of L2 is compact if and only if it is
uniformly bounded and equi-continuous. Apply this to K.« and see that the first term on
the right hand side in the above tends to 0 as 2~ — 0 uniformly for « in any bounded set of
L?(D>). Now, again by [26], we conclude the compactness of y* Wz in &.

Finally, we see that the integral in (3.73) is bounded by

C|h|2+c/S =) s +C/SI = mx (0o de.

The second term on the right hand side is evaluated by o(|A|) since v (&) € L,ZOC(R”) by
(1.27) while a simple geometric consideration gives

mes{¢ | €] < R, (I — ) x (21, &) # 0}
<2mes{é | [§] < R, [k- (5 + )| > elkl > |k-£]} < CIAIR",

which indicates that the third term is of O(|k|). This proves (3.73) and hence completes
the proof of the lemma. O

Now, we can finish the proof of Theorem 3.17.
PROOF OF THEOREM 3.17(2). We need five steps.

Step 1. We claim that 7'(c) is a compact operator for p < oo sufficiently large. For
the proof, write V°(c) = (A?Q)—1 and recall the second resolvent equation U®°(c) =
V®(c) = V®(c)K U™ (c), [40], which yields

T(c) =MrV®()eK.R(c) —MrV>®()K.U>(c)eK.R(c)
=T+ 1. (3.74)

By virtue of Lemma 3.22 combined with Lemma 3.21, 77 has the desired compactness
property for any p < co. The compactness property for 7> comes again from Lemma 3.22
if the factor U™ (c)e K R(c) is a bounded operator from Yé’” — Lf,f”’ for some p < oo and
B. This can be proved exactly in the same way as Theorem 3.17(1) by using the estimates
in Theorem 3.14 instead of those in Theorem 3.16. There, we should choose pg = p so
largethat 1 — 1/p > 2/n. Clearly, pg = 2 is possible for n > 5.
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Step 2. We have to show that 7'(c)® is compact for p = co. For this, consider various
cross products of 71 and 7». Lemmas 1.4 and 3.15 imply the smoothing effect that the
operator

T2 Y] — Y§°

is bounded. Combining this with Lemma 3.22 and the first inequality of (3.71) implies that
T13 has the desired property. The proof is similar for other products. The detail is omitted.

Step 3. Thus, if p € [po, 00), the spectrum of T'(¢) consists only of nonzero discrete
eigenvalues and the origin A = 0, but this is also true for p = oo since T'(c)® is a compact
operator though it is not clear whether T (¢) itself is compact or not, see [26, p. 579].

Now, to establish the existence of the inverse (I — T'(c))~t, we first prove that 1 is not
an eigenvalue of T(0). For this, suppose the contrary so that there exists an eigenfunction,

peYy ™, ¢#0, ¢=T(0)9.
Define w and u by
w=U®0)KeR0)p, u=w—eR(0)g, (3.75)

where K is for Ko (¢ = 0). Notice from Step 1 and by the aid of Lemma 3.21 that « is in
L? and solves the boundary value problem

Bou=—-&-Viu+Lu=0 in$, Mu =0 onoas2.
First, consider the case n > 5. Then, we can take pg = 2 so that w, and hence u, are in

L?(D). Thus, Green’s formula (3.5) applies to this problem in §2, to deduce, by virtue
of the assumption [B](1) and the nonpositivity of L stated in Proposition 1.6,

0= (Bou, u) =

N -

(IBoy tullyz— — lly Tullyz+) + (Lu, u) <0,

where (,) is the inner product of L2(D). Now, we have obtained (Lu, u) = 0, and thereby
(I — P)u = 0. Then, the equation Bou = 0 reduces to & - V,(Pu) = 0 but this is possible
only when Py = 0. Thus, u =0 or w = R(0)¢ in D. And this implies y *w = 0, owing to
Lemma 3.21(2).

On the other hand, w in (3.75) is defined also in O x R} and still satisfies the equation
B§°w = 0 because ¢ R(0)¢ = 0 there by definition of the extension operator e, and y *w =
0 because w is absolutely continuous on the characteristic line x + &, see Section 3.2.2.
Since w € L2(O x R"), we can apply Green’s formula in O, to deduce

1
0= (B§®w, w) =5 (Iy " wifzr — ly"wlfz-) + Lw, w)

=—ly wifa- + Lw w) <0,
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where (,) is the inner product of L2(© x R"), whence follows y ~w = 0. Note that the
direction of the outward unit normal to 9O is inward to £2. Summarizing, we reached the
contradiction ¢ =T (0)¢p =Mw =y~ w — Bgy Tw =0.

Now, we shall consider the case n = 3, 4, for which w in (3.75) is not in L2: We know
only w € Lg for p > po > 2. As a consequence, Green’s formula cannot be used directly.
Fortunately, however, w has a special structure,

w = w1 + wy, (3.76)
(@) JRE/ <§-i>’w1(x,$)\2d0xdé=0, Lwy =0,
SpxR" x|
(B) |wi(r.®)]<C(A+1x])""? (x.6) R xR",
© (1+E)Vews, (14 [El)wa € L2(DX).
Here, Sy is the sphere of radius R with center at origin which is assumed to be inside O
without loss of generality.

We will prove this at the end of this section and here proceed as follows. Let xg(x) be a
smooth cutoff function such that it is 1 for |x| < R — 1 and 0 for |x| > R, and put

u' =u1+ xguz, ur=w1, uz=wy —eR(0)p.

This isin L2(Dg) for any R > 0 where Dg = (£2 N Bg) x R”", B being the ball of radius
R with center at origin. Note that

0= xr(Bou)=Bou'+J, J=(1—xp)§-Veur+ (& Vixruz,
My’ = Mu = 0.

By Green’s formula (3.5) in Dg, the assumption [B](1) in (3.55), and Proposition 1.6, we
get

0= (Bou' + J,u)
1
= E(IIBoerullyz,—) — lyTullya+ + L', u') + (1, u') + Jr
< | u)| + Jr.
Here, (,) is the inner product of L2(Dg).
By virtue of (3.76)(a), Jg = 0, while, with the norm || || g of LZ({R—1 < |x| < R} x R"),
we have by (b) that
lwillg < CR™"7? (mes Sg)*/? < Co.

Also by (c), it holds that J, wo € L2, which yields, by the Schwarz inequality,

(1, u))| < I 11R(Co+ lw2llg) > 0 (R — o00),
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for any n > 3. Now, we have obtained lim(Lu’, ") = 0, and thereby (I — P)u = 0. This
leads to the contradiction ¢ = 0 by proceeding exactly in the same way as for the case
n>=>5.

Step 4. By the Fredholm alternative, therefore, (I — 7'(0))~1 exists as a bounded op-
erator. This is valid also for (I — T'(¢))~! for |¢| < co with some small ¢o > 0 because
T (c) is a continuous function of ¢ in the relevant operator norm. Although the proof of this
continuity can be carried out by repeating almost the same computation as presented so
far for establishing boundedness of various operator norms, it is too lengthy to reproduce
here. The interested reader is referred to [64,65].

Step 5. It remains to prove (3.76). We recall the formula (3.47) and put
Wix,8)=U;(0)eKRO0)¢, j=0,....,n+2.

Notice that since eK R(0)¢ € L1 N L2 by Lemma 3.21, and if we follow the numbering
j in Remark 3.7, Wi, W,41 and W, are all in L? by virtue of Proposition 3.11 for
g=1,p=2,1=1,m=0,6 =0, and by Lemma 3.13. Moreover, by the bootstrap as in
Lemma 3.15(3), we see (1 + |E)W; € L2. Therefore, they shall go to the component wy.

We shall extract L? parts of other W;, which also necessarily go to wy. First, compute,
by the aid of (3.20),

1 .
Ok, &) = F(eR(c)¢) = fzm(g) md’(xf)elk'xp(x,é)dox.

Clearly, this is a smooth function of k so that for small ||, it has an expansion,
Ok,§) =0(0,8) + [k|O1(k, §).

Since we are now in the class (b) of Remark 3.7 and hence 1 ; 1 =0, recalling the asymp-
totic expansions of eigenvalues and eigenprojections in Theorem 3.6(2) and combining the
above expression, we make a new decomposition

1 -
W =F"1 <T|k|2 Pjo(k)(K©)(0,8)x (k| < Ko))
Js

1
+fl(mwk, ) x (1Kl < Ko))

= A1+ Ay,

where all the terms having the factor |k| were gathered in the term Ay, so that ||¥ (k, ¢) ||L§

is uniformly bounded for |k| < xg and |c| < co. Observe that the singularity of A, near
k = 0 is, therefore, of order |k|~2|k| = |k|~1, which is square integrable over || < ko, and
hence, by Parseval’s relation, A, € L?(D>), for n > 3. This, combined with the property
(3.33), shows that A, goes to w.
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On the other hand, V, gives rise to the factor |k| in A1 so that the singularity is of
order —1, which implies, by the aid of Proposition 1.6, (1 + |£])V A1 € L?(D>) even
for n = 3, 4, proving (3.76)(c). Now, for n = 3,4, w1 is the sum of A; for j =1,...,n.
Denote them by a; = a;(x, £). Since Pj,o(lZ) depends only on k, it has the form

aj(x,é)=/ k12650, (R, £) dik
[k| <Ko

with some function ¢; of k, & only. This implies that a; is rotation invariant with respect
to x, that is, it is a radial function a; = a;(|x|, £), and hence, so is w1 = w1(|x], &), which

gives
f<s~i)|w1<R,s>!2dox=o,
Sk x|

whence Jg = 0 and (3.76)(a) follows. Further, going to the spherical coordinates of k, we
see

1 Ko .
f (1 _ MZ)(n_S)/Za(M){/ rn—3elr|x|;l. dl"} d,bL
0

=0(IxI7"?)  (Ix| > o0),

if a(w) is a smooth function on [—1, 1], which proves (3.76)(b). This completes the proof
of (3.76). O
3.5. Stationary solution

It is now easy to see that the solution of the inhomogeneous linear boundary value problem
(3.9) is obtained in the form

¢c =R(c)he = U(c)KcR(c)he. (3.77)
Although U (c) may have a singularity as ¢ — 0, it is compensated by the fact that

el = O(lel) in YEO’_, B >n, (3.78)
which comes from the assumption [B](3) in (3.55). Theorem 3.19 and this prove the
THEOREM 3.23. Let

n>3, pel[2,00], 6€[0,1), 1/p<1—2/(n+6), B=>n. (3.79)
Then, ¢. defined by (3.77) solves (3.9) with

gell =0 (™) (c—>0) InLE™, y=2-1/p. (3.80)
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In order to solve the nonlinear problem (3.8), we use Theorems 1.1 and 3.19, to deduce
PROPOSITION 3.24. Let

n>3, 6¢€[0,1), B>n/2+1,
€2.4N[(n+2)/(n+6—2),n+06), (3.81)
and put y =1+ 2/p. Then, there are constants Co > 0 and ¢ > 0 such that for |¢| < co,
[U @I @, v)| < Colel™ ull vl in xg. (3.82)
Notice that although the choice & = 0 in the above is not possible in the physically
important case n = 3, the singularity in (3.82) as ¢ — 0 can be compensated by the nice
behavior of ¢. in Theorem 3.23. To see this, note that for 6 € [0,2/7) and p > 2, we can
find « such that
a1=0(1l+1/p)<a<l1—-02-1/p)=ay.
Put v = |c|*u and rewrite (3.5) as
V=0 (v, c)=—c|*U(e) (v, ) + || “¢e.
By virtue of Theorems 3.23 and 3.24, we can have
| @@, o) < Culel” IvII? + Calel”,
|@ @, ) =@, )| < Calel” (Il + lwl) v — wl,
both in X2, where 0 = o — a1, T = a2 — @, and Cq, C; are positive constants independent
of ¢, v, w. This shows that if ¢ is small, @ (-, ¢) is contractive. To see this, choose ¢ € R"
so small that
D=1—-4C1Cy|c|°T* >0,
and with a, = (1 — v/D)/(2C1|c|?), set
W, = {U € Xg ’ vl ga*}

Notice that a, is the smaller positive root of the quadratic equation C1|c|° a2 —a+Ca|c|T =
0, and that W, is a complete metric space with the distance function induced by the relevant
norm. Suppose now that v, w € W,. Then,

|@ . o)| < Cile|”a? + Cale|” =a*,
| @@, ) — bW, o) <pllv—wll, u=2C1a.el’ =1—vD <1,

which shows that @ is a contraction map. Thus, we proved the following theorem.
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THEOREM 3.25. Let
n>3, 60€[0,2/7), B>n/2+1,

and assume also (3.79) and (3.81). Then, there is a constant ¢g > 0 such that for any
lc| < co, (3.5) has a unique solution u = u, in Xg. It satisfies

luell = O(Ic**?).  a+t=a1=1-6@2—1/p). (383)

Further, we can prove that «. is continuous in c in the space Xg and that u. is in the
trace space WP+ with y*u, € Y7* so that u, solves (3.5) in L sense. See [64].

In [65], we have shown the asymptotic stability of u. for small perturbation. The proof
relies on the decay property in ¢ of the semi-group e%<. First, ¢'5 is constructed as the
inverse Laplace transform of the corresponding resolvent, i.e. (3.47), to which Theorem 3.6
applies to derive decay estimates of ¢/5<". On the other hand, (3.65) gives, with due mod-
ification, a semi-explicit expression of the resolvent of B, in terms of that of B>, and
hence, its inverse Laplace transform gives an expression of ¢’5 in terms of ¢/5°. The re-
sulting expression then enables us to derive the decay rate of ¢/5<. The proof, however, is
too lengthy to reproduce here. In the next section, we will discuss the decay estimate of
!B for the case ¢ = 0 in a similar context.

4. Time-periodic solution
4.1. Problem and basic strategy

The purpose of this section is to study the Boltzmann equation (1.1) for the case where the
inhomogeneous term S is a time-periodic function. More precisely, we assume F =0 and
look for a time-periodic solution near a uniform Maxwellian M. Thus, we put

f=M+MY2y,
and consider the inhomogeneous equation

9
a—?:—$~vxu+Lu+F(u,u)+S, (t,x,£) eR x R" x R, (4.1)

where L and I" are those in (1.23). Here, we denote the modified inhomogeneous term by
the same symbol S as in (1.1), but no confusion will arise.

The inhomogeneous term S stands for the distributional density of the external source of
gas particles and in the case where S is time-periodic, (4.1) is the most basic model problem
in the study of the generation and propagation of sound waves in a gas with an oscillating
source. The existence and stability of the time-periodic solutions have been studied for var-
ious fluid dynamical equations including the Euler and Navier—Stokes equations, see, e.g.,
[28,46,70] and references therein, but only a little is known for the Boltzmann equation.
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The below is our recent result [63] for the case F = 0. A physically more interesting case
F #0, that is, the case where the gas is shaken by the time-periodic force, has been solved
for the space dimension n > 5 but is still open for n = 3, 4, see [25].

The time-periodic solution is viewed as a stationary solution under the periodic boundary
condition in time. A variety of methods have been developed for solving the time-periodic
boundary value problem for nonlinear PDE’s. The strategy we adopt here is a combination
of the time-decay estimate of the relevant linearized problem and the contraction mapping
principle. The method developed here is applicable to a wide class of semi-linear evolution
equations.

In order to explain the strategy, consider the Cauchy problem for (4.1) in the form

du _
{ 7 = Bu+T'w,u)+St) (t>t1), 2)
u(to) = uo,
where B is the linearized Boltzmann operator,
B=-&-V,+L. 4.3

Notice that we do not fix the initial time 7o but must consider arbitrary 7y € R. Let ¢'8
denote the semi-group generated by B and consider the Duhamel form of (4.2),

t
u(t)ze(F’O)Buo-f-/ e(tfr)B{F(u(t),u(r))—i—S(r)}dr, t>1. (4.9)

fo

As usual, the solution of the integral equation (4.4) is called a mild solution of (4.2).

Let Ty denote the period of the inhomogeneous term S = S(z, x, £). Suppose, first, that
(4.4) has a r-periodic solution uP®" with period Ty. Thus, it solves (4.2), and hence (4.4),
with the particular initial data ug = uP®'(z9) for each o € R. Choose tg = —kTp for k € N.
Since ug = uP*" (—kTp) = uP'(0), (4.4) is written as

t
uPer (1) = KT B per ) +/ OB (P (1), uP¥ (7)) + S(0) } d.
—kTy

We shall now suppose that ¢’8 has a nice decay property as t — oo. Then, going to the
limit as k — oo yields

t
up‘ff(z)=/ OB (uP¥ (1), uP® (1)) + ()} dx, (4.5)

provided that the last integral converges. Admit this for the time being and define the
nonlinear map,

t
@[u](t):/ OB (u(), u(m) + S(v)} dr. (4.6)
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Then, (4.5) indicates that uP*" is a fixed point of @.

Conversely, suppose that @ has a fixed point. It may not be time-periodic. But, let us
suppose that the fixed point of @ is unique. Then, we can claim that if S is time-periodic
with period Ty, so is this fixed point. For the proof, denote this unique fixed point by
i =u(t) and put v(¢) = u(t + Tp). We have,

t+T¢
v(t) = ®lul(r + To) :/ 0 DB P (ii(), (7)) + S(1) } dT

—00

1
= / OB (i (x + To), ii(t + To)) + S(z + Tp) } dt

t
:/ "B (v(r), (1)) + S(x)} dT  (by periodicity of S)

= d[V](1).

Thus, v is another fixed point but then, the uniqueness assumption says v(z) = u(¢) for all
t € R, proving the periodicity of u with the period Tp. It is evident that if this unique fixed
point is differentiable with respect to ¢, it is a desired periodic solution to (4.2). Notice also
that the above method covers the special case where S is time-independent and provides
the existence of the stationary solution.

This section is organized as follows. The decay property of ¢’? is established in Sec-
tion 4.2. In Section 4.3, it is shown that @ is well defined and becomes a contraction map
if S is small. The stability of «P®" will be also discussed.

4.2. Semi-group ¢'8

The convergence of the integral in (4.6) solely depends on the integrability of ¢ =% over
s € (—oo, t] or that of ¢'Z over r € [0, 0o) because we can not assume the integrability
of I'(u, u) nor S: They are r-periodic functions in our setting. ¢'2 will be integrable if it
has a strong decay property. In order to establish such a decay property, we shall appeal
to the theory of semi-groups that the inverse Laplace transform of the resolvent gives the
corresponding semi-group, [37,40,72]. In our case, Theorem 3.6 provides informations of
the resolvent which are enough to derive the desired decay property in various function
spaces. Our function space, on the other hand, should be a Banach algebra which enables
us to manipulate the nonlinearity of I". Among possible function spaces, our choice here
is

Xg=L*NLY, 4.7)
where

L2=L2(R! xRY),  LP={u|(Q+5) uecl®R: xR}

X X
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The norms are properly defined. This is a rather large space in the sense that no regularity
of functions are required. As for another possible choice, see [63,67].

In [66], we proved that B generates a Co semi-group on L2 and its semi-group ¢'? can

be well defined on the space Xg with the following decay property. Introduce an auxiliary
space for initial data,

Zy=L*(RE; LYRY), qell,2]. (4.8)

Notice that Z» = L2. The decay rate is characterized by the quantity

nfl 1 k
==|-—-= —. 4.9
0q.k 2<q 2)+2 (4.9)

THEOREM 4.1. (See [66, Theorem 2.20].) Let ¢ € [1, 2] and B8 > 0. Then, there is a posi-
tive constant co such that for any u € Xg N Z,, it holds that

|e"Bu Hxﬁ <o+ {Jlullx, +llullz,}, (4.10)

| =Py, <o+ {llullx, +llulz, }. (4.12)

Moreover, if u satisfies the condition
ueXg, (1+|x|)M€Z1, / Pudx =0, ae &eR", (4.12)
]R3

it holds that

lePully, < o+~ {lullxy + [ (1 + x1)u,, }- (4.13)
while if u has the form u = 9, for some function iz € Z, then,

lePully, <co@+n {llullx, + llalz, }. (4.14)

The decay estimates (4.10) and (4.11) were first established in [58,59] in the space
LZ(R'g; HY(R")) starting from the expression (3.34) for ¢ = 0. More precisely, since the

operator B of (4.3) is nothing but the operator B3° (c = 0) of (3.23), the semi-group e'B
is given by the inverse Laplace transform of @ (A, k, 0). Thus, consider the inverse Laplace
transform of @; in (3.34) for ¢ =0,

1 og+ioco
Wt k) = ﬁ/ Mo (n,k,0)d,
O

0—i00
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where op > 0 is so chosen that the Bromwich integration path (og — ioo, og + i) lies in
the resolvent set of B. Now, we have the expression

n+2
E=N"vi0. Vi) =F w0} F. (4.15)
=0

For j=0,...,n+1,since @; (A, k, 0) has a simple pole only, it holds that
w;(t, k) =N P (k) x (Ik| < ko). (4.16)

Similar to the proof of Proposition 3.11, we have, for example,

— () 2
[Vitul ,, < CIullz,. J=/|k|< =02 DI g
K0

and J is easily seen to have the polynomial decay O(:r=2°10). A much more delicate
computation gives the exponential decay of V,y2. Thus, (4.10) for ¢ = 1 holds in the
space Lis. In [66], the same decay property was established in the space Xz by means
of a bootstrap argument similar to that for Lemma 3.15(3). The other estimates in Theo-
rem 4.1 can be derived similarly. as in [66].

According to (4.10), ¢'? is integrable if 04,0 >10rn>4q/(2—q). The best choice is
g = 1 and hence n > 5. For the nonlinear term I", we can use the estimate (4.11) due to
Proposition (1.6), which has the extra decay rate 1/2 so that 011 > 1 for n > 3. For the
case n = 3, 4, the source term § should be assumed to have a property required by one of
(4.112), (4.12), or (4.14).

The above estimates are not enough, however, to control the unbounded factor v of the
nonlinear operator I", see Theorem 1.1. Fortunately, similar to the inverse operator B;l,
the semi-group ¢'2 also has a smoothing effect if coupled with the z-integration. Thus,
consider the integral

t
OLhl(¢) = / "B yn(s)ds. (4.17)

Write
XP=L®R: Xp), YP=LOR:LY), Z9=L"R;Z,y). (4.18)
and [ - llg =l - ll xs-

LEMMA 4.2. Let n >3, B > n/2, and § € [0,1), and assume h € Y# N z1 and
v(=9n e 72, Further, assume one of the following four conditions.

(@ n>5.

(b) P(vh)=0aa. (r,x,&) € Ry x R" x R”.

©) A+ IxDheZ, [paPh)dx=0aa. (&) e Ry x R™.
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(d) h=0,h, h ezt
Then, the integral (4.17) converges in the norm of X# and for a constant Co > 0, the
following estimates hold depending on the cases in the above:
(@) and (b) [1©[A1llg < Collallp + N2l 22 + VD] 22),
(© lelhlllp < Colliallp + 1L+ IxDAll 22 + k| 42),
(@) le1hllls < Colllallp + 2] 22 + [VEDh] 22).

This lemma was proved in [66], by using the decay estimates in Theorem 4.1 and a little
more precise structure of ¢/Z including v, together with a bootstrap argument. The detail
is omitted.

4.3. Existence and stability

We now construct a fixed point of the map @. First, notice that the map (4.6) can be written
as

olul =0 w,w)]+o[v1s]. (4.19)

Also, we need the estimate suggested by Theorem 1.1 and stated explicitly in Lemma 2.6
of [66] that

v traon |y, + @), + v e,

< Clullxg lvlx, . (4.20)

for any § € [0,1] and 8 > n/2 4+ y(1 — §) where y € [0, 1] is the index of the cutoff
potential in (1.25). Proposition 1.6(3) implies that vk = I" (u, v) satisfies the condition (b)
in Lemma 4.2, so that we can have by the aid of (4.20),

lel=rw.v]ll, < Cilulslivig

for each 8 > n/2. The constant C1 > 0 is independent of «, v but depends on g in such a
way that C1 — oo as 8 — n/2 + 0. For, we must have § < 1 in Lemma 4.2.

On the other hand, we shall suppose that the inhomogeneous term satisfies one of the
conditions (a)—(d) of Lemma 4.2 applied to & = v~1S. That is, we assume

llofs~s]ll, < Coso

Il

where Co > 0 is a constant independent of S and

I1SNg =+ ISl 71, for the cases (a), (b),
So=1 ISl + 1A+ |xDS|l 2, forthe cases (c), (4.21)

IISlg -+ 1ISH £, for the cases (d) where § = 9,.S.
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Now, combining these two estimates yields
[@tull, < CoSo + Callulif,
| @1ul = @]l ; < Callu + vl — vilp.- (4.22)
The latter comes from the bilinear symmetry of I".
As before, these two estimates are enough to show that the map & becomes contractive
if So is chosen small: We choose Sg so small that

D=1—-4CoC150 >0

and define the complete metric space
B 1
Wo={ue X! [lullp <a}, an=5-A= VD),

a, being the smaller positive root of the quadratic equation Cira? —a + CoSo = 0. Now,
for any u, v € W,, it follows from (4.22) that

l@tulll, < CoSo+ Cra2 =as, || @l — DIwl|| < pllue = vlls,

where i = 2C1a, = 1—+/D < 1, showing that & is a contraction on W,.. Thus, we proved
the

THEOREM 4.3 (Existence of time-periodic solution). Letn > 3, 8 > n/2 and assume the
cutoff potential (1.25) for y € [0, 1]. Then, there are two positive constants ag and a; such
that if S is a time-periodic function with period Ty and satisfies one of the conditions in
Lemma 4.2 for h = v~1S with

So < ao,

where Sy is defined by (4.21), then, (4.1) has a time-periodic mild solution «P®" with the
same period Ty which is unique in the function class

uP e L¥(R; Xp),  sup[[uP ()], <a150. (4.23)
teR

Notice that a1 < Sp/a, and can be chosen independently of Sp.
As for the regularity of «P®", we quote the result of [66] here without proof.
THEOREM 4.4. Under the same assumption as in Theorem 4.3,
uP*" e CO(R; L?), (4.24)

and if 3¢S € L (R, Xp), |a| < £ for some £ > 2, then, uP*" is a classical solution.
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Finally, in order to discuss the asymptotic stability of xP%", we should consider the
Cauchy problem (4.2) assuming that the initial data ug is a small perturbation of uP®".
Thus, put

v=u(t) —uP*@), vo = ug — uP (19) (4.25)

and reduce (4.2) to

dar =

(4.26)
v(tp) = vo.

{d—“ Bv+ LP (v + I'(v,v) (> 19),

Here the inhomogeneous term S is suppressed at the cost of the extra linear term
LP (1) = 2T (uP* (1), v).

Without loss of generality, we may put 7o = 0 and work on the Duhamel formula
t
v(t) =e"Bug + / UTOBLLP (Tyu (1) + I (v(2), v(7)) } dx. (4.27)
0

We shall define the map @ by this right hand side and establish the existence of its fixed
point. Again, this can be done by a combination of the decay estimates in Section 4.2
and the contraction mapping principle, though in a different context from the proof of
Theorem 4.3.

Similar to the map @ in (4.17), define

t
w(h)(t) = / DB yn(r)dr, (4.28)
0

for h =h(z, x, &). Then, (4.27) has the form
v(t) = e"Bog + W (VILP ) (1) + W (v (0, v)) (0). (4.29)
The function space and norm in our setting are

Wgo = {u e L™(0, 00; Xp) | llullgo < oo},
lleellg.o = sup + ) [lu(®) |l x4

t>0

for 8,0 > 0.

The boundedness of the integral in ¥ as ¢t — oo is guaranteed by the decay property of
¢'B in Theorem 4.1 and the unbounded factor v can be controlled as in Lemma 4.2, by the
smoothing effect of ¢’8 under the ¢-integration. The following lemma is a simple variant
of Lemma 3.1 of [66].
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LEMMA 4.5, Letn>3,8€(0,1), 8 >n/2+ y(1—4), and o > 0. Then, there exists a
constant Co > 0 such that for any 4 € X# N z* satisfying Pvh = 0, it holds that

e @, < Colhlp.o
where o, = min(o1,1,0) and

[h]p.o = Ihllg.o +sup(L+ )7 [vEDh| L, + sup(L + )7 ||A] 4.
t>0 t>0

Take this for granted and use (4.20) to deduce

e (22 )],,. < 2C1 [P, glvllse < CaSollvlise.
C2 =2a1Cy, o, =min(oy,1,0),

[ (v r @)y, < Cillullsollvllso, 0w =minow1, 20),

where we used (4.23).
Choose o = 0y g in the above. It follows from (4.9) that o, = 04 = 0,0 for ¢ € [1, 2].

As a consequence, we get

|||<P[v]|||ﬂ’0 < CoVo+ CaSollvllp,e + Cllllvlllé,a,

[|@tu1 = @1, 4., < C2Sollu = vllp.c + Callu +vlipolle = vilg,o
where

Vo = llvollx; + llvoll z, -
The remaining argument is almost the same as before: If Sy and then Vjy are chosen suffi-
ciently small, it turns out that @ is a contraction in a ball of the space X 5. We summarize

the result as follows.

THEOREM 4.6 (Stability). Under the same situation as in Theorem 4.3, there are positive
constants ag, bg, b1 such that if Sog < ag and if the initial data uq satisfies

ugp € XgNZy, Up=|uo—uP(t0) Hxﬁ + |uo — Mper(to)HZq <bo,  (4.30)
for some g € [1, 2], the Cauchy problem (4.2) has a global solution satisfying

u € L®(tg, 005 Xp), (4.31)

ue) — uP® (1) ||Xﬂ <bhUp(1+1—10) %0, aa.t>1, (4.32)

where o, g is as in (4.9).
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REMARK 4.7. The above two theorems cover the case where S is z-independent, implying
the existence and stability of the stationary solutions.

REMARK 4.8. The existence and stability theorems can be also established on the
torus T". In this case, we have the exponential decay in (4.11) with the same function
spaces Xg and Z, defined, of course, with T7 replaced by R%. This is also established
based on the spectral analysis in Theorem 3.6, in which the Fourier variables k are to be in
N". Thus, for V; () in (4.16), j =0,...,n+1,

Vi(t,00(I —P) = Pjo(k)(I —P) =0, Vi(t,k)=0(L)e " (lk| >1),

with o9 = X;2/2 > 0, see Theorem 3.6(2). Also, V,,2(t, k) enjoys the exponential decay.
In conclusion, if S satisfies the condition

Sex?, PS)(t,x,)dx =0, aateR,
Tl‘l

and if S is mall, then, the existence and stability of the unique periodic solution xP®" can
be concluded also on T", see [66].
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1. Introduction

It is a common belief that diffusion is a smoothing and trivializing process. Indeed, this is
the case for a single diffusion equation. Consider the heat equation

Uy = Au in 2 x (0, +00),
u(x,0)=ug(x) >0 ing2, (1.2)
u=0 on 92 x (0, +00).

Assume that ug(x) is continuous. It is known that u(x, ¢) is smooth for ¢+ > 0 (smooth-
ing), and u(x,t) — ﬁ [ uo(x)dx ast — oo (trivializing). A similar result holds when
a source/sink term (or a reaction term) is present. Namely, for the problem

ur = Au+ f(u) in 2 x (0, +00),
u(x,0)=ug(x) =0 ing, (1.2)
u=0 on 92 x (0, +00),

it is known that when £2 is convex, the only stable solutions are constants [5,46]. Thus
there are only trivial patterns (constant solutions) for single reaction—diffusion equations
(on convex domains).

On the other hand, it is important to be able to use diffusion (and reaction) to model
pattern formations in various branches of science (e.g., biology and chemistry). One im-
portant question is; can we get nontrivial patterns (stable nontrivial solutions) for systems
of reaction—diffusion equations?

Let us consider the following system of reaction—diffusion equations:

uy = DyAu+ f(u,v) in 2 x (0, +00),

v, = DyAv + g(u, v) in 2 x (0, +00),

u(x,0)=uo(x), v(x,0)=vg(x) in, (1.3)
w0 _g on 982 x (0, +00).

In 1957, Turing [68] proposed a mathematical model for morphogenesis, which de-
scribes the development of complex organisms from a single shell. He speculated that lo-
calized peaks in concentration of a chemical substance, known as an inducer or morphogen,
could be responsible for a group of cells developing differently from the surrounding cells.
He then demonstrated, with linear analysis, how a nonlinear reaction diffusion system like
(1.3) could possibly generate such isolated peaks. Later in 1972, Gierer and Meinhardt
[21] demonstrated the existence of such solution numerically for the following (so-called
Gierer—Meinhardt system)

da __ 2 _ al
S =€“Aa—a+ g, xeN,t>0,

(GM) r%:DAh—h—i—Z—;, xe2,t>0,

da __ dh __
E—BU—O, x €082.
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Here, the unknowns a = a(x, t) and h = h(x, t) represent the respective concentrations at
point x € £2 c RV and at time ¢ of the biochemical called an activator and an inhibitor;

€ >0, D >0, t >0 are all positive constants; A = Zl/.\’:l % is the Laplace operator in
' j

RN §2 is a smooth bounded domain in RY: v(x) is the unit outer normal at x € 2. The
exponents (p, g, r, s) are assumed to satisfy the condition

qr

>1, >0, r>0, s>20, and y'=——>1
P 1 P-DG+1)

Gierer—Meinhardt system was used in [21] to model head formation in the hydra. Hy-
dra, an animal of a few millimeters in length, is made up of approximately 100,000 cells
of about fifteen different types. It consists of a “head” region located at one end along
its length. Typical experiments on hydra involve removing part of the “head” region and
transplanting it to other parts of the body column. Then, a new “head” will form if and only
if the transplanted area is sufficiently far from the (old) head. These observations have led
to the assumption of the existence of two chemical substances—a slowly diffusing (i.e.,
€ < 1) activator a and a fast diffusing (i.e., D > ¢) inhibitor 4.

To understand the dynamics of (GM), it is helpful to consider first its corresponding
“Kinetic system”

a1 (14
thy=—h+a"/h'.
This system has a unique constant steady statt a =1, h=1. For0 <t < (p—f)ﬁ it
is easy to see that the constant solution a = 1, h = 1 is stable as a steady state of (ODE).

However, if j—ﬁ is small, it is not hard to see that the constant steady state a =1, h =
1 of (GM) becomes unstable and bifurcation may occur. This phenomenon is generally
referred to as Turing’s diffusion-driven instability. (A general criteria for this can be found
in Murray’s book [47].)

There are many other reaction—diffusion systems which exhibit Turing’s diffusion-
driven instability: they include Gray—Scott model from chemical reactor theory, Schnaken-
berg model, Sel’kov model, Lengyl-Epstein model, Thomas model, Keener—Tyson model,
Brusselator, Oregonator, etc. For introduction and discussion on these general Turing mod-
els, we refer to the book [47]. A survey of mathematical modeling of biological and chem-
ical phenomena using reaction—diffusion systems is given in [38]. Mathematical modeling
of patterns in biological morphogenesis using extensions of GM model are discussed in
[36] and [48].

Several common characteristics of Turing type reaction—diffusion systems include: first,
they are nonvariational, i.e., they do not have Lyapunov or energy functional so standard
variational (or energy) method cannot be applied; second, they are noncooperative, i.e.,
they do not have Maximum Principles so sub-super-solution method cannot be applied;
third, they support finite-amplitude spatial-temporal patterns of remarkable diversity and
complexity, such as stable spikes, layers, stripes, spot-splitting, traveling waves, etc. (See
[63].) The study of these RD systems not only increases our knowledge on Turing patterns,
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but also induces new tools and techniques to deal with other problems which may share
similar characteristics.

The most interesting phenomena associated with (GM) is the existence of stable spikes
and stripes. The numerical studies of [21] and more recent those of [31] have revealed
that in the limit ¢ — 0, the (GM) system seems to have stable stationary solutions with
the property that the activator concentration is localized around a finite number of points
in £2. Moreover, as € — 0, the pattern exhibits a “spike layer phenomenon” by which we
mean that the activator concentration is localized in narrower and narrower regions around
some points and eventually shrinks to a certain number of points as ¢ — 0, whereas the
maximum value of the activator concentration diverges to +oo.

Such kind of point-condensation phenomena has generated a lot of interests both math-
ematically and biologically in recent years. The purpose of this chapter is to report on the
current trend and status of such studies (up to June, 2006). We shall not give most of proofs.
For more details, please see the references and therein.

In the study of spiky patterns (or concentration phenomena), two fundamental methods
emerge. The first one is the so-called “Localized Energy Method”, or LEM in short. LEM
is a combination of traditional Lyapunov—Schmidt reduction method with variational tech-
niques. This is a very useful tool to construct solutions with various concentration behavior,
such as spikes, layers, or vortices. The second method is the so-called “Nonlocal Eigen-
value Problem Method”, or NLEP in short. This deals with eigenvalue problems which
are nonselfadjoint. It plays fundamental role in the study of stability of spike patterns. In
this survey, | shall illustrate these two methods in details in the hope that they may find
applications in other problems.

Throughout this chapter, unless otherwise stated, we always assume that

ekl, Disfinite, t>0. (1.5)

2. Steady statesin shadow system case
2.1. Reduction to single equation

In general, the full (GM) system is very difficult to study. A very useful idea, which goes
back to Keener and Nishiura, is to consider the so-called shadow system. Namely, we let
D — +oo first. Suppose that the quantity —% + a” / h? remains bounded, then we obtain

oh
Ah— 0, 3= 0 onoas. (2.1)

vV

Thus h(x, t) — £(t), a constant. To derive the equation for £(z), we integrate both sides
of the equation for 4 over £2 and then we obtain the following so-called shadow system

a; =€e’Aa —a +aP/E9 in$2,
T =—£+ \rz% [oa"dx/&, (2.2)

a>0 in2 and 24=00nas.
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The advantage of shadow system is that by a simple scaling,

%_Ll : ( 1 / r) T 23)
a=E&Er1y, =— | u , )
121 Jo

the stationary shadow system can be reduced to a single equation

2Au — P=0 inQ

€“Au -u +u ) s 2.4)
u>0 inf2 and =0 onadf2

whose energy functional is given by
Jelu /(GZW Pyt L ”*1)d

ul:= —|Vu U — —u X,

¢ o\ 2 2 p+1 7+

where 1 = max(u, 0), (2.5)

foru e HX(£2).

First we give some definitions on solutions to (2.4). A family of solutions {u.} to (2.4)
are called concentrated solutions if there exists a subset I c £2 such that u. — 0 in
Clooc(fz\l") and maxyer ue(x) = co > 0. If I" consists of only points in £2, these kind
solutions are called point condensations. Among point condensations, there are two kinds:
spikes and bubbles. Spikes are those concentrated solutions such that max, s ue < C,
while bubbles are those with max, .5 u — +oc. If the dimension of I” is positive, concen-
trated solutions are also called layers. (Similar definitions can also be given for solutions
of the full Gierer—Meinhardt system by considering the activator a only.)

In the following, we discuss the existence of all kinds of concentrated solutions to (2.4).

2.2. Subcritical case: spikes to (2.4)

Let us assume first that 1 < p < (343); (= 825 if N > 3; = +00 when N = 1,2).
In this case, problem (2.4) can be studied by traditional variational methods, for example,
Mountain-Pass method, or Nehari’s solution manifold method. For Mountain-Pass method,
by taking a function e(x) = k for some constant k in £2, and choosing  large enough, we
have J.(e) <0, for all € € (0,1). Then for each ¢ € (0, 1), we can define the so-called
mountain-pass value

Ce = ;2; Jnax Je[h(D)] (2.6)

SIS

where I = {h: [0,1] — HY(£2) | |h(¢) is continuous, 7 (0) =0, h(1) =e).
It is easy to see that (Lemma 2.1 of [57]), ¢, can be characterized by

Ce = inf sup Je[tul, 2.7)
uz0, ucHY(2) t>0
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which can be shown to be the least among all nonzero critical values of J.. (This formu-
lation (2.7) is sometimes referred to as the Nehari manifold technique.) Moreover, ¢, is
attained by some function u. which is then called a least-energy solution.

In a series of papers [57] and [58], Ni and Takagi studied the so-called least energy
solutions and proved the following theorem

THEOREM 2.1. (See [57,58].) For € sufficiently small, there exists a mountain-pass solu-
tion u. which is also least-energy solution such that u. has only one local maximum point
P €382 and uc — 0in CZ_($2\{Pc}). Moreover, as € — 0,

H(P.) — max H(P),
Peos2

where H(P) is the mean curvature function for P € 352, and u(P. + €y) — w(y) uni-
formly in £2¢ p. ={y | P + €y € §2}, where w(y) is the unique solution of the following

{Aw—w+w’)=0, w>0inRY, (2.8)

w(0) = max,cgy w(y), w—> 0 atoo.
REMARK 2.2.1. The existence of ground state to (2.8) is well known. The radial symmetry
of w follows from the famous Gidas—Ni—Nirenberg theorem [22]. The uniqueness of w is
proved in [39].

REMARK 2.2.2. The proof of Theorem 2.1 is by expansion of energy:
N1
Ce=¢€ El[w] —c1eH(P.) + o(e) (2.9)

where

_ 1 2 2\ _ 1 p+1)
I[w]_/RN<2(|Vw| + w?) PR

is the energy of the ground state. A further expansion of ¢, up to the €2 order is given by
[89]

ce=¢eV [%I[w] — c1eH(P.) + 2[ca(H(Po)) + c3R(P)] + 0(62)i| (2.10)

where c1, ¢2, ¢3 are generic constants and R(P.) is the scalar curvature at Pe. In particular
c1,c3 > 0. (When N = 2, a further expansion to the order of € is also given in [90].) Some
applications of the formula (2.10) are given in [89].

Since then there has been a lot of studies on problem (2.4). A general principle is
that boundary spike solutions are related to the boundary mean-curvature H(P), P € 352,
while interior spike solutions are related to the distance function d (P, 9§2). Note also that
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for boundary spike the order is usually O (¢) while for interior spikes the order is O(e‘g)
for some d > 0.

Let me mention some results on multiple boundary and interior peaked solutions.

For single and multiple boundary spikes, Gui [26] first constructed multiple boundary
spike solutions at multiple local maximum points of H (P), using variational method. Wei
[72], Wei and Winter [81,82] (independently by Bates, Dancer and Shi [4]) constructed
single and multiple boundary spike solutions at multiple nondegenerate critical points of
H(P), using Lyapunov-Schmidt reduction method. Y.Y. Li [41], del Pino, Felmer and
Wei [16] constructed single and multiple boundary spikes in the degeneracy case. Using
Localized Energy method (LEM), a clustered solution is also constructed by Gui, Wei and
Winter [29] (independently by Dancer and Yan [9]).

THEOREM 2.2. (See [9,29].) Let I be a subset of 352, where it holds

min H(P) > min H(P). (2.11)
ar r

Then for any fixed positive integer k, there exists €, such that for € < ¢, problem (2.4) has
a solution u. with & boundary local maximum points P; . € I". Furthermore, H(P; ¢) —
miny H(P).

The energy expansion for K -boundary spikes is

K
K
Jeluel = eN[EI[w] —c1e Yy H(Pjo)
j=1

- Yo+ oy P P-’*')]- @12)
i#]

For single and multiple interior peaked solutions, the situation is quite different, as the
errors are exponentially small. Wei [78,73] first constructed single interior peak solution at
a strictly local maximum point of d(P, 3£2). Gui and Wei [27] proved the following

THEOREM 2.3. (See [27].) For any fixed positive integer k, there exists ¢; such that for
€ < €, problem (2.4) has a solution u. with k interior local maximum points P; . € £2.

Moreover, (P1., ..., Pr.) approaches a limiting sphere-packing position, i.e.,
Ok(Pre, s Pre) > max g (Pi,..., Pr) (2.13)
(Pl,...,Pk)GQk
where

ok (P1, ..., P) = l_ ]rr}iir;éj(|Pi — Pj|,2d(P;,082)). (2.14)
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The energy expansion for K -interior spikes is

K 2d(P; ¢.392)
Je[ue]zeN[Kl[w]—VoZe G
j=1
|Pie_Pje|
— — ). 2.15
ylzw( : )} (2.15)

i#]

Grossi, Pistoia and Wei [30] further showed that there is an one-to-one correspondence
between the (sub-differential) critical points of ¢; and k-interior peaked solutions.

Concerning the existence of mixed-boundary-interior-spikes, the following theorem
gives a complete answer.

THEOREM 2.4, (See [28].) For any two fixed positive integers k, /, there exists €, ; such
that for € < €, problem (2.4) has a solution u, with & interior local maximum points and
[ boundary maximum points.

Theorems 2.2, 2.3 and 2.4 imply that the number of solutions to (2.4) goes to infinity as
€ — 0. Recently, the following lower bound on number of solutions is obtained:

THEOREM 2.5. (See [44].) There exists an ¢y > 0 such that for 0 < € < ¢g and for each
integer K bounded by

ON,2,f
1< K g —22
T T eN(IneN

where ay o, is a constant depending on N, £2 and p only, there exists a solution with K
interior peaks. (An explicit formula for ay ¢ , is also given.) As a consequence, we obtain

that for ¢ sufficiently small, there exists at least [%] number of solutions. Moreover,

for each g € (0, N) there exists solution with energy in the order of ¢V 5.

Theorems 2.2, 2.3, 2.4 and 2.5 can all be proved by the powerful method—Localized
Energy Method—which was first introduced in [27]. We shall discuss it next.

2.3. Localized energy method (LEM)

We illustrate a general method in finding solutions with concentrating behavior—the so-
called Localized Energy Method, or LEM in short. The advantage of such method is that
it can be applied to subcritical, critical or supercritical problems, as long as the limiting
solution is well analyzed. This method was introduced in Gui and Wei [27] in dealing with
spikes.

In the following, we show how to prove Theorem 2.5 by LEM. We need to introduce
some notation first.
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Theorem 2.5 actually holds for a slightly more general equation than (2.4), namely,

EAu—u+fu)=0 ing,

u>0 in 2, (2.16)
u=0 on ds.

We will always assume that f : R — R is of class C1* for some 0 < o < 1 and satisfies
the following conditions (f1)—(f2):

(f1) f(u)=0foru <0, f(0)= f'(0)=0.

(f2) The following equation

Aw —w+ f(w)=0, w>0inRY, (217)
w(0) = maX ey w(y), w — 0atoo, '
has a unique solution w(y) and w is nondegenerate, i.e.,
, ow ow
Kernel(A — 1+ f'(w)) =span{ —, ..., — . (2.18)
dy1 YN
One typical example of fis: f(u) =u” —au?,wherea >0,1<qg<p < (%—fg)j_ For

the uniqueness of w, see [39] and [40]. The proof of nondegeneracy is given in [58].
Without loss of generality, we may assume that 0 € £2. By the following rescaling:

x=¢€z, z€82:={z]leze 2}, (2.19)

equation (2.16) becomes

Au — =0 in £,
{uioul—;gj) and %;0 in 982. (2.20)
For u € H%(£2.), we put
Sclul = Au—u+ fu). (2.21)
Then (2.20) is equivalent to
Slul=0, ueH(2). u>0 in2. “=0 onog. (2.22)

ov

Associated with problem (2.20) is the following energy functional

fe[u]=3/ (|Vu|2+u2)—/ F(u), ueHY$2.). (2.23)
2 Ja. 2
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We define two inner products:

(u, v)e :/ uv, foru,veLz(.Qe); (2.24)
£2¢

(1, v)e =f (VuVv +uv), foru,ve H (). (2.25)
¢

Let o be the Holder exponent of £/ and

2
M2, (2.26)
o
be a fixed positive constant. Now we define a configuration space:
A:={(01,...,0k) € 25 | 9k (01,..., Qk) > Me]|Inel} (2.27)

where ¢k is defined at (2.14).

Let w be the unique solution of (2.17). By the well-known result of Gidas, Ni and Niren-
berg [22], w is radially symmetric: w(y) = w(|y|) and strictly decreasing: w’(r) < 0 for
r > 0,r =|y|. Moreover, we have the following asymptotic behavior of w:

w(r) = ANrfNTilefr <1+ 0(%)),

w/(r)=—ANr_NT_1e_r<1+0(1>), (2.28)

-
for r large, where Ay > 0 is a constant. Let K () be the fundamental solution of —A + 1
centered at 0. Then we have

w(r) = (Ao+ 0(%))1«@,
w'(r) = (—Ao + 0(%))K(r), forr >1, (2.29)

where Ag is a positive constant.
The idea of LEM is to look for solutions of (2.16) of the following type:

K

u:Zw(z—%)+¢ (2.30)

j=1

where ¢ is solved first by Lyapunov—Schmidt reduction process, and (Q1,..., Q) are
adjusted so as to achieve a solution. LEM is a method of reducing the infinite-dimensional
problem of finding a critical point of J. to a finite-dimensional problem of (01, ..., Ok).
In general, it consists of the following five steps:
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STEP 1. Find out good approximate functions.
This step contains most of the important computations. The idea is to choose good ap-

proximate functions such that the error S, is small.
For Q € £2, we define we ¢ to be the unique solution of

Av—v+f<w(~—g>>=0 in 2, g—vzo on 982. (2.31)
€ v

Let Q=(Q1,..., Q) € A. We then define the approximate solution as

K
WeQ =) Weo;- (2.32)
j=1

We first analyze we, o. To this end, set

_ (Ix=0] x
%,Q(X)—w( - )_we,Q<g>-

We state the following useful lemmas on the properties of . o, whose proof can be
found in [44].

LEMMA 2.6. Assume that %d Ine| < d(Q,d2) < & where § is sufficiently small. We
have

Ge.0 = —(Ao + 0(1))[((')(_67@') + O(GﬁM+N+1) (2.33)

where K (r) is the (radially symmetric) fundamental solution of —A + 1 in RN, 0* =
0 +2d(Q,982)vp, vy denotes the unit outer normal at Q € 9§2 and Q is the unique

point on 32 such that d(Q, Q) =d(Q, 382).

The next lemma analyze we q in £2.. To this end, we divide £2. into K + 1-parts:

Qw:ﬂz_&
€

1 .
gz_(pK(Q)}a .]:1’-"’1(5
€
K
Qe k1= Qe\ U Qe,j- (2.34)
j=1

LEMMA 2.7. Forze 2. ;, j=1,..., K, we have

wengwe’Qj+O(K6Ag)=w<z—%)+0(K€Aé]) (235)
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For z € 2¢ x+1, we have

weg=0(Ke?). (2.36)

PROOF. Fork # j and z € £2 ;, we have

Ok
We, 0 = w(z - ) Y (€2)

0%y =B vty o H)
and so
> weg, = O(Ke?)
k#j
which proves (2.35). The proof of (2.36) is similar. O

Next we state a useful lemma about the interactions of two w’s.

LEMMA 2.8. For 121222l Jarge, it holds

Lor(n(:=2) o= 2) = 6o rompm(2222) s

yo= /R F(w)edy. (2.38)

where

REMARK. Note that y9 > 0. See Lemma 4.7 of [61].

PROOF. By (2.28), we have for |ey| < |Q1 — Q2],

N-1
_ a
w<y+7Ql . QZ) = (AN+0(1))<—|€y+ Q€1— Qzl) e A
<|Ql - Q2|> (0 TG ga) +olyD)
€

Thus by Lebesgue’s Dominated Convergence Theorem

Joor (=) nle=2)
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-/ f(w(y))w<y+ M)
RN €
_ (1+0(1)) <|Ql Q2|)/ f(w(y))ei(y'i‘giig;)dy
RN

:(VO+0(1)) <|Q1 - Q2|)

Let us define several quantities for later use:
BE(Qj):_/;? Fwj)ge 0;, Be(Qi, Qj)=/Q fwiw;.

Then we have

LEMMA 2.9. ForQ=(Qs,..., Qk) € A, itholds

2d(Q;,082
B0 = (o) LD ) o(w(uiiner),

B(0:1. 0)) = (vo+o)uw ('Q'6Q1'> o(w(M|Ine])).

ProorF. Note that

AoK('x o |> = (1+0(1))w<|x _6Q*|>

and by Lemma 2.6

B.(Qj) = (1—1—0(1))/9 f(wj)w(z— Q5 ; Qj)+0(EﬁM+N+1)

=(v +0(1))w<w> + o(w(M|Ine))

w M||ne|)).

= (y +0(1))w<w) +0( (

(2.40) follows from Lemma 2.6. To prove (2.41), we note that

Be(Qi,Qj)=/ f(w)w(y—M)
RN €

—/ f(w)w<y SetY Qf)
RN\Qe.Q,- €

(2.39)

(2.40)

(2.41)
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:(V+0(1))w(|Q’_Q |) (—(1+ )Me M)
= o) ofutine)) 0

We then have the following which provides the key estimates on the energy expansion
and error estimates.

LEMMA 2.10. Forany Q =(Q1, ..., Qk) € A and e sufficiently small we have

. K 1 K
Je {Z wE,Q.,.] = KI[wl =3 > Be(Q:)
i=1

i=1

1
-5 ). BA@nop+o(w(Mne)), (242

i,j=1,..K,i#]j

and

g+1 M(1+o)
to 7

<CK 4 (2.43)

K
Se |:Z we,Q_/:|
j=1

L9(82¢)
forany g > &

The proof of Lemma 2.10 is technical and tedious. We refer to [44] for the computations.
STEP 2. Obtain a priori estimates for a linear problem.

This is the fundamental step in reducing an infinite-dimensional problem to finite-
dimensional one. The key result we need here is the nondegeneracy assumption (f2).
Fix Q € A. We define the following functions

1]—(A_1)|:

(z)] where x; (z) = x( 2lez — Qi )

(M —De|Ine| )’
i=1,....K j=1...N, (2.44)

where X(t) is a smooth cut-off function such that x () =1 for |f] <1 and x(z) = 0 for

lt] > M2 7 Note that the support of Z; ; belongs to BMz M2t |( e").
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In this step, we consider the following linear problem: Given i € L?(£2,), find a function
¢ satisfying

Le[¢p]l :=A¢p -+ f/(w€,Q)¢ =h+ Zk,l CiiZi,l;

(#,Zij)e=0, i=1,...,K, j=1,...,N, and (2.45)
9 _
W_O on a2,

for some constants ¢y ;, k=1,...,K,I=1,...,N

To this purpose, we define two norms

o1« = lollwaa (), 1 f s = L f Nl 9 (265 (2.46)

where ¢ > % is a fixed number.
We have the following result:

PROPOSITION 2.11. Let ¢ satisfy (2.45). Then for € sufficiently small and Q € A, we have
@1l < Clihll (2.47)
where C is a positive constant independent of €, K and Q € A.
PROOF. Arguing by contradiction, assume that
gl =1; ]l = o(D). (2.48)

We multiply (2.45) by 3 3“’1 X (z) and integrate over §2, to obtain

ch 1<Zk1, ~Xi (Z)>

€

ow;
=—<h, %xi<z>> <A¢ ¢+ f (weQ)h. xl<z>> . (2.49)
J €

€

From the exponential decay of w one finds

<h, wi (z)> =o(1).

9z, ¢

Observe that a“” i (2) satisfies

ow; ow; oo aw,-‘
A<3sz(z)) <8Zj (Z)>+f(w’)<azj (z)>

ow; ow;
=2V, — V. xi + (Axi) -
0z 0z

(2.50)
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Integrating by parts and using Lemma 2.7, we deduce

<A¢> ¢+f(weQ)¢ X;(z)>
zj

:<<f/(we,Q) I (w; > Xl(Z) ¢> 0(e MT4||¢||*)
=0<K“e%l¢n*>=o<u¢u*>=0<1)

where we have used the fact that M > &2 N’ and that

dw; w; Mo
H (f/(we,Q) - f/(wi)> “Xi CHIwg,Q —wi || — x|l <K€z
3Zj *% 8Z./ *
It is easy to see that
ow
<z,~,/, L (z)> [ 1 <w>< ) dy +o(1). (251)
On the other hand, for k # i we have
ow;
<Zk,1, —Xi (Z)> =0 (2.52)
dz; €
and for k =i and [ # j, we have
Bw,- M
Zit, ——xi@) =0(e"). (2.53)
0z e
The left hand side of (2.49) becomes
¢ij+ Z O(EMCI'J) =o0(1)
I#j
and hence
cj=o0l), i=1...K, j=1,...,N. (2.54)
To obtain a contradiction, we define the following cut-off functions:
2lez — Qi :
i =¢x! here x/ = =1,....K. 2.55
bi=dx;. Wwhere y; X((M—Ml)e|lne|)” yeees (2.55)

Note that x/ =1 for z € B@\ |ne|(%) and the support of ¢ belongs to B%unq(%)-
M
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Then the conditions (¢, Z; ;) = 0 is equivalent to
(9i, Zi,j)e =0. (2.56)

The equation for ¢; becomes

Adi =i+ [ (we. )i = Y _cijZij+hx +2V¢Vx/+ (Ax))p.  (257)
J

Lemma 2.7 yields

f'we. )i = (f (wi) +o(eM?7N))g;. (2.58)

Using (2.56) and (2.58), a contradiction argument similar to that of Proposition 3.2 of
[27] gives

19: 13200y < C10Xi |20 0y + C12Y8V X + (22| 70 (2:59)
Next, we decompose
K
= Z ¢ + @ (2.60)
i=1
where @ = ¢ (1 — ZiK=l x;). Then the equation for @ becomes

AP — P+ [ (weQ)®
K K K
—h (1 -3 X;) =2 V¢V = > (Ax))e. (2.61)
i=1 i=1 i=1

By Lemma 2.7, f'(we,q)® = o(1)®. Standard regularity theorem gives

q

K
12120, < C|h (1 - x{)
i=1 L9(£20)
K K q
+C|2) Vovx/+ > (AxDe (2.62)
i=1 i=1 L9($2)

(Observe that the constant C in the L”-regularity is independent of € < 1. The case of
Dirichlet boundary condition has been proved in Lemma 6.4 of [61]. The case of Neumann
boundary condition can be proved similarly.)
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Combining (2.60), (2.59) and (2.62), we obtain

K

Z¢i

i=1

q
+Clel
WZ,q(_QE

||¢||W2‘7(Q) \C qu(.Q)

CZNWWMW+QWMMW
(ZHM 12020y

K
h (1 - Z x{)
i=1
K

+C Z||2V¢VX1 + (sz)¢||Lq(Q )
i=1

< CllAl gy + Ol ™) 1610

q )
La(82¢)

since
K K q 1
Z(x,f)qu(l—Zx{) <2, [VXI+1AaX < C(lIne]) . (2.63)
i=1 i=1
This gives
Pl w2a o) =0(l). (2.64)
A contradiction to (2.48). O

From Proposition 2.11, we derive the following existence result:

PROPOSITION 2.12. There exists eg > 0 such that for any 0 < ¢ < ¢y the follow-
ing property holds true. Given h € W24(£2,), there exist s a unique pair (¢,c) =
(¢, {ci,jli=1,...k,j=1,..,n) such that

L[] =h+ZCi,jZi,j, (2.65)

3
(@, Zij)e=0, i=1,...,K, j=1,...,N, a—¢=o ono2. (2.66)
v

Moreover, we have

1611 < Cll (2.67)

for some positive constant C.
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PrROOF. The bound in (2.67) follows from Proposition 2.11 and (2.54). Let us now prove
the existence part. Set

H = {u IS Hl(-Qe) | (Ms (A— 1)_lzivj)e = O}

where we define the inner product on H1(£2,) as
(u,v)e =/ (VuVv +uv).
$2¢

Note that, integrating by parts, one has
Yy eH ifandonlyif (¥, Z;;)c=0, i=1,...,K, j=1,...,N.

Observe that ¢ solves (2.65) and (2.66) if and only if ¢ € H satisfies
/_Q (VOVY +0) — (e Q)b ¥), = (h, e, Vi €.

This equation can be rewritten as
¢p+S@)=h inH, (2.68)
where 7 is defined by duality and S : H — 7 is a linear compact operator.

Using Fredholm’s alternative, showing that equation (2.68) has a unique solution for
each h, is equivalent to showing that the equation has a unique solution for 2 = 0, which
in turn follows from Proposition 2.11 and our proof is complete. O

In the following, if ¢ is the unique solution given in Proposition 2.12, we set

¢ = Ac(h). (2.69)
Note that (2.67) implies
A |, < Cllalls (2.70)

STEP 3. A nonlinear Lyapunov—Schmidt reduction.

For € small and for Q € A, we are going to find a function ¢, g such that for some
constants ¢; ;, j =1,..., N, the following equation holds true

‘ 2.71
(@, Zij)e=0, j=1,....,N, 2—-0 onos.. (2.71)

! A(weQ +¢) — (We @+ @)+ fweq+ @) =D 4y ckiZis N2,
v
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The first equation in (2.71) can be written as

Ap— ¢+ [ (we.Q)p = (—SclweQl) + Nelp] + D _cij Zi ).

i,J
where
Nel¢l = —[f(we.q + @) = f(we,Q) — f'(we.Q)¢]- (2.72)
LEMMA 2.13. For Q € A and e sufficiently small, we have for ||¢ ||« + [|d1]l« + |21+ < 1,

|Ne[o1],, < CliglET™; 2.73)

|Nelp1] = Nelg2l,, < C(Ioall + ld211) 11 — B2l (2.74)

PROOF. Inequality (2.73) follows from the mean-value theorem. In fact, for all z € £2,
there holds

fweq+) — f(weq) = f'(weq +609)p.
Since f’ is Holder continuous with exponent o, we deduce

|f (We,q + &) = f(we,Q) = f'(we@)dl < C|p11,
which implies (2.73). The proof of (2.74) goes along the same way. O
PROPOSITION 2.14. For Q € A and e sufficiently small, there exists a unique ¢ = ¢ g

such that (2.71) holds. Moreover, Q — ¢, g is of class C! as a map into W24 (2.) N'H,
and we have

Ibeoll <rk‘T o5 (2.75)
for some constant » > 0.
PROOF. Let A be as defined in (2.69). Then (2.71) can be written as

¢ = Ac[(—Se[we.Ql) + Nelo1]- (2.76)

Let r be a positive (large) number, and set

+1 o
Fr={p e HNW29(2): p]l. <rK'T 777,
Define now the map G, : F, — H N W29(£2,) as

Gelp]l = Ac [(_Se [we,Q]) + Ne [¢]]
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Solving (2.71) is equivalent to finding a fixed point for G.. By Lemmas 2.10 and 2.13, for
€ sufficiently small and r large we have

q+1

|Geten], < C[[Selweell,, + C|Nelg]] ., <rk

M(1+0)
+o e 7

’

1
|Gel¢1] — Belg2]|, < C| Nelp1] — Nelgpl|, < 5191 — el

which shows that G, is a contraction mapping on F,.. Hence there exists a unique ¢ =
¢e,q € Fr such that (2.71) holds.

Now we come to the differentiability of ¢. o. Consider the following map He : A x HN
W24(2.) x RN > HNW24(82.) x RVNK of class C1

(A =D (Sclweq+ oD — X jcij(A-1)71Z;

(@, (A —=1)71Z1 1),
HG (Qa ¢’ C) -

(@, (A =1)7"1Zkg N)e
@2.77)

Equation (2.71) is equivalent to H.(Q, ¢, c) = 0. We know that, given Q € A, there is
a unique local solution ¢. g, cc,o obtained with the above procedure. We prove that the
linear operator

8HE (Q1 ¢’ C)

CHAW24(2,) x RVE > HNw24(2,) x RVK
d(¢, 0

(Q’¢€,Q’C€.Q)

is invertible for ¢ small. Then the C1-regularity of Q — (¢¢,0. ce,q) Tollows from the
Implicit Function Theorem. Indeed we have

IH:(Q, $,0)
Sl 6,0 [, d]
3@.0 Q0.0 Y
(A = D)X (S we.g + $e.QlW) — Xy dij (A — 17121
W, (A =1D71Z11)e

W, (A =1)7Zg n)e
Since ||¢e oI« is small, the same proof as in that of Proposition 2.11 shows that

8(¢7 C) (Qsd’e,Q’C&Q)
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is invertible for € small.
This concludes the proof of Proposition 2.14. O

In some cases (e.g., critical or nearly critical exponent problems), we need to obtain
further differentiability of ¢. g (e.9., C? in Q). This will be achieved by further reduction.
See [13,65] and [66] for such arguments.

STEP 4. A reduction lemma.

Fix Q € A. Let ¢ g be the solution given by Proposition 2.14. We define a new func-
tional

Me(Q) = Je[we,q + ¢e.0l : A — R. (2.78)
Then we have the following reduction lemma

LEMMA 2.15. If Qc is critical point of M (Q) in A, then u. = we g, + ¢e g, is acritical
point of J [u].

PROOF. By Proposition 2.14, there exists ¢y such that for 0 < € < ep we have a C* map
which, to any Q € A, associates ¢. g such that

Se[we, @ + ¢e,0l = Z CriZy,,
k=1,...K;I=1,...N

(¢e,Q. Zi,j)e =0 (2.79)

for some constants ¢, € REN.
Let Q¢ € A be a critical point of M.. Set u, = we ge + ¢e,gc. Then we have

Do, ;10,0 Me(Q)=0, i=1..K, j=1.._.N.

Hence we have

/ [W yIWeg +¢eQ) Iwe.q + <)
L 001 lo—or 90 oo
d
= ) 2We@ +9e0) }:o,
Qi 0i=05
which gives
d(we,0 + ¢e.Q)
) cu / Zis % =0. (2.80)
k=1...K;=1..N %% Qi.j Qi=0;
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We claim that (2.80) is a diagonally dominant system. In fact, since (¢ o, Z; j)e =0,
we have that

e Qe _ / 0Zk,1 . .
Zy Peoc—— =0 ifk=#i.
fge Taos, T “Ca0; ?

If k =i, we have

3(/’)6 o _ aZkl azk,l
Z 3 - 8 90¢ ||¢)6,QE ||*>x<
e Qk \J £2¢ Qk j Qk,j ok
= 0(K"31+" MR 1) _ (M T N

For k # i, we have

BwEQe awGQe M
o2 = oy, g =0
€ Ql ,J QemBM“ |( k) Ql J

For k =i, we have

Bwe,Qe ng,Qe
/ Zkj—t =/ o Zkil—e :
2 900 2By 10 () Q0 ;

1 , aw \?
—€ 81}'/ f (w)(—) + 0(1).
RN 8}/]

For each (k, [), the off-diagonal term gives

% +Ze + Z O(e) = 62 +KeM +€)=0(1)

k#i k=i,l#j

by our choice of M > 82 N,

Thus equation (2.80) becomes a system of homogeneous equations for cz; and the matrix
of the system is nonsingular. So ¢x; =0,k=1,...,K,I=1,...,N

Hence ue = Y[5 we, gf + e, ox ..o 1S @ solution of (2.20). O

.....

STEP 5. Using variational arguments to find critical points for the finite-dimensional re-
duced problem.

By Lemma 2.15, we just need to find a critical point for the reduced energy func-
tional M. (Q). Depending on the asymptotic behavior of the reduced energy functional,
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one can use either local minimization, or local maximization [29], or saddle point tech-
nigues [66]. Here there is no compactness problem since the reduced problem is already
finite-dimensional.

We first obtain an asymptotic formula for M. (Q). In fact for any Q € A, we have

Mc(Q) = Je[we ol + /9 (Vwe V¢e,0 + We,obe,Q)
- /Q fwe)pe.q + O(I4e.al?)

— Jlweol+ /Q (= Sclwe.ol)peo + O(Ige.ol?)

= Je[we.ol + O (|| Selwe.0l |, 1te.qllx) + O (lpe.oll?)
= Jolweol + O(KZHa+27 M@+0)) = . o] + o(w(M|Inel))

by Lemma 2.10, Proposition 2.14 and the choice of M at (2.26).
By Lemma 2.10, we obtain

K

1
Me(@Q = KIw] = 5(r0+0(D) Zw(

i=1

€

2d(Qi,B.Q))

- %(yo-i—o(l))Zw(lQi;J) + o(w(M|Inel)). (2.81)
i#j
We shall prove
PROPOSITION 2.16. For € small, the following maximization problem
max{M.(Q): Q € A} (2.82)

has a solution Q¢ € A°—the interior of A.

PROOF. First, we obtain a lower bound for M. : Recall that K, () is the maximum num-
ber of nonoverlapping balls with equal radius r packed in £2. Now we choose K such
that

M +2N
1<1<<1<9< J; e||ne|). (2.83)

Let Q% = (09, ..., 0%) be the centers of arbitrary K balls among those K o (M42Y x
el Ine|) balls. Certainly Q° € A. Then we have

. 0 0
2d(0°,0) 24(00.0%2) 1Q; — Ol
w<+ e ¢ <€M+2N’ w % < eM+2N



512 J. Wei
and hence

M, (Qe) > M. (QO) > KIw]— g(yo + 0(1))€M+2N

2
- %(yo +0(1))eM T2V 4 o(w(M]Ine]))

> KI[w] - Kz(yo + 0(1))€M+2N + o(w(M| Ine|)). (2.84)

On the other hand, if Q° € 3 A, then either there exists (i, j) such that |Qf — Q;| =
Me|Inel, or there exists a k such that d(Q¢, 982) = %d In€|. In both cases we have

M (QF) < KIfw] - %(yo +o)w(M|Inel) +o(w(M[Inel)). (2.85)

Combining (2.85) and (2.84), we obtain

w(M|Inel) < 2K2eMH2N < ceM(jInel) 2" (2.86)
which is impossible.
We conclude that Q¢ € A. This completes the proof of Proposition 2.16. |

COMPLETION OF PROOF OF THEOREM 2.5. Theorem 2.5 follows from Proposition 2.16
and the reduction Lemma 2.15. O

2.4. Bubbles to (2.4): the critical case

Let p= %—“_L% By suitable scaling, (2.4) becomes the following problem

Au—,uu+ux_t§=0 in 2, 2.87)
u>0 in22 and =0 onde '
where ;1 = % is large.
It is well known that the solutions to
N+2
AU +UVN2 =0 (2.88)

are given by the following

N

1 7
Upg=cy| ———— . where A >0, RN 2.89
s LN<A2+|x—s|2> ek (289)

2
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A notable difference here is that the linearized operator A + (N+2)U * has (N + 1)-
dimensional kernels. Namely,

2 A aU aU aU.
Kernel| A + N+ Uj’; —span] —=& AL TAEL (2.90)
N -2 A &1 I3V

Thus when we apply LEM, we need also to take care of the scaling parameters. See
[13,43,65,66] and the references therein.

Concerning boundary bubbles, the existence of mountain-pass solutions was first proved
in Wang [69] and Adimurthi and Mancini [1]. Ni, Takagi and Pan [55] showed the least
energy solutions develop a bubble at the maximum point of the mean curvature (thereby
establishing results similar to Theorem 2.1). Local mountain-pass solutions concentrating
on one or separated boundary points are established in [23]. At nondegenerate critical
points of the positive mean curvature, single boundary bubbles exist [2]. Lin, Wang and Wei
[43] established results similar to Theorem 2.2 for dimension N > 7, at a nondegenerate
local minimum point of the mean curvature with positive value:

THEOREM 2.17. Suppose the following two assumptions hold:

H1) N2>T7,
(H2) Qo =0is a nondegenerate minimum point of H(Q) and H(Qp) > 0.

Let K > 2 be a fixed integer. Then there exists a wx > 0 such that for © > g, problem
(2.87) has a nontrivial solution u,, with the following properties

1)

K
N—4

= U _ n 0 2 s
u) ; %Aj»Qo+u3TNQ_'f+ (M )

where A; — Ag:=AoH(Qo) >0, j=1,...,K,and

2 Q= (0%, ..., Q‘Ié) approach an optimal configuration in the following problem:
(x) Find out the optimal configuration (Q1. ..., Q) that minimizes the functional
R[Q1, .. QK]

Here for Q=(01,...,0k) € RV-DK 0, = (O, we define

R[Q1, .. —ClZ(P(QJ)-i-CzZ 7 (2.91)
t#] Qfl
where ¢(Q) = Zk’, 001 H(Qo) Qx Oy, c1 and ¢y are two generic constants.

Theorem 2.17 is proved by LEM. Here the computation is more complicated, since the
interaction between bubbles is very involved.
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Concerning interior bubbles, under some assumptions, it is proved in [24] and [64] that
there are no interior bubble solutions. However interior bubble solutions can be recovered if
one add the boundary layers. (The boundary layer solution has been constructed in [50] (see
Section 2.6).) The following result establishes the existence of multiple interior bubbles in
dimension N =3, 4,5.

THEOREM 2.18. (See [71,91].) Let N = 3,4,5. For any fixed integer k, then problem
(2.87) has a solution (at least along a subsequence ¢; — 0) with & interior bubbles and
one boundary layer.

2.5. Bubbles to (2.4): slightly supercritical case

In the slightly supercritical case, we let p = %—fg + 8 where § > 0. Consider

Au — +uP =0 in$2,
{ Lo (2.92)

u>0 in2 and =0 onas.
The following result was proved by [66] and [14] through the use of LEM.

THEOREM 2.19. Let N > 3. Then § > 0 sufficiently small, problem (2.92) admits a bound-
ary bubble solution.

In fact, in the slightly supercritical case, there is also the phenomena of bubble-towers.
A bubble-tower is a sum of bubbles centered at the same point

K

ZUAj,g, where A1,
j=1

AJ+1

— 400, j=1,...,K—1. (2.93)

J

This has been discussed in [15] and [25].
It is completely open whether or not point condensation solutions exist for (2.92) when
p> %—f% + 8. In fact, let £2 be the unit ball. Using Pohozaev’s identity, it is not difficult to

show that there exists a positive constant cg, independent of € < 1, such that

infu > co (2.94)
2
for all radial solution u of (2.4). This marks a basic difference between the behavior of
solutions of these two cases p < %—fg and p > %—fg It eliminates the possibility of the
existence of a radial spiky solution which approaches zero in measure as ¢ approaches
zero in the supercritical case p > %—fg

2.6. Concentration on higher-dimensional sets

The following conjecture has been made by Ni [53,54].
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CONJECTURE. Given any integer 0 < k < n — 1, there exists p; € (1, co) such that for
1 < p < pk, (2.4) possesses a solution with k-dimensional concentration set, provided that
€ is sufficiently small.

Progress in this direction has only been made very recently. In [49] and [50], Malchiodi
and Montenegro proved that for N > 2, there exists a sequence of humbers ¢ — 0 such
that problem (2.4) has a solution u,, which concentrates at boundary of 352 (or any com-
ponent of 32). Such a solution has the following energy bound

Jelug 1~ el L. (2.95)

In [48], Malchiodi showed the concentration phenomena for (2.4) along a closed hondegen-
erate geodesic of 942 in three-dimensional smooth bounded domain £2. F. Mahmoudi and
A. Malchiodi in [51] prove a full general concentration of solutions along k-dimensional
(1 < k < n — 1) nondegenerate minimal sub-manifolds of the boundary for n > 3 and
l<p< Z:’,ﬁfg. When 2 = B1(0), there are also multiple (radially symmetric) clustered
interfaces near the boundary [52].

For concentrations on lines intersecting with the boundary, Wei and Yang [92] made
the first attempt in the two-dimensional case. Let I"  £2 c R? be a curve satisfying the
following assumptions: The curvature of I" is zero and I" intersects 952 at exactly two
points, saying, 1, o and at these points I" 19£2. Let —k1 and kg are the curvatures of the
boundary 92 at the points y1 and yp respectively. A picture of I" and £2 is as in Figure 1.

We define a geometric eigenvalue problem

—f"O)=Arf©®), 0<6<1,
'O +kf1)=0,
f'(0) + ko f(0) =0. (2.96)

We say that I" is nondegenerate if (2.96) does not have a zero eigenvalue. This is equivalent
to the following condition:

ko — k1 + kok1|I"| #£ 0, (2.97)

Fig. 1. Lines intersecting with 82 orthogonally.
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where | I"| denotes the length of I".
Moreover, we set up the gap condition that there exists a small constant ¢ > 0

2.2
keme 5

— WS 2 Cce, Vk e N. (298)

A0

In [92], the following result was proved

THEOREM 2.20. We assume that the line segment I" satisfies the nondegenerate condition
(2.97). Given a small constant ¢, there exists g such that for all ¢ < g satisfying the gap
condition (2.98), problem (2.4) has a positive solution u, concentrating along a curve I',
near I". Moreover, there exists some number cg such that «, satisfies globally,

ug(x) < exp[—coe_1 dist(x, Fg)]
and the curve I will collapse to I" as ¢ — O.

REMARK 2.6.1. The geometric eigenvalue problem (2.96) was first introduced by M.
Kowalczyk in [37] where he constructed layered solution concentrating on a line for the
Allen—Cahn equation.

REMARK 2.6.2. Theorem 2.20 is proved using the infinite-dimensional Lyapunov-
Schmidt reduction technique introduced in [18].

REMARK 2.6.3. One can also construct multiple clustered line concentrating solutions,
using the Toda system. See [93]. This follows from earlier work in [19], where multiple
clustered interfaces are constructed at nonminimizing lines for the Allen—Cahn equation.
It is quite interesting to see the connection between Toda system

Q}/ + e?i—4i+1 _ p4i-179j =) (299)
and clustered interfaces.

REMARK 2.6.4. It will be interesting to construct solutions concentrating on surfaces
which intersect with 02 orthogonally.

2.7. Robin boundary condition

Robin boundary conditions are particularly interesting in biological models where they
often arise. We refer the reader to [10] for this aspect.
In [3], Berestycki and Wei discussed the existence and asymptotic behavior of least en-
ergy solution for following singularly perturbed problem with Robin boundary condition:
2 _ .
{eauAu u+u?=0,u>0 ing, (2.100)
eq, +Aru=0 on d4s2,
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where A > 0. Similar to [57], we can define the following energy functional associated with

(2.100):
€2 1 €A
Jelu) :=—/ |Vu|2+—/ uz—/ F(u)—i——/ u?, (2.101)
2 Jo 2 Ja 2 2 Jye

where F(u) = [, f(s)ds, f(s) =sP,u e H($2).
Similarly, for € € (0, 1), we can define the so-called mountain-pass value

Ce) = inf
hel' 0

rgtaél Je[n(1)] (2.102)
where I = {h: [0,1] — H(£2) | h(¢) is continuous, #(0) =0, h(1) = e}.

For fixed € small, as A moves from 0 (which is Neumann BC) to +oo (which is Dirichlet
BC), by the results of [57,58] and [61], the asymptotic behavior of u. ;, changes dramat-
ically: a boundary spike is displaced to become an interior spike. The question we shall
answer is: where is the borderline of A for spikes to move inwards?

Note that when N =1, by ODE analysis, it is easy to see that the borderline is exactly
at » = 1. In fact, we may assume that £2 = (0, 1), and a s ¢ — 0, the least energy solution
converges to a homoclinic solution of the following ODE:

w —w+wP=0 inRY w(y) =0 as|y| — +oo. (2.103)

Then it follows that

2
(w2 =w?— mw"“, lw'| < w. (2.104)

As € — 0, the limiting boundary condition (2.100) becomes w’(0) — Aw(0) = 0. We see
from (2.104) that this is possible if and only if A < 1.

When N = 2, the situation changes dramatically. To understand the location of the spikes
at the boundary, an essential role is played by the analogous problem in a half space with
Robin boundary condition on the boundary. Thus we first consider

ue HX®RY), % 4iu=0 ondRY

where RY ={(y’, yv) | yv > 0} and v is the outer normal on 9RY .

Let
1 1 A
Ik[u]:/ (—|Vu|2+—u2> —f F(u)—i——/ u’. (2.106)
R \2 2 R}, 2 Jor},

As before, we define a mountain-pass vale for I;:

= inf sup I [tv]. (2.107)
v#0, veHl(R;) t>0
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Our first result deals with the half space problem:

THEOREM 2.21.
(1) For A <1, ¢, is achieved by some function w;, which is a solution of (2.105).
(2) For A large enough, c; is never achieved.
(3) Set

Ay = INf{A | ¢, is achieved}. (2.108)
Then A, > 1 and for A < A4, ¢, is achieved, and for A > A, c; is not achieved.

The proof of Theorem 2.21 is by the method of concentration-compactness, and the
method of vanishing viscosity.
Now consider the problem in a bounded domain.

THEOREM 2.22. Let A < A, and uc , be a least energy solution of (2.100). Let x. € 2
be a point where u. ; reaches its maximum value. Then after passing to a subsequence,
Xe — x0 € 052 and
(1) d(x¢,082)/e — dp, for some dg > 0,
(2) ver(y) =uer(xe+e€y) = wi(y)in ¢ locally, where wy, attains c; of (2.107) (and
thus is a solution of (2.105)),
(3) the associated critical value can be estimated as follows:

Cen = eN{q —€H (xg) + o(e)} (2.109)

where ¢, is given by (2.107), and H (xo) is given by the following

- ad
H(x0) = max [—/ Y- V/wxﬂl‘l(xo)} (2.110)
wy €S, R; IynN
where S, is the set of all solutions of (2.105) attaining c;, and y' = (y1, ..., yN—1),
3 3
V= Gy ang)

(4) H(x0) = Maxseae H ().
On the other hand, when A > A, a different asymptotic behavior appears.

THEOREM 2.23. Let A > A, and uc , be a least energy solution of (2.100). Let x. € £2
be a point where u. , reaches its maximum value. Then after passing a subsequence, we
have
(1) d(xe,082) > MaXyepn d(x, 082),
(2) ver(y) :=uep(xe +€y) > w(y) in C?! locally, where w is the unique solution of
(2.8),
(3) the associated critical value can be estimated as follows:

2d(x¢, 052)
€

cep=¢e" [I[w] +exp(— (1+0(1))>]. (2.111)
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3. Stability and instability in the shadow system case

As we have already seen in Section 2 that there are many single and multiple spike solutions
for the shadow system (2.2). The question is: are they all stable with respect to the shadow
system (2.2)? Unfortunately, as we will show below, only one of them is stable.

Let u. be a (boundary or interior) spike solution. Then it is easy to see that (ac, &)
defined by the following

1 —(p=1)/(gr—(p=1)(s+1))
ac=£4/0 Dy g = (—f ul dx) (3.1)
1821 Je
is a solution pair of the stationary problem to the shadow system (2.2).
In this section, we analyze the following linearized eigenvalue problem
2 at al dde _
€“Ape — e + PP —q TN =0ce, =0 0no,
Sé € (3 2)

1
r [ A e g lds
TI-Q\fQ 5 dx o1 = ).

By using (3.1), it is easy to see that the eigenvalues of problem (3.2) in H2(§2) x L*°(£2)
are the same as the eigenvalues of the following eigenvalue problem

-1
qr Jouc ¢up
s+1l4tae [oul €

A — ¢+ pul~te — — .,

é € HX(2). (3.3)
A simple argument [8] shows that

THEOREM 3.1. Any multiple-spike solution is linearly unstable for the shadow system
(2.2).

Let

Le(¢p) =€®Ap — ¢ + pul~t¢,

-1
qr Joui ¢ »

. 3.4
s+14trh [oul e (3.4)

»Cé (¢) =L, (¢) -

Thus we can only concentrate on the study of stability for single-spike solutions. The
study of stability and instability of single spike solutions can be divided into two parts:
small eigenvalues and large eigenvalues.

3.1. Small eigenvalues for L,

In [72], it was proved that single boundary spike must concentrate at a critical point of
the mean curvature function H(P). On the other hand, at a nondegenerate critical point
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of H(P), there is also a single boundary spike. Furthermore, in [75], it is proved that the
single boundary spike at a nondegenerate critical point of H (P) is actually nondegenerate.
Next we study the eigenvalue estimates associated with the linearized operator at u.:

Le=€2A — 1+ pul ™. (Here the domain of L. is H2(s2).) We first note the following
result.
LEMMA 3.2. The following eigenvalue problem

Ap—¢+pwllp=pnp InRY, ¢ e H'(RY) (3.5)
admits the following set of eigenvalues:

u1>0, puo=---=un+1=0, un42<0,.... (3.6)
Moreover, the eigenfunction corresponding to w1 is radial and of constant sign.
PROOF. This follows from Theorem 2.12 of [42] and Lemma 4.2 of [58]. ]

The small eigenvalues for L. were characterized completely in [75].

THEOREM 3.3. (See [75].) For € sufficiently small, the following eigenvalue problem

GZAqbe be + pul” ¢)6 =T in$2, 37)
%e =0 on 382

admits exactly (N —1) eigenvalues 72 < t2 < -~ < t¥Linthe interval [“%:L | 411, where
n1 and w1 are given by Lemma 3.2. _
Moreover, we have the following asymptotic behavior of 7/ :

j
o snony, j=1.. N1, (3.8)
€

where A1 < A2 <--- < Ay_1 are the eigenvalues of the matrix G,(Po) := (9;9; H(Pp)),
and

N — 1 gy @'(2)?2n dz

no = . > 0. (3.9)
N+1 fﬂ(%ﬁ dz

(Here w'(|z|) denotes the radial derivative of w with respect to |z|.)

Furthermore the eigenfunction corresponding to 7/, j =1,..., N — 1, is given by the
following:

N-1 »
=Y (aij +o(D) We, Pe (3.10)
i—1 / Tz(Pe)
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where P is the local maximum point of uc, a; = (Cl]_j,...,a(N_l)j)T is the eigenvector
corresponding to A ;, namely

Gy(P0)d; =hjdj, j=1.....N—1. (3.11)

For single interior spikes, we obtain similar results. But it becomes more involved since
now the error is exponentially small.

The existence of interior spike solutions depends highly on the geometry of the domain.
In [73] and [74], the author first constructed a single interior spike solution. To state the
result, we need to introduce some notations. Let

e_2|z—Po| dz
€ ° 4z

It is easy to see that the support of du p,(z) is contained in Bd(po,ag)(Po) Nas2.
A point Py is called “nondegenerate peak point” if the followings hold: there exists
a € RV such that

[ e Py dun =0 (H1)
982
and
(f ePa) (7 — Po)(z — Po)jdup, (z)) :=G;(Py) isnonsingular. (H2)
052

Such a vector a is unique. Moreover, G; (Pp) is a positive definite matrix. A geometric
characterization of a nondegenerate peak point Py is the following:

Py € interior (convex hull of support (d,bLPo (z)).

For a proof of the above facts, see Theorem 5.1 of [73].
In [74] and [73], the author proved the following theorem.

THEOREM 3.4. Suppose that Py is a nondegenerate peak point. Then for ¢ « 1, there
exists a single interior spike solution u, concentrating at Py. Furthermore, u. is locally
unique. Namely, if there are two families of single interior spike solutions u. 1 and u. » of
(2.4) such that P} — Py, P? — Py where

ue,l(Pel) = rf]’qeaé ue(P), ME,Z(PEZ) = Teaéue,Z(P)a

then P} = P2, u. 1 = u. . Moreover,

1
pel — p€2 =Py+ e<§d(Po, 082)a -|—o(1)> ase — 0.
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Let we, p and ¢ p be defined as in Section 2.3. (It was proved in [74] and [73] that
—elog[—ge p(P)] — 2d(P,382) ase — 0.)

Similarly, we obtain the following eigenvalue estimates for u.

THEOREM 3.5. The following eigenvalue problem

. d
2Ap— ¢+ pultp=1% in 2, 8—"’ —0 onog (3.13)
v

admits the following set of eigenvalues:

it =p1+o), §=(co+o)gep,(Po)rj-1, j=2,....,N+1,

o =m+ol), IZN+2,
where A;, j =1,..., N, are the eigenvalues of G;(Pp) and

Sy pwP~tw'ul (r)
fRN(gTui)z dy

co=2d"2(Py, 082) <0, (3.14)

where u, (r) is the unique radial solution of the following problem
Au—u=0, u(0) =1, u=u(r) inRV. (3.15)

Furthermore, the eigenfunction (suitably normalized) corresponding to rj, j=2,...,
N +1, is given by the following:

N
dwe, p
¢S=) (aj_11+0(1))e—= , (3.16)
J ;( J P |p_p.
where a; = (aj1,...,a;jn)" is the eigenvector corresponding to 2 ;, namely

Gi(Py)aj=hrja;, j=1,...,N.

3.2. Areduction lemma

Let «. be an eigenvalue of (3.3). Then the following holds. (The proof of it is routine. See
Appendix of [76].)

LEMMA A.
(1) ae =0@) ifand only if oc = (1 + 0(1))'[; for some j =2,..., N + 1, where rj is
given by Theorem 3.3 or Theorem 3.5.
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(2) If ae = ap 0. Then «g is an eigenvalue of the following eigenvalue problem

qr Sy 0"
s+14ta0  fpvw"

¢ € H*(RY). (3.17)

Ap— ¢+ pwP~lp — w? = ag,

A direct application of Theorem 3.5 is the following corollary.

COROLLARY 3.6. For e « 1, (ac, &) is unstable with respect to the shadow system (2.2).

3.3. Large eigenvalues: NLEP method

This section is devoted to the study of the nonlocal eigenvalue problem (3.17). By [76] and
[77], if problem (3.17) admits an eigenvalue X with positive real part, then all single point-
condensation solutions are unstable, while if all eigenvalues of problem (3.17) have neg-
ative real part, then all single point-condensation solutions are either stable or metastable.
(Here we say that a solution is metastable if the eigenvalues of the associated linearized
operator either are exponentially small or have strictly negative real parts.) Therefore it is
vital to study problem (3.17).
We first consider the simple case when t = 0. Namely, we study the following NLEP:

-1 Jav w e 2 (N
Ap—¢p+pwp—y(p—-D=—F——wP=21p, ¢<cH(RY), (3.18)
fRNwr
where
._ qr
T Y
AeC, A#0, ¢(x)=a(xl). (3.19)

For problem (3.18), it is known that when y = 0, there exists an eigenvalue A = u1 > 0
(Lemma 3.2). An important property of (3.18) is that nonlocal term can push the eigenval-
ues of problem (3.18) to become negative so that the point-condensation solutions of the
Gierer—Meinhardt system become stable or metastable.

A major difficulty in studying problem (3.18) is that the left-hand side operator is not
self-adjoint if » # p + 1. (In the classical Gierer—Meinhardt system, r =2, p = 2.) There-
fore it may have complex eigenvalues or Hopf bifurcations. Many traditional techniques
do not work here.

In [77] and [76], the eigenvalues of problem (3.18) in the following two cases

r=2, or r=p+1

are studied and the following results are proved.
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THEOREM 3.7.
(1) If (p, q,r,s) satisfies
(A) ar

=1 .1
Tetnp-1

and

4 N+2
B) r=2, 1<p< 1+— orr=p+1,1<p< Nte ,
N-2),

where (¥42), = ¥+2 when N >3 and (§+3), = +0o when N =1, 2.

Then Re(A) < —cl < 0 for some ¢1 > 0 where A # 0 is an eigenvalue of problem
(3.18).

(2) If y <1, problem (3.18) has an eigenvalue A1 > 0.
(3) If

4
©C r=2, p>l+ﬁ and 1<y <1l+co,
for some ¢o > 0. Then problem (3.18) has an eigenvalue A1 > 0.

We give a complete proof of Theorem 3.7 since this is the key element in all the stability
result later on.

The proof of Theorem 3.7 is based on the following important inequalities which are
new and interesting.

LEMMA 3.8. Let w be the unique solution to (2.8).
Q) fl<p<1l+ %, then there exists a positive constant a; > 0 such that

/ (1991 + 62 — pur-tg?) 20 =D Jar w0 fov w79
RN

Jry w?
./RN whtl (/ )2
— — )=
v (L
2 aldEZ(RN)(¢» Xl)v (320)

forall ¢ € Hl(RN) where X1 := span{w, 2 3) , j=1,...,N}.
2 Ifp=1+ N, then there exists a positive constant a; > 0 such that

2(p—-1) f]RN we fRN wP¢
Jrw w?

[ (198 +0 = pur-io?) +

fRN wp+1 2
~r-vE ()
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2 aszZ(RN)(¢1 X2)v (321)

forall ¢ € HL(RN), where X := span{w, = Lw+3yVw(y), 2
(3) There exists a positive constant az > 0 such that

P j=1. N

p =D (fpv wPg)?

fRN wpt1

> a3dfy o (@, X1, Vo e HY(RY), (3.22)

/ (19 + 97— puwr—ig?) +
RN

ProoF OF LEMMA 3.8. To this end, we first introduce some notations and make some
preparations. Set

r—1
Lé:=Lop—y(p— 1)W7r¢wl’, ¢ € H*(RV)
Sy w

where y = @,ﬁﬁ and Lo := A —1+ pwP~1. Note that L is not selfadjoint if » # p+1.
Let
w | .
Xo := kernel(Lop) =span{— )] :1,...,N}.
8yj
Then
1
Low=(p—DwP, Lo w+ sxVw ) =w (3.23)
p—1 2
and

_1 1 1 1 N 2
(LO w)w: wl|—w+=xVw |= —— — — we,
RN RN p—l 2 p—l 4 RN

(3.24)
1 1
-1
AN(LO u))wp :V/H;N wp(mU)‘i‘ExVUJ)
1 1
_ -1 _ 2
_/RN(LO w)p—lLow_p—l RNw . (3.25)
Since L is not selfadjoint, we introduce a new operator as follows:
Lig = Log — (p - DI 2L p _ 1y fre 270
fR fRN w?
p+
rponl e, (3.26)

(Jpn w?)?
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By (3.26), L1 is selfadjoint. Next we compute the kernel of Lj. It is easy to see that

w, f,’T”j j=1,..., N, € kernel(L1). On the other hand, if ¢ € kernel(L1), then by (3.23)
Lo¢ = c1(@)w + c2(p)w?
1 1 w
=C1(¢)Lo< w+ —wa> +cz(¢)Lo( )
p—1 2 p—1
where
fRN Jrn wp Jry wo
= R (p-1 ,
c(@)=(p— fRN (p—1 Jow w2)2
c2(@) = (p— I
? g Jry w?
Hence
1 1 1
¢ — cl(qb)(—w + xVu)) — c2(¢p)——w e kernel(Ly). (3.27)
1 2 p—1
Note that

N wP 1 +l \v4
(@) = (p— Dertgy B G T2V

Jrw w?
Jpv wPT fon w(%lw + %wa)
—(p—1 p
(p )Cl(¢) (_/RN w2)2
_ 1 N fRN wp+l
= c1(¢) — 61(¢)<—p —1 Z)—IRN 2

by (3.24) and (3.25). This implies that ¢1(¢) = 0. By (3.27) and Lemma 3.2, this shows
that the kernel of L1 is exactly Xj.

Now we prove (3.20). Suppose (3.20) is not true, then there exists («, ¢) such that (i)
is real and positive, (i) ¢ L w, ¢ L gTw j=1..., N, and (iii) L1¢ = a¢.

We show that this is impossible. From (ii) and (iii), we have

(Lo—a)p=(p-D=—— o w? (3.28)

Jrw w?

We first claim that [,y w”¢ % 0. In fact if [y w’¢ =0, then « > 0 is an eigenvalue of
Lo. By Lemma 3.2, « = 1 and ¢ has constant sign. This contradicts with the fact that
¢ L w. Therefore « # u1, 0, and hence Lo — « is invertible in XOL. So (3.28) implies

3y Jrv

¢ =
Ay v

2(L —a) w.



Existence and stability of spikes 527

Thus
Jry wPo

-[RN U)2 RN
/ w?=(p— 1)/ (Lo — o) tw)w?,
RN RN
/ wl = / ((Lo— oz)_lw) (Lo —o)w +aw),
RN RN

0=/ (Lo — o) w)w. (3.29)
RN

/ w’p=(p—1 ((Lo—a) tw)w?,
RN

Let 71 () = [ (Lo — ) Lw)w, then

sincel<p<1+ %. Moreover

h(a) =AN((L0 —a)_zw)w =AN((L0 —ot)_lw)2 > 0.

This implies i1 («) > 0 for all @ € (0, u1). Clearly, also 1 (x) < 0 for @ € (1, 00) (since
limg_, 100 21(ax) = 0). This is a contradiction to (3.29)!

This proves the inequality (3.20).

The proof of (3.21) is similar. In this case we have

1 1 1
- (Lo w)w: - w mw—i— Ewa =0. (3.30)

Thus the kernel of L1 is X5. The rest of the proof is exactly the same as before.
To prove (3.22), we introduce

P
Ladp = Lod — (p — 1)%1& (3.31)
RN

Similar as before, the kernel of L3 is exactly Xj.

Suppose (3.22) is not true, then there exists («, ¢) such that (a) « is real and positive,
()¢ Lw,¢p L3, j=1,....,N,and (c) L3¢ = a¢.

We show that this is impossible. From (a) and (c), we have

(p=1 fpyws

32
Sy wPtl (3:32)

(Lo— o) =
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Similar to the proof of (3.20), we have that fRN wPe £0,a # u1,0,and hence Lo — « is
invertible in Xg-. So (3.32) implies

_ (P =) fryw’y

¢ fRN wpb+1 (Lo — a)_lwp'
Thus
Jov wPe -1
P — _ _ 14 14
[wre=0-0r 0 | (o ur)ur,
/ wp+1=(p—1)f (Lo — ) twP)w?. (3.33)
RN RN
Let
ha(e) = (p — 1) f (Lo — o) wP)w? — / whH,
RN RN
then
h3(0)=(p—1>/ (Lalwp)wp—/ wPtt=0.
RN RN
Moreover

hg(a)z(p—l)f ((Lo—oc)_zwp)w”:(p—l)/ ((Lo—ot)_lw”)2>0.
RN RV

Thisimplies h3(a) > 0 forall o € (0, u1). Clearly, also h3(«) < 0 for « € (1, 00). A con-
tradiction to (3.33)! O

Using Lemma 3.8, we can prove Theorem 3.7(i).
PROOF OF THEOREM 3.7(1). We divide the proof into three cases.
CASEL r=21<p<l+ 7.

Let g = ap + iay and ¢ = ¢pp + i¢p;. Since ag # 0, we can choose ¢ L kernel(Lg).
Then we obtain two equations

Jry WOR

= w’ =arpr — sy, (3.34)
Jay w

Logr —(p—Dy

Lo¢r — (p — Dy wa =R + PR (3.35)
Jevw
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Multiplying (3.34) by ¢ and (3.35) by ¢; and adding them together, we obtain

~ax [ (0 +4)
RN

= L1(¢r, dr) + L1(¢1, ¢1)
Jon WOR [pn WPOR + [pn wr [pn W)
Jrn w?

o o) (o))

Multiplying (3.34) by w and (3.35) by w we obtain

(P 1)/ p¢R—)/(p—1)fRN ¢R/ wp+1
f l,U RN

=01R/ w¢R—Ol1/ wer, (3.36)
RV RV

+(p-Dy -2

(r—1) / WPy — y(p — DI / whH
wa RN

=06R/ wop +041/ WOR. (3.37)
RN RN

Multiplying (3.36) by [y wér and (3.37) by [, we; and adding them together, we ob-

tain
(-1 / whr / WPk + (p— 1) / w / wley
wbT1 2
(OéR+V(P—1)fRN 5 )((f w¢R) +(f w¢,> >
fRNw RN RN

Therefore we have

—an [ (05 +4)
=L1(¢r, dr) + L1(¢1, 01)

Jan wP“) (Jan woR)? + (fn wor)?

Jry w?

1
+(p—1)(y—2)(p_ ar+y

1 fRN u)2

fRN wp+1 2 2
=1 (fRN w2)2 |:</RN w¢R) * (/I‘QN w¢1> i|
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Set

or=crw +¢%,dx L X1, ¢r=crw+oér, ¢ L X1

/w¢R=CR/ w?, /w¢>1=61/ w?,
RN RN RN RN

o, @k XD = [05200 Lo, @1, X0 = |67

Then

By some simple computations we have

L1(¢r, dr) + L1(¢1, ¢1)
+(y—1)aR(c§+c§)/ w2+(p—1)(y—1)2(c§+c§)/ wP*l
RN RN
+ar(lox |72 + lot[72) =0,

By Lemma 3.8 (1)
(v — Dar(ck +c?) /RN w?
+(p =Dy — D +2) /R Lt
+ e +an)([ox |52 + o7 72) <O
Since y > 1, we must have ag < 0, which proves Theorem 3.7 in Case 1.
CASE2. r=2,p=1+ 1.
Set

1 1
wo=——w+ —xVuw. (3.38)
p—1 2

We just need to take care of wyp.

Suppose that ag # 0 is an eigenvalue of L. Let «g = ag + iy and ¢ = ¢g + i¢;. Since
ag # 0, we can choose ¢ L kernel(Lg). Then similar to Case 1, we obtain two equations
(3.34) and (3.35). We now decompose

¢r = cRw +brwo + o,  ¢x L X1,
¢1 =crw+brwo+¢i, ¢ L Xi.
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Similar to Case 1, we obtain

Li(¢r, dr) + L1(d1, ¢1)

+(y— 1)ozR(c§e + c?) / w?+(p—D(y — l)z(c% + c?) / wPtl
RN RN

2 2
+aR(bg(/RNw5) +b3(/Rng) +}|¢,%|}iz+||¢%||iz)<0

By Lemma 3.8(2)

(y—l)o:R(c%+c§)/ w2+(p—1)(y—1)2(c%+c§)/ whtl
RN RN

2 2 , )
van(th( [, ud) +oi( [, w8) )+ ntan(loplie+ ot 17

<0.
If ag > 0, then necessarily we have
cr=cr=0, ¢x=0, ¢; =0.
Hence ¢r = brwo, ¢; = bywg. This implies that
brLowo = (br —br)wo, brLowo = (br + br)wo,
which is impossible unless bg = b; = 0. A contradiction!
CAase3. r=p+1l1<p< (%—fg)Jr.

Letr = p 4+ 1. L becomes

gr Jawuw?

L=Lo— —w’.
0 s+ 1 [py wptl

We will follow the proof of Case 1.
Let g = ar +ia; and ¢ = ¢pr + i¢p;. Since ag # 0, we can choose ¢ L kernel(Lg).
Then similarly we obtain two equations

fRN wp¢R
Jry wPtt

f]RN wp¢1

Jen wptt

Lo¢r —(p — Dy w? =arpr — sy, (3.39)

Log;r —(p— 1Dy w? =arp; +orPr. (3.40)
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Multiplying (3.39) by ¢ and (3.40) by ¢; and adding them together, we obtain

—aR /RN (¢§e +¢;) = L3(¢r, pr) + L3(¢1, d1)

+(p_l)(y_1 fRpr+l

By Lemma 3.8(3)

ar fR (9% +9]) +asda(9. X)

oy wPoR)? + (v wPeD? _

+(-Dlr-D Ty wrtl <
R

which implies «g < 0 since y > 1.
Theorem 3.7(i) in Case 3 is thus proved.

)< Jn WPR)? + (fn wPr)?

O

PROOF OF THEOREM 3.7(11). Assume that y < 1. To prove Theorem 3.7(ii), we introduce

the following function:

ha()) :=/ w —y(p— 1)/ (Lo — ) twP)w .
]RN RN

(3.41)

Note that 24(2) is well defined in (0, 1), where w1 is the unique positive eigenvalue of
Lo. Let us denote the corresponding eigenfunction by &g. Since w1 is a principal eigen-

value, we may assume that &g > 0.

It is easy to see that to prove Theorem 3.7(ii), it is enough to find a positive zero of

ha()).
First we have

h4(0)=/ wr—y(p—l)/ Lalwpwr_lz(l—y)/ w" > 0.
RN RN RN
Set @, = (Lo — ) "1w”. Then &, satisfies

(Lo — M) &5 = w.

Multiplying (3.43) by & and integrating by parts, we have

(Ml—)»)/ 45,\%2[ Dow?,
RN RN

which implies that

1
D, Dy = Dow? .
RN H1—A JrN

(3.42)

(3.43)
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Let

1
&5 = (—/ @pr>q>o + @, @b L P (3.44)
(u1—A) fpn @F Jry b

Then as A — w1, A < 1, we have that ||q>,%||Lz(RN) is uniformly bounded and by (3.44)

/ w1 - too,
RN

which implies that
ha(A) —> —00  aS A — w1, A < 1. (3.45)

By (3.42) and (3.45), there is a A € (0, 1) such that ~4(%¢) = 0.
This proves (ii) of Theorem 3.7. O

PROOF OF THEOREM 3.7(111). Similarly, we just need to find a zero of

hs(A) :=/ w? — y(p— 1)/ w(Lg — 1) Tw?. (3.46)
RN RV
We write it as

hs(A\) = (1—y) /RN w? —y(p— m/ wl(Lo =2t w)]

RN

=(1—7/)/ wz—y(p—l)x/ wLyt(w) + 0(2?).
RN RN

Since fRN wLal(w) < 0, we see that for 0 < y — 1 small, there is a small Ao > 0 such
that 5(Ag) > 0. O

For general r, the author in [79] proved the following:

THEOREM 3.9.
) If

_ =D fey Lotw ™ w ™! fon w?

(fRN wr)Z

D(r): >0 (3.47)

where Lo = A — 1+ pwP=t (Lgt exists in H2(RY) = {u € H?RY) | u(x) =
u(|x])}) and

1
<y<l+

1+
1+ po 1—p0o

: (3.48)
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where pg > 0 is given by

Jrw wptt

0 =
V Jrn w2r Jrw w?

Then for any nonzero eigenvalue X of problem (3.18), we have Re(1) < —c1 < 0 for
some ¢1 > 0.
(2) If (p.q.r.s) satisfies

<1 (3.49)

2 N+2
1—}-ﬁr<p<<N—i—2>Jr and y <1+co, (3.50)

for some ¢o > 0. Then problem (3.18) has a real eigenvalue 11 > 0.

Generally speaking, D(r) is very difficult to compute. A recent result of the author and
L. Zhang partially solved this problem and moreover we obtained more general and explicit
result. For example the following result are proved [80].

THEOREM 3.10. Let

p—1
-

Fry=1-— N.

Suppose2<r<p+1,1<p<1+%’and

ly — 2|

VF(p+D(F(p+1) - F(Q2)), (351)

y—2
F(r)}TF(p-i-l)-l-

then for any nonzero eigenvalue A of problem (3.18), we have Re(x) < —c1 < 0 for some
c1 > 0.

REMARK. Condition (3.51) holdsif2<r <p+1, F(r) 20 (ie,1<p<1+ ZW’) and
1 <y < 2. Thus in this case we obtain the stability of the nonzero eigenvalues of (3.18).
This is the first explicit result for the case when r ¢ {2, p + 1}. For y > 2, we need

-2
FO) > = [F(p+ D) = VF+ DF(p D = FR)]

Going back to the shadow system case, the following result was proved in [76].

THEOREM 3.11. Assume that e < 1 and 7 is small. If (p, g, r, s) satisfy (A) and (B) in
Theorem 3.7, then
(1) single boundary spike solution at a nondegenerate local maximum point of mean
curvature is stable, and
(2) single interior spike solution is metastable.

Related work can also be found in [59] and [60].
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3.4. Uniqueness of Hopf bifurcations

In Section 3.3, we have discussed the NLEP (3.17) when t = 0. It is easy to see that when
£ small, results in Theorem 3.7 still hold. On the other hand, for t large, it is easy to see
that there is an unstable eigenvalue [8] to (3.17). (In fact, as T — o0, there is a positive
eigenvalue near 1 > 0.) Therefore, as t varies from 0 to oo, Hopf bifurcation may occur.
In this section, we show that in some special cases, Hopf bifurcation is actually unique.

We consider the following nonlocal eigenvalue problem (putting r = p=2,5s =0 in
(3.17))

14 fRN¢2

— 2(mN
15 o0 [0 07 =X, ¢€H(RY). (3.52)

Lp:=Ad—¢+2wp—

THEOREM 3.12. Let L be defined by (3.52). Assume that N < 3 and y > 1. Then there
exists a unique T = 71 > 0 such that for = < 1, (3.52) admits a positive eigenvalue, and
for T > 11, all nonzero eigenvalues of problem (3.52) satisfy Re(1) < 0. At t = 11, L has
a Hopf bifurcation.

PROOF OF THEOREM 3.12. Let y > 1. As in [8], we may consider radially symmetric

functions only. By Theorem 1.4 of [76], for t = 0 (and by perturbation, for = small), all

eigenvalues lie on the left half plane. By [8], for = large, there exist unstable eigenvalues.
Note that the eigenvalues will not cross through zero: in fact, if 1o = 0, then we have

fRN w¢ 2 =0
fRN w? "

Logp —

which implies that

(¢ VfRNW )—0

[

and hence by Lemma 3.2

e ¥

fRN w?

¢—

wGXo.

This is impossible since ¢ is radially symmetric and ¢ # cw for all ¢ € R.

Thus there must be a point 77 at which L has a Hopf bifurcation, i.e., L has a purely
imaginary eigenvalue o = v/—1a;. To prove Theorem 3.12, all we need to show is that 73
is unique. That is

LEMMA 3.13. Let y > 1. Then there exists a unique 71 > 0 such that L has a Hopf bifur-
cation.
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PROOF. Let Ao = +/—1a; be an eigenvalue of L. Without loss of generality, we may
assume that oy > 0. (Note that —«/—1«; is also an eigenvalue of L.) Let ¢g = (Lo —
V=Tap)~tw?. Then (3.52) becomes

Jev woo 1+ 1v/—lay

3.53
Jrw w? 4 (459
Let o = ¢ + +/—1¢{. Then from (3.53), we obtain the two equations
R
1
Jry wqjvo _1 (3.54)
Jrew 4
1
Jrw w‘f/o _Ter (3.55)
Jrzw 4
Note that (3.54) is independent of .
Let us now compute [y wpk. Observe that (¢f, ¢f) satisfies
Logf =w® — s, Loy =ardg.
S0 ¢ = o, Log§ and
b =ar(L3+ad) " w? ¢l =Lo(L3+a}) u?. (3.56)
Substituting (3.56) into (3.54) and (3.55), we obtain
JrwLo(Lg +2°‘§)_1w2] _L (3.57)
Jrvw Y
Jon (Lo + "f 'l (358)
Jrow 14

Let

Jaw wLo(L3 + o) "1w?

Jr2 w?

he(ay) =

Then integration by parts gives

oo (L + oy L2

he(er) = T
RN

Note that

<0.

) Jn wZ(Lg + ot?)_zw2

hi(ay) = —2
6(er) o T u?
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So since

Jen w(Lg w?)

L

>0,

he(o;) — 0 as oy — oo, and y > 1, there exists a unique «; > 0 such that (3.57) holds.
Substituting this unique «; into (3.58), we obtain a unique T = 71 > 0.
Lemma 3.13 is thus proved. O

Theorem 3.12 now follows from Lemma 3.13. O

3.5. Finite € case

In all the previous sections, it is always assumed that € is small. However, in practical ap-
plications, it is vital to know how small € should be. The finite € case has been completely
characterized in one-dimensional case by Wei and Winter [88]. We summarize the results
here.

Without loss of generality, we may assume that £2 = (0, 1). That is, we consider

l?
a,:ezaxx—a+§—q, O<x<1, >0,

& =—§+E&° fol a"dx, (3.59)
a>0, a0,t)=a.,t)=0.

The steady-state problem of (3.59) is equivalent to the following problem for the trans-
formed function u. given by u.(x) = &’ﬁa(x):

14s—-15 ! r
& 1 = u (x)dx
0

and
uy —u—+ul =0,
u,y(x) <0, 0<x <1, u,(0)=u,(1)=0. (3.60)
Letting
1
L:== (3.61)
€

and rescaling u(x) = wg (y), where y = Lx, we see that w, satisfies the following ODE:

" P
wy —wg +w; =0,

w; () <0,0<y<L, wj(0)=w;(L)=0. (3.62)
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Since (3.62) is an autonomous ODE, it is easy to see that a nontrivial solution exists if
and only if

-1
€< P (orL>
T

. 3.63
== (369)

The stability of steady-state solutions to (3.59) has been a subject of study in the last few
years. A recent result of [56] (see Theorem 1.1 of [56]) says that a stable solution to (3.59)
must be asymptotically monotone. More precisely, if (A(x,t),&(¢)), ¢ > 0 is a solution to
(3.59) that is linearly neutrally stable, then there is a 7o > 0 such that

ay(x,t9) #0 forall (x,7) € (0,1) x [tg, +00). (3.64)

Thus all nonmonotone steady-state solutions are linearly unstable. Therefore we focus our
attention on monotone solutions. There are two monotone solutions—the monotone in-
creasing one and the monotone decreasing one. Since these two solutions differ by reflec-
tion, we consider the monotone decreasing function only. This solution is then called u.
and it has the least energy among all positive solutions of (3.60), see [60]. If L < —2—

. . V-1’
then wy = 1. We also denote the corresponding solutions to (3.59) by
4 14s—-15 1
ap(x)=§&§ " wr(Lx), & = f wh (Lx)dx. (3.65)
0

Before stating our results, we first introduce some notation. Let 7 = (0, L) and ¢ €
HZ(I). We define the following operator:

1

Lipl=9¢" — ¢+ pw] ¢ (3.66)
It is proved [88] that £ has the spectrum
A1 >0, )\.j<o, j=2,3,.... (3.67)

Hence for the map £ from H?(I) to L2(I) we know that £~1 exists, where £~1 is the
inverse of £. This implies that £=1w; is well defined.
Then we have the following theorem

THEOREM 3.14. Assume that L > —Z— and either

Jp1
L
r=2, [ wr L wpdy >0 (3.68)
0
or
r=p+1 (3.69)

Then (ag, &) (given by (3.65)) is a linearly stable steady state to (3.59) for ¢ small.
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This theorem reduces the issue of stability to the computation of the integral

L
/ wLﬁfledy.
0

This integral is quite difficult to compute for general L.
For  finite, we have the following theorem.

THEOREM 3.15. Let (3.68) be true and L > \/% Then there exists a unique 7. > 0
such that for = < 7, (ar, &1) is stable and for t > ., (ar, &) is unstable. At t = z., there
exists a unigue Hopf bifurcation. Furthermore, the Hopf bifurcation is transversal, namely,

we have

dA
SR >0, (3.70)
dt

=T,

where A is the real part of the eigenvalue.

Using Weierstrass p(z) functions and Jacobi elliptic integrals, one can show that
fOL wr L Ywy dy > 0 for all L > 7 in the cases r = 2, p = 2,3. The original Gierer-
Meinhardt system ((p, ¢, r,s) = (2,1, 2, 0)) falls into this class. Thus for the shadow sys-
tem of the original Gierer—Meinhardt system, we have a complete picture of the stability
of (ar, &) forany t > 0 and any L > 0, by the following theorem

THEOREM 3.16. Assumethat L > L_l and r =2, p =2 or 3. Then there exists a unique

7. > 0 such that for = < ., (ar, &) is stable and for T > 7., (Ar, &) is unstable. At
T = 1., there exists a Hopf bifurcation. Furthermore, the Hopf bifurcation is transversal.

Theorem 3.16 gives a complete picture of the stability of nontrivial monotone solutions
in terms of L since for L < % we necessarily have w; = 1. Combining this with the
results of [56], we have completely classified stability and instability of all steady-state
solutions for all € > 0 for the shadow system of the original Gierer—Meinhardt system.

We do not know if the Hopf bifurcation in Theorem 3.15 is subcritical or super-
critical. This is related to another interesting question: is there time-periodic solution
(a(x,1),&(x,1)) to (3.59) at the Hopf bifurcation point t = 7.? If so, is it stable or un-
stable?

We can also extend this idea to general domains in RV, N > 2. Namely we consider

a,:Aa—a—}—g—:, xeR, t>0,
th=—E+E g [, @ (3.71)
a>0, 29-0 ondyey,

v
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where we have scaled the ¢ into the domain through £2; = %52 In this case, let us assume
that £2; c RY is a smooth and bounded domain, and the exponents (p, g, r, s) satisfy the
following condition

qr
p>1 ¢>0 r>0 520 yi=——>1,
(p—=D(s+1)

and p is subcritical:

. N+2
< <
P=%N

ifN>23, l<p<+4oco ifN=2

The steady state solution of (3.71) is given by

P P = S (3.72)
12L0] Jo,

where u is a solution of the following problem:

Au—u+u?=0, u>0 insy., 373
Ju=0 on a2;. (3.73)

We again consider the minimizer solution wy (x) which satisfies (3.73) and
Elwr]= inf E[ul (3.74)

ueHY(21), u#0
where
2 2
Jo, IVul® +u®)
Elu]l = L—Z
(f-QL up+1)pﬁ

The corresponding steady-state solution to the shadow system (3.71) is denoted by

4 14s—-2- 1
ap =& "wy, & 7 = ) wh . (3.75)
L

Let
p—1
Llgp]l=A¢ — ¢+ pw; “¢.
Then we have the following lemma whose proof is similar to Lemma 3.2.
LEMMA 3.17. Consider the following eigenvalue problem

{£¢=A¢, in 2, (3.76)

9% _0 on 982;.

v —
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Then A1 > 0and A, <0.

We now put two important assumptions:
We first assume that

(A1) £ exists.

Under (A1), we assume that
(A2) / wL(/S_le) > 0.
2L

We can now state the following theorem
THEOREM 3.18. Assume that either
r=p+1, and(Al) holds,
or
r=2, and(Al) and (A2) hold.

Then (ar, &) is linearly stable for T small.

In the case of r = 2, there exists a unique T = 7. such that (az, &;) is stable for t < .,
unstable for T > 7., and there is a Hopf bifurcation at T = r.. Furthermore, the Hopf
bifurcation is transversal.

The proof of Theorem (3.18) is similar to the one-dimensional case.
It remains an interesting and difficult question as to verify (Al) and (A2) analytically. If
L is large, the assumption (A1) is verified in [75] and assumption (A2) holds true if

4
1 14 —. 3.77
<p<l+ (3.77)

This recovers the results of [76].
It is difficult to verify (Al) and (A2) in general domains. One may ask: does (Al) hold
true for generic domains?

3.6. The stability of boundary spikes for the Robin boundary condition

The stability of least energy solution in the Robin boundary condition case is quite com-
plicated. We state the following result which deals with one-dimensional case only:
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THEOREM 3.19. (See [45].) Consider the following

P
a,:ezaxx—a—i—‘g—q, 0O<x<1,t>0,

th=—§ 4+ fyaldx, (3.78)
a>0, €a,0,t)+21a(0,t)=¢€a,(1,t)+ra(l,t) =0,
hy(0,2) =h,(1,t)=0.

Assumethatr =2, 1< p<30orr=p+1,1< p < —+o0o. Then for each 1 € (0, 1) the
least energy solution is stable for t < 77 and unstable for T > 1. At 1, there is a Hopf
bifurcation.

The main idea of the proof is similar to that of Theorem 3.14. Here we have to study an
NLEP on a half line with Robin boundary condition:

¢ =+ puly o —y(p - D0 —ag, 0<y <+ox,
0 E%)
¢'(0) ~1$(0) =0

(3.79)

where w., = w(y — x0) With w’'(—x0) = Aw(—xp). Let L () = ¢” — ¢+ pw’y *¢. Then
we need to show that

/0 - Wy [ L ()] > 0. (3.80)

By some lengthy computations, we can show that the function f0°° wxo[L;ol(wxo)] is an
increasing function in xo when p < 3, and a constant when p = 3, and an decreasing
function when p > 3.

REMARK 3.6.1. An interesting phenomena is the case of 3 < p < 5. In this case, one
can show that there exists a ag € (0, 1) such that the boundary spike is stable when a €
(0, ag) and unstable when a € (ag, 1). It is quite interesting to see that the Robin boundary
condition can also introduce some instability.

4. Full Gierer—Meinhardt system: One-dimensional case

In this section, we study the full Gierer—Meinhardt system in the one-dimensional case.

Unlike the shadow system case, where one can reduce the existence of solutions to a vari-

ational elliptic problem, there is no variational structure for the full Gierer—Meinhardt sys-

tem. This is the major problem, which is also the source of all interesting new phenomena.
We begin with the steady-state problem in the full space case.
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4.1. Bound states: the case of £2 = R?

Let £2 = RL. By a change of variables the steady-state problem for (GM) can be conve-
niently written as follows

Aa—a+2—5:0,a>0 in R,

Ah—0%h+% =0, h>0 inR% (4.1)
a(x), h(x) >0 as x| > +o0
where
2
2 6
=— <1
o D <

The existence of multiple spikes solutions to (4.1) is referred to as “symmetry-breaking”
phenomena. This was proved in [11] and [12] (by dynamical system techniques) and [7]
(by PDE methods). We will sketch the PDE methods in Section 5.1.

THEOREM 4.1. (See [7,12].) For each fixed positive integer k, there exists o; > 0 such
that problem (4.1) has a solution (ac, h¢) with the following properties

k
Ck
ae(x) ~ —< w(x — S}’)) (4.2)
o o
where ¢ > 0 is a generic constant and

g;?:(j-%)logljto(loglogl), i=1....k (4.3)
o o

4.2. The bounded domain case: existence of symmetric K -spikes

Without loss of generality, we may assume that £2 = (—1, 1). We consider the following
elliptic system

eza”—a—}-Z—Z:O, —1<x<1,
DR —h+% =0, -l<ux<l1, (4.4)
a'(£1) =h'(£1) =0.

In this case, the existence of multiple-peaked solutions was first obtained by I. Takagi in

[67].

THEOREM 4.2. (See [67].) Fix any positive integer K. If % sufficiently small, there ex-
ists a K-peaked solution (ac k. hex) to (4.4) such that (ae k, he k) has exactly K local



544 J. Wei

maximum points —1 < x1 < x2 < --- < xg < 1 which are equally distributed. In fact, we

have

2j—1
K 9

xj=—1+ j=1....K.

Takagi’s proof uses the symmetry of the problems: by reflection, one can reduce the
existence of multiple symmetric spikes solutions to studying the existence of one boundary
spike solution. Namely, we just need to study the following system

2.1 al __ 1
€“a a+—hq—0, 0<x<—2K,
" a’ __ 1
Dh _h+h_’_0’ 0<X<—2K,

a(x) ~ErTw(®),  h(0)=§,
a'(0) =a'(5%) =1'(0) =h'(5%) =0.

(4.5)

For the one boundary spike solution, one can use the Implicit Function Theorem,
since the linearized operator is invertible in the space of functions with Neumann bound-
ary conditions. (The last statement follows from the fact that the kernel of the operator
A — 1+ pwP~1 consists exactly those of partial derivatives of w. See Lemma 3.2.)

4.3. The bounded domain case: existence of asymmetric K -spikes

In the bounded domain case, as D is getting smaller, more and more new solutions appear.
By using the same matched asymptotic analysis in [34], M. Ward and Wei in [70] discov-
ered that for D < Dk, where Dk is given by (4.67) below, problem (4.4) has asymmetric
K -peaked steady-state solutions. Such asymmetric solutions are generated by two types
of peaks-called type A and type B, respectively. Type A and type B peaks have different
heights. They can be arranged in any given order

ABAABBB...ABBBA...B

to form an K -peaked solution. The existence of such solutions is surprising. It shows that
the solution structure of (4.4) is much more complicated than one would expect. The sta-
bility of such asymmetric K -peaked solutions is also studied in [70], through a formal ap-
proach. We remark that asymmetric patterns can also be obtained for the Gierer—Meinhardt
system on the real line, see [12].

In this and next section, we present a rigorous and unified theoretic foundation for the
existence and stability of general K-peaked (symmetric or asymmetric) solutions. In par-
ticular, the results of [34] and [70] are rigorously established. Moreover, we show that if
the K peaks are separated, then they are generated by peaks of type A and type B, re-
spectively. This implies that there are only two kinds of K-peaked patterns: symmetric
K -peaked solutions constructed in [67] and asymmetric K -peaked patterns constructed in
[70].
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The existence proof is based on Lyapunov—Schmidt reduction. Stability is proved by
first separating the problem into the case of large eigenvalues which tend to a nonzero limit
and the case of small eigenvalues which tend to zero in the limit ¢ — 0. Large eigenvalues
are then explored by studying nonlocal eigenvalue problems using results in Section 3.3
and employing an idea of Dancer [8]. Small eigenvalues are calculated explicitly by an
asymptotic analysis with rigorous error estimates.

In this section, we present the existence part.

Before we state our main results, we introduce some notation. Let G p (x, z) be the Green
function of

DG'}(x,2) — Gp(x,2) +8,i(x) =0 in(=1,1), “s)
Gp(-1,2)=G)(1,2)=0. :
We can calculate explicitly
0
0 cosh[6(1+ x)]cosh[6(1 —z)], —-l<x<z,
Gp(x,z) = smh9(29) (4.7)
sy Cosh[O (1 — x)Jcosh[f(1 +2)], z<x <1
where
6=D""2
We set
1 1
Kp(lx —zl) = e 0", 4.8)

2v/D

to be the singular part of Gp(x, z) and by Gp = Kp — Hp we define the regular part Hp
of Gp. Note that Hp is C*° in both x and z.

Let -1 < <... <% <... <12 <1 be K points in (—1,1) and w be the unique
solution of (2.8).

Put

== (E/ w' (2) dz) . (4.9)
R

We introduce several matrices for later use: Fort = (¢1, ..., tx) € (=1, D)X let
Gp(t) = (Gp(t,1))). (4.10)

Let us denote % as V. When i # j, we can define V,,G(1;, t;) in the classical way.

Wheni = j, Kp(|ti —t;]) = Kp(0) = % is a constant and we define

d
Vt,-GD(thti)::_a H(x,1).

X=t;
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Similarly, we define

0 0 Hp(x,y) ifi=j,

Vi Vi, Gty 1) = | 7 1e=ti =i 4.11
wViy Ol 1) Vi, Vi,Gp(ti. 1)) ifi . @10
Now the derivatives of G are defined as follows:
V2Gp(t) = (V,, Vi, Gp(ti. 1))). (4.13)
We now have our first assumption:
(H1) There exists a solution (£2, ..., £9) of the following equation
N ~ qr A
Y G E) T =8 i=1.....N. (4.14)
j=1
Next we introduce the following matrix
Any 4 g
b,‘j = GD(II-O, t?) (E]O) p17" 1, B= (b,'j). (4.15)
Our second assumption is the following:
(H2) It holds that
p—1
—————¢ao(B), (4.16)
gr—s(p—1

where o (B) is the set of eigenvalues of 5.

REMARK 4.3.1. Since the matrix B is of the form GpD, where Gp is symmetric and D is
a diagonal matrix, it is easy to see that the eigenvalues of B are real.

By the assumption (H2) and the implicit function theorem, for t = (1, ..., 7x) near

to= (10, ...,12), there exists a unique solution & (t) = (1(1), ..., &k (1)) for the following
equation

K
A A N
> Gph.tpE; " =6, i=1....K. (4.17)
j=1
Set

HE) = (&(1)8). (4.18)
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We define the following vector field:

Ft) = (Fi(t), ..., Fg (1),

qr

(4.19)

where
K S
Fi(t) =Y V,Gp(ti, )&’
=1
~ —s
=~V Hpi. )& + Y V,Gplimé’
1#£i
i=1,...,K.
Set

MO = (71, F ().

Our final assumption concerns the vector field F(t).

(H3) We assume that at to = (¢, ..., %):

F(to) =0,
det(M (to)) # 0.

(4.20)

(4.21)
(4.22)

Let us now calculate M (t°): Therefore we first compute the derivatives of . It is easy to

see that é(t) is C1in t. We can calculate:

gr K ar o
Vi = (m —S> ZGD(Z‘Z',II)E/F
=1

qr

—S

— 01

K
a
+ E T GD(l‘z,l‘l)E
1=1

For i # j, we have

N o
~ qr Ao —s—1
vihi= (0 ) Lot

=1

Fori = j, we have

thé‘:i = (q—l _S) ZGD(IHII)E],)

=1

-1 K 3
Vibi+ )5 (Gol,m)E"
=1 "

1 A
Vlj gl

qr__

Vi€ + Vi, Gplt, tj)%pfl

qr__
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q —s—l A A,qTr—S
= (— - S) Z GD(lutl)El Vi€ + V,Gp(ti, t)E

K ar

AT S

+ Y ViGpti, T,
=1

since o GD(tlv i) = th Gp(ti, t;).
Note that

(Vi,Gp(i 1)) = (VGp)".
Therefore if we denote the matrix
VE = (V&) (4.23)

then we have

-1
VE(®t) = (1 _ (% _s)gDHﬁ—H) (VGp) HFT™

K
+0 <Z|F,»(t)\). (4.24)
j=1

We can compute M (t%) by using (4.24):
M) = HIV2GH T

+ Hl(Ll - s>ngHpq'iH

4 -1 .
x (’ - (% —s)gDHfl“) (VGp)THF1

(4.25)

The existence result is as follows

THEOREM 4.3. (See [83].) Assume that assumptions (H1), (H2) and (H3) are satisfied.
Then for € « 1, problem (4.4) has an K -peaked solution which concentrates at ¢, ..., tg,
or more precisely:

ae(x)~Z$L1 0) 771 (%) (4.26)

he(tf)~g€§,., i=1,...,K, (4.27)
£ -0 i=1,... K. (4.28)

1 1
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REMARK 4.3.2. In the case of symmetric K -peaked solutions, conditions (H2) and (H3)
are not needed, as in the construction of solutions one can restrict the function space to the
class of symmetric functions (see for example [67]). Note that for small € (and not only in
the limit € — 0) the peaks are placed equidistantly.

REMARK 4.3.3. Our results here can be applied to give a rigorous proof for the existence
and stability of K -peaked solutions consisting of peaks with different heights.

In [70], by using matched asymptotic analysis, Ward and the first author constructed
such solutions and studied their stability. We now summarize their main ideas. First (4.4)
is solved in a small interval (—/,1):

€2d" —a+ 97 =0 in (—L,10),
Dh" —h + Z—i =0 in(=1,1), (4.29)
a(x)>0,h(x)>0 in (=1,1),

d (=) =da'()=h'(=1)=H()=0.

Then the single interior symmetric spike solution is considered which was constructed by
I. Takagi [67]. By some simple computations based on (4.6), we have that

/
h() ~c(D)b| — ), 4.30
0 ~con( =) (4.30)
where ¢(D) is some positive constant depending on D only and the function b(z) is given
by

b(2) = tanh®(z) o (p—12
" cosh(z) ’ Tgr—G+D(p-1)

(4.31)

The idea now is that we fix / and try to find another / # I such that the following holds

b<j—5>=b(%), 0<l<Il<1, (4.32)

which will imply that & (I) = h(l). This shows that if there exists a solution to (4.32), we
may match up A(/) and %(l). In other words, we may match up solutions of (4.29) in
different intervals.

It turns out that for D small, (4.32) is always solvable. Now (4.32) has to be solved along
with the following interval constraint:

Kil+ Kyl =1, Ki+Ky=K. (4.33)
For a solution [ of (4.60) and (4.33)and j =1, ..., K we define

lj=1 or lj=1I (4.34)
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where the number of j’s such that /; =1 is K3 (and consequently the number of j’s such
that/; =1 is K2). We call the small spike with /; = [ type A and the large spike with /; =
type B.

Then we choose t? such that
0

&

0 .
Pl =l =0, K,

where 1) = -1, tI%H =1.

By using matched asymptotics, we now have K; type A and K> type B peaks. This ends
the short review of the ideas in [70]. Let us now use Theorem 4.3 to give a rigorous proof
of results of [70]. In order to apply Theorem 4.3, we have to check the three assumptions
(H1), (H2) and (H3).

To this end, let us set

E9=@VDytanh®)). j=1.....K, (4.35)
where
P (4.36)
i= @ '

It is difficult to check (H1) directly. Instead we note that ggl is a tridiagonal matrix.
(See [34] and [70].) More precisely, we calculate

nwp 0 . .0

B1Ly2 B2
g51=(d,'j)=2\/5

LBy B O

0 . . 0 Bn-1wN

where

y1 = coth(61 + 62) + tanh(61),

yj =coth(®;—1 +0;) +coth(@; +6;41), j=2,....K—1,
yk = coth(fx_1 + Ok ) + tanh(0k),

Bj=—csch(@; +6;41), j=1,...,N-1

and 6; was defined in (4.36). Note that

aij = 2D(Bj8i(j—1) + v8ij + Bj+18i(j+1)- (4.37)
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Verifying (4.14) amounts to checking the following identity

> a0 = (80)7 (4.38)

which is an easy exercise.

It remains to verify (H2) and (H3).

To this end, we need to know the eigenvalues of 5 and M. In the same way as for the
matrix Gp, one can show that B! is a tridiagonal matrix. However, it is almost impossible
to obtain an explicit formula for the eigenvalues. Numerical software for solving eigen-
value problems of large matrices is indispensable. Then (H2) has to be checked explicitly.
Numerical computations in [70] do suggest that assumption (H3) is always satisfied.

4.4. Classification of asymmetric patterns
A natural question is the following: Are all K-peaked solution generated by two types of
peaks as the solutions which were constructed in [70]?

Our next theorem gives an affirmative answer. It completely classifies all K -peaked

solutions, provided that the K peaks are separated.

THEOREM 4.4. (See [83].) Suppose that for e sufficiently small, there are solutions
(ae, he) of (4.4) such that

_q_ q x — 1
ae(x) ~ ZS ()T ( 61>, (4.39)

and
he(rf) ~&EF, i=1,...,K, (4.40)
where & is given by (4.9),
E—E)>0 if>10 #0. i#jij=1..K. (4.41)
Then necessarily, we have
=12 =12 ell,l}, i=1,....K, (4.42)

where tg = —1,1 and [ satisfy (4.32) and (4.33) with K being the number of i’s for which
I; =1 and K> being the number of i’s for which /; = (hence K1 + K> = K).

Theorem 4.4 shows that an K -peaked solution must be generated by exactly two types
of peaks—type A with shorter length / and type B with larger length [. This shows that the
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solutions constructed in [70] (through a formal approach) exhaust all possible separated
K -peaked solutions. In particular, it shows that there are at most 25 K -peaked solutions.
If the assumptions (H1)—(H3) are met, then there are exactly 2X K -peaked solutions.

PROOF OF THEOREM 4.4. First we make the following scaling

q
_er1nA _ T
e =& ae, he=2E&ch,

where &, is defined at (4.9). Hence (ae, h.) satisfies

28 a4 al
eAag—ag—i—il—q:O, —-1l<x<l,

PO (4.43)
DAhE—he+c€Z—§:O, —-1l<x<l,

where c. is defined as cc = (e [ w") L.
Now (4.39) and (4.40) imply that

K P x —1t§ ~ ~
ae~ Y (E5)P T W< ! ) he(r6) = &¢. (4.44)
j=1

We see that . — ho(x) Where ho(x) satisfies

_ K (20V3E1 58 — 10) — _
{DAho ho/+zj:1(gj)p S —19=0, —1<x<I, (4.45)
hy(—1) = hy(1) =0.
In other words, we have
K R o
ho(x) =) (D)7 T Gp(x,1}). (4.46)
j=1

Since ho(t;?) = éf j=1,..., K, we have from (4.46) that (£0,...,£2) must satisfy the
following identity:

K
Y G NE)TTT =8 i=1.....K. (4.47)
j=1

This is the same as (4.14).
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Define

o x=0
e.j=aex | —-

where rq is a very small number. Then a ; is supported in the interval I = (—ro +15, o+
t;.). We may choose 7o so small that /¢ N I]? ={)fori # j. Then

K

de = Zae,,- +e.s.t.
Jj=1

Now we multiply the first equation in (4.43) by Ezéﬁj and integrate over (—1,1). We
obtain

L e s
2 ~p+l )
_4p¥2) [de oo (4.48)

By the equation for /., we have that

. 1 ar
he(x)zce/ GD()C,Z)A—e
-1 hs

€

and thus for x € ij.,

K
he(x)=>"Gp(x.1)(E) "1 + 0(e)

k=1

and

qr

K
H/(15) =Y Vi Gp(15. 1) (§) 7 + 0(o). (4.49)
k=1
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Substituting (4.49) into (4.48) and using (4.44), we obtain the following identity

K
> VG5 1F) ()7 = o) (4.50)
k=1
and hence
K R ar
> VGn( ) ()T =0, j=1,....K, (4.51)
J h
k=1

which is the same as (4.21).
Note that by the expression for hg in (4.46), (4.51) is equivalent to the following

ho(134H) +ho(1]—) =0, j=1.....K, (4.52)

where hg(zjhr) is the right-hand derivative of ig at t]c.’ and hg(t?—) is the left-hand deriva-
tive of hg at t?. On the other hand, from the equation for /g, we have that

Dy (19+) —hy(19-)) = —(E) 717", j=1.....K. (4.53)

Solving (4.52) and (4.53), we have that

1 ov
ho(t9+) = —hy(19—) = —5(;?) 120, j=1,...,K. (4.54)

Since ho satisfies Dhy = ho > 0 in each interval (t;.)_l, [?), j=2,...,K, we see that
the_zre exists a unique point s;_1 € (t?_l, t?) such that ¢ (s;—1) = 0. Since hy(—1) =0, by
using symmetry, we see that

sf%“”:;j?, i=1...K, (4.55)

where we take so = —1, sy = 1. Let2]; =5; —s;_1, j=1,..., K.
Note that on each interval (—I; + t?, I+ t?), hg satisfies

DAho —ho + (%) 75 (1 —1%) =0

with Neumann boundary conditions at both ends. Thus from (4.6) it is easy to see that

Aon L g
() TS N tanh(T’B), i=1..K, (4.56)
&

ho(lj) = ————. (4.57)
cosh(ﬁ)
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Since hg is continuous on (—1, 1), we have
ho(l) = ho(l2) = -+ = ho(lk). (4.58)

Using (4.56) and (4.57), we see that (4.58) is equivalent to

) )=o)

where the function b was defined in (4.31). Suppose without loss of generality that /1 < Io,
then we take /1 =/ and (4.59) implies that [, € {, 1} and that /; € {/,} for j =2,..., K.
Thus I must satisfy (4.60) and (4.33).

This finishes the proof of Theorem 4.4. O

4.5. The stability of symmetric and asymmetric K -spikes

In this section, we present the stability of the K -peaked solutions constructed in Theorem
4.3.
To this end, we need to study the following linearized eigenvalue problem

p—
€

2A € 6+ g € a—{ €
£e(¢6>=(6 R i )=Ae<¢6), (4.60)
Ve L(DAYe = Ve +r % e — s 5xvre) Ve

hst

where (ae, h¢) is the solution constructed in Theorem 4.3 and A, € C—the set of complex
numbers.

We say that (ae, he) is linearly stable if the spectrum o (L¢) of L. lies in the left half
plane {* € C: Re()) < 0}. (ae, he) is called linearly unstable if there exists an eigenvalue
e OF L with Re(A¢) > 0. (From now on, we use the notations linearly stable and linearly
unstable as defined above.)

THEOREM 4.5. Let (ac, he) be the solutions constructed in Theorem 4.3. Assume that
ekl
(1) (Stability) If
r=2, <p<5 or r=p+1 <p<+x (4.61)

and furthermore

qr -
— min 1 4.62
(p—l S> nea(B)a - ( )

and

o(M) C {a | Re(o) > O}, (4.63)
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there exists g > 0 such that (ac, A¢) is linearly stable for 0 < 7 < 10.
(2) (Instability) If

qr :
— min 1, 4.64
<p—1 S) UEO’(B)G = ( )

there exists 7o > 0 such that (ac, h¢) is linearly unstable for 0 > 7 < 1.
(3) (Instability) If there exists

ogeo(M), Re(o) <0, (4.65)
then (ae, he) is linearly unstable for all T > 0.

REMARK 4.5.1. In the original Gierer—-Meinhardt model, (p,q,r,s) = (2,1,2,0) or
(p,q,r,s) =(2,4,2,0). This means that condition (4.61) is satisfied.

REMARK 4.5.2. By Theorems 4.3 and 4.5, the existence and stability of K-peaked so-
lutions are completely determined by the two matrices 13 and M. They are related to the
asymptotic behavior of large eigenvalues which tend to a nonzero limit and small eigenval-
ues which tend to zero as € — 0, respectively. The computations of these two matrices are
by no means easy. We refer to [34] and [70] for exact computations and numerics. Com-
bining the results here and the computations in [34], the stability of symmetric K -peaked
solutions is completely characterized and the following result is established rigorously.

THEOREM 4.6. (See [34,83].) Let (ac k., he k) be the symmetric K -peaked solutions con-
structed in [67]. Assume that € « 1.
(a) (Stability) Assume that 0 < t < g for some g small and that

r=2,1<p<5 or r=p+1 l<p<+4oo (4.66)
and
D<D 1 (4.67)
< = , .
K K2(log(Va + va + 1))2

where « is given by (4.31), then the symmetric K -peaked solution is linearly stable.
(b) (Instability) If

D> D, (4.68)

where Dy is given by (4.67), then the symmetric K -peaked solution is linearly un-
stable for all ¢ > 0.
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The proof of Theorem 4.5 consists of two parts: we have to compute both small and
large eigenvalues. For large eigenvalues, we will arrive at the following system of nonlocal
eigenvalue problems (NLEPS)

@' —® + pwP i

-1
_qr(1+sB)—1B</ w’—lcp)(/ wr> wP =P (4.69)
R R

where B is given by (4.15) and

é1
@2
o=|." | e @ ®).
(0
By diagonalization, we may reduce it to K NLEPs of the form (3.17). Using the results
of Theorem 3.7, we obtain the stability (or instability) of large eigenvalues.
For the study of small eigenvalues, we need to expand the eigenfunction up to the order
0(€?) term. This computation is quite involved. In the end, the matrix B and M will

appear.
A similar stability analysis for the Schnakenberg model has been carried out in [35].

5. Thefull Gierer—M einhardt system: Two-dimensional case

Let us now consider the Gierer—Meinhardt system in a two-dimensional domain. The re-
sults are more complicated. To reduce the complexity and grasp the essential difficulties,
we assume that (p, g, r,s) = (2,1, 2,0) in this section.

We start with the bound states.

5.1. Bound states: spikes on polygons
We first consider the case when £2 = R?:

Aa—a—}—%Z:O, a>0 in R?,
Ah —02h4+a?2=0, h>0 inR? (5.1)
a(x),h(x) — 0 as |x| - +oo0.

As we will see, a notable feature of this ground-state problem in the plane is the pres-
ence of solutions with any prescribed number of bumps in the activator as the parameter o
gets smaller. These bumps are separated from each other at a distance O(|loglogo|) and
approach a single universal profile given by the unique radial solution of (2.8). The multi-
bump solutions correspond respectively to bumps arranged at the vertices of a k-regular
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polygon and at those of two concentric regular polygons. These arrangements with one ex-
tra bump at the origin are also considered. This unveils a new side of the rich and complex
structure of the solution set of the Gierer—Meinhardt system in the plane and gives rise to
a number of questions.

Let us set

-1
ng(imgl f w2<y>dy) : (5:2)
2 o Jgr2

THEOREM 5.1. (See [17].) Let k > 1 be a fixed positive integer. There exists o > 0 such
that, for each 0 < o < oy, problem (5.1) admits a solution (a, h) with the following prop-
erty:

k
Too (x) = Y wlx — &)

i=1

lim —0, (5.3)
o—0

uniformly in x € R2. Here the points & correspond to the vertices of a regular polygon
centered at the origin, with sides of equal length [, satisfying

1 1
I =loglog—+ O (Iog loglog —). (5.4
o o
Finally, for each 1 < j < k we have
lim|tohe (& +y) — 1| =0,
o—0
uniformly on compact sets in y.

Our second result gives existence of a solution with bumps at vertices of two concentric
polygons.

THEOREM 5.2. (See [17].) Let k > 1 be a fixed positive integer. There exists o > 0 such
that, for each 0 < o < oy, problem (5.1) admits a solution (a, &) with the following prop-
erty:

k

Ji_r)no Todo (X) — Z[w(x —&) +wx—§9H]|=0, (5.5)

i=1

uniformly in x € R2. Here the points & and & are the vertices of two concentric regular
polygons. They satisfy

2jm . 2nj .

Ej=poe k', E}k:,o;eT’, j=1 ...k,
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where

1
Po = ——5+ Ioglog + 0<Iog loglog — )

1T

and

. 1 1 1
o= <1+ 7&) loglog — + 0(Iog|og|og —).
|l—e7| o o

A similar assertion to (5.4) holds for &, around each of the &; and the &*’s.

THEOREM 5.3. (See [17].) Let k > 1 be given. Then there exists solutions which are ex-
actly as those in Theorems 5.1 and 5.2 but with an additional bump at the origin. More
precisely, with w(x) added to Zle w(x — &) in (5.3) and added to Zf;l[w(x &)+
w(x —&)]in (5.5).

The method employed in the proof of the above results consists of a Lyapunov—-Schmidt
type reduction. The basic idea of solving the second equation in (5.1) for 4 first and then
working with a nonlocal elliptic PDE rather than directly with the system. Let 7'(a?) be
the unique solution of the equation

Ah—c?h+a?2=0 inR?,

5.6
h(x)—>0 as |x| — +oo, (56)

for a® € L?(R?). Equation (5.3) can be solved via sub-super-solution method. Solving the
second equation for 7 in (5.1) we get & = T'(a?), which leads to the nonlocal PDE for a

a2
A —at o= ®.7)
Fixing m points which satisfy the constraints
2 1 1 L
=loglog — < |&; — & <2loglog—, foralli# ;.
3 o o
We look for solutions to (5.7) of the form
1 K
a(x)=—(W+¢), where W=> wx-g). (5.8)
o ]:1
By using finite-dimensional reduction method, we first solve an auxiliary problem
_ W+¢)? oW
AW +¢) = (W +9) + 72000 = Y ciogg, 69

fRZ‘Pdsm =0, i=1....m a=12
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Solutions satisfying the required conditions in Theorems 5.1-5.3 will be precisely those
satisfying a nonlinear system of equations of the form

Cid(sl7§27"'7§m)=07 i=15"‘am5a=1725

where for such a class of points the functions c;, satisfy

d
Ciot(";:ls . 1&/{) = 85 I:Z F('éj _é:ll)i| +6iav (510)
ki

function F : R — R is of the form

c7logr
log

o

F(r)= + cgw(r),

c7 and cg are universal constants and

1

for some y > 0. Although (5.10) does not have a variational structure, solutions of the
problem ¢;, = 0 are close to critical points of the functional Zi# F(l&; — &]). In spite
of the simple form of this functional, its critical points are highly degenerate because of
the invariance under rotations and translations of the problem. Thus, to get solutions using
degree theoretical arguments, we need to restrict ourselves to classes of points enjoying
symmetry constraints. This is how Theorems 5.1-5.3 are established. On the other hand,
we believe strongly that finer analysis may yield existence of more complex patterns, such
as honey-comb patterns, or lattice patterns.

REMARK 5.1.1. Similar method can also be used to prove Theorem 4.1. In that case, we
have

d
ci(Er, ... &) = 3—5_[2 Fi(1§; - m)} +0(c't7), (5.11)
PRi)

function Fy : Ry — R is of the form
Fi1(r) = coor + crow(r),

cg and c1g are universal constants. It is easy to see that the critical points of Z# ;g -
£;]) is nondegenerate (in the class of points with Zle £;=0).
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5.2. Existence of symmetric K-spots

We look for solutions to the stationary GM on a two-dimensional domain with the follow-
ing form

K x — P
aé(x)~ZgE,jw< - J) (5.12)
j=1

where P; are the locations of the K -spikes and & ; is the height of the spike at P;.
If all the heights are asymptotically equal, i.e.

lim 561 — 1, fori # j, (5.13)

€—~>0 8¢ j

such solutions are called symmetric K-spots. Otherwise, they are called asymmetric
K -spots.

In this section, we discuss the existence of symmetric K-spots. It turns out in two-
dimensional case, we have to discuss two cases: the strong coupling case, D ~ O (1), and
the weak coupling case, D > 1.

We first have the following existence result in the strong coupling case

THEOREM 5.4. (See [84] and [85].) Let £2  R? be a bounded smooth domain and D be
a fixed positive constant. Let Gp(x, y) be the Green function of —DA + 1 in £ (with
Neumann boundary condition). Let Hp(x, y) be the regular part of Gp(x,y) and set
hp(P)=Hp(P, P).

Set
K
Fp(PL,..., Pk)=Y_ Hp(P, P)— Y _ Gp(Pj, P).
i=1 J#l
Assume that (Py, ..., Px) € 22X is a nondegenerate critical point of Fp(Py, ..., Pk).

Then for e sufficiently small, problem (GM) has a steady state solution (a, h¢) with the
following properties:
(1) ac () =£(5 w(L) + o(1)) uniformly for x € 2, PE — PO, j=1,.... K,
as ¢ — 0, and w is the unique solution of the problem (2.8).
(2) he(x) =& (1 + 0(@)) uniformly for x € §2, where

B) &1 = (5= +o(D)e?log L fro w?.

REMARK 5.2.1. Theorem 5.4 shows that interior peaks solutions are related to the Green
function (contrast to shadow system case). Thus in the strong coupling case, the peaks are
produced by a different mechanism. It seems that the equation for & controls everything.

REMARK 5.2.2. In a general domain, the function Fp(P) always has a global maximum
point Py in £2 x --- x £2. (A proof of this fact can be found in the Appendix of [85].)
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The proof of Theorem 5.4 depends on fine estimates in the finite dimensional reduction:
the major problem is to sum up the errors of powers in terms of

Next, we discuss the weak coupling case. We assume that Ilmﬁo D = +o0. We first
introduce a Green function Gy which we need to formulate our main results.
Let Go(x, &) be the Green function given by

AGo(x, &) — Wl‘ +8:(x)=0 in,

Jo Go(x,8)dx =0, (5.14)
3oxf) g on o
and let
1 1
Ho(x,§) = —log T Go(x,&) (5.15)

be the regular part of Go(x, &).
Denote P € 22X, where P is arranged such that

P=(Py, P, ..., Pg)
with
Pi=(Pi1,Pp fori=12,....K

For P € 22X we define

K
Fo(P)=Y Ho(P,P)— Y.  Go(P, P) (5.16)
k=1 i,j=1,...K, i#j
and
Mo(P) = (VAFo(P)). (5.17)

Here Mp(P) isa (2K) x (2K) matrix with components 3?;53(2 - i,k=1,...,K, j,l=
i,j <,
1,2 (recall that P; ; is the jth component of P;).
Set

D=— Ne := log —. (5.18)

Then D — +o0 is equivalent to 8 — 0.
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The stationary system for (GM) is the following system of elliptic equations:

ezAa—a+%:0, a>0 in £2,

Ah— B2h+ B%a? =0, h>0 ing, (5.19)
3—11:@:0 onoas2.

v v

The following concerns the existence of symmetric K-peaked solutions in a two-
dimensional domain which generalizes the one-dimensional result Theorem 4.2.

THEOREM 5.5. (See [86].) Let P* = (P0, P2, ..., PY) be a nondegenerate critical point
of Fo(P) (defined by (5.16)). Moreover, we assume that the following technical condition
holds

if K > 1, then IimO ne # K, (5.20)
€—

where 7. is defined by (5.18).
Then for ¢ sufficiently small and D = % sufficiently large, problem (5.19) has a solution

(ae, he) with the following properties:
(1) ac(x) = gé(zle w(x_ff') + O(k(e, B))) uniformly for x e £2. Here w is the
unique solution of (2.8) and

1£2]

%W if ne — 0,
b=\ w o mawmn e (5.21)
ﬁm% if ne — mo,
and
k(e B) == eE 2. (5.22)

(By (5.21), k(e, B) = O(min{—1, B2}).)

logl’
Furthermore, Pf — P?ase — Ofor j=1,..., K.
(2) he(x) =&(1+ O(k(e, B))) uniformly for x € £2.

5.3. Existence of multiple asymmetric spots

Similar to the on dimensional case, there are also multiple asymmetric spots in a two-
dimensional domain. But the existence of such patterns is only restricted when

. D
lim —— < +o0. (5.23)
e—0 |()g

€
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We first derive the algebraic equations for the heights (§c. 1, ..., & k).
For g > 0 let Gg(x, &) be the Green function given by

AGg—p?Gp+8=0 ing, (5.24)
%5 0 on 4£2. '

Recall that g2 = % and therefore g ~ Let Go(x, &) be the Green function defined

1
in (5.14).
In Section 2 of [86] a relation between Gg and G is derived as follows

-2

Gplx.6) = ’fg—| 4 Golx. &) + 0(8?) (5.25)

in the operator norm of L2£2) — H2(£2). (Note that the embedding of H2(£2) into L (£2)
is compact.)
We define cut-off functions as follows: Let P € £2X. Introduce

X —
8

P.
Xe,p_{.()f):)(( J), xef, j=1,...,K, (5.26)

where x is a smooth cut-off function which is equal to 1 in B1(0) and equal to 0 in R%\
B>(0).
Let us assume the following ansatz for a multiple-spike solution (a, ) of (GM):

[ e~ YK i) pen, (), (5.27)
h (Ple) 56,1’

where w is the unique solution of (2.8), & ;,i =1,..., K, are the heights of the peaks, to
be determined later, and P€ = (Py, ..., Pg) are the locations of K peaks.

Then we can make the following calculations, which can be made rigorous with error
terms of the order 0( ) in H(£2).

From the equation for he,
Ahe — BPhe + BPal =0,
we get, using (5.25),

he(Pf) = /9 Gp(Pf £)BPal(&) dE

=/ (%+Go( §)+0(ﬂ2))ﬂ2
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K Pé
x (Zs ( )xep (é)) dé
j=1
1
- [ (G +#outr )+ 0(6)
2\12]
x (Zggjuﬂ( - f)xe,p,.@))ds.

Thus

2 — pP€
se,,»=s§,,'|;—|/2w%y)dy+s£,,-;32/9Go(Pf,s)wz(S . ’)xe,p,.@)ds

+Z<ﬁ+ﬂ Go(Pf, PG))sgjeszz w?(y)dy

Z 0(B%*) + 0(p*%). (5.28)

Here we have used that for j #£i

§— P
f Go(Pf,s)wZ( J )xe,p, &)ds
0 €

=2 [2 Go(Pf, €y + P;)wz(y) dy +es.t.
R

:ezGo(Pf, P;)/ w?(y)dy
R2
K 9Go(Pf, PS)
+632 o, /RZ w?(Vyidy + 0 (e
= ezGo(Pf, P;) /2 w?(y)dy + 0(64).
R

—P¢ .
(Note that we have set y = : —~ and we have used the relation

f w?(y)yrdy =0
RZ

which holds since w is radially symmetric.)
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Using (5.15) in (5.28) gives

) e 201V d
i =i [ wPdy
1 € 2 s_Pié
+E€l!3 / <27T E' H (Pl ’E)) ( € >X€,Pi€(§)d$

+Z<ﬁ + 82 Go(P, §)>$€2’j62 ./R? w?(y)dy

+Zfe1 e') +0(p'<)

=562,i|69—|/ wz(y)dy+53,§ e?log = f w?(y)dy

+&2, ﬁ( / 2<y)log—dy—e2Ho(P€ PG)/ wz(ymy)
R2 R2

512 | |
+§(|.{2_| +13 GO i ]))‘562] _/]Rz wz()’)dy
+Z%‘5, )+ 0(B%?)). (5.29)

Recall that Hy € C2(£2 x £2).
Considering only the leading terms in (5.29) we get following

K 2
_ 2 € 2 2 B? 2
&ei —;Eg,”[zl/sz (y)dy+€€,2 € |Og / (y)dy

K
+Y &2,0(p%). (5.30)
j=1
Let us rescale
2 [$2]
Ee,i = geSe,i’ where Es = 5 5 (5-31)

€? [z w?

Then from (5.30) we get

1 2
el — |\ — e d
S <|9|+|9|)§ fR“’ () dy
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2 K
€
+ 253,@ /2 w?(y)dy + ZSEJ 0(p2e?),
J#i R’ j=1
where 5. was introduced in (5.18). Assuming that
Eci— & ne— o, (5.32)

we obtain the following system of algebraic equations

K

Eei=) 82, +E&m. i=1.... K, (5.33)
j=1

which can be determined completely.
In fact, let

p(t) =1 — not?. (5.34)

Then (5.33) is equivalent to

p(éi)=i§f, i=1....K, (5.35)
j=1

which implies that

pE)=pE) forij. (5.36)
That is

& —Ep(L—moE +Ep) =0. (5.37)
Hence for i £ j we have

E—E =0 or §i+§j=%. (5.38)

The case of symmetric solutions (é,- = él, i =2,...,N) has been studied in [85] and
[86]. Let us now consider asymmetric solutions, i.e., we assume that there exists an
i €{2,...,N}suchthat & # & . Without loss of generality, let us assume that

E#8,
which implies that

P 1
f1+6=—. (5.39)
10
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Let us calculate &;, j =3,..., K. If & # &, then by (5.38), &; + & = ;-, which implies
that &; = &.

Thus for j > 3, we have either £; = &; or §; = &,.

Let k1 be the number of £,’sin {&1, ..., £k } and ko be the number of &’sin {&1, ..., Ex}.
Thenwehave k1 > 1,k > 1, k1 +kp =K.

This gives
K
g —noff =) &2 =kiE] + ko], (5.40)
j=1
~ 1 ~
fo=— —&1. (5.41)

no

Substituting (5.41) into (5.40), we obtain
. . . 1 .)\?
1 —nofl =k + k2<% — ssl)

and therefore

2kp+no, k2

1+ — =0. (5.42)

Mo

(k1 + ko + 10)E2 —

Equation (5.42) has a solution if and only if

2ky +1m0)% _ k
% > 4—;(/61 + k2 + 1o). (5.43)
Uh) Uh)

The strict inequality of (5.43) is equivalent to

no > 2+/ kiko. (5.44)

Itis easy to see that if (5.44) holds, then there are two different solutions to (5.42) which

are given by (p+, n+).
Therefore we arrive at the following conclusion.

LEMMA 5.6. Let no > 2./kiko. Then the solutions of (5.33) are given by (¢1,...,&x) €
({p+, n+ DX where the number of p’s is k1 and the number of n+’s is k.

If no > 2+/k1k>, there exist two solutions (o+, n+).

If no = 24/k1k>, there exists one solution (o4, p+).

If no < 24/k1ky, there are no solutions (o, po+).
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Let no > 2+/k1ko where k1 + ko = K, k1, ko > 1. By Lemma 5.6, there are two solutions
to (5.33). In fact, we can solve

2k + o + /0§ — dkikz 2k + o — /0§ — dkikz (5.45)

’ pP—= )

P+ =

2no(no + K) 2no(no + K)
2k + 1o — \/né — dkiks 2k + o +/nf — dkikz (5.46)
77 = ’ 7]7 = . .
" 2n0(no + K) 2n0(no + K)
Note that
1 1
p+tne=—,  p-tn-=—. (5.47)
10 10

Let (o, n) = (o4, n4) or (p, ) = (p—,n-). We drop “=£” if there is no confusion.
Let (61, ..., k) € RK be such that

£; € {p, n}, and the number of p’sin (&1, ..., k) is k1. (5.48)

Then there are k» n’sin (1, ..., &x).
Let P=(Py,..., Pg) € 2%, where P is arranged such that

P= (P, Py, ..., Pg)
with
Pi=(P1,Pp) fori=12,...,K.

For P € 22X we define

K
Fo(Py=Y Ho(Pi, PO& — Y Go(Pi, P)EE: (5.49)
k=1 i,j,=1,...K,i#j
and
Mo(P) = VEFo(P). (5.50)

Then we have the following theorem, which is on the existence of asymmetric K -peaked
solutions.

THEOREM 5.7. (See [87].) Let K > 2 be a positive integer. Let k1, k2 > 1 be two integers
such that k1 + k» = K. Let

1 p?182| 182]
==, .= >— log ,
T €
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where |£2| denotes the area of £2, Assume that ng = lim¢_.q ne > 2+/k1k2,

(T mo#K
and that

(T2) P°= (PP, P,..., P?) is a nondegenerate critical point of Fo(P)
(defined by (5.49)).

Then for ¢ sufficiently small the stationary (GM) has a solution (a, h¢) with the follow-
ing properties:
1) acx)=Y", ge,j(w(ii) + O(%)) uniformly for x € £2, where w is the unique
solution of (2.8) and
2 1$2]
ge,j = Sege,j» fe=—5+— (5.51)

E_EZIRZwZ'

Further, (51, ..., & x) — (€1, ..., Ex) which is given by (5.48).
(2) he(PS) =& j(1+5)INHA(2),j=1,....K.
() Pf—> Plase—Oforj=1,..., K.

5.4. Stability of symmetric K -spots

Next we study the stability and instability of the symmetric K -peaked solutions constructed
in Theorems 5.4 and 5.5.
In the strong coupling case, it turns out all solutions are stable:

THEOREM 5.8. (See [85].) Suppose D = O(1). Let Pg and (ae, k) be defined as in Theo-
rem 5.4. Then for € and 7 sufficiently small (ac, k) is stable if all eigenvalues of the matrix
Mp(Py) = (VE,O Fp(Po)) are negative. (ac, he) is unstable if one of the eigenvalues of the
matrix Mp(Pp) is positive.

In the weak coupling case, the stability of symmetric K-peaked solutions in a bounded
two-dimensional domain can be summarized as follows.

THEOREM 5.9. (See [86].) Let P° be a nondegenerate critical point of Fo(P) and for
€ sufficiently small and D = % sufficiently large let (ae, he) be the K-peaked solutions

constructed in Theorem 5.5 whose peaks approach PP.
Assume (5.20) holds and further that

*) Plisa nondegenerate local maximum point of Fo(P).

Then we have
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CASE 1. 5. — 0 (i.e., T’T? > log 1).

If K = 1 then there exists a unique 71 > 0 such that for t < 11, (g, he) is linearly stable,
while for t > 11, (ae, h¢) is linearly unstable.

If K > 1, (ae, he) is linearly unstable for any © > 0.

CASE 2. 5. — +00 (i.e., Zl’TT? <« logl).

(ae, he) is linearly stable for any 7 > 0.

CASE 3. ne — no € (0, +00) (i.e,, 32 ~ L log 1),

If K >1and ny < K, then (ac, h¢) is linearly unstable for any t > 0.

If no > K, then there exist 0 < 1o < 13 such that (ae, h¢) is linearly stable for z < 1
and 7 > t3.

If K =1, no <1, then there exist 0 < t4 < 75 such that (ac, i) is linearly stable for

T < 74 and linearly unstable for t > s.

The statement of Theorem 5.9 is rather long. Let us therefore explain the results by the
following remarks.

REMARK 5.4.1. Assuming that condition (x) holds, then for € small the stability behavior
of (ac, he) can be summarized in Table 1.

REMARK 5.4.2. The condition («) on the locations PP arises in the study of small (o(1))
eigenvalues. For any bounded smooth domain £2, the functional Fy(P), defined by (5.16),
always admits a global maximum at some P° € 22X, The proof of this fact is similar to the
Appendix in [86]. We believe that in generic domains, this global maximum point P is
nondegenerate.

It is an interesting open question to numerically compute the critical points of Fo(P) and
link them explicitly to the geometry of the domain £2.

We believe that for other types of critical points of Fy(P), such as saddle points, the
solution constructed in Theorem 5.5 should be linearly unstable. We are not able to prove
this at the moment, since the operator L. is not self-adjoint.

Table 1
Case 1 Case 2 Case 3 (g < K) Case 3 (ng > K)
K =1, t small stable stable stable stable
K =1, 7 finite ? stable ? ?
K =1, large unstable stable unstable stable
K > 1, v small unstable stable unstable stable
K > 1, 7 finite unstable stable unstable ?

K > 1, t large unstable stable unstable stable
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REMARK 5.4.3. Case 1 and Case 3 with ng < K resemble the shadow system and Case 2
and Case 3 with g > K are similar to the strong coupling case.

From Case 2 and Case 3 of Theorem 5.9, we see that for multiple spikes (K > 1) large =
may increase stability, provided that ng > K. This is a new phenomenon in R2. It is known
that in R, large t implies linear instability for multiple spikes [8,34,59,60].

REMARK 5.4.4. We conjecture that in Case 3, o = 73. This will imply that forany ¢ >0
and np > K, multiple spikes are stable, provided condition (x) is satisfied. (It is possible
to obtain explicit values for o and 73.)

REMARK 5.4.5. Roughly speaking, assuming that condition (x) holds and that z is small,
then for € « 1, Dk (¢) = 2‘%’( Iog% is the critical threshold for the asymptotic behavior
of the diffusion coefficient of the inhibitor which determines the stability of K-peaked
solutions.

The proof of Theorem 5.9 is again divided by two parts: large eigenvalues and small eigen-
values. For small eigenvalues, we relate them to the functional F (P). For large eigenvalues,
we obtain a system of NLEPs:

Agi — ¢i + 2w
_ 2[(L +no(1+tA0)) fRZ we; + Zj;ﬁi fRZ w¢j] 2

= Xodi,
(K +n10)(1+ 1ho) [o w? v 0
i=1...,K. (5.52)
By diagonalization, we obtain two NELPs:
AP — ¢+ 2w — S B [/ w(y)$(y) dy} w? =14, (5.53)
(K +no) fRZ w? R2
and
2(K +no(L+1tho)) [rewed
AP — 2 — =A
o ¢ towe (K +n0)(1+1ho) [go w? " o#,
¢ € H?(R?), (5.54)

where 0 < g < +o0and 0 < 7 < +o0.
Problem (5.53) is the same as (3.7). For problem (5.54), we have the following result

THEOREM 5.10.
(1) If no < K, then for = small problem (5.54) is stable while for 7 large it is unstable.
(2) If no > K, then there exists 0 < 7o < 73 such that problem (5.54) is stable for t < 12
ort > 13.
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PROOF. Let us set

2K +no(L+ 7))
SN = e A th) (5.55)

We note that

210
K +no

lim f(z)) = = foo-
TA—+00
If no < K, then by Theorem 3.12(2), problem (3.52) with i = f has a positive eigenvalue
a1. Now by perturbation arguments (similar to those in [8]), for ¢ large, problem (5.54)
has an eigenvalue near o1 > 0. This implies that for ¢ large, problem (5.54) is unstable.

Now we show that problem (5.54) has no nonzero eigenvalues with nonnegative real
part, provided that either 7 is small or ng > K and t is large. (It is immediately seen that
f(@n)
3.12 should apply. The problem is that we do not have control on tA. Here we provide a
rigorous proof.)

We apply the following inequality (Lemma 3.8(1)): for any (real-valued function) ¢ €
H?(R?), we have

fRZ we fRZ w’¢

Jr2 w?

fRZ w3 2
- < /R 2 w¢> >0, (5.56)

/Rz(wwzwz —2w¢?) +

where equality holds if and only if ¢ is a multiple of w.
Now let Ao = Ag + ~/—1A1, ¢ = dr + /' —1¢; satisfy (5.54). Then we have

Jrz wo
Jr2 w?

Multiplying (5.57) by ¢—the conjugate function of ¢—and integrating over R2, we obtain
that

Lop — f(tho) w? = o6 (5.57)

| (1968 + 1017 ~ 20101
=0 [ 10 - f(zia )f]Rz o | (558)
R2

Multiplying (5.57) by w and integrating over R?, we obtain that

3
/l; w2¢ — <X0 + f(tAo) ;RZ )_A@Z wao. (5.59)
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Taking the conjugate of (5.59) we have

27 Jre w3> -
Azw o= <)\.O ‘I‘f(TA.O) fRz AZ wao. (5.60)

Substituting (5.60) into (5.58), we have that

/RZ(IV¢|2+ 617 — 2wl %)

3 2
Jgz > | o2 wel” (5.61)

Jrzw?/)  [pew?

We just need to consider the real part of (5.61). Now applying the inequality (5.56) and
using (5.60) we arrive at

Jrez 0
—AR > (f(f?»o)(ko + f(tho) ))

= %0 f 12 —f(f)»o)(ko+f(f?»o)

e w?
3 3
—2Re<ko+f(rk )f ) ?Rz ZZ’

where we recall Lo = Ag + +/—1A; With Az, A; € R.
Assuming that Az > 0, then we have

Jrz W
Jr2

By the usual Pohozaev’s identity for (2.8) (multiplying (2.8) by y - Vw(y) and integrating
by parts), we obtain that

3
/Rz wd = 2 /]RZ w?. (5.63)

Substituting (5.63) and the expression (5.55) for f(zA) into (5.62), we have

— |f(m0) — 1 +Re(Ro(f(xr0) — 1)) <O. (5.62)

3 _ _
Slmo+ K + (o — K)er? + Re((no + K)(L+ i) (o + K)o
+ (0 — K)tlaol?)) <0

which is equivalent to
3 2 21y 12
5L+ pothp)” +Ar + (0T + 7 + ot Ihol%) AR

3
+ (Eugﬂ + pot — r);ﬁ <0 (5.64)
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where we have introduced jq := L%

If no > K (i.e., uo > 0) and 7 is large, then

3
E,U,(Z)‘L'z—l—uot —7>0. (5.65)
So (5.64) does not hold for Az > 0.
To consider the case when t is small, we have to obtain an upper bound for ;.
From (5.58), we have

2_ _ Jrz wo 27
M/RZ 191 —lm( S0 ézw ¢>.

Hence

4
Il < | f(xho)| Jee v <C (5.66)

Jr2 w?

where C is independent of Ag.
Substituting (5.66) into (5.64), we see that (5.64) cannot hold for Az > 0, if  is small. O

5.5. Stability of asymmetric K -spots

Finally we study the stability or instability of the asymmetric K -peaked solutions con-
structed in Theorem 5.7.

THEOREM 5.11. Let (ac, h¢) be the K-peaked solutions constructed in Theorem 5.7 for ¢
sufficiently small, whose peaks are located near P°. Further assume that

() Plisa nondegenerate local maximum point of F(P).
Then we have:

(a) (Stability)
Assume that

2\ kika <no < K (5.67)
and

ki>kz, (0,1 = (04, n4).

Then, for ¢ small enough, (ac, h¢) is stable.
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(b) (Instability)
Assume that either

no > K
or
7 is large enough.
Then (ae, he) is linearly unstable.

A consequence of Theorem 5.11 is stable asymmetric patterns can exist in a two-
dimensional domain for a very narrow range of D, namely for

1 J182] D 1 J182]
——log— < — < log
2rK |$2]  AmJkiko €

and € small enough, where k1 and k» are two integers satisfying k1 + ko = K, k1 > 1, ko >
1. In most cases, asymmetric patterns are unstable.

(5.68)

6. High-dimensional case: N >3

When N > 3, there are very few results on the full Gierer—Meinhardt system. The differ-
ence between N > 3 and N < 2 lies on the behavior of the Green function: when N < 2,
the Green function is locally constant (when N = 2, it is locally co). The limiting problem
is still a single equation (2.8). But when N > 3, the Green function is like W The
limiting problem when N > 3 becomes

Aa—a+%=0 in RV,
Ah+ % =0 inRY, (6.1)
a,h>0,a,h—0 as|yl— +oo.

Problem (6.1) seems out of reach at this moment. We believe that there should a radially
symmetric solution to (6.1) which is also stable.

As far as the author knows, the only result in higher-dimensional case is the existence of
radially symmetric layer solutions [62].

Let £2 = By be a ball of radius R in R". By scaling, we may take D = 1 and obtain
formally the following elliptic system

ezAa—a—{—‘;l—Z:O in Bg,

vsa>0, h>0 in Bg,
) )
Gr=50=0 on Bg,
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where (p, g, m, s) satisfies

qm

p>1 ¢>0 m=>0 s52>0,

(The case of the whole R” is also included here, by taking R = +00.)

Note that in (6.2), we have replaced a” by a™ since we will use » = |x| to denote the
radial variable.

We first define two functions, to be used later: let J1(r) be the radially symmetric solu-
tions of the following problem

N-1

J//
1t »

J—J=0, J(©0)=0 J0)=1 J>0. (6.4)

The second function, called J,(r), satisfies

N-1

r

JZ// + JZ/ —J+6=0, Jo>0 Jy(4+o00)=0, (6.5)
where &g is the Dirac measure at 0.

The functions J1(r) and J>(r) can be written in terms of modified Bessel’s functions. In
fact

_ _ N -2
) =cr T L), h)=cr 7 Ky(r), v="0" (6.6)

where ¢1, ¢ are two positive constants and 1,,, K, are modified Bessel functions of order v.
In the case of N =3, J1, J2 can be computed explicitly:

sinhr e "
J1= , Jo(r) = .
r Ay

(6.7)

Let w(y) be the unique solution for ODE 2.103. Let R > 0 be a fixed constant. We define

J,(R)

Jo,r(r) = J2(r) — TR
1

J1(r) (6.8)
and a Green function Gg(r; r’)
G’1§+NT_1G’R—GR +8,=0, Gr(0;r)=0, Gir(R;r)=0.  (6.9)
Note that

Lr® =0 lim Jpr(r)=J2(r). (6.10)
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Fort € (0, R), set

— — / J)
M (r) = N=-D(p-DH  N1®O 2,R(f)_
qt Ji@®)  J2,r(D)

(6.11)

When R = 400, J2,100(r) = J2(r). We denote G oo (r;7') as G(r; 1) and M (¢) as
M (¢). That is,

N sNo1 | L2 i), forr <7/,
Glrir) =colr) { I (), forrsr, (612)
M@y = WD =D A0 B0 (6.13)

qt Jit) (1)’

Then we have the following existence result on layered solutions.

THEOREM 6.1. (See [62].) Let N > 2. Assume that there exist two radii 0 <r; <rp < R
such that

Mg(ri)Mg(r2) <0. (6.14)

Then for € sufficiently small, problem (6.2) has a solution (ac g, ke r) With the following
properties:
(1) ac. g, he g are radially symmetric,

) acr(r) =7 w(=e) (1 +o(1)),
(3) ae.r(r) = Ee.r(GR(te; 1) 2GR 1) (1 + 0(1)), where Gr(r; 1) satisfies (6.9),
& r is defined by the following

A+s)(p=DH)—gqm

Ee,R = <E (/]I; wm>GR(te; te)) " (6-15)

and ¢, € (r1, rp) satisfies lime_.o Mg (¢.) = 0.

It remains to check condition (6.14), which can be verified numerically. Under some
conditions on p, g, we can obtain the following corollary.

COROLLARY 6.2. Assume that the following condition holds:

(N —2)q

N_1 +l<p<qg+1l (6.16)

Then there exists an Ro > 0 such that for R > Ro and e sufficiently small, problem (6.2)
has two radially symmetric solutions (a; ., h; ) concentrating on sphere {r = #;} with
Mpr(t;)=0,i=1,2,and0<nn <t <R,i=1,2.
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We remark that Corollary 6.2 is the first rigorous result on the existence to (6.2) of
positive solutions in dimension N > 3. Next we consider the existence of bound states.
That is, we consider the following elliptic system in RV :

eZAa—a+‘;l—£=O in RN,
Ah—h+4% =0 inRV, (6.17)
a,h>0, a,h—0 as|x|— +oc.

We have the following result.

THEOREM 6.3. (See [62].) Let N > 2. Assume that there exist two radii 0 <r; <rp <
+o00 such that

M(r1)M(rz) <O0. (6.18)

Then for ¢ sufficiently small, problem (6.17) has a solution (ac, i) with the following
properties:
(1) ac, he are radially symmetric,
9

() ac(r) =& w2 A +0(1)),
(3) he(r) =E(G(re; 1)) LG (r; re) (1 + 0(1)), where . is defined at the following

A+s)(p=1)—gm
qm
& = (6 </ w’")G(re; re)) (6.19)
R

and r¢ € (r1, rp) satisfying lime_.o M (r.) =0.
Similarly we have the following corollary.

COROLLARY 6.4. Assume that N > 2 and that the condition (6.16) holds. Then for ¢
sufficiently small, problem (6.2) has a radially symmetric bound state solution (a, A¢)
which concentrates on a sphere {r = #p} where M (¢g) =0.

By using the same method, it is not difficult to generalize the results of Theorem 6.1 to
other symmetric domains, such as annulus or the exterior of a ball. We omit the details.

Several interesting questions are left open. First, can multiple layered solutions to (6.2)
exist? Second, it would be an interesting question to study the stability of these “ring-like”
solutions. Numerical computations in two dimension indicate that the “ring-like” solutions
constructed in Theorem 6.1 are unstable and will break into several spots due to angular
fluctuations. Third, if we vary R from 0 to +o0, what is the relation between the layered
solution constructed in [52] for the single equation (2.4) and the solutions in Theorem 6.1?
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7. Conclusionsand remarks

In this chapter, | have surveyed the most recent results on the study of Gierer—-Meinhardt
system.

First, we consider the case D = +o0. In this case, the state-state problem becomes a sin-
gularly perturbed elliptic Neumann problem (2.4). Using the LEM, we established various
existence results on concentrating solutions. In particular, Theorem 2.5 gives a lower bound
on the number of solutions to (2.4). Several interesting questions are associated with (2.4).
First, is there a lower bound on the number of boundary spikes? What is the optimal bound
on the number of solutions to (2.4)? The followings are just some related conjectures

CONJECTURE 1. Suppose the mean curvature function H (P) has [ local minimum points.
Then there is at least

C
(N-1)

number of boundary spikes to (2.4).

CONJECTURE 2. Suppose the distance function d(P, 9£2) has [ local maximum points.
Then there is at least

C
NI

number of interior spikes to (2.4).

CONJECTURE 3. Suppose we have the energy bound Jc[uc] < Ce™ for some m < N.
Assume that the concentration set I', = {u, > %} is connected. Then the limiting set I" =
lime_,o I'. has Hausdorff dimension N — m.

Second, we consider the stability of spike solutions to the shadow system (2.2). By
studying both small and large eigenvalues, we have completely characterized the stability
(or instability) inthe case of r =2,1 < p <1+ % or r = p 4+ 1. The study of the NLEP
(3.52) is not complete yet. Many interesting questions are still open: the case of general r,
the case of large 7, the uniqueness of Hopf bifurcation, etc. The nonlinear metastability of
interior spike solutions is studied in [6]. The stability of boundary spikes is studied in [32],
through a formal approach. It can be proved that when D > Dg(¢) > 1, the full Gierer—
Meinhardt system converges to the shadow system [59,60,76,77]. However, the critical
threshold Dg(¢) seems unknown.

Third, we consider the one- and two-dimensional Gierer—Meinhardt systems. For steady
states, we established the existence of symmetric and asymmetric K -peaked spikes. In 1D,
the bifurcation of asymmetric K -spikes occur when D < Dg. In 2D, the bifurcation of
asymmetric K -spikes occur when D ~ log % We also obtain critical thresholds for the
stability of K-peaked solutions: If € <« 1 there are stability thresholds

Di(e) > Dy(€) > D3(€) > ---> Dg(€) > ---
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such that if

lim >1

e—0

Dk (e)
D

then the K -peaked solution is stable, and if

IimM<

e—0

1

then the K-peaked solution is unstable. In 1D, the critical threshold is Dg ~ % In 2D,

log 121

the critical threshold is —_—%—. In 1D, the small eigenvalues determine the critical thresh-
olds, while in 2D, the large eigenvalues give the critical thresholds. An interesting ques-
tion is to obtain the next order term in the critical threshold for 2D (which should be
O (1) and location-dependent). The dynamics of multiple spikes in 1D and 2D is com-
pletely open. In 1D, the dynamical equation for the positions of the spikes is a system of
algebraic-differential-equations (ADE). A matched asymptotic analysis is given in [33]. In
2D, the dynamics of two well-separated spots is studied in [20] and it is shown that the two
spots will repel each other, provided that the initial distance between the two spots is large
enough. In a general two-dimensional domain, the dynamics of multiple spots should be
governed by VFp(P) or V Fy(P).

Finally, it is almost completely open as regards to three-dimensional Gierer—Meinhardt
system. The main difficulty is the study of the coupled system (6.1) which requires some
new insights. A layered bound state is constructed, but most likely it is unstable. An inter-
esting question is to generalize Theorem 6.1 to general domains.

Although the analysis in this chapter was carried out for the Gierer—Meinhardt system,
the results can certainly be generalized to a much wide class of nonlocal reaction diffusion
systems that have localized spike solutions.
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