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Preface

This handbook is the fifth volume in the series devoted to stationary partial differential
equations. As the preceding volumes, it is a collection of self-contained, state-of-the-art
surveys written by well-known experts in the field.

The topics covered by this volume include in particular semilinear and superlinear ellip-
tic systems, the fibering method for nonlinear variational problems, some nonlinear eigen-
value problems, the studies of the stationary Boltzmann equation and the Gierer–Meinhardt
system. I hope that these surveys will be useful for both beginners and experts and help to
the diffusion of these recent deep results in mathematical science.

I would like to thank all the contributors for their elegant articles. I also thank Lauren
Schultz Yuhasz and Mara Vos-Sarmiento at Elsevier for the excellent editing work of this
volume.

M. Chipot
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CHAPTER 1

Semilinear Elliptic Systems:
Existence, Multiplicity, Symmetry of Solutions

Djairo G. de Figueiredo
IMECC-UNICAMP, C.P. 6065, Campinas, S. Paulo 13081-970, Brazil

E-mail: djairo@ime.unicamp.br
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1. Introduction

Semilinear elliptic systems of the type

−�u= f (x,u, v), −�v = g(x,u, v) in Ω, (1.1)

and the more general one, where the nonlinearities depend also on the gradients, namely

−�u= f (x,u, v,∇u,∇v), −�v = g(x,u, v,∇u,∇v) in Ω, (1.2)

have been object of intensive research recently. In this work we shall discuss some aspects
of this research. For the sake of the interested reader we give in Section 10 some references
to other topics that are not treated here.

On the above equations u and v are real-valued functions u,v :Ω → R, where Ω is
some domain in RN,N � 3, and Ω its closure. There is also an extensive literature on the
case of N = 2, but in the present notes we omit the study of this interesting case; only on
Section 4 we make some remarks about this case.

We shall discuss mainly the following questions pertaining to the above systems:
• Existence of solutions for the Dirichlet problem for the above systems, when Ω is

some bounded domain in RN .
• Systems with nonlinearities of arbitrary growth.
• Multiplicity of solutions for problems exhibiting some symmetry.
• Behavior of solutions at ∞ in the case that Ω is the whole of RN .
• Monotonicity and symmetry of positive solutions.
Although we concentrate in the case of the Laplacian differential operator � =∑N
j=1

∂2

∂x2
j

, many results stated here can be extended to general second order elliptic op-

erators. Of course, there is the problem of Maximum Principles for systems, which poses
interesting questions. See some references on Section 10.

The nonlinearity of the problems appears only in the real-valued functions f,g :Ω ×
R × R → R. For that matter, problems involving the p-Laplacian are not studied here.
Some references are given in Section 10.

Here we treat only the Dirichlet problem for the above systems. Other boundary value
problems like the Neumann and some nonlinear boundary conditions have been also dis-
cussed elsewhere, see Section 10.

Some systems of the type (1.1) can be treated by Variational Methods. In Sections 2
and 3 we study two special classes of such systems, the Gradient systems and the Hamil-
tonian systems. We say that the system (1.1) above is of the Gradient type if there exists a
function F :Ω ×R×R→R of class C1 such that

∂F

∂u
= f, ∂F

∂v
= g,

and it is said to be of the Hamiltonian type if there exists a function H :Ω ×R×R→ R
of class C1 such that

∂H

∂v
= f, ∂H

∂u
= g.



4 D.G. de Figueiredo

In Section 2, associated to Gradient systems we have the functional

Φ(u,v)= 1

2

∫
Ω

|∇u|2 + 1

2

∫
Ω

|∇v|2 −
∫
Ω

F(x,u, v), (1.3)

which is defined in the Cartesian product H 1
0 (Ω)×H 1

0 (Ω) provided

F(x,u, v)� |u|p + |v|q, ∀x ∈Ω, u,v ∈R

with p,q � 2N
N−2 , if the dimension N � 3.

In Section 3, associated to Hamiltonian systems we will first consider the functional

Φ(u,v)=
∫
Ω

∇u.∇v−
∫
Ω

H(x,u, v), (1.4)

which is defined in the Cartesian product H 1
0 (Ω)×H 1

0 (Ω) provided again that

H(x,u, v)� |u|p + |v|q, ∀x ∈Ω, u,v ∈R

with p,q � 2N
N−2 , if the dimension N � 3. However, as we shall see, the restriction on the

powers of u and v as above it is too restrictive, in the case of Hamiltonian systems. We
shall allow different values of p,q , as observed first in [26] and [84].

In Section 4 we discuss some Hamiltonian systems when one of the nonlinearities may
have arbitrary growth following [44].

In Section 5 we present results on the multiplicity of solutions for Hamiltonian systems
(1.1) exhibiting some sort of symmetry, we follow [9]. Also in Section 5, following [34], we
present a third class of systems which can also be treated by variational methods, namely

−�u=Hu(x,u, v) in Ω, −�v =−Hv(x,u, v) in Ω,

u(x)= v(x)= 0 on ∂Ω. (1.5)

In this form some supercritical systems can be treated, see [34].
In Section 6 we discuss classes of nonvariational systems, which are then treated by

Topological Methods. The difficulty here is obtaining a priori bounds for the solutions.
There are several methods to tackle this question. We will comment some of them, includ-
ing the use of Moving Planes and Hardy type inequalities. However the most successful
one in our framework seems to be the blow-up method. Here we follow [42]. This method
leads naturally to Liouville-type theorems, that is, theorems asserting that certain systems
have no nontrivial solution in the whole space RN or in a half-space RN+ .

In Section 7, we present some results on Liouville theorems for systems.
In Section 8, systems defined in the whole of RN are considered again and the behavior

of their solutions is presented.
In Section 9 we discuss symmetry and monotonicity of solutions.
And finally in Section 10 we give references to other topics that are not treated here.
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2. Gradient systems

The theory of gradient systems is sort of similar to that of scalar equations

−�u= f (x,u) in Ω. (2.1)

This theory has also been considered by several authors in the framework of p-Laplacians,

�pu= div
(|∇u|p−2∇u), p > 1.

We consider the system of equations

−�u= Fu(x,u, v), −�v = Fv(x,u, v) (2.2)

subjected to Dirichlet boundary conditions, that is u = v = 0 on ∂Ω . In the context of
the Variational Method, here we look for weak solutions, namely solutions in the Sobolev
space H 1

0 (Ω). So the variational method consists in looking for such solutions of (2.2) as
critical points of the functional

Φ(u,v)= 1

2

∫
Ω

|∇u|2 + 1

2

∫
Ω

|∇v|2 −
∫
Ω

F(x,u, v), (2.3)

whose Euler–Lagrange equations are precisely the weak form of equations (2.2), namely∫
Ω

∇u∇φ =
∫
Ω

Fu(x,u, v)φ,

∫
Ω

∇v∇φ =
∫
Ω

Fv(x,u, v)φ, (2.4)

for all φ ∈ H 1
0 (Ω). The functional (2.3) is to be defined in the Cartesian product E :=

H 1
0 (Ω)×H 1

0 (Ω). So, due to the Sobolev Embedding Theorem, we require

F :Ω ×R×R→R is C1 and

(F1)
∣∣Fu(x,u, v)∣∣� C

(
1+ |u|2∗−1 + |v|2∗−1),∣∣Fv(x,u, v)∣∣� C
(
1+ |v|2∗−1 + |u|2∗−1),

where 2∗ = 2N
N−2 ,N � 3, and then from the continuous imbedding H 1

0 (Ω) ⊂ L2∗(Ω) it
follows that the functional Φ is well defined and of class C1 in E. In most variational
methods some sort of compactness is required, like a Palais–Smale condition (for short,
(PS) condition).

DEFINITION. Let X be a Banach space, and Φ :X→ R a C1 functional. We say that
Φ satisfies the (PS) condition if, all sequences (xn) such that (Φ(xn)) is bounded and
Φ ′(xn)→ 0 contain a convergent subsequence.
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In this section we treat only subcritical problems, which means that the powers in the
nonlinearity F are strictly less than 2∗. Such a restriction is done viewing some (PS) con-
dition to be obtained later. So we require, due to Sobolev imbeddings, that

(F2)
∣∣F(x,u, v)∣∣� C

(
1+ |u|r + |v|s),

where 0< r < 2∗ and 0< s < 2∗.
Here, in analogy with the scalar case, a variety of problems have been studied. We single

out three noncritical cases, although many other combinations are of interest:
(I) r, s < 2 (“sublinear-like”),

(II) r, s > 2 (“superlinear-like”),
(III) r = s = 2 (“resonant type”).
Systems (2.1) satisfying one of the above conditions, as well as other problems, have

been discussed in [17,1]. Let us mention three of those results, in order to show the sort of
techniques used in this area.

THEOREM 2.1 (The coercive case). Assume (F1) and (F2) with r and s as in (I). Then
Φ achieves a global minimum at some point (u0, v0) ∈ E, which is then a weak solution
of (2.1).

This result is an easy consequence of the following theorem on the minimization of
coercive weakly lower semi-continuous functionals, see [32,48] for instance.

A THEOREM FROM TOPOLOGY. Let X be a compact topological space. Let Φ :X→
R ∪ +∞ be a lower semi-continuous function. Then (i) Φ is bounded below, and (ii) the
infimum of Φ is achieved, i.e., there exists x0 ∈X such that infx∈X Φ(x)=Φ(x0).

Next, if we assume

(F3) F(x,0,0)= Fu(x,0,0)= Fv(x,0,0)= 0, ∀x ∈Ω,

then clearly u = v = 0 is a solution of (2.4). And the next result gives conditions for the
existence of nontrivial solutions.

THEOREM 2.2 (The coercive case, nontrivial solutions). Assume (F1), (F3) and (F2) with
r and s as in (I). Then Φ achieves a global minimum at a point (u0, v0) �= (0,0), provided
that there are positive constantsR andΘ < 1, and a continuous functionK :Ω×R×R→
R+ such that

(F4) F
(
x, t

1
2 u, t

1
2 v
)
� tΘK(x,u, v),

for x ∈Ω , |u|, |v|�R and small t > 0.

REMARK. As in Theorem 2.1, Φ achieves its infimum. All we have to do in order to prove
Theorem 2.2 is to show that there is a point (u1, v1) ∈E where Φ(u1, v1) < 0. Let ϕ1 be a
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first eigenfunction of the Laplacian, subject to Dirichlet data. The function ϕ1 can be taken

> 0 in Ω . So we can use u1, v1 = t 1
2 ϕ1, with t positive and small in order to construct

(u1, v1).

Now let us go to the “superlinear cases.” Viewing the need of a Palais–Smale condition
we assume, in addition, a condition of the Ambrosetti–Rabinowitz type, namely

(F5) 0<F(x,u, v)� θuuFu(x,u, v)+ θvvFv(x,u, v),

for all x ∈Ω and |u|, |v|�R, where R is some positive number and

1

2∗
< θu, θv <

1

2
,

THEOREM 2.3. Assume (F1), (F3), (F5) and (F2) with r and s as in (II). Assume also that
there are positive constants C and ε, and numbers r, s > 2 such that

(F6)
∣∣F(x,u, v)∣∣� C

(|u|r + |v|s),
for |u|, |v|� ε, x ∈Ω . Then Φ has a nontrivial critical point.

The proof goes by an application of the Mountain-Pass Theorem [3,87].

THE MOUNTAIN-PASS THEOREM. Let X be a Banach space, and Φ :X→R of class C1

and satisfying the PS condition. Suppose that Φ(0)= 0, and
(i) there exists ρ > 0 and α > 0 such that Φ(u)� α for all u ∈X with ‖u‖ = ρ,

(ii) there exists an u1 ∈X such that ‖u1‖> ρ and Φ(u1) < α.
Then Φ has a critical point u0 �= 0, which is at the level c given by

c := inf
γ∈Γ max

u∈γ [0,1]
Φ(u),

where Γ := {γ ∈C([0,1],X), with γ (0)= 0, γ (1)= u1}.

The analysis of the resonant case requires the study of some eigenvalue problem for
systems, and this can be done even for systems involving p-Laplacians, see [17].

3. Hamiltonian systems

In this section we study elliptic systems of the form

−�u=Hv(x,u, v), −�v =Hu(x,u, v) in Ω, (3.1)
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where H :Ω × R× R→ R is a C1-function and Ω ⊂ RN , N � 3, is a smooth bounded
domain.We shall later consider also the case when Ω = RN , and in this latter case, the
system takes the form

−�u+ u=Hv(x,u, v), −�v + v =Hu(x,u, v), (3.2)

and existence and multiplicity of solutions will be discussed in Section 5.
In the bounded case, we look for solutions of (3.1) subject to Dirichlet boundary condi-

tions, u= v = 0 on ∂Ω . This has been object of intensive research starting with the work
of [26,35,69].

One of the first results on superlinear elliptic Hamiltonian systems appears in [26]. In
this work it is discussed the existence of a positive solution for the system below subjected
to Dirichlet boundary conditions:

−�u= f (v), −�v = g(u) in Ω. (3.3)

In this case the Hamiltonian is H(u,v) = F(v) + G(u), where F(t) = ∫ t0 f (s) ds, and
similarly G is a primitive of g. However, the treatment given in [26] of system (3.3) was
via a Topological argument, using a theorem of Krasnoselskiı̆ on Fixed Point Index for
compact mappings in cones in Banach spaces, see Krasnoselskiı̆ Theorem in Section 6.

The model of a superlinear system as in (3.3) is

−�u= |v|p−1v, −�v = |u|q−1u in Ω. (3.4)

By analogy with the scalar case one would guess that the subcritical case occurs when
1 � p,q < N+2

N−2 . However, if p = 1, system (3.4) is equivalent to the biharmonic equation

�2u = |u|q−1u, and the Dirichlet problem for the system becomes the Navier problem
for the biharmonic, that is u = �u = 0, on ∂Ω . Since the biharmonic is a fourth order
operator the critical exponent is (N + 4)/(N − 4), which is greater than (N + 2)/(N − 2).
So this raises the suspicion (!) that for systems the notion of criticality should take, very
carefully, into consideration the fact that the system is coupled. It appeared in [26] and
independently in [84] the notion of the Critical Hyperbola, which replaces the notion of
the critical exponent of the scalar case:

1

p+ 1
+ 1

q + 1
= 1− 2

N
.

In Figure 1 the higher curve C is the critical hyperbola. The lower parabola is the one
obtained by Souto [92], related to the Liouville results, and the two little curves are con-
nected with the work of Busca–Manásevich [18], see Section 7 for an explanation of all
these curves.

We call a system (3.4) to be subcritical if the powers p,q are the coordinates of a point
below the critical hyperbola. And similarly, system (3.3) is subcritical when f (v) grows
like vp as v→+∞, and g(u) grows like uq as u→+∞. A similar definition will be
given later for system (3.1).
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Fig. 1. 1
p+1 + 1

q+1 = 1− 2
N

.

For N � 3, the “critical hyperbola” plays an important role on the existence of nontrivial
solutions. For instance, for the model problem (3.4) with (p, q) ∈ R2 on and above this
curve, one finds the typical problems of noncompactness, and nonexistence of solutions,
as it was proved in [97,26,77], using Pohozaev type arguments.

If the growths of Hu and Hv with respect to u and v as u,v→+∞ were both less that
(N + 2)/(N − 2) one could consider the functional

Φ(u,v) :=
∫
Ω

∇u∇v−
∫
Ω

H(x,u, v), (3.5)

which is then well defined in the Hilbert space E = H 1
0 × H 1

0 . It is easy to see that the
critical points of this functional are the weak solutions of system (3.1).

However such a functional is not defined anymore if one of the powers p,q is larger than
(N + 2)/(N − 2). To overcome this difficulty one uses fractional Sobolev spaces. They are
defined using Fourier expansions on the eigenfunctions of (−�,H 1

0 (Ω)). Let us briefly
remind how these spaces can be introduced. It is well known that the eigenvalue problem

−�u= λu in Ω, u= 0 on ∂Ω, (3.6)

has an increasing sequence of eigenvalues (λn) and corresponding eigenfunctions (ϕn),
ϕn ∈H 1

0 (Ω),
∫ |ϕn|2 = 1, with the following properties:

(i) λ1 is a positive and simple eigenvalue, and ϕ1(x) > 0 for x ∈Ω ,
(ii) λn→+∞,
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(iii)
∫
ϕiϕj =

∫ ∇ϕi∇ϕj = 0, for i �= j .
(iv)

∫ |ϕi |2 = 1,
∫ |∇ϕi |2 = λi , for all i.

It is well known also that (ϕn) is an orthonormal system in L2(Ω) and an orthogonal
system in H 1

0 (Ω).
Now we define the fractional Sobolev spaces as appropriate subsets of L2(Ω):

DEFINITION. For s � 0, we define

Es =
{
u=

∞∑
n=1

anϕn ∈ L2(Ω):
∞∑
n=1

λsna
2
n <∞

}
. (3.7)

Here an =
∫
Ω
uϕn, n = 1,2, . . . , are the Fourier coefficients of u. Es is a Hilbert space

with the inner-product given by

〈u,v〉Es =
∞∑
n=1

λsnanbn, where v =
∞∑
n=1

bnϕn. (3.8)

Associated with these spaces we have the following maps, which are isometric isomor-
phisms:

As :Es→ L2,

u=
∞∑
n=1

anϕn �→Asu=
∞∑
n=1

λ
s/2
n anϕn,

(3.9)

∫
AsuAsv = 〈u,v〉Es . (3.10)

In this framework, the Sobolev imbedding theorem says that

“Es ⊂ Lp+1 continuously if 1
p+1 � 1

2 − s
N

, and compactly if the previous
inequality is strict.”

Instead of the functional (3.5), we have to construct one defined in these fractional
Sobolev spaces, which will be chosen depending on the growths of the Hamiltonian. Let
us impose the following conditions on the Hamiltonian:

(H.1) H :Ω ×R×R→R is C1 and H � 0.

(H.2) There exist positive constants p,q and c1 with

1>
1

p+ 1
+ 1

q + 1
> 1− 2

N
, p,q > 1, (3.11)

such that∣∣Hu(x,u, v)∣∣� c1
(|u|p + |v| p(q+1)

p+1 + 1
)

(3.12)
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and∣∣Hv(x,u, v)∣∣� c1
(|v|q + |u| q(p+1)

q+1 + 1
)

(3.13)

for all (x,u, v) ∈Ω ×R×R.
Choose s, t > 0, such that s + t = 2 and

1

p+ 1
>

1

2
− s

N
,

1

q + 1
>

1

2
− t

N
.

Thus Es ⊂ Lp+1(Ω), and Et ⊂ Lq+1(Ω), with compact immersions.
Let now E =Es ×Et . If z= (u, v) ∈E, then H(x,u, v) ∈ L1. So the functional below

Φ(z)=
∫
Ω

AsuAtv −
∫
Ω

H(x,u, v) (3.14)

is well defined for z= (u, v) ∈E and it is of class C1. Its derivative is given by the follow-
ing expression

〈
Φ ′(z), η

〉= ∫
Ω

(
AsuAtψ +AsφAtv)− ∫

Ω

(Huφ +Hvψ),

where η = (φ,ψ) ∈ E. So the critical points of the functional Φ given by (3.14) are the
weak solutions (u, v) ∈Es ×Et of the system∫

Ω

AsφAtv =
∫
Ω

Huφ, ∀φ ∈Es, (3.15)∫
Ω

AsuAtψ =
∫
Ω

Hvψ, ∀ψ ∈Et . (3.16)

REMARK 3.1. The following regularity theorem was proved in [35]:

“these weak solutions (u, v) are indeed u ∈ W 1, p+1
p

0 (Ω) ∩ W
2, p+1

p and

v ∈W 1, q+1
q

0 (Ω)∩W 2, q+1
q , and consequently they are strong solutions of (3.1).”

The following result was also proved in [35]:

THEOREM 3.1. Assume (H1), (H2) with p,q > 1 satisfying (3.11). In addition, assume:
(H3) There exists R > 0 such that

1

p+ 1
Hu(x,u, v)u+ 1

q + 1
Hv(x,u, v)v �H(x,u, v) > 0

for all x ∈Ω and |(u, v)|�R.
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(H4) There exist r > 0 and c > 0 such that∣∣H(x,u, v)∣∣� c
(|u|p+1 + |v|q+1),

for all x ∈Ω and |(u, v)|� r .
Then, system (3.1) has a strong solution.

ON THE PROOF OF THEOREM 3.1. The proof consists in obtaining a critical point of
the functional (3.14). First we observe that Φ is strongly indefinite. This means that the
space E, where the functional Φ is defined, decomposes as E = E+ ⊕ E−, and E± are
infinite dimensional subspaces and the quadratic part

Q(z)=
∫
Ω

AsuAtv, for z= (u, v)

is positive definite inE+ and negative definite inE−. This fact and (H4) induce a geometry
on the functional Φ that calls for the use of a linking theorem of Benci–Rabinowitz [11] in
a version due to Felmer [54]. Conditions (H2), and (H3) are used to prove a Palais–Smale
condition.

REMARK 3.2. Condition (H4) in the previous theorem excludes cases when Hu and Hv
have linear terms. Indeed, on the one hand, the superlinearity condition (3.11) gives pq >
1, and, on the other hand, linear terms would imply that (H4) cannot be satisfied with
p = q = 1. Let us now treat this case.

Suppose now that H has a quadratic part, namely 1
2cu

2 + 1
2bv

2 + auv. In this case the
system becomes

−�u= au+ bv+Hv, −�v = cu+ av +Hu, (3.17)

where H satisfies part of the assumptions of the previous theorem. This situation has been
studied in special cases by Hulshof–van der Vorst [69] and de Figueiredo–Magalhães [36].
The result we present below extends the previous ones, and it is due to de Figueiredo–
Ramos [38].

We replace conditions (H3) and (H4) of the previous theorem by the following ones.
In [38] we consider more general conditions.

(H3′) There exist R > 0 and a positive constant C such that

1

2
Hu(x,u, v)u+ 1

2
Hv(x,u, v)v −H(x,u, v)� C

(|u|p+1|v|q+1)
for all x ∈Ω and |(u, v)|�R.

(H4′) lim|u|+|v|→0

H(x,u, v)

|u|2| + |v|2 = 0, uniformly in x ∈Ω.

And finally instead of having that H(x,u, v)� 0, we assume
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(H5) there exists r > 0 such that either

H(x,u, v)� 0, ∀x ∈Ω, ∀|u| + |v|� r or (3.18)

H(x,u, v)� 0, ∀x ∈Ω, ∀|u| + |v|� r (3.19)

THEOREM 3.2. Let a, b, c be real constants and p,q as in (3.11). Assume that H satisfies
(H1), (H2), (H3′), (H4′) and (H5). Then system (3.17) admits a nonzero strong solution.

ON THE PROOF OF THEOREM 3.2. The proof relies on a Linking Theorem for strongly
indefinite functionals, see [74,75,90]. In order to state this result we need two further con-
cepts.

DEFINITION. We say that a functionalΦ :E→R defined in a Banach space E has a local
linking at the origin if there is a splitting of the space E =E+⊕E−, and a r > 0 such that

Φ(z)� 0, ∀z ∈E−, ‖z‖E � r and Φ(z)� 0, ∀z ∈E+, ‖z‖E � r

DEFINITION. Let (E+n ) be a sequence of finite dimensional subspaces such that

E+n ⊂E+n+1 and
∞⋃
n=1

E+n =E+.

Similarly, we have

E−n ⊂E−n+1 and
∞⋃
n=1

E−n =E−.

Let En =E+n ⊕E−n . We say that a C1 functional Φ :E→R defined in a Banach space
E satisfies a (PS)∗ condition if, every sequence (zn), zn ∈En, such that∣∣Φ(zn)∣∣� const, and

∣∣Φ ′(zn)η∣∣� εn‖η‖E, ∀η ∈En, εn→ 0,

contains a convergent subsequence.
Now we state the theorem used to prove Theorem 3.2.

THEOREM 3 (Li–Liu–Willem). Let Φ :E→ R be a C1 functional defined in a Banach
space E which satisfies a (PS)∗ condition and has a local linking at the origin. Assume
that Φ maps bounded sets into bounded sets. Suppose further that the following holds

Φ(z)→−∞, as ‖z‖E→∞, z ∈E+n ⊕E−.

Then Φ has a nontrivial critical point.
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4. Nonlinearities of arbitrary growth

In the previous section we discussed subcritical systems that include the simpler one below⎧⎨⎩
−�u= g(v), in Ω ,

−�v = f (u), in Ω ,

u|∂Ω = v|∂Ω = 0

(4.1)

with

f (s)∼ sq, q > 1, and g(s)∼ sp, p > 1 as s→+∞.

Existence was proved under the condition (3.11).
We should observe that under the hypothesis p,q > 1 we are leaving out a region below

the critical hyperbola and still in the first quadrant, that is p,q > 0. One may guess that ex-
istence of solutions should still persist in this case. This section is devoted to this question,
see [44].
• The case N = 2.

For N = 2 any (p, q) ∈ R+ satisfies the inequality (3.11). Actually, a higher growth than
polynomial is admitted: by the inequality of Trudinger–Moser, see [96,83], subcritical
growth for a single equation is given by the condition (see [46])

lim|t |→∞
g(t)

eαt
2 = 0, ∀α > 0.

In [46] it is proved that system (4.1) has a nontrivial solution for nonlinearities f and
g which have this type of subcritical growth and satisfying an Ambrosetti–Rabinowitz
condition. Also existence results for certain nonlinearities with critical growth are given in
[46]. Here, we consider a different type of extension of these known results: we show that
if one nonlinearity, say g, has polynomial growth (of any order), then, to prove existence
of solutions, no growth restriction is required on the other nonlinearity f (other than a
Ambrosetti–Rabinowitz condition).
• The case N = 3.

For N = 3 the critical hyperbola has the asymptotes p∞ = 2 and q∞ = 2. In particular, if
g(s)= sp with 1<p < 2, then the cited existence results tell us that there exists a solution
(u, v) for the system (4.1) with f (s) = sq , for any q > 1. Also in this case, existence of
solutions can be proved requiring no growth restriction on the nonlinearity f (other than a
Ambrosetti–Rabinowitz condition).
• The case N � 4.

For N � 4 the asymptotes of the critical hyperbola are the values p∞ = 2
N−2 � 1 and

q∞ = 2
N−2 � 1. Note that for an exponent p < 1, the corresponding equation in the system

is sublinear, i.e. we have a system with one sublinear and one superlinear equation. In this
situation, the approach used in previous sections is no longer applicable. However, in this
case a reduction of the system to a single equation is possible (see [56]), which allows to
prove again a result of the same form; moreover this approach also allows to extend to the
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whole range the cases N = 2 and N = 3, that is for N = 2: 0< p <+∞, and for N = 3:
0<p < 2.

We have the following theorems:

THEOREM 4.1. Suppose that

(1) g(s)= sp, with

{0<p, if N = 2,

0<p < 2
N−2 , if N � 3;

(2) f ∈C(R), and set F(s)= ∫ s0 f (t) dt ;
– there exist constants

θ >

{
2, if p � 1,

1+ 1
p
, if p < 1

and s0 � 0 such that θF (s)� f (s)s, ∀ |s|� s0;
– and for s near 0:

f (s)=
{
o(s), if p � 1,

o(s1/p), if p < 1.

Then the system⎧⎨⎩
−�u= vp, in Ω ,

−�v = f (u), in Ω ,

u= 0, v = 0 on ∂Ω ,

(4.2)

has a nontrivial (strong) solution.

THEOREM 4.2. Suppose that
(1) (p, q) satisfy 1

p+1 + 1
q+1 > 1− 2

N
, and 2

N−2 � p � 1.

(2) f ∈ C(R), and there exist constants θ > p+1
p

and s0 � 0 such that

θF (s) := θ
∫ s

0
f (t) dt � f (s)s, ∀|s|� s0,

and∣∣f (s)∣∣� c|s|q + d, for some constants c, d > 0.

Then the system⎧⎨⎩
−�u= vp, in Ω ,
−�v = f (u), in Ω ,
u= 0, v = 0 on ∂Ω ,

(4.3)

has a nontrivial (strong) solution.
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The proofs are variational and use fractional Sobolev spaces as in Section 3. For the case
when p > 1 one use the Linking Theorem, Theorem 3 of Section 3. For the case of p � 1
we apply the Mountain-Pass Theorem to the functional

I (u)= p

p+ 1

∫
Ω

|�u| p+1
p −

∫
Ω

F(u)� p

p+ 1
‖u‖

p+1
p

C − o(‖u‖ p+1
p

C

)
which is a C1-functional on the space

E =W 2, p+1
p (Ω)∩W 1, p+1

p

0 (Ω).

Observe that since p < 2
N−2 , it follows p+1

p
> 1+ N−2

2 > N
2 , and thus

W
2, p+1

p (Ω)� C(Ω),

which implies that the second term of the functional I is defined if F is continuous, and so
no growth restriction on F is necessary!

5. Multiplicity of solutions for elliptic systems

In this section we discuss the multiplicity of solutions for elliptic systems of the form
studied previously. Namely{−�u=Hv(x,u, v) in Ω ,

−�v =Hu(x,u, v) in Ω ,
(5.1)

where Ω ⊂ RN , N � 3, is a smooth bounded domain and H :Ω × R× R→ R is a C1-
function. We shall also consider here the case when Ω = RN , and in this case the system
takes the form{−�u+ u=Hv(x,u, v) in RN ,

−�v+ v =Hu(x,u, v) in RN .
(5.2)

As before we look for solutions of (5.1) subjected to Dirichlet boundary conditions u=
v = 0 on ∂Ω . In the case when Ω =RN we assume that some symmetry with respect to x
holds; for instance, that the x-dependence ofH is radial, or thatH is invariant with respect
to certain subgroups of O(N) acting on RN . We shall obtain both radial and nonradial
solutions in the radial symmetric case, thus observing a symmetry breaking effect. The
results presented next are due to Bartsch–de Figueiredo [9]. Related results have been
obtained also by Felmer–Wang [57], see also [60,53,51].

Let us start with the case when Ω is bounded. In such a case, the following set of
hypotheses is assumed.

(H1) H :Ω ×R×R→R is C1 and H � 0.
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(H2) There exist constants p,q > 1 and c1 > 0 with

1>
1

p+ 1
+ 1

q + 1
> 1− 2

N
(5.3)

such that∣∣Hu(x,u, v)∣∣� c1
(|u|p + |v|p(q+1)/p+1 + 1

)
, (5.4)∣∣Hv(x,u, v)∣∣� c1

(|v|q + |u|q(p+1)/q+1 + 1
)

(5.5)

for all (x,u, v) ∈Ω ×R×R.
The next condition is the nonquadraticity condition at infinity introduced by Costa–
Magalhães [29]. It is related to the so-called Ambrosetti–Rabinowitz condition and it is
devised to get some sort of Palais–Smale condition for the functionals involved. In fact,
here we obtain a condition which is related to the so-called Cerami condition, see condi-
tion (PS)Fc below.

(H3) There exist 1< α < p+ 1 and 1< β < q + 1 with

1

α
+ 1

β
= 1, such that (5.6)

1

α
Hu(x,u, v)u+ 1

β
Hv(x,u, v)v −H(x,u, v)

� a
(|u|μ + |v|ν − 1

)
(5.7)

for all (x,u, v) ∈Ω ×R×R. Here a,μ, ν are positive constants satisfying

μ>
(p+ 1)N

2
max

{
1

2
− 1

p+ 1
,1− 1

p+ 1
− 1

q + 1

}
and

ν >
(q + 1)N

2
max

{
1

2
− 1

q + 1
,1− 1

p+ 1
− 1

q + 1

}
.

It follows from condition (H3) that

H(x,u, v)� c
(|u|α + |v|β − 1

)
. (5.8)

The next condition provides the symmetry assumed here.

(H4) H(x,−u,−v)=H(x,u, v) for all (x,u, v) ∈Ω ×R×R.

Now we are prepared to state the result in the case of Ω bounded. For that matter we
introduce a nonincreasing sequence of constants δn, n ∈ N, with δn→ 0, which will be
appropriately defined later, and which depend only on p, q , α and β .
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THEOREM 5.1. Suppose that (H1)–(H4) hold. Then there is a k0 ∈N such that, if

lim inf|(u,v)|→∞
2H(x,u, v)

|u|α + |v|β >
1

δK
(5.9)

holds forK � k0, system (5.1), subjected to Dirichlet boundary conditions, hasK− k0+1
pairs of nontrivial solutions.

Moreover, if

lim|(u,v)|→∞
H(x,u, v)

|u|α + |v|β =+∞,

(in particular, if H is superquadratic) then system (5.1), subjected to Dirichlet boundary
conditions has infinitely many solutions.

As already observed in Section 3, the solutions obtained in Theorem 5.1 are strong
solutions in the sense that u ∈ W 2,p+1/p(Ω) ∩ W 1,p+1/p

0 (Ω) and v ∈ W 2,q+1/q(Ω) ∩
W

1,q+1/q
0 (Ω).
Let us now state a result for the case of system (5.2) considered in the whole of RN . We

shall need a distinct set of hypotheses. Namely
(H′1) H :RN × R × R → R is C1, H � 0, H(x,u, v) > 0 for |(u, v)| > 0 and H is

radial in the variable x.
(H′2) There exist positive constants p,q, a, b and c1 with

p,q > 1,
1

p+ 1
+ 1

q + 1
> 1− 2

N
, 1< a < p, 1< b < q,

(5.10)

such that∣∣Hu(x,u, v)∣∣� c1
(|u|p + |v|p(q+1)/p+1 + |u|a) (5.11)

and∣∣Hv(x,u, v)∣∣� c1
(|v|q + |u|q(p+1)/q+1 + |v|b) (5.12)

for all (x,u, v) ∈RN ×R×R.
(H′3) There exist 1< α < p+ 1 and 1< β < q + 1 with α−1 + β−1 < 1 and such that

1

α
Hu(x,u, v)u+ 1

β
Hv(x,u, v)v �H(x,u, v)

for all (x,u, v) ∈RN ×R×R.
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(H′4) There are positive constants c and r such that

H(x,u, v)� c
(|u|p+1 + |v|q+1) for x ∈RN and

∣∣(u, v)∣∣� r .

(H′5) H(x,u, v)=H(x,−u,−v) for all (x,u, v) ∈RN ×R×R.

REMARK 5.1. It follows from (H′3) that there are positive constants c and R such that

H(x,u, v)� c
(|u|p+1 + |v|q+1) for

∣∣(u, v)∣∣�R. (5.13)

Then (5.13) and assumption (H′4) imply that

H(x,u, v)� c
(|u|p+1 + |v|q+1) for all (x,u, v) ∈RN ×R×R. (5.14)

THEOREM 5.2. Assume that the Hamiltonian H satisfies the hypotheses (H′1)–(H′5). Then
system (5.2) has infinitely many radial solutions.

As in the previous results, the solutions obtained in Theorem 5.2 are strong solutions in
the sense that they satisfy u ∈W 2,p+1/p

loc (RN) and v ∈W 2,q+1/q
loc (RN).

The next result exhibits the breaking of symmetry in certain dimensions. Let us just
mention an interesting result coming from [9], which in the scalar case was proved by
Bartsch–Willem [10].

THEOREM 5.3. Suppose that (H′1)–(H′5) holds. If N = 4 or N � 6 then system (5.2) has
infinitely many nonradial solutions.

5.1. Some abstract critical point theory

The two previous theorems are proved by Variational Methods, using some abstract critical
point theory that we explain next. It is then applied to functionals associated to the systems
as in Section 3.

We consider a Hilbert space E and a functional Φ ∈ C1(E,R). Given a sequence
F = (Xn) of finite dimensional subspaces Xn ⊂ Xn+1, with

⋃
Xn = E, we say that Φ

satisfies (PS)Fc , at level c ∈ R, if every sequence (zj ), j ∈ N, with zj ∈ Xnj , nj →∞,
such that

Φ(zj )→ c and
(
1+ ‖zj‖

)
(Φ|Xnj )′(zj )→ 0 (5.15)

has a subsequence which converges to a critical point of Φ . In the case when Xn = E

for all n ∈ N this form of the Palais–Smale condition is due to Cerami [23]. It is closely
related to the standard Palais–Smale condition and to the (PS)∗ condition that we defined
in Section 3. It also yields a deformation lemma. In the present form (PS)Fc was introduced
in Bartsch–Clapp [8].



20 D.G. de Figueiredo

Now suppose that E splits as a direct sum E = E+ ⊕ E−. Let E±1 ⊂ E±2 ⊂ · · · be a

strictly increasing sequence of finite dimensional subspaces of E± such that
⋃∞
n=1E

±
n =

E±. Setting En =E+n ⊕E−n we can formulate the hypotheses on Φ which are needed for
our first abstract theorem.

(Φ1) Φ ∈ C1(E,R) and satisfies (PS)Fc for F = (En)n∈N and c > 0.
(Φ2) For some k � 2 and some r > 0 one has

bk := inf
{
Φ(z): z ∈E+, z⊥Ek−1, ‖z‖ = r

}
> 0. (5.16)

(Φ3) There exists an isomorphism T :E→E with T (En)=En, for all n ∈N, and there
exist K � k and R > 0 such that

for z= z+ + z− ∈E+K ⊕E− with max
{‖z+‖,‖z−‖}=R

one has

‖T z‖> r and Φ(T z)� 0,

where k and r are the constants introduced in (Φ2).

(Φ4) dK := sup
{
Φ ◦ T (z+ + z−): z+ ∈E+K, z− ∈E−, ‖z+‖,‖z−‖�R

}
<∞.

(Φ5) Φ is even, i.e. Φ(−z)=Φ(z).
A stronger condition that implies (Φ4) and holds in our application is:
(Φ6) Φ maps bounded sets to bounded sets.

THEOREM 5.4. Assume (Φ1)–(Φ5). Then, for every b < bk , Φ has at least K − k + 1
pairs ±zi of critical points with critical values in [b, dK ].

ON THE PROOF OF THEOREM 5.4. The proof relies heavily on properties of the equivari-
ant limit category defined in [8]. For a complete proof see [9].

As an immediate corollary of Theorem 5.4, we obtain the Fountain Theorem, which we
state below. Let us first introduce the following set of conditions.

(Φ ′2) There exists a sequence rk > 0, k ∈ N, such that bk→+∞ as k→∞. (Here bk
is defined as in (Φ2) with rk instead of r .)

(Φ ′3) There exists a sequence of isomorphisms Tk : E→ E, k ∈ N, with Tk(En)= En
for all k and n, and there exists a sequence Rk > 0, k ∈ N, such that, for z =
z+ + z− ∈E+k ⊕E− with max{‖z+‖,‖z−‖} =Rk , one has

‖Tkz‖> rk and Φ(Tkz) < 0,

where rk is given in (Φ ′2).

(Φ ′4) dk := sup
{
Φ
(
Tk(z

+ + z−)): z+ ∈E+k , z− ∈E−, ‖z+‖,‖z−‖�Rk
}
<∞.
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THEOREM 5.5 (Fountain theorem). Suppose that (Φ1), (Φ ′2)–(Φ ′4), (Φ5) hold. Then Φ
has an unbounded sequence of critical values.

5.2. A second class of Hamiltonian systems

To conclude this section we remark that Hamiltonian systems of the type

−�u=Hu(x,u, v) in Ω, −�v =−Hv(x,u, v) in Ω,

u(x)= v(x)= 0 on ∂Ω, (5.17)

where Ω ⊂ RN , N � 3, is a smooth bounded domain and H ∈ C1(Ω × R2,R), can also
be treated by variational methods. We assume that the nonlinear term satisfies

H(x,u, v)∼ |u|p + |v|q +R(x,u, v) with lim|(u,v)|→∞
R(x,u, v)

|u|p + |v|q = 0,

where p ∈ (1,2∗), with 2∗ := 2N/(N − 2), and q ∈ (1,∞). So, we see that some super-
critical systems are included. General results about such systems can be seen in [34].

6. Nonvariational elliptic systems

In this section we study some systems of the general form (1.1) that do not fall in the
categories of the systems studied in the previous sections. That is, they are not variational
systems. So we shall treat them by Topological Methods. We will discuss here the existence
of positive solutions. The main tool is the following result, due to Krasnoselskiı̆ [72], see
also [2,12,31,39].

THEOREM 6.1 (Krasnoselskiı̆). Let C be a cone in a Banach space X and T :C→ C a
compact mapping such that T (0)= 0. Assume that there are real numbers 0< r < R and
t > 0 such that

(i) x �= tT x for 0 � t � 1 and x ∈ C, ‖x‖ = r , and
(ii) there exists a compact mapping H :BR × [0,∞) → C (where Bρ = {x ∈ C:

‖x‖< ρ}) such that
(a) H(x,0)= T x for ‖x‖ =R,
(b) H(x, t) �= x for ‖x‖ =R and t � 0,
(c) H(x, t)= x has no solution x ∈ BR for t � t0.

Then

ic(T ,Br)= 1, ic(T ,BR)= 0, ic(T ,U)=−1,

where U = {x ∈ C: r < ‖x‖< R}, and ic denotes the Leray–Schauder index. As a conse-
quence T has a fixed point in U .
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When applying this result the main difficulty arises in the verification of condition (b),
which is nothing more than an a priori bound on the solutions of the system. It is well
known that the existence of a priori bounds depends on the growth of the functions f and
g as u and v go to infinity. We have seen when treating the variational systems that the
nonlinearities were restricted to have polynomial growth. This was a requirement in order
to get the associated functional defined, as well as a Palais–Smale condition. Here similar
restrictions appear in order to get a priori bounds.

A priori bounds for positive solutions of superlinear elliptic equations (the scalar case),
namely

−�u= f (x,u) in Ω, u= 0 on ∂Ω (6.1)

was first considered by Brézis–Turner [21] using an inequality due to Hardy. The same
technique was used in [27] to obtain a priori bounds for solutions of systems

−�u= f (x,u, v,∇u,∇v),
−�v = g(x,u, v,∇u,∇v) in Ω,

u= v = 0 on ∂Ω (6.2)

under the following set of conditions:
(f1) f,g :Ω ×R×R×RN ×RN →R is continuous,

(f2) lim inft→∞ f (x,s,t,ξ,η)
t

> λ1 uniformly in (x, s, t, ξ, η) ∈Ω ×R×R×RN ×RN ,

(f3) there exist p � 1 and σ � 0 such that∣∣f (x, s, t, ξ, η)∣∣� C
(|t |p + |s|pσ + 1

)
,

(g2) lim inft→∞ g(x,s,t,ξ,η)
t

> λ1 uniformly in (x, s, t, ξ, η) ∈Ω ×R×R×RN ×RN ,

(g3) there exist q � 1 and σ ′ � 0 such that

∣∣g(x, s, t, ξ, η)∣∣�C
(|s|q + |t |qσ ′ + 1

)
.

In the work [27], instead of the critical hyperbola, two other hyperbolas appeared, due
to the limitations coming from the method. This is precisely like in the scalar case in [21]
where the exponent N+1

N−1 appeared instead of N+2
N−2 . Observe that the intersection of the two

hyperbolas below is the Brézis–Turner exponent N+1
N−1 :

1

p+ 1
+ N − 1

N + 1

1

q + 1
= N − 1

N + 1
,

N − 1

N + 1

1

p+ 1
+ 1

q + 1
= N − 1

N + 1
.
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THEOREM 6.2. Let Ω be a smooth bounded domain in RN , with N � 4. Assume that the
conditions f1, f2, f3, g2, g3 hold with p,q being the coordinates of a point below both of
the above hyperbolas. Suppose that σ,σ ′ are given by

σ = L

max(L,K)
, σ ′ = K

max(L,K)
,

where

K = p

p+ 1
− 2

N
> 0, L= q

q + 1
− 2

N
> 0.

Then the positive solutions of the system (6.2) are bounded in L∞.

REMARKS ON THE PROOF OF THEOREM 6.2. As said above the proof relies on an in-
equality of Hardy, namely∥∥∥∥ uϕ1

∥∥∥∥
Lq

�C‖Du‖Lq , ∀u ∈W 1,q
0 .

Here q > 1 and as before ϕ1 is the eigenfunction associated to the first eigenvalue of
(−�,H 1

0 (Ω)). In [21] they proceed an interpolation of the Hardy inequality (q = 2) with
Sobolev inequality

‖u‖2∗ � C‖Du‖L2, ∀u ∈H 1
0 ,

obtaining the inequality below∥∥∥∥ uϕτ1
∥∥∥∥
Lq

�C‖Du‖L2, ∀u ∈H 1
0 ,

where 1
q
= 1

2 − 1−τ
N

. For the purpose of proving Theorem 6.2 one needs a Hardy-type
inequality which follows from the inequalities above, namely

PROPOSITION 6.1. Let r0 ∈ (1,∞], r1 ∈ [1,∞) and u ∈ Lr0(Ω) ∩W 1,r1
0 . Then for all

τ ∈ [0,1] we have

u

ϕτ1
∈Lr(Ω), where

1

r
= 1− τ

r0
+ τ

r1
.

Moreover∥∥∥∥ uϕτ1
∥∥∥∥
Lr

� C‖u‖1−τ
Lr0
‖u‖τ

W 1,r1
,

where the constant C depends only on τ , r0 and r1.
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In [39], moving planes techniques and Pohozaev type identities were used to obtain a pri-
ori bounds for positive solutions of the scalar equation (6.1). This method was extended by
Clement–de Figueiredo–Mitidieri [26] to Hamiltonian systems of the type (3.3). Although
one obtains the right growth for the nonlinear terms, namely f (s) ∼ sq, g(s) ∼ sp with
any p,q below the critical hyperbola, the method does not generalizes for other second
order elliptic operators, and there are restrictions on the type of regions Ω .

Another interesting approach to obtaining a priori bounds can be seen in Quittner–
Souplet [82] using weighted Lebesgue spaces.

6.1. The blow-up method

The other technique used to obtain a priori bounds for solutions of systems is the blow-up
method, first used in [64] to treat scalar equations as (6.1). Since there is some symmetry
regarding the assumptions on the behavior of the nonlinearities with respect to the un-
knowns u,v, we change henceforth in this section the notations of these variables, and use
u1, u2. So, let us consider the system in the form:⎧⎨⎩

−�u1 = f (x,u1, u2) in Ω ,

−�u2 = g(x,u1, u2) in Ω ,

u1 = u2 = 0 on ∂Ω ,

(6.3)

where u1, u2 are consequently real-valued functions defined on a smooth bounded domain
Ω in RN , N � 3, and f and g are real-valued functions defined in Ω ×R×R.

We then write the system as follows, assuming that the leading parts of f and g involve
just pure powers of u1 and u2.{−�u1 = a(x)uα11

1 + b(x)uα12
2 + h1(x,u1, u2),

−�u2 = c(x)uα21
1 + d(x)uα22

2 + h2(x,u1, u2),
(6.4)

where the α’s are nonnegative real numbers, a(x), b(x), c(x), d(x) are nonnegative con-
tinuous functions on Ω , and h1, h2 are locally bounded functions (the lower order terms)
such that {

lim|(u1,u2)|→∞(a(x)u
α11
1 + b(x)uα12

3 )−1|h1(x,u1, u2)| = 0,

lim|(u1,u2)|→∞(c(x)u
α21
1 + d(x)uα22

2 )−1|h2(x,u1, u2)| = 0.
(6.5)

Now we treat the system (6.4) using the blow-up method. So let us assume, by contra-
diction, that there exists a sequence (u1,n, u2,n) of positive solutions of (6.4) such that at
least one of the sequences u1,n and u2,n tends to infinity in the L∞-norm. Without loss of
generality we may suppose that

‖u1,n‖β2∞ � ‖u2,n‖β1∞,
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where β1, β2 are positive constants to be chosen later. Let xn ∈Ω be a point where u1,n

assumes its maximum: u1,n(xn)=maxx∈Ω u1,n(x). Then the sequence λn = u1,n(xn)
− 1
β1

is such that λn→ 0. The functions

vi,n(x)= λβin ui,n(λnx + xn),

satisfy v1,n(0) = 1, 0 � vi,n � 1 in Ω . One also verifies that the functions v1,n and v2,n
satisfy ⎧⎨⎩−�v1,n = a(·)λβ1+2−β1α11

n v
α11
1,n + b(·)λβ1+2−β2α12

n v
α12
2,n + h̃1(·),

−�v2,n = c(·)λβ2+2−β1α21
n v

α21
1,n + d(·)λβ2+2−β2α22

n v
α22
2,n + h̃2(·),

(6.6)

in the domain Ωn = 1
λn
(Ω − xn), where the dot stands for λnx + xn.

The idea of the method is then to pass to the limit as n→∞ in (6.6) and obtain a system
either in RN or in RN+ , which can be proved that it has only the trivial solution. This would
contradict the fact that the limit of v1,n has value 1 at the origin. By compactness the
sequence (xn) or a subsequence of it converges to a point x0. We observe that the limiting
system is defined in RN or in RN+ , accordingly to this limit point (x0) being a point in Ω
or in ∂Ω . In the next proposition we make precise these statements.

PROPOSITION 6.2. The sequences (v1,n) and (v2,n) converge in W 2,p
loc , with 2 � p <∞

to functions v1, v2 ∈ C2(G)∩C0(G), satisfying the limiting system of (6.6) in G=RN or
in G= RN+ , provided all the powers of λn in (6.6) are nonnegative. This limiting system is
obtained by removing the terms in (6.6) where the powers of λn are strictly positive, the
terms where the coefficients vanishes at x0, and the lower order terms.

In [79] and [41] two special classes of systems were studied, (i) weakly coupled and (ii)
strongly coupled. The terminology is explained by the type of system obtained after the
passage to the limit. We next analyze these two classes, and later we present more general
results obtained recently in [42]. See also [2,8,45,100].

DEFINITION 1. System (6.4) is weakly coupled if there are positive numbers β1, β2 such
that

β1 + 2− β1α11 = 0, β1 + 2− β2α12 > 0,

β2 + 2− β1α21 > 0, β2 + 2− β2α22 = 0. (6.7)

DEFINITION 2. System (6.4) is strongly coupled if there are positive numbers β1, β2 such
that

β1 + 2− β1α11 > 0, β1 + 2− β2α12 = 0,

β2 + 2− β1α21 = 0, β2 + 2− β2α22 > 0. (6.8)
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REMARK 6.1. It follows that if the system (6.4) is weakly coupled then necessarily we
should have

β1 = 2

α11 − 1
and β2 = 2

α22 − 1
(6.9)

which requires that α11 > 1, α22 > 1 and

α12 <
α22 − 1

α11 − 1
α11 and α21 <

α11 − 1

α22 − 1
α22. (6.10)

REMARK 6.2. If the system (6.4) is strongly coupled then

β1 = 2(α12 + 1)

α12α21 − 1
and β2 = 2(α21 + 1)

α12α21 − 1
(6.11)

which requires that α12α21 > 1 and

α11 <
α21 + 1

α12 + 1
α12 and α22 <

α12 + 1

α21 + 1
α21. (6.12)

REMARK 6.3. We observe that the requirements that α11, α22 > 1 and α12α21 > 1 are
known as super-linearity conditions.

WEAKLY COUPLED SYSTEM. After the blow-up, the limiting system becomes, using a
scaling of the solutions v1, v2:

−�w1 =wα11
1 ,

−�w2 =wα22
2 in RN, (6.13)

and

−�w1 =wα11
1 ,

−�w2 =wα22
2 in RN+ ,

w1 =w2 = 0 on xN = 0. (6.14)

The existence or not of positive solutions for such systems is the object of the so-called
Liouville-type theorems. They will be discussed in the next section. For the time being we
anticipate that

(i) the equations in system (6.13) have only the trivial solution if 0< α11, α22 <
N+2
N−2 ,

(ii) the equations in system (6.14) have only the trivial solution if 1< α11, α22 <
N+1
N−3 ,

if the dimension N > 3, see Section 7.
So the following result holds.
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THEOREM 6.3. Let (6.4) be a weakly coupled system with continuous coefficients
a, b, c, d , exponents α′s � 0, and such that a(x), d(x) � c0 > 0 for x ∈Ω . Assume also
that 0< α11, α22 < (N + 2)/(N − 2). Then there is a constant C > 0 such that

‖u1‖L∞ ,‖u2‖L∞ � C

for all positive solutions u1, u2 ∈ C2(Ω)∩C0(Ω) of system (6.4).

STRONGLY COUPLED SYSTEM. As in the case of a weakly coupled system, the limiting
systems are

−�ω1 = ωα12
2 , −�ω2 = ωα21

1 in RN (6.15)

and

−�ω1 = ωα12
2 , −�ω2 = ωα21

1 in
(
RN

)+ (6.16)

with

w1 =w2 = 0 on xN = 0.

So a contradiction comes if the exponents are such that (6.15) and (6.16) have only the
trivial solution ω1 = ω2 ≡ 0. In summary, the following result holds.

THEOREM 6.4. Let (6.4) be a strongly coupled system with continuous coefficients
a, b, c, d , exponents α′s � 0, and such that b(x), c(x) � c0 > 0 for x ∈ Ω . Assume that
the following conditions hold:

(L1) The exponents α12 and α21 are such that the only nonnegative solution of

−�ω1 = ωα12
2 , −�ω2 = ωα21

1 in RN

is w1 = ω2 ≡ 0.
(L2) The only nonnegative solution of

−�ω1 = ωα12
2 , −�ω2 = ωα21

1 in RN+

with ω1(x
′,0) = ω2(x

′,0) = 0 is ω1 = ω2 ≡ 0. Then there is a constant C > 0
such that

‖u1‖L∞ ,‖u2‖L∞ � C

for all nonnegative solutions (u1, u2) of system (6.4).

REMARK 6.4. Which conditions should be required on the exponents α12 and α21 in such
a way that (L1) and (L2) holds? Again these are Liouville-type theorems for systems,
which will be described in the next section.
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6.2. A more complete analysis of the blow-up process

Now we proceed to do a more complete analysis of the system (6.4) using the blow-up
explained above and considering other types of limiting systems. We follow [42].

By looking at system (6.6), we see that in order to arrive at some system in RN or RN+ ,
by using the blow up method, it is necessary that all the exponents in the λn are greater
than or equal to 0. When one of these exponents is positive, then the corresponding term
vanishes in the limit (as n→∞), while if the exponent is zero than that term remains after
the limiting process. The many possibilities would be better understood by the analysis of
the figure below, Figure 2.

In the (β1, β2)-plane we denote �β = (β1, β2) ∈ R2+, and introduce the lines, whose ex-
pressions come from the exponents of λn in (6.6),

l1 = { �β | β1 + 2− β1α11 = 0}, l2 = { �β | β2 + 2− β2α22 = 0},
l3 = { �β | β1 + 2− β2α12 = 0}, l4 = { �β | β2 + 2− β1α21 = 0}.

In order to have exponents of the λn greater or equal to 0, we have to consider points
(β1, β2) ∈ R2+, which are to the left of or on l1, below or on l2 (note that l1 and l2 can be
empty, and then they introduce no restriction), below or on l3, and above or on l4. Those
points are called admissible. We divide the systems studied in three classes, which are
determined by the exponents αi,j :

CASE A. The intersection of l1 and l2 is admissible. Then we set (β1, β2) = l1 ∩ l2. In
this case we shall assume that the functions a(x) and d(x) are bounded below on Ω by a
positive constant.

CASE B. The intersection of l3 and l4 is admissible. Then we set (β1, β2) = l3 ∩ l4. In
this case we shall assume that the functions b(x) and c(x) are bounded below on Ω by

Fig. 2. Admissible couples (β1, β2) lie to the left of or on l1, below or on l2, below or on l3, and above or on l4.
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a positive constant. Further, we have to assume that α12, α21 > 1. (This last requirement
comes from a restriction in some Liouville theorems.)

CASE C. None of l1∩ l2 and l3∩ l4 is admissible. Then either l1∩ l3 or l2∩ l4 is admissible
and we take this intersection point to be our (β1, β2). In this case we shall assume that the
function b(x) (respectively c(x)) is bounded below on Ω by a positive constant.

Now we can state the main result of this section:

THEOREM 6.5. Assume that system (6.4) satisfies the conditions above and that the pair
(β1, β2), which corresponds to the type of the system (A, B or C), satisfies the condition

min{β1, β2}� N − 2

2
. (6.17)

Then all positive solutions of the system (5.4) are bounded in L∞.

REMARKS ON THE PROOF OF THEOREM 6.5. The proof in all three cases consists in
verifying that the limiting systems have only the trivial, coming then to a contradiction. In
the sequel we use G to denote either RN or RN+ .

In Case A we choose (β1, β2)= l1 ∩ l2, that is

β1 = 2

α11 − 1
, β2 = 2

α22 − 1
.

For the limiting systems there are three possibilities:
(a) if none of the lines l3 and l4 passes through l1 ∩ l2 we get

−�w1 =wα11
1 ,

−�w2 =wα22
2 in G, (6.18)

and as a consequence of hypothesis (6.17) we obtain

max{α11, α22}< N + 2

N − 2
,

which then implies that system (6.18) has only the trivial solution. (This is precisely the
weakly coupled case discussed before.)

(b) If exactly one of the lines l3 and l4 (say l3) passes through l1 ∩ l2 we get

−�v1 = a0v
α11
1 + b0v

α12
2 ,

−�v2 = d0v
α22
2 in G, (6.19)

where a0 > 0, b0 � 0, d0 > 0. So as above system (6.19) has only the trivial solution.
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(c) If all four lines meet (this also contains one of the possibilities of Case B) we get

−�v1 = a0v
α11
1 + b0v

α12
2 ,

−�v2 = c0v
α21 + d0v

α22
2 in G, (6.20)

with all four coefficients positive. In order to see that such a system under the assump-
tion (6.17) has only the trivial solution, one requires a new Liouville theorem, which
is proved in [42]. As in [18] our proof uses a change to polar coordinates and some
monotonicity argument.

In Case B we choose (β1, β2)= l3 ∩ l4, that is,

β1 = 2(1+ α12)

α12α21 − 1
, β2 = 2(1+ α21)

α12α21 − 1
.

For the limiting systems there are two possibilities:
(a) if none of the lines l1 and l2 passes through l3 ∩ l4 we get (after scaling)

−�v1 = vα12
2 ,

−�v2 = vα21
1 in G, (6.21)

From results of the next section it follows that system (5.21), under the hypothesis (6.17),
has only the trivial solution. (This is precisely the strongly coupled case discussed above.)

(b) If one of the lines l1 and l2 (say l1) passes through l3 ∩ l4 we get

−�v1 = a0v
α11
1 + b0v

α12
2 ,

−�v2 = c0v
α21
1 in G, (6.22)

where b0, c0 > 0, and a0 � 0, and the results on Section 7 give that v1 = v2 ≡ 0.

In Case C there are two possibilities: (a) the line l3 meets l1 in a point above l4, (b)
the line l4 meets l2 in a point below l3. In both cases (β1, β2) is chosen as this point of
intersection. In case (a) we take

β1 = 2

α11 − 1
, β2 = 2α11

α12(α11 − 1)
.

The limiting system is

−�v1 = a0v
α11
1 + b0v

α12
2 ,

−�v2 = 0 in G, (6.23)

which is easily treated by the Liouville results of the next section.
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7. Liouville theorems

The classical Liouville theorem from Function Theory says that every bounded entire
function is constant. In terms of a differential equation one has: if (∂/∂z)f (z) = 0 and
|f (z)| � C for all z ∈ C then f (z) = const. Hence results with a similar contents are
nowadays called Liouville theorems. For instance, a superharmonic function defined in the
whole plane R2, which is bounded below, is constant. Also, all results discussed in this
section have this nature. For completeness, we survey also results on a single equation,
namely

−�u= up. (7.1)

If the equation is considered in R2, then a nonnegative solution of (7.1) is necessarily
identically zero. The case when RN,N � 3, is quite distinct. We discuss this case next.

THEOREM 7.1. Let u be a nonnegative C2 function defined in the whole of RN , such
that (7.1) holds in RN . If 0<p < (N + 2)/(N − 2), then u≡ 0.

This result was proved by Gidas–Spruck [65] in the case 1 < p < (N + 2)/(N − 2).
A simpler proof using the method of moving parallel planes was given by Chen–Li [25],
and it is valid in the whole range of p. A very elementary proof valid for p ∈ [1, N

N−2 )

was given by Souto [92]. In fact, his proof is valid for the case of u being a nonnegative
supersolution, i.e.

−�u� up in RN, (7.2)

with p in the same restricted range.

THEOREM 7.2. Let u ∈C2(RN+ )∩C0(RN+ ) be a nonnegative function such that

{−�u= up in RN+ ,
u(x′,0)= 0.

(7.3)

If 1<p � (N + 2)/(N − 2) then u≡ 0.

REMARK 7.1. This is Theorem 1.3 of [64], plus Remark 2 on page 895 of the same paper.
It is remarkable that in the case of the half-space the exponent (N + 2)/(N − 2) is not
the right one for theorems of Liouville type. Indeed, Dancer [30] has proved the following
result.

THEOREM 7.3. Let u ∈ C2(RN+ ) ∩ C0(RN+ ) be a nonnegative bounded solution of (7.3).
If 1<p < (N + 1)/(N − 3) for N � 4 and 1<p <∞ for N = 3, then u≡ 0.
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REMARK 7.2. If p = (N + 2)/(N − 2),N � 3, then (7.1) has a two-parameter family of
bounded positive solutions:

Uε,x0(x)=
[
ε
√
N(N − 2)

ε2 + |x − x0|2
]N−2

2

,

which are called instantons.

Next we state some results on supersolutions still in the scalar case.

THEOREM 7.4. Let u ∈ C2(RN) be a nonnegative supersolution of (7.2). If 1 � p � N
N−2 ,

then u≡ 0.

This result is proved in Gidas [62] for 1< p �N/(N − 2). The case p = 1 is included
in Souto [92]. See [7] and [73] for Liouville theorems for equations defined in cones.

7.1. Liouville for systems defined in the whole of RN

We start considering systems of the form

−�u= vp, −�v = uq. (7.4)

In analogy with the scalar case just discussed, here the dividing line between existence
and nonexistence of positive solutions (u, v) defined in the whole of RN should be the
critical hyperbola, [26,84], already introduced. Such hyperbola associated to problems of
the form (7.4) is defined by

1

p+ 1
+ 1

q + 1
= 1− 2

N
, p,q > 0. (7.5)

Continuing the analogy with the scalar case, one may conjecture that (7.4) has no
bounded positive solutions defined in the whole of RN if

1

p+ 1
+ 1

q + 1
> 1− 2

N
, p,q > 0. (7.6)

To our knowledge, this conjecture has not been settled in full so far. Why such a conjec-
ture? In answering it, let us remind some facts, already contained in the previous sections.
The critical hyperbola appeared in the study of existence of positive solutions for superlin-
ear elliptic systems of the form

−�u= g(v), −�v = f (u) (7.7)

subject to Dirichlet boundary conditions in a bounded domain Ω of RN . If g(v)∼ vp and
f (u) ∼ uq as u,v→∞, then system (7.7) is said to be subcritical if p,q satisfy (7.6).
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For such systems [in analogy with subcritical scalar equations, −�u= f (u), f (u) ∼ up
and 1 < p < (N + 2)/(N − 2)] one can establish a priori bounds of positive solutions,
prove a Palais–Smale condition and put through an existence theory by a topological or
a variational method. This sort of work initiated in [26] and [84] has been continued. We
have surveyed some of this work in the previous sections. Recall that the problem in the
critical scalar case (that is, −�u = |u|2∗−2u in Ω , u = 0 on ∂Ω) has no solution u �= 0
if Ω is a star-shaped bounded domain in RN,N � 3. In the case of systems, the critical
hyperbola appears in the statement: if Ω is a bounded star-shaped domain in RN,N � 3,
the Dirichlet problem for the system below has no nontrivial solution:

−�u= |v|p−1v, −�v = |u|q−1u

if, p,q satisfy (7.5). This follows from an identity of Pohozaev-type, see Mitidieri [77];
also Pucci–Serrin [86] for general forms of Pohozaev-type identities.

Next we describe several Liouville-type theorem for systems.

THEOREM 7.5. Let p,q > 0 satisfying (7.6). Then system (7.4) has no nontrivial radial
positive solutions of class C2(RN).

REMARK 7.3. This result settles the conjecture in the class of radial functions. It was
proved in [77] for p,q > 1, and for p,q in the full range by Serrin–Zou [89]. The proof
explores the fact that eventual positive radial solutions of (7.4) have a definite decay at ∞;
this follows from an interesting observation (cf. Lemma 6.1 in [77]): If u ∈ C2(RN) is a
positive radial superharmonic function, then

ru′(r)+ (N − 2)u(r)� 0, for all r > 0.

Theorem 7.5 is sharp as far as the critical hyperbola is concerned. Indeed, there is the
following existence result of Serrin–Zou [89].

THEOREM 7.6. Suppose that p,q > 0 and that

1

p+ 1
+ 1

q + 1
� 1− 2

N
. (7.8)

Then there exist infinitely many values ξ = (ξ1, ξ2) ∈ R+ × R+ such that system (7.4)
admits a positive radial solution (u, v) with central values u(0)= ξ1, v(0)= ξ2. Moreover
u,v→ 0 as |x| →∞. So the solution is in fact a ground state for (7.4).

Let us now mention some results on the nonexistence of positive solutions (or super-
solutions) of (7.4), without the assumption of being radial.

THEOREM 7.7. Let u,v ∈ C2(RN) be nonnegative super-solutions of (7.4), that is

−�u� vp, −�v � uq in RN, (7.9)
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where p,q > 0 and

1

p+ 1
+ 1

q + 1
� N − 2

N − 1
. (7.10)

Then u= v ≡ 0.

This result is due to Souto [92]. The idea of his interesting proof is to reduce the problem
to a question concerning a scalar equation. Suppose, by contradiction, that u and v are
positive solutions of (7.9) in RN . Introduce a function ω= uv. So

�ω� 2∇u∇v− uq+1 − vp+1. (7.11)

Using the inequality

a · b� 1

4
|a + b|2, a, b ∈RN

we get that

2∇u∇v � 1

2
ω−1|∇ω|2.

On the other hand, choose r > 0 such that 1
r
= 1

p+1 + 1
q+1 . Then by Young’s inequality

ωr = urvr � r

q + 1
uq+1 + r

p+ 1
vp+1 � uq+1 + up+1.

So

�ω� 1

2
ω−1|∇ω|2 −ωr. (7.12)

Replacing ω by f 2 in (7.12) one obtains

−�f � 1

2
f 2r−1 in RN,

with f > 0 in RN . Using Theorem 7.4, we see that this is a contradiction, since 2r − 1 �
N/(N − 2). It is of interest to observe that Souto’s hyperbola intersects the bisector of the
first quadrant precisely at the Serrin exponent N

N−2 .

In order to state the next results, we assume that pq > 1 and introduce the following
notations

α = 2(p+ 1)

pq − 1
, β = 2(q + 1)

pq − 1
. (7.13)
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THEOREM 7.8. Suppose that p,q > 1 and

max{α,β}�N − 2. (7.14)

Then system (7.9) has no nontrivial super-solution of class C2(RN).

REMARK. The above result is Corollary 2.1 in [78]. Under hypothesis (6.13), it is proved
in [88] that system (7.4) has no nontrivial solution, provided a weaker condition than
p,q > 1 holds, namely pq > 1. In [88] it is also proved that (7.4) has no nontrivial so-
lution in RN , if pq � 1.

In order to illustrate some useful technique, let us comment briefly the proof given
in [78], which uses spherical means. Let v ∈ C(RN), then the spherical mean of v at x
of radius ρ is

M(v;x,ρ)= 1

meas[∂Bρ(x)]
∫
∂Bρ(x)

v(y) dσ (y).

Changing coordinates we obtain

M(v;x,ρ)= 1

ωN

∫
|ν|=1

v(x + ρν)dω, (7.15)

where ωN denotes the surface area of the unit sphere of RN and ν ranges over this unit
sphere. Then, one has Darboux formula(

∂2

∂ρ2
+ N − 1

ρ

∂

∂ρ

)
M(v;x,ρ)=�xM(v;x,ρ). (7.16)

Now let us use these ideas for the functions u and v in system (7.9):

�xM(u;x,ρ)= 1

ωN

∫
|ν|=1

�xu(x + ρν)dω�− 1

ωN

∫
|ν|=1

[
v(x + ρν)]p dω

and using Jensen’s inequality we obtain

�xM(u;x,ρ)�−
[
M(v;x,ρ)]p. (7.17)

Using the notation

M
(
u(x);x,ρ)= u#(ρ), M

(
v(x);x,ρ)= v#(ρ)

we obtain

−�ρu# � (v#)p, −�ρv# � (u#)q,

where, �ρ =
(
∂2

∂ρ2
+ N − 1

ρ

∂

∂ρ

)
. (7.18)
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The proof of Theorem 7.8 will be concluded by the use of the following results, see [78].

PROPOSITION 7.1. If v ∈ C2(RN), then M(v;x,ρ) is also C2(RN) in the variable x and
C2([0,∞)) in the variable ρ. Moreover,(

d

dρ
v#
)
(0)= 0 and

(
d

dρ
v#
)
(ρ)� 0,

that is v#(ρ) is nonincreasing.

PROPOSITION 7.2. If u ∈C2(RN) is a positive radial superharmonic function, then

ru′(r)+ (N − 2)u(r)� 0 for r > 0. (7.19)

PROPOSITION 7.3. Let u(ρ), v(ρ) be two C2 functions defined and nonincreasing in
[0,∞), such that u′(0)= v′(0)= 0 and

−�ρu� vp, −�ρv � uq. (7.20)

Suppose that p,q > 1 and that (6.13) holds. Then u= v ≡ 0.

The next result extends, as compared with the previous results, the region under the
critical hyperbola where the Liouville theorem holds.

THEOREM 7.9.
(A) If p > 0 and q > 0 are such that p,q � (N + 2)/(N − 2), but not both equal to

(N + 2)/(N − 2), then the only nonnegative solution of (7.4) is u= v = 0.
(B) If α = β = (N + 2)/(N − 2), then u and v are radially symmetric with respect to

some point of RN .

This theorem is due to de Figueiredo–Felmer [40]. The proof uses the method of Moving
Planes. A good basic reference of this method is [14]. The idea in the proof of the above
theorem is to use Kelvin transform in the solutions u,v of (7.4), which a priori have no
known (or prescribed) behavior at infinite. By means of Kelvin’s u and v are transformed
in new unknowns w and z satisfying

−�w = 1

|x|N+2−p(N−2)
zp(x),

−�z= 1

|x|N+2−q(N−2)
wq(x) (7.21)

which now have a definite decay at ∞, provided (p, q) satisfy the conditions of Theo-
rem 7.9. It is precisely at this point that we cannot take p > N+2

N−2 , because then one would
loose the right type of monotonicity of the coefficients necessary to put the moving plane
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method to work. So having this correct monotonicity of the coefficients the method of mov-
ing planes can start. This result has been extended by Felmer [55] to systems with more
than two equations.

The next result is due to Busca–Mánasevich [18] and extends further, as compared with
Theorem 7.9, the region of values of p,q where the Liouville theorem for system (7.4)
holds

THEOREM 7.10. Suppose that p,q > 1 and

min{α,β}> N − 2

2
. (7.22)

Then system (7.4) has no nontrivial solution of class C2(RN).

If some behavior of u and v at∞ is known, the Liouville theorem can be established for
all (p, q) below the critical hyperbola, as in the next result.

THEOREM 7.11. Let p > 0 and q > 0 satisfying (7.6) then there are no positive solutions
of (7.4) satisfying

u(x)= o(|x|− N
q+1
)
, v(x)= o(|x|− N

p+1
)
, as |x| →∞. (7.23)

The above result is due to Serrin–Zou [89], where the next result is also proved.

THEOREM 7.12. Let N = 3, and p,q > 0 satisfying (7.6). Then there are no positive
solutions of (7.4) for which either u or v has at most algebraic growth at infinity.

REMARK 7.4. Observe that Theorem 7.11 extends Theorem 7.5, since radial positive so-
lutions have a decay at infinity.

The proof of Theorem 7.11 is based on an interesting L2 estimate of the gradient of a
superharmonic function, namely,

LEMMA 7.1. Let ω ∈C2(RN) be positive, superharmonic (i.e. −�ω� 0 in RN ) and

ω(x)= o(|x|−γ ) as |x| →∞. (7.24)

Then ∫
B2R\BR

|∇ω|2 = o(RN−2−2γ ) as R→∞, (7.25)

where BR is the ball of radius R in RN centered at the origin.

Another basic ingredient in the proof of Theorem 7.11 is an identity of Pohozaev-type,
a special case of a general identity in [86], namely,
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LEMMA 7.2. Let (u, v) be a positive solution of (7.4) and let a1 and a2 be constants such
that a1 + a2 =N − 2. Then∫

Bρ

{(
N

p+ 1
− a1

)
vp+1 +

(
N

q + 1
− a2

)
uq+1

}

=
∫
∂B

{
vp+1

p+ 1
+ uq+1

q + 1

}
+
∫
∂B

(
2
∂u

∂r

∂v

∂r
−∇u · ∇v

)
+
∫
∂B

(
a1
∂u

∂r
v+ a2u

∂v

∂r

)
. (7.26)

PROOF OF THEOREM 7.11. Using these two lemmas. Choose a1 and a2 in such a way
that

N

p+ 1
− a1 = N

q + 1
− a2 = δ, a1 + a2 =N − 2.

Next, dividing (7.26) by ρ and integrating with respect to ρ between some R and 2R and
estimating we get

δ ln 2
∫
BR

(uq+1 + vp+1)

�
∫
B2R\BR

(
uq+1

q + 1
+ vp+1

p+ 1

)
+
∫
B2R\BR

|∇u.∇v| +R−1
∫
B2R\BR

(
v|∇u| + u|∇v|). (7.27)

Now using the hypothesis (7.23), we see that the first integral in the right side of (7.27) is
o(1). Next one uses Lemma 7.1 with ω = u, γ = N

q+1 and ω = v, γ = N
p+1 . With that we

can estimate the second and third integrals using Cauchy–Schwarz and get that they are

o(R
N−2− N

p+1− N
q+1 ) which is o(1). This contradicts (7.27) as R→∞. �

7.2. Liouville theorems for systems defined in half-spaces

Now we look at the system below and state some results on the nonexistence of nontrivial
solutions and also of supersolutions.⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−�u= vp in RN+ ,
−�v = uq in RN+ ,
u, v � 0 in RN+ ,

u,v = 0 on ∂RN+ .

(7.28)
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THEOREM 7.13. Let p,q > 1 satisfying

max(α,β)�N − 3. (7.29)

Then the system (7.28) has only the trivial solution.

REMARK 7.5. This result is due to Birindelli–Mitidieri [16], where, instead of a half-
space, more general cones are considered. It is also proved there that system (7.28) has no
supersolutions if

max(α,β)�N − 1,

where α,β are defined in (7.13).

7.3. A Liouville theorem for a full system

Now we consider the following system

−�u1 = uα11
1 + uα12

2 , (7.30)

−�u2 = uα21
1 + uα22

2 in RN,

In order to state the next result we use the following notation, in analogy with (7.13):

α = 2(α12 + 1)

α12α21 − 1
, β = 2(α21 + 1)

α12α21 − 1
.

THEOREM 7.14. System (7.30) has only the trivial solution if the following conditions
hold:

α11, α22 <
N + 2

N − 2
, min{α,β}> N − 2

2
. (7.31)

This result is due to de Figueiredo–Sirakov [42], and it relies on the following three theo-
rems, which are also proved in [42]. The first one is an extension of a result by Dancer [30],
proved for the scalar case. The third one is an extension of a result in [18].We state those re-
sults in the special case of system (7.30), although they are valid for more general functions
in the right-hand sides of the system.

THEOREM 7.15. Suppose that u1, u2 is a nonnegative bounded classical solution of sys-
tem (7.30) in RN+ such that u1 = u2 = 0 on ∂RN+ . Then

∂ui

∂xN
> 0 in RN+ , for i = 1,2.
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THEOREM 7.16. Suppose that system (7.30) has a nontrivial nonnegative bounded clas-
sical solution defined in RN+ , such that u1 = u2 = 0 on ∂RN+ . Then the same problem has a
positive solution in RN−1 (the limit as xN →∞ in RN+ ).

THEOREM 7.17. Let ui(t, θ), i = 1,2, be a C2-function defined in R× SN−1 satisfying

∂2ui

∂t2
+�θui − δi ∂ui

∂t
− νiui + uαi11 + uαi22 = 0,

in R × SN−1, with ui → 0 as t →−∞. Suppose that δi � 0,max{δ1, δ2} > 0, νi > 0,
i = 1,2, are constants. Assume also that there exists t0 ∈ R such that ∂ui

∂t
> 0 in

(−∞, t0)× SN−1, i = 1,2. Then ∂ui
∂t
> 0 in R× SN−1, for i = 1,2.

7.4. Remarks on the proof of Theorem 7.14

We follow [42]. Assume first G = RN+ . Then it follows from Theorem 7.16 that if
(u1, u2) �= (0,0) then there exists a nontrivial solution of system (7.30) in RN−1. So if
we prove that system (7.30) has only the trivial solution in RN under hypothesis (7.31),
then it has no nontrivial solution in RN+ , under the hypothesis min{β1, β2}> N−3

2 , which
is a consequence of (7.31).

So from now on we suppose G=RN and distinguish two cases,

max{β1, β2}�N − 2 (Case 1) and max{β1, β2}<N − 2 (Case 2).

In Case 1 (say β1 � N − 2) we have α11 � N
N−2 . But the first equality in system (7.30)

implies −�u1 � a0u
α11
1 in RN , so u1 ≡ 0 in RN , by the results about nonexistence of

supersolutions for scalar equations. Then the second equation in (7.30) becomes −�u2 =
d0u

α22
2 in RN . So u2 ≡ 0 in RN , because α22 <

N+2
N−2 .

In Case 2 we write system (7.30) in polar coordinates (r, θ) ∈ R× SN−1 and make the
change of variables, as in [18],

t = ln |x| ∈R, θ = x

|x| ∈ S
N−1,

and set

wi(t, θ)= eβi tui
(
et , θ

)
.

Then system (7.30) transforms into{−L1w1 = a0e
(β1+2−α11β1)tw

α11
1 + b0e

(β1+2−α12β2)tw2
α
12,

−L2w2 = c0e
(β2+2−α21β1)tw

α21
1 + d0e

(β2+2−α22β2)tw
α22
2 ,

(7.32)
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in R× SN−1, where

Li = ∂2

∂t2
+�θ − δi ∂

∂t
− νi, i = 1,2,

and

δi = 2βi − (N − 2), νi = βi(N − 2− βi), i = 1,2.

Using a Harnack inequality, see [42], we obtain that u1 and u2 are strictly positive in RN .
Then using Theorem 7.17 above we get that ∂wi

∂t
> 0 in R× SN−1, which gives

βiui + ∂ui

∂t
> 0.

Finally using an argument of [18] we get

βiui(x)+∇ui(x).(x − x0) > 0

for all x, x0 ∈RN. This leads to a contradiction.

7.5. Final remarks on Liouville theorem for systems

(i) The conjecture on the validity of a Liouville theorem in the whole of RN for all
p and q below the critical hyperbola, and p,q > 0, seems to be unsettled at this
moment. In dimension N = 3, the conjecture has been proved in [88], see Theorem
7.12 above, provided one supposes that u or v has at most algebraic growth.

(ii) Liouville theorems for systems of inequalities in the whole of RN are given in
Theorems 7.7 and 7.8. Is inequality

max{α,β}�N − 2

in (7.14) sharp? Observe that if p = q , (7.14) yields p �N/(N − 2), which is the
value obtained in Theorem 7.4.

(iii) Observe that a Liouville theorem for a system of inequalities in RN+ is stated in the
remark right after Theorem 7.13. Compare this result with the following theorem
of [92].

THEOREM 7.18. Let u,v ∈ C2(RN+ ) ∩ C0(RN+ ) be nonnegative solutions of (7.28) with
u= v = 0 on ∂RN+ . If 1 � p,q � N+2

N−2 then u= v ≡ 0.

(iv) Liouville-type theorems for systems of p-Laplacians have been studied recently by
Mitidieri–Pohozaev.

(v) Liouville theorems for equations with a weight have been considered in Berestycki–
Capuzzo-Dolcetta–Nirenberg [13].
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8. Decay at infinite

In this section we consider solutions of Hamiltonian systems and study their behavior as
|x| →∞. Let us consider the system{−�u+ u= g(x, v) in RN ,

−�v+ v = f (x,u) in RN .
(8.1)

The functions f,g satisfy the following conditions:
(H1) f,g :RN × R→ R are continuous, with the property that there is an ε > 0 such

that

tf (x, t)� 0, tg(x, t)� 0, for all |t |< ε.
(H2) There exists a constant c1 > 0 such that∣∣f (x, t)∣∣� c1

(|t |p + 1
)
,

∣∣g(x, t)∣∣� c1
(|t |p + 1

)
for all t,

where p,q > 1 and they are below the critical hyperbola

1

p+ 1
+ 1

q + 1
> 1− 2

N
, N � 3, (8.2)

and

p,q � (N + 4)/(N − 4), if N � 5.

(H3) There are constants α,β > 2 and c0 > 0

c0t
α � αF(x, t)� tf (x, t), c0t

β � βG(x, t)� tg(x, t) for all t.

(H4) There are real numbers a, b� 1 and positive constants c2 and r such that∣∣f (x, t)∣∣� c2|t |a,
∣∣g(x, t)∣∣� c2|t |b for |t |� r.

EXAMPLE. f (t)= (t+)p and g(t)= (t+)q , with p,q as above and α = p+ 1, β = q+ 1,
a = p and b= q .

The following results appear in de Figueiredo–Yang [43]. By a strong solution we mean

u ∈W 2, p+1
p and v ∈W 2, q+1

q .

THEOREM 8.1. Assume conditions (H1), (H4) with a = b= 1 and (H2) with p,q < N+2
N−2 .

Then the strong solutions u,v of system (8.1) are such that

lim|x|→∞u(x)= 0, lim|x|→∞v(x)= 0,

lim|x|→∞
∣∣∇u(x)∣∣= 0, lim|x|→∞

∣∣∇v(x)∣∣= 0.
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THEOREM 8.2. Assume (H1), (H2) with p,q < (N + 2)/(N − 2) and (H4) with a, b > 1.
Then the strong positive solutions of system (8.1) have the following asymptotic behavior:

lim|x|→∞u(x)e
θ |x| = 0, lim|x|→∞v(x)e

θ |x| = 0

for 0< θ < 1.

REMARK. Condition (H3) is used to prove the existence of solutions, a question that we
have studied before, even under more general conditions. If the nonlinearities do not de-
pend on x we can prove also the decay of the derivatives of u and v. More general results
have been obtained in [91].

8.1. Remarks on the proof of the above theorems

A crucial result in the proofs is the following result:

LEMMA 8.1. Let u and v be as in Theorem 8.1. Then they belong to Lγ for γ ∈ [2,∞].
Now the proof of Theorem 8.1 goes as follows. For Theorem 8.2 see [43]. Let B2 =

B2R(x0) be a ball of radius 2R centered at x0. From the assumptions we have∣∣g(x, v)∣∣� c
(|v|p + |v|)

which implies∥∥g(x, v)∥∥
Lγ (B2)

� C
(‖v‖pLγp(B2)

+ ‖v‖Lγ (B2)

)
.

Using the above lemma we obtain �u ∈ Lγ (B2) for all γ � 2. By the Calderon–
Zygmund inequality (see Theorem 9.9 in [66]) we conclude that u ∈ W 2,γ (B2). Using
the interior Lp-estimates we have

‖u‖W 2,γ (B1)
�C

(‖u‖Lγ (B2) +
∥∥g(x, v)∥∥

Lγ (B2)

)
.

Taking γ >N and using the Sobolev imbedding theorem we obtain

‖u‖C1,λ(B1)
� C

(‖u‖Lγ (B2) + ‖v‖pLγp(B2)
+ ‖v‖Lγ (B2)

)
.

Letting |x0| →∞ we conclude that ‖u‖C1,λ(BR(x0))
→ 0 and similarly for v.

9. Symmetry properties of the solutions

In [63], Gidas–Ni–Nirenberg proved the symmetry of positive solutions for positive solu-
tions of

−�u= f (u) in Ω, u= 0 on ∂Ω.
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The question for systems was considered by Troy in [95]. Here we review the results ob-
tained in [33]. Some more general results have been proved in [19,52]. Although the results
are valid for general linear second order elliptic operators and systems with more than two
equations, we consider the simpler case{−�u1 = f1(u1, u2),

−�u2 = f2(u1, u2) in Ω,
(9.1)

where Ω is some domain in RN and we consider nonnegative solutions which vanish on
∂Ω . A crucial hypothesis, which is used in order to apply maximum principles for systems,
is the so-called cooperativeness, namely

∂f1

∂u2
� 0,

∂f2

∂u1
� 0.

Fix a direction γ , that is, γ ∈ RN, |γ | = 1. We suppose that there is a > −∞ such that
γ.x > a, ∀x ∈Ω , that is Ω is at one side of some hyperplane normal to γ . For simplicity
suppose that γ = (1,0, . . . ,0). Writing x = (x1, y), let us use the notations

Tλ = {x ∈RN : γ.x = λ},
Σ(λ)= {x ∈Ω: γ.x < λ},
Σ ′(λ)= {x ∈RN : xλ ∈Σ(λ)},

where xλ is the reflection of x with respect to Tλ, that is, if x = (x1, y) then xλ = (2λ−
x1, y).

Let λ0 = sup{λ: Tλ∩Ω = ∅}. Now we make the following assumption on the domainΩ :

∃ε > 0 so that for λ0 < λ< λ0 + ε, Σ ′(λ)⊂Ω, and Σ(λ) is bounded.

We remark that this assumption is satisfied if Ω is bounded and ∂Ω is of class C2. Now
define

λ= sup
{
λ: Σ ′(μ)⊂Ω, Σ(μ) bounded ∀μ< λ}.

THEOREM 9.1. Let (u1, u2) ∈W 2,N
loc (Ω) ∩ C0(Ω) be a solution of the system (8.1) with

(u1, u2)= 0 on ∂Ω . Then each ui is monotonically increasing with respect to x1 for x ∈
Σ(λ).

The main tool used in the proof is the technique of parallel moving planes, as in [63].
The proof uses also an interesting Maximum Principle for operators of the form−�+c(x)
with no assumption on the sign of c(x); such a condition is replaced by some smallness of
the domain, see [14].
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10. Some references to other questions

As mentioned in the Introduction there has been recently an ever-increasing interest in
systems of nonlinear elliptic equations. Many aspects of this recent research has not been
discussed above. For the benefit of the reader we give some references to other questions
not considered here. Of course these references are not exhausting, and eventually some
important work has been overlooked.

(1) Systems involving p-Laplacians: [6,49,81,58,67].
(2) For singular equations and solutions, see [61,15,99,80,71].
(3) Other boundary value problems, like Neumann, can be seen in [93,22,5], or some

nonlinear boundary conditions in [59].
(4) Maximum Principles for systems: [85,37,20].
(5) Ambrosetti–Prodi problems for systems: [76,24,4,47].
(6) Critical Hamiltonian Systems: [70,22,68].
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Introduction

In this chapter we consider the method of fibering proposed in [42] for investigating non-
linear boundary value problems.

Let X and Y be Banach spaces, and let A be an operator (nonlinear in general) acting
from X to Y .

We consider the equation

A(u)= h.

In the case when the operator is “globally nice”, for example, monotone, demi-
continuous, and coercive for Y = X∗, methods for investigating such equations have
been sufficiently developed and are widely used in various problems in mathematical
physics [33]. In the case when A is “locally bad”, for example, not invertible in a neigh-
borhood of some point, the Lyapunov–Schmidt method is used, which is based on the
representation of the desired solution in the form u= u1 + u2, where u1 is an element in
some (as a rule) finite-dimensional subspace of X and u2 is in the corresponding comple-
ment. This approach is applicable in local nonlinear analysis of nonlinear equations and
global analysis of equations close to being linear [37].

To investigate a class of noncoercive problems and to find solutions of such problems,
wide use has been made of the Ambrosetti–Rabinowitz method, which is based on the
“mountain pass” lemma [5], and its generalizations, such as the linking method.

The fibering method presented here has some definite advantages over the known meth-
ods. In particular, new nonlinear problems were investigated in [7,39] and [44–47] with the
use of the fibering method.

We present the method of fibering Banach spaces for the solution of variational prob-
lems.

As an application of the general theorems, we consider boundary value problems for
equations of Emden–Fowler type and go through analysis of the application of this method
to a linear problem.

We also present a scheme for using the fibering method to derive conditions for the
nonexistence of solutions of nonlinear boundary value problems, and we give an example.

The main contents of this survey are based on joint results of the author with Pavel
Drábek, Alberto Tesei, and Laurent Véron. We also included results by Yuri Bozhkov and
Enzo Mitidieri concerning the application of the fibering method to the problem of multiple
solvability for some quasilinear equations and systems.

Note also the works by my student Yavdat Il’yasov [28–31], who contributed to further
development of the fibering method and considered its applications to nonlinear problems
involving the analysis of some geometrical questions, see for instance [35].

The application of the fibering method to the problem of existence of periodic solutions
to certain classes of nonlinear hyperbolic equations can be found in [39,43,48].

Let us mention an interesting fact that the bifurcation equation in the fibering approach
generates a Nehari manifold. Thus, the Nehari manifold can be considered as a bifurcation
manifold from the fibering point of view.
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In conclusion note that the transition from the one-parameter fibering method pre-
sented in this chapter to the multiparameter fibering method widens the possibilities of
the method [45].

My special thanks to Evgeny Galakhov for the wonderful typesetting of this manuscript
and also to Konstantin Besov for his assistance at the final stage of preparing this book for
publication.

1. Simple examples

1.1. Nonlinear Fredholm alternative

We begin this chapter with an example. Consider the following boundary value problem:{
�pu+ λ|u|p−2u= h(x) in Ω ⊂Rn,

u= 0 on ∂Ω .
(1.1.1)

Here �p is the p-Laplacian:

�pu= div
(|∇u|p−2∇u)

with p = 1, λ ∈ R and h ∈W−1
p′ (Ω) ≡ (W 1,p

0 (Ω))∗, 1
p
+ 1

p′ = 1, where Ω is a bounded

domain in RN . Introduce the definition of the spectrum

σp :=
{
λ ∈R

∣∣ ∃u ∈W 1,p
0 (Ω) \ {0}: �pu+ λ|u|p−2u= 0 in Ω

}
.

For p = 2 we have the classical linear boundary value problem and the classical definition
of the spectrum of the Laplace operator. Note that, for λ greater than the first eigenvalue
λ1 > 0, the appropriate nonlinear operator

Ap(u)≡�pu+ λ|u|p−2u

is not coercive. Thus the classical theory of nonlinear monotone coercive operators, , devel-
oped by M. Vishik, F. Browder, G. Minty and other mathematicians (see for instance [33])
is not applicable to boundary value problem (1.1.1) with λ > λ1. In order to overcome this
lack in 1967 the “Nonlinear Fredholm Alternative” was developed [40].

Let X be a reflexive Banach space with basis, and denote by X∗ the conjugate space.
Let A and T be operators acting from X into X∗. Consider the abstract nonlinear equation

A(u)+ λT (u)= h

with a scalar parameter λ. The following assumptions are made:
(A1) A and T are odd positive homogeneous (in principal part) continuous operators;
(A2) A is a strictly closed operator;
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(A3) T is a compact operator.
Define the spectrum of the pair (A,T ) as

σ(A,T ) := {λ ∈R
∣∣ ∃v �= 0: A(v)+ λT (v)= 0

}
.

Then we have the following statement.

THEOREM 1.1.1 (Nonlinear Fredholm Alternative). Let A and T satisfy assumptions
(A1)–(A3). Then the equation

A(u)+ λT (u)= h

for any h ∈X∗ admits a solution u ∈X if

λ /∈ σ(A,T ).

EXAMPLE 1.1.2. If we apply this general abstract result to boundary value problem
(1.1.1), we obtain that for any λ /∈ σ(�p) there exists u ∈W 1,p

0 (Ω) which is a solution
of (1.1.1).

REMARK 1.1.3. If p = 2 then �p reduces to the Laplacian; in this case the Nonlinear
Fredholm Alternative gives the same result as the classical (linear) Fredholm Alternative.

EXAMPLE 1.1.4. Consider the problem{
A(u)= h(x) in Ω ⊂RN ,

u= 0 on ∂Ω ,

where

A(u)≡−
N∑
i=1

∂

∂xi

(
∂u

∂xi

)3

+ c
N∑
i=1

(
∂u

∂xi

)3

+ u3 + a
N∑
i=1

(
∂u

∂xi

)2

u.

Then the Nonlinear Fredholm Alternative implies that for any a, c ∈R there exists a solu-
tion u ∈W 1,4

0 (Ω).

REMARK 1.1.5. Note that the operator A is not coercive for a suitable choice of a and c.
We can take for instance c = 0, and a < 0 sufficiently large such that for a fixed φ ∈
W

1,4
0 (Ω):

−a
∫
Ω

|∇φ|2φ2 >

∫
Ω

|∇φ|4 +
∫
Ω

φ4;

in this case we have 〈A(tφ), tφ〉→−∞ as t→+∞; thus A is not coercive, and then the
classical theory of nonlinear monotone coercive operators cannot be applied.
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In order to develop this approach to noncoercive nonlinear equations we used some
elements of the fibering method. Now we give a short description of the main underlying
ideas.

(1) The first idea is the extension of the nonlinear operator: that is, instead of equation

A(u)= h, (1.1.2)

where A is acting between Banach spaces X and Y , we consider wider spaces X̃ and Ỹ
and

Ã : X̃→ Ỹ with Ã|X =A;

then we get the extended nonlinear equation

Ã(ũ)= h̃.

(2) The second idea is equipping X̃ with nonlinear structure associated with the nonlin-
ear operator A.

A further development of this approach consists in constructing, for a given triple
(X,A,Y ), a corresponding triple (ξ,α, η), where ξ and η are fibrations of the spaces X
and Y respectively, and α is a morphism of ξ into η; the correspondence

(X,A,Y ) �→ (ξ,α, η)

is determined by the initial triple and, for given spaces X and Y , by the operator A from X

to Y . If we take

X̃ =Rk ×X,

we obtain the k-parametric fibering method. We begin with the simplest case, namely when
k = 1: in this case we get the so-called one-parametric fibering method. The one-parametric
fibering method is based on representation of solutions for equation (1.1.2) in the form

u= tv, (1.1.3)

where t is a real parameter (t �= 0 in some open set J ⊂R), and v is a nonzero element of
the Banach space X satisfying the fibering constraint

H(t, v)= c. (1.1.4)

Roughly speaking, any functional satisfying a sufficiently general condition (see Subsec-
tion 1.2) can be taken as the “fibering functional” H(t, v). In particular, we can take the
normH(t, v)≡ ‖v‖; then condition (1.1.4) reduces to ‖v‖ = 1, realizing a so-called spher-
ical fibering. Here a solution u �= 0 of (1.1.2) is sought in the form (1.1.3), where t ∈R and
v ∈ S = {w ∈X: ‖w‖ = 1}.
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Thus, the essence of the one-parametric fibering method consists in embedding space X
of the original problem (1.1.2) into the larger space X̃ =R×X and investigating the new
problem of conditional solvability under condition (1.1.4). This method makes it possible
to get both new solvability theorems and new theorems on the absence of solutions for
nonlinear boundary value problems. Further, in the investigation of solvability of bound-
ary value problems this method makes it possible to separate the algebraic factors of the
problem that affect the number of solutions from the topological ones.

1.2. The one-parameter fibering method

Let X be a real Banach space with a norm ‖w‖X that is differentiable for w �= 0, and let f
be a functional on X of class C1(X \ {0}). We associate with f a functional f̃ defined on
R×X by

f̃ (t, v)= f (tv), (1.2.1)

where (t, v) ∈ J × S; here J is an arbitrary nonempty set in R, and S is the unit sphere
in X.

THEOREM 1.2.1. LetX be a real Banach space with a norm differentiable onX \{0}, and
let (t, v) ∈ (J \ {0})× S be a conditionally critical point of the functional f̃ considered on
J × S. Then the vector u = tv is a stationary (critical) point of the functional f , that is,
f ′(u)= 0.

PROOF. At the conditionally critical point (t, v) we have

λf̃ ′v(t, v)= μ‖v‖′, (1.2.2)

f̃ ′t (t, v)= 0 (1.2.3)

with λ2+μ2 �= 0. Here the prime and the subscript mean the derivative with respect to the
corresponding variable (the derivative with respect to v is understood as the value of the
derivative with respect to v in the space X for v ∈ S). By (1.2.2), we have

λ
〈
f̃ ′v(t, v), v

〉= μ〈‖v‖′, v〉,
where 〈w∗, u〉 is the value of the functional w∗ in the dual space X∗ on an element u in X.
Then from this and the equalities〈

f̃ ′v(t, v), v
〉= 〈f ′(tv), v〉= t f̃ ′t (t, v)

and 〈‖v‖′, v〉= 1 for v ∈ S
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we get λtf̃ ′t (t, v)= μ; from this equality and (1.2.3) follows that μ= 0. Then λ �= 0 and
by (1.2.2)

tf ′(u)= f̃ ′v(t, v)= 0

for u= tv, t �= 0. Consequently, f ′(u)= 0 and the theorem is proven. �

Now we consider a more general fibering: for this we introduce a fibering functional
H(t, v) defined on R×X and we consider the functional f̃ (t, v) under condition (1.1.4).
In general, we can take as H(t, v) an arbitrary functional that is differentiable under this
condition and satisfies〈

H ′
v, v

〉 �= tH ′
t for H(t, v)= c; (1.2.4)

we will call (1.2.4) the nondegeneracy condition.

THEOREM 1.2.2. Let H be a functional from the described class. Let (t, v) ∈ J × X

with tv �= 0 be a conditionally critical point of the functional f̃ (t, v) under condition
(1.1.4). Then the vector u = tv is a nonzero critical point of the original functional f ,
i.e. f ′(u)= 0.

PROOF. At the conditionally critical point (t, v) we have

μf̃ ′v(t, v)= λH ′
v(t, v), μf̃ ′t (t, v)= λH ′

t (t, v) (1.2.5)

with λ2 +μ2 �= 0. On the other hand,

f̃ ′v(t, v)= tf ′(tv), f̃ ′t (t, v)=
〈
f ′(tv), v

〉
.

Then from (1.2.5) we get

μtf ′(tv)= λH ′
v(t, v), μ

〈
f ′(tv), v

〉= λH ′
t (t, v). (1.2.6)

From this we obtain

μt
〈
f ′(tv), v

〉= λ〈H ′
v(t, v), v

〉
,

μt
〈
f ′(tv), v

〉= λtH ′
t (t, v)

and consequently

λ
〈
H ′
v(t, v), v

〉= λtH ′
t (t, v)

for t �= 0 and H(t, v)= c. Then, by condition (1.2.4), we get λ= 0 and hence μ �= 0. As a
result, the first equation in (1.2.6) takes the form f ′(u)= 0 with u= tv �= 0. �
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1.3. Comparison with the Lyapunov–Schmidt approach

Now we compare the fibering method with the classical Lyapunov–Schmidt one. We re-
strict our comparison to spherical fibering: in this case

H(t, v)≡ ‖v‖

and condition (1.2.4) with c= 1 takes the form〈
H ′
v, v

〉= ‖v‖ = 1 �= tH ′
t ≡ 0.

Due to the Lyapunov–Schmidt approach we seek a solution of (1.2.2) in the form u =
u1 + u2, where u1 is an element of a (usually finite-dimensional) subspace X1 of X, and
u2 lies in a suitable “good” complement. Then from (1.1.2) we get the system of equations{

A1(u1, u2)= h1,

A2(u1, u2)= h2,
(1.3.1)

where the second equation for a fixed u1 ∈ X1 is a well-posed equation with a unique
solution

u2 = T (u1, h2).

By substituting this expression into the first equation of the system, we derive the so-called
Lyapunov–Schmidt bifurcation equation

A(u1, h2)= h1, (1.3.2)

where

A(u1, h2)=A1
(
u1, T (u1, h2)

)
.

Following the spherical fibering method, we seek a solution of the variational problem

f ′(u)= 0

in the form u= tv �= 0 with (t, v) ∈R× S. Then the original variational problem is equiv-
alent to the system{ 〈f ′(tv), v〉 = 0,

f ′τ (tv)= 0 for v ∈ S (1.3.3)

(here f ′τ is the tangential derivative of f on the unit sphere S). The first equation of (1.3.3),
namely, 〈

f ′(tv), v
〉= 0 (1.3.4)
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plays the same role as the bifurcation equation in the Lyapunov–Schmidt approach; there-
fore we will refer to it as to the bifurcation equation in the fibering method. Indeed, if we
have a solution t = t (v) of this equation, then we get the induced functional

f̂ (v) := f (t (v)v).
The conditionally critical point vc ∈ S of f̂ with tc = t (vc) �= 0 generates a critical point
uc = tcvc of the original functional f .

From a geometrical point of view:
• in the Lyapunov–Schmidt approach, the representation u = u1 + u2 corresponds to

introduction of Cartesian coordinates;
• in the spherical fibering method, the representation u= tv with ‖v‖ = 1 corresponds

to introduction of curvilinear (spherical) coordinates.

1.4. Simple examples of known problems

In these examples the bifurcation equation (1.3.4) admits an explicit smooth solution t =
t (v) for v ∈ S: this makes it possible to use a parameter-free realization of the spherical
fibering method. In all examples below, Ω is a bounded domain in RN with a locally
Lipschitz boundary ∂Ω . The solutions of the problems are considered in the Sobolev space
W

1,2
0 (Ω), the dual space of which is denoted by W−1

2 (Ω).

EXAMPLE 1.4.1. Consider the eigenfunction problem{
�u+ λ|u|p−2u= 0 in Ω ,

u= 0 on ∂Ω .
(1.4.1)

Here 2<p < 2∗, where

2∗ :=
{

2N
N−2 for N > 2,

∞ for N = 2.

The Euler functional f for this problem has the form

f (u)= 1

2

∫
Ω

|∇u|2 − 1

p

∫
Ω

|u|p.

According to the fibering method, we set u= tv. Then the functional f takes the form

f (tv)= t2

2

∫
Ω

|∇v|2 − |t |
p

p

∫
Ω

|v|p.

In the spherical fibering

‖v‖ =
(∫

Ω

|∇v|2
)1/2

= 1
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the functional f reduces to

f̃ (t, v)= t2

2
− |t |

p

p

∫
Ω

|v|p.

From the bifurcation equation f̃ ′t (t, v)= 0, i.e.

t − |t |p−2t

∫
Ω

|v|p = 0,

we find explicitly the real nonzero solutions

t =±
(∫

Ω

|v|p
) 1

2−p
.

Then the functional f̂ (v) := f̃ (t (v), v) takes the form

f̂ (v)= p− 2

2p

(∫
Ω

|v|p
)− 2

p−2

.

Considering this functional on the unit sphere S ⊂W 1,2
0 (Ω), we can apply to it the well-

known Lyusternik–Shnirel’man theory, in view of which f̂ has a countable set of geo-
metrically distinct conditionally critical points v1, v2, v3, . . . on S with f̂ (vm)→∞ (and
hence

∫
Ω
|vm|p→ 0) as m→∞. Thus we obtain that problem (1.4.1) has a countable set

of geometrically distinct solutions ±u1,±u2, . . . ,±um, . . . with

um(x)= vm(x)

(
∫
Ω
|vm|p)

1
p−2

and ‖um‖ →∞ as m→∞.

REMARK 1.4.2. If we start from the astrophysical meaning of the Emden–Fowler equa-
tion (1.4.1), and consider a solution um as a “star” in the Sobolev space W 1,2

0 (Ω), then the
set of all solutions of (1.4.1) looks like an “expanding Universe”: indeed, since ‖um‖→∞
as m→∞, for any R > 0 there exists a “star” um such that ‖um‖> R. From the mathe-
matical point of view it means that the boundary value problem{

�u+ λ|u|p−2u= h in Ω ,

u= 0 on ∂Ω

for 2 < p < 2∗ does not admit a priori estimates. Consequently, the Leray–Schauder
method cannot be applied to this problem.
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EXAMPLE 1.4.3. Consider the linear Dirichlet problem for the Poisson equation{
�u= h in Ω ,

u= 0 on ∂Ω
(1.4.2)

with h ∈W−1
2 (Ω) \ {0}. The functional associated with (1.4.2) is

f (u)=−1

2

∫
Ω

|∇u|2 −
∫
Ω

hu.

Following the fibering method, we set u= tv. Then the functional f takes the form

f (tv)=− t
2

2

∫
Ω

|∇v|2 − t
∫
Ω

hv.

In the spherical fibering

‖v‖2 =
∫
Ω

|∇v|2 = 1

the functional f̃ equals

f̃ (t, v)=− t
2

2
− t

∫
Ω

hv, (1.4.3)

and then from the bifurcation equation

f̃ ′t (t, v)=−t −
∫
Ω

hv = 0

we find t =− ∫
Ω
hv, and then

f̂ (v) := f̃ (t (v), v)= 1

2

(∫
Ω

hv

)2

. (1.4.4)

Note that in this case the minimax realization of the fibering method—see Subsection 1.5—
would give rise to the same functional f̂ . We now consider the critical points of this even
functional f̂ on the unit sphere S. Obviously, there exists an infinite set of conditionally
critical points of f̂ on the unit sphere. In this set there are only two regular conditionally
critical points v1 and v2 = −v1, i.e. conditionally critical points such that t = t (v1) �= 0
and t2 = t (v2) �= 0: these are the points where f̂ (v) attains the maximum on the closed unit
ball B (v1 and v2 cannot lie in the interior part of B because f̂ is homogeneous on v; see
also the maximum principle expressed by Corollary 1.5.4). Then u1 = t1v1 and u2 = t2v2
are solutions of the Dirichlet problem (1.4.2); note in particular that, since t1 = −t2 and
v1 =−v2, we actually obtain u1 = u2, that is, the two nonzero solutions coincide.
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REMARK 1.4.4. Example 1.4.2 can be treated as an application of Theorems 1.5.1 and
1.6.3 that will be stated in the next subsections. To clear up the essence of the fibering
method, we verify assumptions of these theorems in this example. We know v1 ∈ S is a
maximum point of f̂ on the unit sphere S. Then, by the Lagrange rule, at this point one
has

h

∫
Ω

hv1 =−ν�v1, v1 ∈W 1,2
0 (Ω).

From this we find for
∫
Ω
|∇v1|2 = 1 that ν = (∫

Ω
hv1)

2, and ν �= 0, because maxv∈Sf̂ (v) >
0 for h �= 0. Then

h

∫
Ω

hv1 =−
(∫

Ω

hv1

)2

�v1

or, setting t1 =−
∫
Ω
hv1 �= 0 and u1 = t1v1,

�u1 = h, u1 ∈W 1,2
0 (Ω),

i.e. u1 is a solution of problem (1.4.2). We see similarly that u2 is a solution of this problem,
and u1 = u2.

EXAMPLE 1.4.5. In the above we have considered some applications to the global analy-
sis of certain nonlinear boundary value problems. It is clear that the fibering method can be
applied to the local analysis of certain nonlinear variational problems. We restrict ourselves
to a simple example.

Let us consider the following boundary value problem:{
�u+ u3 = h(x) in Ω ⊂RN ,

u= 0 on ∂Ω
(1.4.5)

with N < 4. The Euler functional that corresponds to this boundary value problem is

E(u)=−1

2

∫
Ω

|∇u|2 + 1

4

∫
Ω

u4 −
∫
Ω

hu.

Due to spherical fibering we have u(x)= tv(x) with

‖v‖2 =
∫
Ω

|∇v|2 = 1 for v ∈W 1,2
0 (Ω).

Then the Euler functional E generates

Ẽ(t, v)=− t
2

2
+ t4

4

∫
Ω

v4 − t
∫
Ω

hv,
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and the bifurcation equation takes the form

dẼ

dt
≡−t + t3

∫
Ω

v4 −
∫
Ω

hv = 0.

An elementary calculation shows that if the inequality

sup
v∈S

{∣∣∣∣∫
Ω

hv

∣∣∣∣(∫
Ω

v4
)1/2}

<
2

3
√

3

is satisfied, then the bifurcation equation possesses three isolated smooth branches of so-
lutions: t1 = t1(v,h), t2 = t2(v,h), and t3 = t3(v,h). By substituting them into Ẽ we get
three induced functionals

Êi(v)= Ẽ
(
ti (v, h), v

)=−1

2
t2i (v, h)+

1

4
t4i (v, h)

∫
Ω

v4 − ti (v, h)
∫
Ω

hv

for i = 1,2,3. These functionals are distinct and smooth on S. Every functional Êi(v) has
a critical point vi on S. Hence, the original Euler functional E under our conditions on h
possesses three distinct critical points, i.e. solutions of (1.4.5):

u1(x)= t1v1(x), u2(x)= t2v2(x), and u3(x)= t3v3(x)

in W 1,2
0 (Ω) such that∫

Ω

hu1 � 0,
∫
Ω

hu2 � 0,
∫
Ω

hu3 � 0,

and ‖u1‖< ‖u2‖.

REMARK 1.4.6. For sufficiently small h, the existence of a first solution u1 for (1.4.5) can
be proved via the contraction mapping principle. The existence of a second solution u2 can
be obtained from{

�w+ (w+ u1)
3 − u3

1 = 0,

w = 0 on ∂Ω

by means of the theory of eigenfunctions for nonlinear elliptic problems. However, we are
not aware of any way to prove the existence of a third distinct solution u3 without using
the fibering method.

1.5. Minimax realization of the fibering method

The fibering method admits various ways of realization. Here we consider some of these.
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Let X be a real Banach space with norm differentiable on X \ {0}, let f be a functional
on X belonging to the class C1(X \ {0}), denote by S the unit sphere of X, and let J be a
nonempty open subset of R. Then the following result holds.

THEOREM 1.5.1. Suppose that for any v ∈ S the quantity

f̂ (v)=max
t∈J f (tv) (1.5.1)

exists, and f̂ (v) > f (0) if 0 ∈ J . Assume that f̂ is differentiable on the unit sphere S.
Then to each conditionally stationary point vc of the functional f̂ , considered on S, there
corresponds a stationary point uc = tcvc of f with tc ∈ J \ {0} such that f (uc)= f̂ (vc).
PROOF. Assume the statement is false, and hence tcf ′(uc) �= 0. Then there exists w0 ∈X
such that

tc
〈
f ′(uc),w0

〉
> 0. (1.5.2)

Since vc ∈ S is a conditionally stationary point of the functional f , which is differentiable
on S, it follows that

f

(
vc + ζw0

‖vc + ζw0‖
)
= f̂ (vc)+ ζ ε(ζ )= f (tcvc)+ ζ ε(ζ ) (1.5.3)

for sufficiently small ζ , with ε(ζ )→ 0 as ζ → 0. On the other hand, by (1.5.1),

f

(
t
vc + ζw0

‖vc + ζw0‖
)

� f̂

(
vc + ζw0

‖vc + ζw0‖
)

∀t ∈ J. (1.5.4)

By the assumptions of the theorem, maxt∈J f (tvc) = f (tcvc) is attained on the open set
J \ {0}. Hence, tc‖vc + ζw0‖ ∈ J \ {0} for sufficiently small ζ , because ‖vc‖ = 1. Then,
by setting t = tc‖vc + ζw0‖ in (1.5.4) for sufficiently small ζ , we get by (1.5.3) that

f (tcvc + ζ tcw0)� f (tcvc)+ ζ ε(ζ ). (1.5.5)

Since f is differentiable,

f (tcvc + ζ tcw0)= f (uc)+ ζ tc
〈
f ′(uc),w0

〉+ ζ ε1(ζ ), ε1(ζ )→ 0 as ζ → 0.

Then it follows from (1.5.5) that

ζ tc
〈
f ′(uc),w0

〉
� ζ ε2(ζ ), ε2(ζ )→ 0 as ζ → 0.

From this last inequality, for sufficiently small ζ > 0, we get

tc
〈
f ′(uc),w0

〉
� 0.

In view of (1.5.2), this contradicts our assumption. The theorem is proven. �
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REMARK 1.5.2. Let J be a nonempty open set in R, symmetric with respect to zero. If
the functional f̂ defined by (1.5.1) exists, then it is even: this makes it possible to use
the Lyusternik–Shnirel’man theory for certain functionals that are not even, and obtain
theorems on the existence of many geometrically different stationary points.

EXAMPLE 1.5.3. Consider again the linear Dirichlet problem (1.4.2){
�u= h in Ω ,

u= 0 on ∂Ω .

The Euler functional associated with this problem is

f (u)=−1

2

∫
Ω

|∇u|2 −
∫
Ω

hu.

In the spherical fibering

u= tv, ‖v‖2 =
∫
Ω

|∇v|2 = 1

the functional f reduces to

f̃ (t, v)=− t
2

2
− t

∫
Ω

hv.

Then, the minimax realization gives rise to the functional

f̂ (v)=max
t∈R

f̃ (t, v)= 1

2

(∫
Ω

hv

)2

, tmax =−
∫
Ω

hv,

which is the same as the f̂ defined by (1.4.4). So the original not even Euler functional f
generates by the minimax realization of the fibering method an even functional f̂ .

REMARK 1.5.4 (to Example 1.8.5). From the Lyusternik–Shnirel’man theory we know
that each even weakly continuous functional f̂ possesses at least a countable set of critical
points on S. Thanks to the fibering method we have to expect a countable set of solutions
for boundary value problem (1.4.2), but we know that this problem has only one solution;
what is the matter? Let us consider this “contradiction” in more detail. The even functional

f̂ = 1

2

(∫
Ω

hv

)2

has actually a continuous set of critical points on S. Indeed, any v ∈ S, such that
∫
Ω
hv = 0,

is a critical point of f̂ , because in this case

f̂ ′(v)= v
∫
Ω

hv = 0.
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Thus the equator

E0 := S ∩ {h}⊥ =
{
v ∈ S:

∫
Ω

hv = 0

}
is the critical set for f̂ . But for v ∈ E0 we have

t = t (v)=−
∫
Ω

hv = 0,

and consequently u = tv = 0; that is, these critical points are invisible with respect to f .
On the other hand, as we have already seen, f̂ also admits a pair of conditionally critical
points

v+: − t (v+)=
∫
Ω

hv+ =max
v∈S

∫
Ω

hv > 0,

v−: − t (v−)=
∫
Ω

hv− =min
v∈S

∫
Ω

hv < 0,

that give rise to a visible “double” solution u+ = u−. Thus, we can reasonably expect
that a perturbed nonlinear boundary value problem may admit a countable set of visible
solutions. Indeed, the boundary value problem{

�u+ ε|u|δu= h in Ω ,

u= 0 on ∂Ω

for any sufficiently small ε, δ > 0 possesses a countable set of solutions

u1, u2, . . . , uk, . . . ,

with ‖uk‖→+∞ as k→∞.

Before the next example we point out an immediate corollary of Theorem 1.5.1:

THEOREM 1.5.5. Let X be an infinite-dimensional reflexive Banach space. Let the func-
tional

f̂ =max
t∈J f (tv) > 0

(or 1/f̂ ) satisfy the Lyusternik–Shnirel’man conditions (in any version of this theory). Then
the functional f admits at least a countable set of distinct critical points.

EXAMPLE 1.5.6. Consider the boundary value problem{−�u− u3 + (∫
Ω
hv)2h= 0 in Ω ⊂RN, N � 3,

u= 0 on ∂Ω .
(1.5.6)
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Though the Euler functional

f (u)= 1

2

∫
Ω

|∇u|2 − 1

4

∫
Ω

u4 + 1

3

(∫
Ω

hu

)3

is not even, by means of minimax realization we obtain an even functional

f̂ (v)=max
t∈R

f̃ (t, v),

where

f̃ (t, v)= t2

2

∫
Ω

|∇v|2 − t4

4

∫
Ω

v4 + t3

3

(∫
Ω

hv

)3

.

Then by Theorem 1.5.5 we obtain that problem (1.5.6) admits a countable set of solutions
in W 1,2

0 (Ω) for each h ∈W−1
2 (Ω), since:

• f̂ ∈C1(S);
• f̂ (−v)= f̂ (v);
• f̂ > 0 on S;
• f̂ is weakly continuous on S.

1.6. The choice of the fibering functional

Realization of the fibering method depends evidently on the choice of the fibering func-
tional H(t, v) satisfying condition (1.2.4). As the simplest of such functionals we can take
the norm in the Banach space, provided that it is differentiable away from zero, but this
choice is not unique. Here we propose as a fibering functional the functional naturally gen-
erated by the problem itself (i.e. by the Euler functional f ). We remark, however, that in
many cases this choice is not necessary. The scalar equation〈

f ′(tv), v
〉= 0 (1.6.1)

in the scalar parameter t = t (v) is the defining bifurcation equation in the fibering method.
To separate algebraically different solutions of this equation, it seems natural to take the
following as a fibering functional H in the case of a functional f of class C3(X \ {0}):

H(t, v)≡ 〈f ′′(tv)v, v〉. (1.6.2)

In this case X satisfies the relation〈
H ′
v, v

〉− tH ′
t = 2H. (1.6.3)
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In fact, by the equalities

〈
H ′
v, v

〉= d

dζ
H(t, ζv)

∣∣
ζ=1,

tH ′
t =

d

dζ
H(ζ t, v)

∣∣
ζ=1,

H(t, ζv)= ζ 2
〈
f ′′(ζ tv)v, v

〉
we get

〈
H ′
v, v

〉 = d

dζ
H(t, ζv)

∣∣
ζ=1

= 2
〈
f ′′(ζ tv)v, v

〉+ d

dζ

〈
f ′′(tv)v, v

〉∣∣
ζ=1

= 2H + tH ′
t .

By (1.6.3) the nondegeneracy condition (1.2.4) turns out to hold always for the functional
H defined by (1.6.2). When such a functional is chosen, the solution t = t (v) of (1.6.1)
a priori inherits the smoothness of the original functional, with loss of one derivative.
Accordingly, the problem of finding critical points for f ∈ C3(X \ {0}) reduces to the
problem of finding conditionally critical points for f (tv) under the condition〈

f ′′(tv)v, v
〉= c �= 0, t ∈ J.

Set k := √|c| �= 0; then, by substituting t/k and kv in place of t and v, respectively, the
last equality can be re-written as〈

f ′′(tv)v, v
〉= c0, t ∈ kJ, (1.6.4)

where c0 is either +1 or −1, and kJ := {kt : t ∈ J }.

THEOREM 1.6.1. Let f be a functional on X of the class C3(X \ {0}), and let (t, v) ∈
kJ×X with tv �= 0 be a conditionally critical point of the functional f (tv) under condition
(1.6.4). Then the point u= tv is a nonzero critical point of f .

The proof follows immediately from Theorem 1.2.2.

REMARK 1.6.2. If we apply the general formula (1.6.2) to the linear problem{
�u= h in Ω ,

u= 0 on ∂Ω ,
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we obtain

H(t, v) = d2

dt2
f (tv)

= d2

dt2

(
− t

2

2

∫
Ω

|∇v|2 − t
∫
Ω

hv

)
= −

∫
Ω

|∇v|2,

and then our general condition (1.6.4) takes the form∫
Ω

|∇v|2 = 1.

That is, in this case the general constructive formula (1.6.2) leads to spherical fibering.

REMARK 1.6.3. The fibering functional H defined by (1.6.2) enables us to separate con-
vex nonlinearities from concave ones, since formula (1.6.2) involves the second derivative
of f :
• convex nonlinearities correspond to H(t, v)=+1;
• concave nonlinearities correspond to H(t, v)=−1.

1.7. A parameter-free realization of the fibering method

In the general case the fibering method reduces the original variational problem to a para-
metric variational one and to the investigation of its conditionally critical points. However,
when the fibering functional H is defined by (1.5.2), it is possible to eliminate the parame-
ter t in the new variational problem. Indeed, condition (1.5.4) for a functional f of class
C3(X \ {0}) means that

d

dt

〈
f ′(tv)v, v

〉= 〈f ′′(tv)v, v〉 �= 0

on the set defined by (1.5.4). Thus, condition (1.5.4) for a functional f of class C3(X \ {0})
enables us to single out the algebraically distinct smooth solutions ti (v) (for i = 1, . . . ,m)
in the bifurcation equation (1.5.1), when they exist, and to eliminate the scalar parame-
ter t . The problem of finding the nonzero critical points of f ∈ C3(X \ {0}) reduces to the
problem of finding conditionally critical points of the functionals⎧⎨⎩

Fi(v) := f (ti(v)v)
under condition

Hi(v) := 〈f ′′(ti(v)v)v, v〉 = c0

(1.7.1)

with c0 =±1. Here ti (v) is the corresponding solution of (1.5.1) for i = 1, . . . ,m.
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THEOREM 1.7.1. Let f be a functional defined on X, f ∈ C3(X \ {0}). Let ti (v) be the
solution of (1.5.1) under condition (1.5.4), and let vi be a conditionally critical point of
problem (1.7.1) with ti (vi) �= 0. Then the point ui = ti (vi)vi is a nonzero critical point
of f .

The proof follows from Theorem 1.5.1, since the pair (ti , vi) ∈ kJ × X satisfies the
conditions of this theorem.

1.8. Fibering functionals of norm type

In studying a variational problem it is sometimes convenient, when the principal part of
the original Euler functional is of norm type, to take this principal part as the fibering
functional H . Then, if there is a complementary weakly continuous functional, the orig-
inal problem reduces to that of investigating conditionally critical points of a continuous
functional on a sphere-type surface (it is simpler to investigate a variational problem in a
closed ball, because it is a convex set). We present a class of variational problems, in which
this approach can be implemented. Suppose that on a Banach space X, with norm differen-
tiable away from zero, a given functional f ∈ C1(X) has the form f (u)= f0(u)+ f1(u),
where f0(u) generates the norm of X. For definiteness, we assume f0(u)= ‖u‖p for some
p > 1, and f1 ∈ C1(X). Then we choose the fibering functional H(v)= f0(v)= ‖v‖p , so
that condition (1.1.4) takes the form ‖v‖ = 1 (i.e., we use the method of spherical fibering).
The functional f (tv) takes the form

f̃ (t, v)= |t |p + f1(tv) for v ∈ S,
and the problem

f ′0(u)+ f ′1(u)= 0 (1.8.1)

is then equivalent to the system

p|t |p−2t + 〈f ′1(tv), v〉= 0, t �= 0, (1.8.2)

tf ′1(tv)= ν‖v‖′, v ∈ S. (1.8.3)

Since the functional 〈f ′1(tv), v〉 is defined for all v ∈X, the first scalar equation (1.8.2) in t
can be considered for v ∈ B = {w ∈X: ‖w‖� 1}. Suppose that this equation has solutions
ti (w) for i = 1, . . . ,N . Let

Fi(w)= |ti |p + f1
(
ti (w)w

)
and consider these functionals on the closed unit ball B .

DEFINITION 1.8.1. A pointw ∈ B is a critical point of the differentiable functional Fi(w)
in the closed unit ball B if one of the following conditions holds:
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(1) w lies in the interior part of B and is an ordinary critical point of Fi ;
(2) w lies on the boundary ∂B = S and is a conditionally critical point of Fi on the

sphere S.

DEFINITION 1.8.2. A critical point wi ∈ B of the differentiable functional Fi(w) is a
regular critical point of Fi if wi �= 0, ti(wi) �= 0, and the functional ti is differentiable at
wi . Here ti (w) is a solution of (1.8.2) for v =w ∈ B .

THEOREM 1.8.3. Let wi ∈ B be a regular critical point of Fi(w). Then wi ∈ ∂B , and
ui = ti (wi)wi is a nonzero solution of (1.8.1).

PROOF. Suppose by contradiction that the regular critical point wi ∈ B of Fi is in the
interior part of the unit ball B . We study the behavior of Fi along the ray ζwi as ζ → 1.
By differentiability of f and differentiability of ti at wi , one has

dFi(ζwi)

dζ

∣∣∣∣
ζ=1

= [p|ti |p−2ti +
〈
f ′1(tiwi),wi

〉]dti
dζ

∣∣∣∣
ζ=1

+ 〈f ′1(tiwi),wi 〉ti ,
where ti = ti (wi). Hence, in view of (1.8.2) with v =wi ,

dFi(ζwi)

dζ

∣∣∣∣
ζ=1

= ti
〈
f ′1(tiwi),wi

〉=−p|ti |p �= 0,

which contradicts the fact that wi is a (regular) critical point. Therefore, wi ∈ ∂B . More-
over, by Theorem 1.2.1 the point ui = tiwi is a nonzero solution of (1.8.1). �

Following Definitions 1.8.1 and 1.8.2, we introduce the concept of a regular extremal
point w ∈ B for the functional Fi by replacing in those definitions the word “critical” by
the word “extremal”. Then from Theorem 1.8.3 we get

COROLLARY 1.8.4 (The Maximum Principle). Let wi ∈ B be a regular extremal point of
Fi(w). Then wi ∈ ∂B , and ui = ti (wi)wi is a nonzero solution of (1.8.1).

EXAMPLE 1.8.5. Here we demonstrate the above “maximum principle” in the simplest
situation. Consider the linear problem (1.4.2){

�u= h in Ω ,

u= 0 on ∂Ω

and the corresponding Euler functional

f (u)=−1

2

∫
Ω

|∇u|2 −
∫
Ω

hu.
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Then the reduced functional is

f̂ (v)=
(∫

Ω

hv

)2

, v ∈W 1,2
0 (Ω), ‖v‖ = 1.

Now we considerB instead of S, i.e. ‖v‖� 1 instead of ‖v‖ = 1. In this case we know from
classical results that the functional f̂ admits a maximum point v0 in the convex bounded
domain B . Actually, v0 is on the boundary S = ∂B: in fact, if we suppose ‖v0‖ < 1 then
for sufficiently small ε > 0 one has still (1+ ε)v0 ∈ B and

f̂
(
(1+ ε)v0

)= (1+ ε)2f̂ (v0) > f̂ (v0),

which contradicts the fact that v0 is a maximum point. Therefore v0 ∈ S.

1.9. Critical and conditionally critical points

In the preceding subsections we used the fibering method to establish a connection between
critical points and conditionally critical points of functionals. Now we consider this con-
nection from a somewhat different point of view. Let l be a differentiable mapping (which
can also be a nonzero constant) from a real Banach space X into X itself. We associate
with any functional f twice differentiable (in the Gâteaux sense) on X the functional fl
defined by

fl(u) :=
〈
f ′(u), l(u)

〉
.

Clearly, every critical point u of f satisfies fl(u)= 0. Hence, it is a conditionally critical
point of f , considered under the condition fl(u)= 0. The following simple theorem gives
a condition for the validity of the converse.

THEOREM 1.9.1. Let f be a twice differentiable functional (in the Gâteaux sense) on a
real Banach spaceX. Suppose that there exists a differentiable mapping l fromX toX such
that at a conditionally critical point u0 of f (u), considered under the constraint fl(u)= 0,
one has 〈

f ′l (u0), l(u0)
〉 �= 0. (1.9.1)

Then the conditionally critical point u0 is actually an unconditionally critical point of f .

PROOF. Indeed, at u0 one has

λf ′(u0)= μf ′l (u0), λ2 +μ2 �= 0.

By this equality and (1.9.1) we get μ= 0, and then λ �= 0, since

μ
〈
f ′l (u0), l(u0)

〉= λ〈f ′(u0), l(u0)
〉= λfl(u0)= 0.
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Therefore f ′(u0)= 0. The theorem is proven. �

REMARK 1.9.2. Let l(u)≡ u. Then we obtain the Nehari functional

fN(u)=
〈
f ′(u),u

〉
.

2. Application of bifurcation equations

2.1. The algebraic factor

In this section we demonstrate the application of the bifurcation equations to various non-
linear boundary value problems in the simplest cases.

The bifurcation equation enables us to extract the algebraic factor of nonlinearities. Con-
sider the bifurcation-fibering equation〈

f ′(tv), v
〉= 0. (2.1.1)

Let ti (v) (for i = 1,2, . . . , k) be the algebraic solution of (2.1.1) under condition

‖v‖ = 1.

Then we obtain k functionals f1, . . . , fk defined by

f1(v) := f
(
t1(v)v

)
,

f2(v) := f
(
t2(v)v

)
,

...

fk(v) := f
(
tk(v)v

)
,

for which the following result holds (cf. Theorem 1.5.1).

THEOREM 2.1.1. Let f1, . . . , fk ∈ C1(S). Let vi be a conditionally critical point of fi(v)
with ti (vi) �= 0. Then the point

ui = ti (vi)vi
is a nonzero critical point of f (u).

2.2. The problem of nontrivial solutions

Let Ω be a bounded domain in RN with locally Lipschitz continuous boundary ∂Ω . We
consider the question of existence of nontrivial solutions for the boundary value problem{

�u+ g1(x,u)u= 0 in Ω ,

u= 0 on ∂Ω .
(2.2.1)
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The conditions on the function g1 are as follows.
(C1) g1(x,0) ≡ 0, and g1 is a Carathéodory function on Ω × R, i.e. it is measurable

with respect to x for all u ∈ R and continuous with respect to u for almost all
x ∈Ω .

(C2) For N � 2 there exist positive constants A and B such that, for all x ∈Ω and all
u ∈R:

for N > 2,
∣∣g1(x,u)

∣∣�A+B|u|m, where 0 �m<
4

N − 2
;

for N = 2,
∣∣g1(x,u)

∣∣�A+Be|u|α , where 0 � α < 2.

(C3) For any function v ∈W 1,2
0 (Ω) with

∫
Ω
|∇v|2 = 1, i.e. for any v on the unit sphere

S, the equation∫
Ω

g1
(
x, tv(x)

)
v2(x) dx = 1 (2.2.2)

in t ∈R has a solution t = t (v), and t (v) ∈ C1(S).
Let t = t (v) be a solution of class C1(S). We consider the functional

F(v)=− t
2(v)

2
+
∫
Ω

G
(
x, t (v)v

)
dx, (2.2.3)

where G(x, s)= ∫ s0 g1(x, y)y dy.

THEOREM 2.2.1. Assume conditions (C1), (C2), and (C3). Suppose that the weakly con-
tinuous functional F defined in (2.2.3) admits a conditionally critical point v on the
sphere S. Then u= t (v)v is a nontrivial solution of problem (2.2.2).

PROOF. The proof follows directly from Theorem 1.8.3, since the regularity of a condi-
tionally critical point of F on S follows from conditions (C1) and (C3). �

EXAMPLE 2.2.2. Consider for N � 3 the boundary value problem{
�u+ a(x)u2 + u3 = 0 in Ω ,

u= 0 on ∂Ω
(2.2.4)

with a ∈ Lq(Ω), where q = 1 for N = 1, q > 1 for N = 2, q > 2 for N = 3. Then by
Theorem 2.2.1 this boundary value problem has a nontrivial solution u ∈W 1,2

0 (Ω).

Notice that the Euler functional associated to (2.2.4)

E(u)=−1

2

∫
Ω

|∇u|2 + 1

2

∫
Ω

au3 + 1

4

∫
Ω

u4
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is not even. On the other hand, from (2.2.2) it follows that F is even anyway: in fact, if
to any v1 ∈ S there corresponds a solution t1 = t (v1), then to v2 =−v1 there corresponds
t2 = t (−v1) = −t1; if the even functional F is smooth, then the Lyusternik–Shnirel’man
theory can be applied to it, under appropriate conditions.

THEOREM 2.2.3. Assume conditions (C1), (C2), and (C3). Suppose that the even func-
tional F defined by (2.2.3) satisfies on S the Lyusternik–Shnirel’man conditions, in any
version of this theory. Then the boundary value problem (2.2.1) has a countable set of
geometrically distinct solutions.

PROOF. The existence of a countable set of geometrically distinct conditionally critical
points for the even weakly continuous functional F on the unit sphere S follows from the
Lyusternik–Shnirel’man theory. The regularity of each conditionally critical point of F
on S follows from conditions (C1) and (C3), since a solution of (2.2.2) at a conditionally
critical point of F on S is nonzero and differentiable at this point. Then we get Theorem
2.2.3 from Theorem 1.8.3. �

EXAMPLE 2.2.4. Consider the boundary value problem

{
�u+ λ(x)u+μ(x)|u|m−1u= 0 in Ω ,

u= 0 on ∂Ω ,

where 1<m< N+2
N−2 for N > 2 and m> 1 for N = 1,2. Denote by λ1 the first eigenvalue

of the Laplace operator in the domain Ω with Dirichlet boundary conditions. We get by
Theorem 2.2.3 that for any functions λ,μ ∈ C(Ω), with λ(x) < λ1 and μ(x) > 0 in Ω ,
this problem has a countable set of geometrically distinct solutions in the Sobolev space
W

1,2
0 (Ω).

EXAMPLE 2.2.5. We consider for N � 3 the boundary value problem

{
�u+ a(x)|u|α−1u+ u3 = 0 in Ω ,

u= 0 on ∂Ω

with 1 < α < 3 and a ∈ Lq(Ω) (without any assumptions on the sign of a(x)), where
q = 1 for N = 1, q > 1 for N = 2, q > 6

5−α for N = 3. Then by Theorem 2.2.3 this

problem admits a countable set of geometrically different solutions in W 1,2
0 (Ω).

REMARK 2.2.6 (to Example 2.2.5). We note that the above problem with 0< α < 1 was
already considered, by using another method called “linking”, in [11].
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2.3. A problem with even nonlinearity

We consider an application of Theorem 1.8.3 to the following boundary value problem in
a bounded domain Ω ⊂RN with N � 5 and with smooth boundary ∂Ω :{

�Φ +Φ2 = φ(x) in Ω ,

Φ = h0(x) on ∂Ω ,
(2.3.1)

where φ ∈ W−1
2 (Ω) = (W

1,2
0 (Ω))∗ and h0 ∈ W 1/2,2(∂Ω). Note that by virtue of the

substitution Φ→ Φ1 = −Φ the equation being considered is equivalent to the equation
�Φ1 =Φ2

1 + φ.
Let h be a harmonic function in W 1,2(Ω) such that �h = 0 in Ω and h = h0 on ∂Ω .

Then the original boundary value problem is equivalent to the following one, by simply
setting Φ = u+ h:{

�u+ (u+ h)2 = φ in Ω ,

u= 0 on ∂Ω .
(2.3.2)

The Euler functional associated with (2.3.2) on the Sobolev space W
1,2
0 (Ω) is E =

1
2H +G, where

H(u) :=
∫
Ω

|∇u|2 = ‖u‖2, G(u) :=
∫
Ω

(
−1

3
(u+ h)3 + φu+ 1

3
h3
)

(we choose H as the fibering functional). The bifurcation equation for t (v) in this case
takes the form

a(v)t2 − b(v)t − c(v)= 0,

where

a(v)=
∫
Ω

v3,

b(v)= 1− 2
∫
Ω

hv2,

c(v)=
∫
Ω

(
φ − h2)v.

From this we get, for a(v)= ∫
Ω
v3 �= 0,

t±(v) = b(v)±√b2(v)+ 4a(v)c(v)

2a(v)

=
{

1− 2
∫
Ω

hv2 ±
[(

1− 2
∫
Ω

hv2
)2
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+ 4

(∫
Ω

v3
)∫

Ω

(
φ − h2)v]1/2}(

2
∫
Ω

v3
)−1

(2.3.3)

and, accordingly,

F±(v) = E
(
t±(v)v

)
= b(v)

6
t2±(v)+

2c(v)

3
t±(v)

= 1

12a2(v)

(
b3(v)+ 6a(v)b(v)c(v)

± (b2(v)+ 4a(v)c(v)
)3/2)

. (2.3.4)

We assume b(v) > 0. Then the functional F− is defined for all v in the closed unit ball B
of the spaceW 1,2

0 (Ω) (we obtain F−(v)=−c2(v)/2b(v) if a(v)= 0), while F+ is defined
for all v ∈ B such that a(v) �= 0. Let us consider the behavior of these functionals in the
unit ball B as ‖v‖→ 0 for a(v) �= 0. We have

a(v)→ 0, b(v)→ 1, c(v)→ 0.

By Taylor’s formula, up to the second order in ζ := a(v)c(v)

b2(v)
, one has

F± =
(
b3

12a2
+ bc

2a

)
(1± 1)±

[
c2

2b
− ac3

3b3

(
1+ σ(ζ ))]

for a(v), b(v) �= 0, with σ(ζ )→ 0 as ζ → 0. Concerning the boundary function h0 ∈
W 1/2,2(∂Ω) we assume that there exists a constant C0 > 0 such that the corresponding
harmonic function h satisfies for any v ∈ B

b(v)= 1− 2
∫
Ω

hv2 � C0.

This holds, in particular, if h(x) � 0. Concerning the function φ ∈W−1
2 (Ω) we assume

that there exists a constant C1 > 0 such that for any v ∈ B

b2(v)+ 4a(v)c(v)=
(

1− 2
∫
Ω

hv2
)2

+ 4

(∫
Ω

v3
)∫

Ω

(
φ − h2)v �C1.

This holds, in particular, if φ − h2 is sufficiently small in the norm of the dual space
W−1

2 (Ω). Under our assumptions,

sup
v∈B

F+(v)= sup
v∈S

F+(v)=+∞,

inf
v∈B F+(v) >−∞, inf

v∈B F−(v) >−∞.
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We mention that in the case where φ = h2 a.e. in Ω the trivial solution u≡ 0 is one of the
solutions of problem (2.3.2). Therefore, it is assumed below that∥∥φ − h2

∥∥
W−1

2
�= 0,

and then we get

inf
v∈B F−(v) < 0.

Further, the corresponding minimum points v− and v+ exist for the functionals F− and F+
in the unit ball B ⊂W 1,2

0 (Ω). For the functional F− at the point v− ∈ B we have

F−(v−)= inf
v∈B F−(v) < 0.

Then from representation (2.3.4) we get v− �= 0 and t−(v−) �= 0. The functional F− is
differentiable at the point v−. Thus, the conditions of Theorem 1.8.3 are satisfied for F−,
and hence u− = t−(v−)v− is a solution of the boundary value problem (2.3.2) under the
conditions on φ and h mentioned above. Now, let us consider the functional F+. For this
functional at the point v+ ∈ B we have

F+(v+)= inf
v∈B F+(v) >−∞.

Then we get from representation (2.3.3), (2.3.4) for F+ that t+v+ �= 0. The functional F+
is differentiable at the point v+, and a(v+) =

∫
Ω
v3+ �= 0. Thus, the conditions of Theo-

rem 1.8.3 hold for F+, and hence, u+ = t+(v+)v+ is a solution of (2.3.2) under the afore-
mentioned conditions on φ and h. We notice that the solutions u− and u+ are different.
Indeed, if u− = u+ then t−v− = t+v+; for v−, v+ it would follow that v− = ±v+ and
|t−| = |t+|. The last equalities contradict (2.3.3) under our assumptions on φ and h.

2.4. A test for the absence of solutions

We continue to demonstrate applications of the fibering method to nonlinear boundary
value problems. Now we outline an application to the nonexistence problem: we first
present a scheme for getting sufficient conditions for the absence of solutions. Let us
consider the variational problem in the situation of Subsection 1.8, that is, we consider
a Banach space X with norm differentiable away from zero and a functional f (u) =
f0(u)+ f1(u) with f0(u)= ‖u‖p and f1 ∈ C1(X). Then the problem

f ′0(u)+ f ′1(u)= 0 (2.4.1)

is equivalent to the system{
p|t |p−2t + 〈f ′1(tv), v〉 = 0, t �= 0,

|t |p−2t · (‖v‖p)′ + f ′1(tv)= 0, v ∈ S.
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From this system we obtain, for any w ∈X, the following system of two scalar equations:{
p|t |p−2t + 〈f ′1(tv), v〉 = 0,

|t |p−2t〈(‖v‖p)′,w〉 + 〈f ′1(tv),w〉 = 0.
(2.4.2)

This gives us the following test for the absence of nonzero solutions for equation (2.4.1) in
X.

THEOREM 2.4.1. Let f0 and f1 be the functionals defined above, and suppose that there
exists an element x ∈X such that system (2.4.2) is inconsistent for any value of t �= 0 and
v ∈ S. Then equation (2.4.1) does not admit nontrivial solutions in X.

Obviously, the zero solution of (2.4.1) does not exist if

f ′0(0)+ f ′1(0) �= 0.

REMARK 2.4.2. Consider again the boundary value problem with quadratic nonlinearity
(2.3.2). In this case system (2.4.2) takes the form{

t − ∫
Ω
(tv + h)2v+ ∫

Ω
φv = 0,

−t ∫
Ω
v�ψ − ∫

Ω
(tv + h)2ψ + ∫

Ω
φψ = 0,

where ψ is an arbitrary function in W 1,2
0 (Ω). Notice that the first equation in this system

can be obtained from the second one by setting ψ = v. Therefore we now consider the
second scalar equation with respect to t , namely,

t2
∫
Ω

ψv2 + t
∫
Ω

(�ψ + 2hψ)v +
∫
Ω

(
h2 − φ)ψ = 0.

This equation clearly does not admit any real solution if there exists a function ψ ∈
W

1,2
0 (Ω) such that, for all v ∈ S, one has

(∫
Ω

(�ψ + 2hψ)v

)2

< 4
∫
Ω

(
h2 − φ)ψ ∫

Ω

ψv2. (2.4.3)

On the other hand, if ψ(x)� 0 in Ω , then

(∫
Ω

(�ψ + 2hψ)v

)2

=
(∫

Ω

�ψ + 2hψ√
ψ

√
ψv

)2

�
∫
Ω

(�ψ + 2hψ)2

ψ

∫
Ω

ψv2.
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Hence, (2.4.3) holds if there exists a function ψ � 0 in W 1,2
0 (Ω) such that∫

Ω

(�ψ + 2hψ)2

ψ
< 4

∫
Ω

(
h2 − φ)ψ,

or, equivalently,∫
Ω

(
(�ψ)2

ψ
+ 4h�ψ + 4φψ

)
< 0. (2.4.4)

Accordingly, we get the following result:

PROPOSITION 2.4.3. Suppose that there exists a function ψ � 0 in W 1,2
0 (Ω) such that

(2.4.4) holds. Then the boundary value problem (2.3.1) does not admit solutions in
W

1,2
0 (Ω).

EXAMPLE 2.4.4. Consider problem (2.3.1) with h0 ≡ 0, namely, the Ovsjannikov prob-
lem {

�Φ +Φ2 = φ(x) in Ω ,

Φ = 0 on ∂Ω .

Then from Proposition 2.4.3 we obtain absence of solutions if we are able to find a
ψ ∈W 1,2

0 (Ω) such that:
(1) ψ > 0 in Ω and ψ � 0 on ∂Ω .

(2)
∫
Ω
ψφ <− 1

4

∫
Ω
(�ψ)2

ψ
.

For instance, if we take ψ such that{
�ψ + λ1ψ = 0, ψ > 0 in Ω ,

ψ = 0 on ∂Ω ,

then we obtain that the Ovsjannikov problem does not admit any solution if∫
Ω

ψφ <−λ
2
1

4

∫
Ω

ψ.

In particular, we obtain absence of solutions if φ(x) <−λ2
1/4.

We remark that the general nonexistence test (2.4.3), in contrast with traditional tests for
quasilinear elliptic equations of second order, is not a pointwise test but an integral one.
We explain this feature by the following special example.

EXAMPLE 2.4.5. Consider the boundary value problem (2.3.1) where Ω is the open unit
disk D ⊂R2, φ ≡ 0, and the boundary function h0 is equal to A cos θ in polar coordinates:{

�Φ +Φ2 = 0 in D,

Φ =A cos θ on ∂D,
(2.4.5)
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where A is an arbitrary real parameter. The choice of this particular example is due to two
circumstances. First, this problem is given without analysis in a number of books. Second
(and this is the main thing), the traditional tests for the absence of real solutions are not
applicable to problem (2.4.5), since the mean of the boundary values is equal to zero:

∫ 2π

0
A cos θ dθ = 0.

For problem (2.4.5) inequality (2.4.4) takes the form

∫ 2π

0
dθ

∫ 1

0
dr

(
(�ψ)2

ψ
+ 4 arccos θ ·�ψ

)
r < 0. (2.4.6)

We now choose ψ to be a solution of the following problem with parameter τ > 0:{
�ψ =−(τ + r cos θ)(1− r2) in D,

ψ = 0 on ∂D.

This solution can be written explicitly, and ψ � 0 for τ � 1/3. We substitute this func-
tion ψ (which depends on τ � 1/3) into (2.4.6). Then we get a parametric inequality for A
with τ � 1/3, and it yields the following estimate for |A| when τ = (1+√5/2)/3:

|A|> 20.65.

If A satisfies this last inequality, then the boundary value problem (2.4.5) does not admit
any solution in W 1,2

0 (D).

3. Application to Dirichlet problems

3.1. An example

In this section we apply the fibering method to the problem of existence of positive solu-
tions for equations involving the p-Laplacian

�pu := div
(|∇u|p−2∇u)

in a bounded domain Ω ⊂ RN . The particular equation we consider in this section was
also studied in [21,22] for Ω =RN . Essentially the same result as here was proved in [22]
by using the so-called bifurcation argument [18] combined with the critical point theory.
However, it appears that our approach based on the fibering method yields the existence
and multiplicity of positive solutions in a more explicit and constructive way. We first
discuss an example with p = 2 (hence �p =�).
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Consider the boundary value problem{−�u− λu= a(x)|u|q−2u in Ω ⊂RN ,

u= 0 on ∂Ω ,
(3.1.1)

where 2< q < 2∗ := 2N/(N − 2), and a ∈ L∞(Ω) satisfies the following assumptions:
(A1) a+ (the positive part of a) is not identically zero;
(A2)

∫
Ω
a · uq1 < 0, where u1 is the eigenfunction associated to the first eigenvalue λ1

of −�, namely, u1 = u1(x) is such that⎧⎨⎩
�u1 + λ1u1 = 0 in Ω ,

u > 0 in Ω ,

u= 0 on ∂Ω

(see also Lemma 3.2.3 in the next subsection).

THEOREM 3.1.1 (Alama and Tarantello, [2] 1993). The following results hold.
• Let 0 � λ < λ1, and assume (A1). Then (3.1.1) has a positive solution in W 2∞(Ω).
• Let λ = λ1, and assume (A1) and (A2). Then (3.1.1) has a positive solution in
W 2∞(Ω).

• Let λ > λ1, and assume (A1) and (A2). Then there exists δ > 0 such that for λ <
λ1 + δ (3.1.1) has two positive solutions in W 2∞(Ω).

This result is of considerable interest. Let us point out some features.
(1) Solutions of (3.1.1) are not small. Indeed, let λ= 0. Then we have{−�u= a(x)|u|q−2u in Ω ⊂RN ,

u= 0 on ∂Ω .

By multiplying by u and integrating by parts we find∫
Ω

|∇u|2 =
∫
Ω

a|u|q

� ‖a‖∞
∫
Ω

|u|q

� ‖a‖∞
(
Cq‖u‖1,2

)q
,

where Cq is (since q < 2∗) the Sobolev constant

‖u‖q �Cq‖u‖1,2.

Since u= 0 on ∂Ω , we obtain

‖u‖2
1,2 � C‖a‖∞‖u‖q1,2.
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From this last inequality we obtain, since u is not identically zero and q > 2:

‖u‖1,2 �
(

1

C‖a‖∞
) 1
q−2 →+∞ as ‖a‖∞→ 0.

Therefore, Theorem 3.1.1 does not follow from the classical bifurcation theory.
(2) Solutions of (3.1.1) are positive if λ is near to λ1 (including λ > λ1!).
(3) If λ > λ1, Theorem 3.1.1 states the existence of two positive solutions (an even

number of solutions) for (3.1.1).
These interesting features stimulated further investigations by S. Alama, G. Tarantello,

L. Nirenberg, H. Brezis, H. Berestycki, I. Capuzzo-Dolcetta, and other mathematicians
who considered elliptic problems in the form{−Lu= f (x)g(u) in Ω ⊂RN ,

∂u
∂ν
+ α(x)u= 0 on ∂Ω

with the linear principal part

Lu=
N∑

i,j=1

aij (x)
∂2u

∂xi∂xj
+

N∑
i=1

bi(x)
∂u

∂xi
+ c(x)u.

Actually, their method is based on the linear decomposition

W
1,2
0 (Ω)= span{u1} +W⊥

0 ,

associated with the linear structure of the operator L. This method does not work, if the
principal part is nonlinear, in particular, for Lu=�pu. That is why we apply the fibering
method instead.

3.2. A problem involving the p-Laplacian

In this subsection and in the next ones we consider an application of the fibering method
to the p-Laplacian. Here we follow the paper [23], where we used some arguments from
[20].

Let Ω be a bounded domain in RN . Assume p,λ, q ∈R, 1<p < q < p∗, where p∗ :=
Np/(N − p) for p <N and p∗ :=∞ for p �N . We consider the equation

−�pu= λb(x)|u|p−2u+ a(x)|u|q−2u (3.2.1)

for x ∈Ω , under the Dirichlet boundary condition

u= 0 on ∂Ω. (3.2.2)
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This problem is studied in connection with the corresponding eigenvalue problem

−�pu= λb(x)|u|p−2u. (3.2.3)

We concentrate ourselves on the existence and multiplicity of positive solutions for (3.2.1)
when 0 � λ < λ1 + ε, where ε is a “small” positive number and λ1 is the first eigenvalue
of (3.2.3). In particular for λ > λ1 we shall prove the existence of (at least) two solutions,
similarly to the case �p =� that we discussed in the previous subsection.

Let us premise some definitions and notations. We work in the Sobolev space W :=
W

1,p
0 (Ω) equipped with the usual norm

‖u‖W =
(∫

Ω

|∇u|p
)1/p

.

We assume a, b ∈ L∞(Ω), with b� 0 and b not identically zero.

DEFINITION 3.2.1. A function u ∈W is a weak solution for problem (3.2.1) under con-
dition (3.2.2) iff it satisfies the integral identity∫

Ω

|∇u|p−2∇u∇v = λ
∫
Ω

b · |u|p−2uv +
∫
Ω

a · |u|q−2uv (3.2.4)

for every v ∈W .

DEFINITION 3.2.2. A real number λ is an eigenvalue for problem (3.2.3) under condition
(3.2.2), and u ∈W \ {0} is a corresponding eigenfunction, iff∫

Ω

|∇u|p−2∇u∇v = λ
∫
Ω

b · |u|p−2uv (3.2.5)

for every v ∈W .

The following result is now well known (see, e.g., [6,10,32]).

LEMMA 3.2.3. There exists the first positive eigenvalue λ1 for problem (3.2.3) under con-
dition (3.2.2). It is characterized as the minimum of the Rayleigh quotient:

λ1 =min

{∫
Ω
|∇u|p∫

Ω
b|u|p u ∈W,

∫
Ω

b|u|p > 0

}
. (3.2.6)

Moreover, λ1 is simple (i.e. each associated eigenfunction can be obtained from any other
by multiplying by a nonzero constant), isolated (i.e. there are no eigenvalues in a suitable
neighborhood of λ1), and admits an eigenfunction u1 ∈W , which is positive in Ω .
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We denote by 〈 , 〉W the duality between W ∗ and W , so that the left-hand side of (3.2.4)
and (3.2.5) can be written as∫

Ω

|∇u|p−2∇u∇v = 〈−�pu,v〉W .

Since b ∈ L∞(Ω) and 1< q < p∗, from the continuity of the Nemytskii operator [27] and
the Sobolev Imbedding Theorem [1] follows that:
• (B0) the functional

B(u) :=
∫
Ω

b · |u|p

is weakly continuous on W ;
• (A0) the functional

A(u) :=
∫
Ω

a · |u|q

is weakly continuous on W .
Notice that B(u) is p-homogeneous and A(u) is q-homogeneous.

3.3. The application of the fibering method

Let us consider the Euler functional

Eλ(u) := 1

p

∫
Ω

|∇u|p − λ

p

∫
Ω

b|u|p − 1

q

∫
Ω

a|u|q

= 1

p
‖u‖pW −

λ

p
B(u)− 1

q
A(u) (3.3.1)

associated with (3.2.1), (3.2.2). According to (3.2.4), critical points of Eλ coincide with
weak solutions of boundary value problem (3.2.1), (3.2.2). Following the fibering method,
we substitute u= tv (with t ∈R \ {0} and v ∈W ) into (3.3.1) and get

Eλ(tv)= |t |
p

p
‖v‖pW −

λ|t |p
p

B(v)− |t |
q

q
A(v). (3.3.2)

We choose as the fibering functional Hλ the principal part of Eλ, i.e.

Hλ(v) :=
∫
Ω

|∇v|p − λ
∫
Ω

b|v|p = ‖v‖pW − λB(v) (3.3.3)

(notice that Hλ is independent from t ). Then the bifurcation equation ∂
∂t
Eλ(tv)= 0 takes

the form

|t |p−2tHλ(v)− |t |q−2tA(v)= 0,
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i.e., since t �= 0:

Hλ(v)− |t |q−pA(v)= 0.

From this we obtain

|t | =
(
Hλ(v)

A(v)

) 1
q−p

> 0 (3.3.4)

under the necessary conditions

A(v) �= 0,
Hλ(v)

A(v)
> 0. (3.3.5)

By substituting (3.3.4) into (3.3.2) we define

Êλ(v) :=Eλ
(
t (v)v

)= ( 1

p
− 1

q

)(
Hλ(v)

A(v)

) q
q−p
A(v). (3.3.6)

LEMMA 3.3.1. The functional Êλ is 0-homogeneous, i.e. for every τ ∈ R \ {0} and every
v ∈W such that A(v) �= 0 we have

Êλ(τv)= Êλ(v).
In particular, Êλ is even, and its Gâteaux derivative at v in the direction v is zero:〈

Êλ(v), v
〉
W
= 0.

Moreover, if vc ∈W is a critical point of Êλ, then |vc| is one as well.

The proof of Lemma 3.3.1 is obvious. It implies that whenever we find some critical
point vc of Êλ, we can automatically assume that vc is nonnegative in Ω .

The following subsections are devoted to studying problem (3.2.1) in three distinct cases:
• 0 � λ < λ1;
• λ= λ1;
• λ1 < λ< λ1 + ε.

Here and in the following subsections, λ1 is the first positive eigenvalue of (3.2.3) un-
der condition (3.2.2). By u1, we denote the corresponding positive eigenfunction (see
Lemma 3.2.3).

3.4. The case 0 � λ < λ1

Let 0 � λ < λ1. We can take Hλ as the fibering functional, as defined by (3.3.3). In fact,
it follows from Lemma 3.2.3 that Hλ(v)� 0 for any v ∈W , hence the fibering constraint
becomes

Hλ(v)= 1,
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since Hλ is p-homogeneous. We still have to verify the nondegeneracy condition (cf. in-
equality (1.2.4)). Indeed, it follows directly from (3.3.3) that〈

H ′
λ(v), v

〉
W
= p ·Hλ(v) �= 0

(we recall that in the present case the derivative of the fibering functional with respect to t
is zero). SinceHλ(v)� 0, it follows from (3.3.5) that we have to consider the conditionally
critical points of Êλ satisfying

A(v)=
∫
Ω

a|v|q > 0,

so the following hypothesis is natural (cf. hypothesis (A1) in Subsection 4.1):
(A1) a+ is not identically zero.
By (3.3.6), the functional Êλ(v) under constraint Hλ(v)= 1 assumes the form

Êλ(v) :=
(

1

p
− 1

q

)
A
− p
q−p (v).

Therefore we consider the conditional variational problem
(Pλ) Find a maximizer vc ∈W of the problem

0<Mλ = sup
v∈W

{A(v) ∣∣Hλ(v)= 1}.

PROPOSITION 3.4.1. Assume (B0), (A0), (A1). Then problem (Pλ) admits a nonnegative
solution.

PROOF. Let us consider the set

Wλ :=
{
v ∈W : Hλ(v)= 1

}
.

Wλ is nonempty since Hλ(u1) > 0 and Hλ is homogeneous. Due to (3.3.3) and to the
variational characterization (3.2.5) of λ1, we get for any v ∈Wλ∫

Ω

|∇v|p = 1+ λ
∫
Ω

g|v|p � 1+ λ

λ1

∫
Ω

|∇v|p

and then

‖v‖pW =
∫
Ω

|∇v|p � λ1

λ1 − λ.

Hence, Wλ is bounded in W . Therefore, any maximizing sequence (vn)∞n=1 for problem
(Pλ) is bounded in W . Consequently, we can assume

vn ⇀ vc in W.
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By (A0) and (A1) one has∫
Ω

a(x)|vn|q→
∫
Ω

a(x)|vc|q =Mλ > 0. (3.4.1)

Moreover, we have Hλ(vn) = 1 and due to the weak lower semicontinuity of the norm
‖ · ‖W and (B0) we get∫

Ω

|∇vc|p � lim
n→∞ inf

∫
Ω

|∇vn|p,
∫
Ω

b(x)|vc|p = lim
n→∞

∫
Ω

b(x)|∇vn|p.

Hence

Hλ(vc) :=
∫
Ω

|∇vc|p − λ
∫
Ω

b(x)|vc|p � 1. (3.4.2)

From (3.4.1) it follows that vc is not identically zero, and we can assume vc � 0 (cf.
Lemma 3.3.1). We have only to prove that vc ∈Wλ, that is, that equality holds in (3.4.2).
Assume now by contradiction that this is not the case, i.e.

Hλ(vc) < 1.

Since Hλ is homogeneous, we can find kc > 1 such that

Hλ(kcvc)= 1.

But then ṽc = kcvc ∈Wλ, and by (3.4.1)∫
Ω

a(x)|ṽc|q = kqc
∫
Ω

a(x)|vc|q = kqcMλ >Mλ,

which contradicts the definition of Mλ. Hence vc ∈Wλ is the desired solution of (Pλ). �

Thanks to the fibering method we can state the following result.

THEOREM 3.4.2. Let 1 < p < q < p∗, 0 � λ < λ1, a, b ∈ L∞(Ω), and let hypothesis
(A1) be satisfied. Then the boundary value problem (3.2.1) under condition (3.2.2) has at
least one positive weak solution u ∈W ∩L∞(Ω). Moreover, u ∈C1,α

loc (Ω).

PROOF. Recall that (B0) and (A0) hold under assumptions of the theorem. Then by Propo-
sition 3.4.1 there is a nonnegative solution of problem (Pλ). Clearly, vc is a conditionally
critical point of Êλ(v) under the fibering constraint Hλ(v) = 1. Then, by means of the
fibering method, we can take

uc := tcvc � 0
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as a critical point for Eλ (here tc > 0 is defined by (3.3.5)): that is, uc is a weak solu-
tion of (3.2.1). Following the bootstrap argument (used, e.g., in [18]) we can prove that
u ∈ L∞(Ω). Then by applying the Harnack inequality due to Trudinger [56,25] we get
u > 0 in Ω (cf. [11]). It follows from the result of Tolksdorff [55] that u ∈ C1,α

loc (Ω) (cf.
[18]). �

REMARK 3.4.3. If a(x) > 0 and λ < λ1, then by Lyusternik–Shnirel’man theory imme-
diately follows the existence of a countable set of nontrivial (sign-changing) solutions of
(3.2.1), (3.2.2).

3.5. The case λ= λ1

Let λ= λ1. Keeping the notation of the previous subsection, we consider the conditional
variational problem
(Pλ1) Find a maximizer vc ∈W of the problem

0<Mλ1 = sup
v∈W

{∫
Ω

a|v|q
∣∣∣Hλ1(v)= 1

}
.

We have Mλ1 > 0 by (A1), as in the previous subsection. In this case, however, the set

Wλ1 =
{
v ∈W : Hλ1(v)= 1

}
is unbounded in W . So we are forced to require the following additional condition on f
(cf. hypothesis (A2) in Subsection 3.1):

(A2)
∫
Ω

au
q

1 < 0.

PROPOSITION 3.5.1. Assume (B0), (A0), (A1), and (A2). Then problem (Pλ1) admits a
nonnegative solution.

PROOF. Let (vn)∞n=1 be a maximizing sequence of (Pλ1), i.e.

Hλ1(vn)= 1,
∫
Ω

a(x)|vn|q→Mλ1 > 0. (3.5.1)

Suppose by contradiction that (vn) is unbounded. Then we can assume ‖vn‖W →∞. Set

vn = tnwn with |tn| = ‖vn‖W, ‖wn‖W = 1,

so that, by (3.3.3),

Hλ1(vn)= |tn|p
[∫

Ω

|∇wn|p − λ1

∫
Ω

b(x)|wn|p
]
= 1.
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Due to (3.2.6), we have

0 �
∫
Ω

|∇wn|p − λ1

∫
Ω

b(x)|wn|p = |tn|−p→ 0 (3.5.2)

and then, since ‖wn‖W = 1,

lim
n→∞λ1

∫
Ω

b(x)|wn|p � 1. (3.5.3)

We can assume that wn ⇀ w̃ in W for some w̃ ∈W . Then (3.5.3) and (B0) imply∫
Ω

b|w̃|p = B(w̃)� 1

λ1

and consequently w̃ �= 0. Since we have also∫
Ω

|w̃|p � lim
n→∞ inf

∫
Ω

|∇wn|p = 1,

it follows from (3.5.2) that

0 �
∫
Ω

|∇w̃|p − λ1

∫
Ω

b(x)|w̃|p � 0,

that is, Hλ1(w̃) = 0. By Lemma 3.2.3, w̃ is a multiple of the first eigenfunction u1, i.e.
w̃ = ku1 for a suitable k �= 0. On the other hand, thanks to (3.5.1) we get∫

Ω

a(x)|vn|q = |tn|q
∫
Ω

a(x)|vn|q =mn→Mλ1 > 0,

i.e. ∫
Ω

a(x)|wn|q = mn

|tn|q → 0.

Then, by (A0), we have∫
Ω

a(x)|w̃|q � 0

and consequently∫
Ω

a(x)|u1|q � 0,

which contradicts (A2). Hence the maximizing sequence is bounded, and we can assume

vn ⇀ vc in W
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for some vc ∈W . By (A0), we have∫
Ω

a(x)|vn|q→
∫
Ω

a(x)|vc|q =Mλ1 > 0 (3.5.4)

and hence vc �= 0. From (3.5.1), (3.2.6), and (B0) it follows that

0 �
∫
Ω

|∇vc|p − λ1

∫
Ω

b(x)|vc|p � 1.

First we prove that∫
Ω

|∇vc|p − λ1

∫
Ω

b(x)|vc|p > 0.

Indeed, otherwise the equality together with Lemma 3.2.3 would yield the existence of
k �= 0 such that vc(x)= ku1(x). If we substitute it into (3.5.4), then

|k|q
∫
Ω

a(x)|u1|q =
∫
Ω

a(x)|vc|q =Mλ1 > 0,

in contradiction with (A2). Now we prove that∫
Ω

|∇vc|p − λ1

∫
Ω

b(x)|vc|p = 1. (3.5.5)

Let us assume

0<
∫
Ω

|∇vc|p − λ1

∫
Ω

b(x)|vc|p � 1.

Then there exists kc > 1 such that the function ṽc = tcvc satisfies Hλ1(ṽc)= 1 and simul-
taneously ∫

Ω

a(x)|ṽc|q = kqc
∫
Ω

a(x)|vc|q = kqc ·Mλ1

>Mλ1 = sup

{∫
Ω

a(x)|v|q : Hλ1(v)= 1

}
,

a contradiction. This proves (3.5.5), and hence vc is a maximizer to problem (Pλ1). We can
assume vc � 0 in Ω due to Lemma 3.3.1. �

THEOREM 3.5.2. Let 1 < p < q < p∗, let a, b ∈ L∞(Ω), and (A1), (A2) be satisfied.
Then problem (3.2.1) with λ = λ1 under Dirichlet condition (3.2.2) admits at least one
positive weak solution u ∈W ∩L∞(Ω). Moreover, u ∈C1,α

loc (Ω).

PROOF. The proof is based on Proposition 3.5.1 and follows the same ideas as the proof
of Theorem 3.4.2. �
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3.6. The case λ > λ1

We consider again problem (3.2.1) under condition (3.2.2), with λ > λ1 but close enough
to λ1. The main result of this subsection is formulated in the next theorem.

THEOREM 3.6.1. Let 1 < p < q < p∗; let a, b ∈ L∞(Ω) and (A1), (A2) be satisfied.
Then there exists ε > 0 such that for λ1 < λ < λ1 + ε problem (3.2.1) under condition
(3.2.2) admits two positive weak solutions u1, u2 ∈W ∩L∞(Ω), and both solutions belong
to C1,α

loc (Ω).

To prove this multiplicity result, we will consider two variational problems:
(P 1
λ ) Find a maximizer v1 ∈W of the problem

Mλ = sup
v∈W

{∫
Ω

a(x)|v|q
∣∣∣Hλ(v)=+1

}
.

(P 2
λ ) Find a minimizer v2 ∈W of the problem

mλ = inf
v∈W

{
Hλ(v)

∣∣∣ ∫
Ω

a(x)|v|q =−1

}
.

Notice that in problem (P 2
λ ) we no longer consider Hλ, but rather A(v) as the fibering

functional.
In the next two sub-subsections we consider separately problem (P 1

λ ) and (P 2
λ ).

3.6.1. Problem (P 1
λ ). First, we state an equivalence. Consider the problem

(P̃ 1
λ ) Find a maximizer ṽ1 ∈W of the problem

M̃λ = sup
v∈W

{∫
Ω

a(x)|v|q
∣∣∣Hλ(v)� 1

}
.

Note that M̃λ > 0 if we assume (A1). Then the following statement holds.

LEMMA 3.6.2. Assume (A1). Then problem (P 1
λ ) is equivalent to (P̃ 1

λ ).

PROOF. Let ṽ1 ∈W be a maximizer of (P̃ 1
λ ), and suppose by contradiction that

Hλ(ṽ1) < 1. (3.6.1)

Then for a sufficiently small k > 1 one has

Hλ(kṽ1)� 1,
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and ∫
Ω

a(x)|kṽ1|q = kqMλ >Mλ

since Mλ > 0, by (A1). But this contradicts the fact that ṽ1 is a maximizer of (P̃ 1
λ ). �

REMARK 3.6.3. Alternatively, one can prove this lemma by deducing from assumption
(3.6.1) that for arbitrary w ∈W there is sufficiently small η > 0 such that for ṽη = ṽ1+ηw
one has

Hλ(ṽη)� 1. (3.6.2)

Then ∫
Ω

a(x)|ṽ1 + ηw|q =
∫
Ω

a(x)|ṽ1|q + η
∫
Ω

a(x)|ṽ1|q−2ṽ1w+ o(η)

>

∫
Ω

a(x)|ṽ1|q (3.6.3)

if η is small enough and∫
Ω

a(x)|ṽ1|q−2ṽ1w > 0.

Note that it is valid if, e.g., w = ṽ1, because we have∫
Ω

a(x)|ṽ1|q−2ṽ1 · ṽ1 =
∫
Ω

a(x)|ṽ1|q = M̃λ > 0.

Hence (3.6.13) and (3.6.14) are also incompatible with the fact that ṽ1 is a maximizer of
(P̃ 1
λ ).

PROPOSITION 3.6.4. Assume (B0), (A0), (A1), and (A2). Then there exists ε1 > 0 such
that for λ1 < λ< λ1 + ε1 problem (P 1

λ ) has a nonnegative solution.

PROOF. Due to Lemma 3.6.2, it suffices to show that there exists ε1 > 0 such that problem
(P̃ 1
λ ) admits a nonnegative solution for any λ, λ1 < λ< λ1 + ε1. Assume by contradiction

that there is a sequence εk → 0+ such that for any λk := λ1 + εk problem (P̃ 1
λk
) has no

(nonnegative) solution. Let us fix k ∈ N and consider the problem (P̃ 1
λk
). Let (vkn)

∞
n=1 be a

maximizing sequence of (P̃ 1
λk
), i.e.∫

Ω

∣∣∇vkn∣∣p − λk ∫
Ω

b(x)
∣∣vkn∣∣p � 1
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and ∫
Ω

a(x)
∣∣vkn∣∣q→Mλk > 0

as n→∞. If the sequence (vkn)
∞
n=1 is bounded, the variational problem (P̃ 1

λk
) has a (non-

negative) solution, and this would be a contradiction. Indeed, if (vkn)
∞
n=1 is bounded, we

can assume

vkn ⇀ vk0 in W

as n→∞. By using (B0), (A0), (A1), and repeating arguments from the proof of Propo-
sition 3.5.1, we obtain∫

Ω

a(x)
∣∣vk0∣∣q =Mλk > 0

and ∫
Ω

∣∣∇vk0∣∣p − λk ∫
Ω

b(x)
∣∣vk0∣∣p � 1.

Hence, as a contradiction we get that vk0 is a solution of (P̃ 1
λk
).

Thus, for any k the sequence (vkn)
∞
n=1 must be unbounded. Then we may assume∥∥vkn∥∥W →∞ as n→∞.

Set vkn = tknwkn with tkn = ‖vkn‖W and ‖wkn‖W = 1. We can assume again

wkn ⇀wk0 in W as n→∞.

We have ∫
Ω

a(x)
∣∣vkn∣∣q = (tkn)q ∫

Ω

a(x)
∣∣wkn∣∣q→Mλk > 0

and therefore∫
Ω

a(x)
∣∣wk0∣∣q � 0. (3.6.4)

Furthermore

(
tkn
)p[∫

Ω

∣∣∇wkn∣∣p − λk ∫
Ω

b(x)
∣∣wkn∣∣p]� 1
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and so ∫
Ω

∣∣∇wkn∣∣p − λk ∫
Ω

b(x)
∣∣wkn∣∣p � 1

(tkn)
p
. (3.6.5)

This together with (B0) and the weak lower semicontinuity of the norm in W imply∫
Ω

∣∣∇wk0∣∣p − λk ∫
Ω

b(x)
∣∣wk0∣∣p � 0. (3.6.6)

It follows from (3.6.5) that

λk
∫
Ω

b(x)
∣∣wkn∣∣p �

∫
Ω

∣∣∇wkn∣∣p − 1

(tkn)
p

and letting n→∞, we get from here (using (B0) again):

λk
∫
Ω

b(x)
∣∣wk0∣∣p � 1. (3.6.7)

Obviously, we have∫
Ω

∣∣∇wk0∣∣p � 1. (3.6.8)

Now we pass to the limit as k→∞. Then λk→ λ1 and due to (3.6.8) we may assume that

wk0 ⇀ �w0 in W as k→∞.
It follows from (3.6.7) and (B0) that

λ1

∫
Ω

b(x)|w0|p � 1, (3.6.9)

and (3.6.6) yields∫
Ω

|∇w0|p − λ1

∫
Ω

b(x)|w0|p � 0. (3.6.10)

Inequality (3.6.4) and (A0) imply∫
Ω

a(x)|w0|q � 0. (3.6.11)

It follows from (3.6.9) that w0 �≡ 0, and then (3.6.10) together with Lemma 3.2.3 imply for
a suitable k1 �= 0

w0(x)= k1 · u1(x), (3.6.12)
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where u1 > 0 is the eigenfunction corresponding to the first eigenvalue λ1 of −�p . If we
substitute this into (3.6.11), we get

|k1|q
∫
Ω

a(x)|u1|q � 0,

which contradicts (A2).
Hence for some ε1 > 0 problem (P̃ 1

λ ) (and hence (P 1
λ ), due to Lemma 3.6.1) admits at

least one (nonnegative) solution for λ1 < λ< λ1 + ε1. �

3.6.2. Problem (P 2
λ ). Now we choose A(v) as the fibering functional, and

A(v)=−1

as the fibering constraint. The nondegeneracy condition〈
A′(v), v

〉 �= 0 as A(v)=−1

can be proved the same way as for Hλ in the previous cases. By (3.3.6), the functional Êλ
takes the form

Êλ(v)=−
(

1

p
− 1

q

)(−Hλ(v)) q
q−p .

We have to search a conditionally critical point of Êλ satisfying (3.3.5), i.e.

Hλ(v) < 0.

Thus, solving problem (P 2
λ ) is a natural way to find such a critical point.

First, we prove that problem (P 2
λ ) makes sense under hypothesis (A2).

LEMMA 3.6.5. Assume (A2). Then the set

W− :=
{
v ∈W

∣∣∣A(v)= ∫
Ω

a(x)|v|q =−1

}
is nonempty, and mλ < 0 for any λ > λ1.

PROOF. For v = tu1 (u1 being the first eigenfunction of −�p) we get∫
Ω

a(x)|v|q = |t |q
∫
Ω

a(x)|u1|q .

Due to (A2) we have
∫
Ω
a(x)|u1|q < 0 and so we can find t1 such that for v1 = t1u1 one

has ∫
Ω

a(x)|v1|q = |t1|q
∫
Ω

a(x)|u1|q =−1.
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We have also

Hλ(v1) = |t1|p
[∫

Ω

|∇u1|p − λk
∫
Ω

b(x)|u1|p
]

= |t1|p(λ1 − λ)
∫
Ω

b(x)|u1|p < 0

for λ > λ1 (see Lemma 3.3.1). Thus the infimum of Hλ in W− is negative. �

PROPOSITION 3.6.6. Assume (B0), (A0), (A1) and (A2). Then there exists ε2 > 0 such
that for λ1 < λ< λ1 + ε2 problem (P 2

λ ) admits a nonnegative solution v2 ∈W .

PROOF. Assume that the statement of Proposition 3.6.6 is not true. Then there exists a
sequence εk→ 0+ such that for λk := λ1+εk problem (P 2

λk
) has no (nonnegative) solution.

Let us consider a fixed k ∈N and a minimizing sequence (vkn)
∞
n=1 for (P 2

λk
), i.e.∫

Ω

a(x)
∣∣vkn∣∣q =−1,

∫
Ω

∣∣∇vkn∣∣p − λk ∫
Ω

b(x)
∣∣vkn∣∣p→mλk < 0 as n→∞.

If (vkn)
∞
n=1 is bounded, then mλk >−∞ and similarly to the proof of Proposition 3.6.4 we

arrive at vkn ⇀ vk0 as n→∞ and∫
Ω

a(x)
∣∣vk0∣∣q =−1,

∫
Ω

∣∣∇vk0∣∣p − λk ∫
Ω

b(x)
∣∣vk0∣∣p =mλk .

Hence vk0 is a solution of problem (P 2
λk
), a contradiction.

Let us assume now that for any k the sequence (vkn)
∞
n=1 is unbounded. Similarly to

the proof of Proposition 3.6.4 we arrive at vkn = tknw
k
n, tkn = ‖vkn‖W →∞, ‖wkn‖W = 1,

wkn ⇀wk0 in W as n→∞. In this case we have

−1=
∫
Ω

a(x)
∣∣vkn∣∣q = (tkn)q ∫

Ω

a(x)
∣∣wkn∣∣q,

i.e. ∫
Ω

a(x)
∣∣wkn∣∣q =− 1

(tkn)
q
→ 0

as n→∞. Due to (A0), we have∫
Ω

a(x)
∣∣wk0∣∣q = 0. (3.6.13)
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On the other hand,

Hλk
(
vkn
)= (tkn)p[∫

Ω

∣∣∇wkn∣∣p − λk ∫
Ω

b(x)
∣∣wkn∣∣p]� 0

and consequently∫
Ω

∣∣∇wkn∣∣p − λk ∫
Ω

b(x)
∣∣wkn∣∣p � 0. (3.6.14)

Similarly as in the proof of Proposition 3.6.4, we get from (3.6.14) that∫
Ω

∣∣∇wk0∣∣p − λk ∫
Ω

b(x)
∣∣wk0∣∣p � 0 (3.6.15)

and

λk
∫
Ω

b(x)
∣∣wk0∣∣p � 1. (3.6.16)

Now, we shall pass to the limit for k→∞, i.e. we have λk→ λ1. We may assume again
that

wk0 ⇀w0 in W as k→∞.
Using (A0) and (B0), we get from (3.6.14)–(3.6.16) that

λ1

∫
Ω

b(x)|w0|p � 1 (i.e. w0 �≡ 0), (3.6.17)

∫
Ω

|∇w0|p − λ1

∫
Ω

b|w0|p � lim
k→∞ inf

[∫
Ω

∣∣∇wk0∣∣p − λk ∫
Ω

b
∣∣wk0∣∣p]� 0,

(3.6.18)

and ∫
Ω

a(x)|w0|q = lim
k→∞

∫
Ω

a(x)
∣∣wk0∣∣q = 0. (3.6.19)

Now, (3.6.17) and (3.6.18) imply w0 = ku1, with k �= 0. If we substitute w0 into (3.6.19),
we get ∫

Ω

a(x)|u1|q = 0,

a contradiction with (A2).
It follows from the above considerations that there exists ε2 > 0 such that problem (P 2

λ )

admits at least one (nonnegative) solution v2 ∈W for λ1 < λ< λ1 + ε2. �
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3.6.3. Proof of Theorem 3.6.1. Set ε = min(ε1, ε2) and consider λ1 < λ < λ1 + ε. By
applying the fibering method, we obtain weak solutions of (3.2.1) under condition (3.2.2),
as in the previous subsections. Namely, let t1, t2 > 0 be determined by (3.3.4) for v =
v1, v2. Then

u1 := t1 · v1, u2 := t2 · v2

are nonnegative weak solutions for the problem under consideration. The first weak solu-
tion u1 belongs to the set

W1 =
{
u ∈W :

∫
Ω

|∇u|p − λ
∫
Ω

b(x)|u|p > 0

}
,

because ∫
Ω

|∇u1|p − λ
∫
Ω

b(x)|u1|p = (t1)pHλ(v1)= (t1)p > 0.

The second weak solution u2 belongs to the set

W2 =
{
u ∈W :

∫
Ω

|∇u|p − λ
∫
Ω

b(x)|u|p � 0

}
,

because ∫
Ω

|∇u2|p − λ
∫
Ω

b(x)|u2|p = (t2)pHλ(v2)� 0.

Since

W1 ∩W2 = ∅,

we have

u1 �≡ u2.

Other properties of u1 and u2, such as positivity, L∞-boundedness and C1,α
loc -regularity,

can be derived the same way as in the proofs of the previous theorems.

3.7. Problems on RN

In this subsection we deal with equation (3.7.1) on the whole of RN . We study the problem{−�pu= λb(x)|u|p−2u+ a(x)|u|q−2u in RN,
lim|x|→∞ u(x)= 0, u(x) > 0, x ∈RN,

(3.7.1)
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where 0 � λ < λ1, λ = λ1 and λ ∈ (λ1, λ1 + ε) with some ε > 0. Let us point out that
results in this subsection are closely related to [22]. The method applied here is, however,
completely different. The basic idea is to use the fibering method as in Subsections 3.4–3.6
but we point out some differences in proofs, which arise due to the character of the function
space. More specially, we consider u ∈ V , where V is the completion of C∞0 (RN) with
respect to the norm

‖u‖V :=
(∫

RN

|∇u|p +
∫

RN

w(x)|u|p
)1/p

with

w(x) :=max

{
b−(x), 1

(1+ |x|)p
}
, x ∈RN.

V is a uniformly convex Banach space, and the notions of the weak solution to (3.7.1) and
the eigenvalue (eigenfunction) of{−�pu= λb(x)|u|p−2u in RN ,

lim|x|→∞u(x)= 0, u(x) > 0, x ∈RN , (3.7.2)

can be defined as in Subsection 3.1, where u,v ∈ V and all integrals are taken over RN .
The following assertion is an analogy to Lemma 3.1.1. The proofs can be found in [3,22].

LEMMA 3.7.1. Let b+ �≡ 0 be as above. Then (3.7.2) has the first positive eigenvalue λ1
characterized as the minimum of the Rayleigh quotient. Moreover, λ1 is simple, isolated,
and there exists the first eigenfunction u1 positive in RN .

In [22] it is also proved that b+ ∈ L∞(RN)∩LN/p(RN) implies the following:
(B1) the functional

u �→
∫

RN

b+(x)|u|p

is weakly continuous on V .
If q < p∗, q1 = p∗

p∗−q , a ∈ L∞(RN)∩Lq1(RN), then
(A0’) the functional

u �→
∫

RN

a(x)|u|q

is weakly continuous on V .

REMARK 3.7.2. In the case p � N , we replace p∗ by p̃ = N0p
N0−p , where N0 > p is

an integer. If we assume b � η with some η > 0 and b ∈ L∞(RN) ∩ LN0/p(RN), then
Lemma 3.7.1 and (B1), (A0’) remain true (cf. [21,22]).



100 S.I. Pohozaev

REMARK 3.7.3. Note that the function ω(x) is exactly the weight function in the follow-
ing Hardy’s inequality:∫

RN

|u|p
(1+ |x|)p �

(
p

N − p
)p ∫

RN

|∇u|p. (3.7.3)

In particular, if ‖∇u‖p
Lp(RN)

� c1, then we have

∫
RN

|u|p
(1+ |x|)p � c1

(
p

N − p
)p
.

If, moreover, also
∫

RN
b−(x)|u|p � c2, then we have

‖u‖pV � c,

where

c= c1 +max

{
c1

(
p

N − p
)p
, c2

}
.

REMARK 3.7.4. Let 1< p <N . Assume that ‖∇u‖p
Lp(RN)

� c. Then it follows from the
Hölder and the Sobolev inequalities that

∫
RN

b+(x)|u|p �
(∫

RN

(
b+(x)

)N/p)p/N ·(∫
RN

|u|p∗
)p/p∗

� c1

(∫
RN

(
b+(x)

)N/p)p/N ·(∫
RN

|∇u|p
)

� c · c1
∥∥b+∥∥

LN/p(RN)
. (3.7.4)

In particular, it means that the integral on the left-hand side of (3.7.4) is uniformly bounded
independently of u. It follows also from (3.7.4) that

‖∇u‖p
Lp(RN)

→ 0

implies
∫

RN
b+(x)|u|p→ 0.

We formulate the main assertions only in the case p < N . For p � N all assumptions
can be modified in the sense of Remark 3.7.2.

THEOREM 3.7.5. Let 1< p < q < p∗, p < N, 0 � λ < λ1, q1 = p∗
p∗−q , b+ ∈ L∞(RN)∩

LN/p(RN), a ∈ L∞(RN) ∩ Lq1(RN) and (A1) be satisfied. Then problem (3.7.1) has at
least one positive weak solution u ∈ V ∩L∞(RN). Moreover, u ∈C1,α

loc (R
N).



Nonlinear variational problems via the fibering method 101

SKETCH OF THE PROOF. We can follow calculations in Subsection 3.4 where all integrals
are now taken over RN and the function space we work in is V . The main difference here
consists in the fact that we assume (B1) instead of (B0) in Proposition 3.4.1 and

∫
RN
|∇v|p

is no longer a norm on V . However, the proof of Proposition 3.4.1 can be performed in a
similar way. Indeed, consider the set

Vλ :=
{
v ∈ V : Hλ(v)= 1

}
,

where

Hλ =
∫

RN

|∇v|p − λ
∫

RN

b(x)|v|p.

To prove that Vλ is bounded we have to proceed as follows. Due to the variational charac-
terization of λ1 we get (as in the proof of Proposition 3.4.1) for 0 � λ < λ1 that∫

RN

|∇v|p � λ1

λ1 − λ.

Due to Remarks 3.7.3 and 3.7.4 also
∫

RN
|v|p

(1+|x|)p and
∫

RN
b+(x)|v|p are uniformly

bounded independently of v. But then it follows from the condition Hλ(v) = 1 that also∫
RN
b−(x)|v|p is uniformly bounded independently of v. Hence there exists c > 0 such

that for any v ∈ Vλ we have

‖v‖V � c

(see Remark 3.7.3). Consequently we may assume again that vn ⇀ vc in V . The rest of the
proof runs along the same lines as the proof of Proposition 3.4.1 and Theorem 3.4.2 using
(B1), (A0’), and the weak lower semicontinuity of

∫
RN
|∇v|p and

∫
RN
b−(x)|v|p . The

decay of solution u(x) as |x| →∞ follows from the estimate of Serrin [53] as in [19]. �

THEOREM 3.7.6. Let 1 < p < s < p∗, p < N , s1 = p∗
p∗−s , b+ ∈ L∞(RN) ∩ LN/p(RN),

a ∈ L∞(RN)∩Ls1(RN), (A1) and (A2) be satisfied. Then problem (3.7.1) with λ= λ1 has
at least one positive weak solution u ∈ V ∩L∞(RN). Moreover, u ∈ C1,α

loc (R
N).

SKETCH OF THE PROOF. The idea of the proof is based on an analogy with Proposi-
tion 3.5.1 when working with the space V instead of W . So we point out only the differ-
ences which occur in the proof due to the different norm in the space V . Let the maximizing
sequence of (Pλ1) be unbounded. Coming to (3.5.2), we have

0 �Hλ1(wn)=
1

t
p
n

→ 0. (3.7.5)

This, together with Remarks 3.7.3 and 3.7.4 and with the fact that ‖wn‖V = 1 imply

lim
n→∞ inf

∫
RN

|∇wn|p � c > 0.
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Indeed, if
∫

RN
|∇wn|p→ 0 then

∫
RN
b+(x)|wn|p→ 0 and hence also

∫
RN

b−(x)|wn|p→ 0

due to (3.7.5). This implies ‖wn‖V → 0, a contradiction. Hence, instead of (3.5.3), we get

lim
n→∞ infλ1

∫
RN

b+(x)|wn|p � c > 0, (3.7.6)

and for the weak limit w0 of {wn}∞n=1 we have due to (B1):

∫
RN

b+(x)|w0|p � c

λ1
> 0,

i.e. w0 �≡ 0. Using (A0), the weak lower semicontinuity of
∫

RN
|∇w|p and

∫
RN
b−(x)|w|p

and Lemma 3.2.3, we can proceed as in the proof of Proposition 3.5.1 and derive a contra-
diction with (A2).

Similar arguments yield a contradiction also in the case of bounded maximizing se-
quence of (Pλ1). The rest of the proof is identical to that of Theorem 3.5.2. �

THEOREM 3.7.7. Let 1<p < s < p∗, p <N , s1 = p∗
p∗−s , b ∈ L∞(RN)∩LN/p(RN), a ∈

L∞(RN)∩Ls1(RN), (A1) and (A2) be satisfied. Then there exists ε > 0 such that for any
λ ∈ (λ1, λ1+ ε) problem (3.7.1) has two distinct positive solutions u1, u2 ∈ V ∩L∞(RN),
and both belong to C1,α

loc (R
N).

The proof follows the lines of the proof of Theorem 3.6.1. The only differences which
occur are caused again by the norm in V and so, in order to prove analogies of Proposi-
tions 3.6.4 and 3.6.6, we have to modify their proofs in the sense mentioned above (cf. the
sketches of the proofs of Theorems 3.7.5 and 3.7.6).

3.8. Nonexistence results

Here we use a variational identity to show that our assumptions are essential for existence
of solutions.

Let us assume that Ω ⊂ RN is a bounded domain which has the following property:
there exists a unit normal vector ν(x)= (ν1(x), . . . , νN(x)) at every point x ∈ ∂Ω and

N∑
i=1

xiνi(x)� 0 (3.8.1)
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for any x = (x1, . . . , xN) ∈ ∂Ω . We assume that b, c ∈ C1(Ω) and denote for x ∈Ω

〈b′, x〉 =
N∑
i=1

xi
∂bi

∂xi
, 〈c′, x〉 =

N∑
i=1

xi
∂ci

∂xi
.

Let us consider the boundary value problem{−�pu= λb(x)|u|p−2u+ c(x)|u|s−2u in Ω ,

u= 0 on ∂Ω
(3.8.2)

and assume that u0 ∈W 2,p1(Ω), p1 >N is a nontrivial solution to (3.8.2). Following [41]
and taking (3.8.1) into account, we obtain from here that necessarily

N − p
p

∫
Ω

|∇u0|p dx +
∫
Ω

[
−λN
p
b(x)− λ

p
〈b′, x〉

]
|u0|p dx

+
∫
Ω

[
−N
s
c(x)− 1

s
〈c′, x〉

]
|u0|s dx =−

(
1− 1

p

)∫
∂Ω

|∇u0|p
N∑
i=1

xiνi dS.

Since also (by using u0 as a test function)∫
Ω

|∇u0|p dx − λ
∫
Ω

b(x)|u0|p dx −
∫
Ω

c(x)|u0|s dx = 0,

we obtain that the following identity holds for any α ∈R:(
N − p
p

+ α
)∫

Ω

|∇u0|p dx +
∫
Ω

[(
−λN
p
− αλ

)
b(x)− λ

p
〈b′, x〉

]
|u0|p dx

+
∫
Ω

[(
−N
s
− α

)
c(x)− 1

s
〈c′, x〉

]
|u0|s dx

=−
(

1− 1

p

)∫
∂Ω

|∇u0|p
N∑
i=1

xiνi dS. (3.8.3)

Now it follows from (3.8.3) that the following inequalities

N − p
p

+ α � 0,(
−λN
p
− αλ

)
b(x)− λ

p
〈b′, x〉� 0,(

−N
s
− α

)
c(x)− 1

s
〈c′, x〉� 0 (3.8.4)
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cannot hold simultaneously with at least one strict inequality sign. So we have the follow-
ing nonexistence result.

THEOREM 3.8.1. Let b, c ∈ C1(Ω), and let ∂Ω have the property stated above. Let (3.8.4)
hold with at least one strict inequality sign. Then the boundary value problem (3.8.2) has
no nontrivial solution u ∈W 2,p1(Ω) with p1 >N .

Let us consider a special case of the boundary value problem (3.8.2) with p <N :{−�pu= λ|u|p−2u+ |u|s−2u in Ω ,

u= 0 on ∂Ω ,
(3.8.5)

i.e. b(x)≡ c(x)≡ 1. Clearly, we have 〈b′, x〉 = 〈c′, x〉 = 0, x ∈Ω in this case. Elementary
calculation yields that for α = p−N

p
, λ � 0 and s > Np

N−p inequalities (3.8.4) hold with
strict sign in the third one. So we have the following assertion.

COROLLARY 3.8.2. Let ∂Ω have the property stated above, λ � 0 and p < N, s > p∗.
Then the boundary value problem (3.8.5) has no nontrivial solution u ∈W 2,p1(Ω) with
p1 >N .

Let us assume now that Ω = RN, b+(x) ∈ L∞(RN) ∩ LN/p(RN), and b−(x) ∈
L∞(RN). We consider u0 ∈ V , where V is the completion of C∞0 (RN) with respect to
the norm

‖u‖V :=
(∫

RN

|∇u|p dx +
∫

RN

w(x)|u|p dx
)1/p

with

w(x) :=max

{
b−(x), 1

(1+ |x|)p
}
, x ∈RN.

Then there exists a sequence of balls BRk := {x ∈ RN : |x| � Rk} with Rk → +∞
(k→+∞) such that∫

∂BRk

|∇u0|p dS→ 0. (3.8.6)

Indeed, we have∫
BRk

|∇u0|p dx =
∫ Rk

0

(∫
∂Br

|∇u0|p dS
)
dr. (3.8.7)

If we assume the contrary to (3.8.6), i.e.

lim
R→∞ inf

∫
∂BR

|∇u0|p dS = ε > 0
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with some ε > 0, due to (3.8.7) we get that∫
BRk

|∇u0|p dx→+∞

as k→∞, a contradiction with u0 ∈ V . It follows from (3.8.6) that considering Ωk = BRk
we arrive at (3.8.3) where Ω =RN and the right-hand side is identically equal to zero:(

N − p
p

+ α
)∫

RN

|∇u0|p dx

+
∫

RN

[(
−λN
p
− αλ

)
b(x)− λ

p
〈b′, x〉

]
· |u0|p dx

+
∫

RN

[(
−N
s
− α

)
c(x)− 1

s
〈c′, x〉

]
|u0|s dx = 0.

Then (3.8.4) follows but we have now that also opposite inequalities:

N − p
p

+ α � 0,(
−λN
p
− αλ

)
b(x)− λ

p
〈b′, x〉� 0,(

−N
s
− α

)
c(x)− 1

s
〈c′, x〉� 0 (3.8.8)

cannot hold simultaneously with at least one strict inequality sign. So we have

THEOREM 3.8.3. Assume b, c ∈ C1(RN). Let either (3.8.4) or (3.8.8) hold with at least
one strict inequality sign. Then the boundary value problem

−�pu= λb(x)|u|p−2u+ c(x)|u|s−2u in RN

has no nontrivial solution u ∈W 2,p1
loc (RN)∩ V with p1 >N .

In the special case

−�pu= λ|u|p−2u+ |u|s−2u in RN (3.8.9)

we get

COROLLARY 3.8.4. Let either λ � 0, p < N, s > p∗ or λ > 0, p < N, s < p∗. Then
the boundary value problem (3.8.9) has no nontrivial solution u ∈W 2,p1

loc (RN) ∩ V with
p1 >N .
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4. Positive solutions to Neumann problems

Assume Ω is a connected and bounded open subset of RN with a smooth boundary ∂Ω .
The problem we are interested in deals with the construction of multiple positive solutions
of equations of the following type:{−�pu+ 〈∇ψ,∇u〉|∇u|p−2 = f (x,u) in Ω ,

|∇u|p−2∂νu= g(x,u) on ∂Ω
(4.0.1)

(p > 1) for some specific f and g the assumptions on which will be stated below. When
p = 2, this type of problems can be studied via classical bifurcation techniques, but this
approach is uneasy when p �= 2, although some results in this direction have been obtained
by Véron in [57,58] in the framework of nonmonotone perturbations of monotone operators
of p-Laplacian type. The problems studied here are of nonmonotone type and we shall
work in the framework of the fibering method.

We shall mostly assume that f and g have the following form:

f (x,u)= λb(x)|u|p−2u+ c(x)|u|s−2u+ a(x)|u|q−2u, (4.0.2)

g(x,u)= k(x)|u|r−2u, (4.0.3)

where a, b, c and k are bounded and measurable functions defined on Ω and ∂Ω . In order
to avoid noncompactness we shall always assume that the problem is subcritical, in the
sense that we define two critical exponents, one for Ω :

p∗ =
{

Np
N−p if 1<p <N ,

∞ if p �N ,
(4.0.4)

and the other for ∂Ω :

p̃ =
{
N(p−1)
N−p if 1<p <N ,

∞ if p �N ,
(4.0.5)

and our assumption is that the exponents q and s (respectively r) are smaller than p∗
(respectively p̃). (Note that p < p∗ automatically.) Concerning λ, we shall always assume
its positivity. By a solution of (4.0.1), we mean a W 1,p(Ω)-function which is a critical
point of the functional

E(v)=
∫
Ω

(
− 1

p
|∇v|p + λ

p
b|v|p + 1

s
c|v|s + 1

q
a|v|q

)
ρ dx + 1

r

∫
∂Ω

k|v|rρ ds,

with ρ = eψ (4.0.6)

and therefore satisfies
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E(v)=
∫
Ω

(|∇v|p−2(∇v,∇η)− f (x,u)η)ρ dx − ∫
∂Ω

g(x,u)ηρ ds = 0

for every η ∈W 1,p(Ω). In this formula we identify the trace of v on ∂Ω with γ0(v), where
γ0 is the trace operator from W 1,p(Ω) into W 1−1/p,p(∂Ω).

This section is organized as follows:
– Subsection 4.1: the case p = 2, ψ ≡ 0, b≡ 0 �≡ c, k �≡ 0.
– Subsection 4.2: the case p = 2, ψ �≡ 0, b≡ c≡ 0, k ≡ 0.
– Subsection 4.3: the case p > 1, ψ �≡ 0, b≡ c≡ 0, k ≡ 0.
– Subsection 4.4: the case p > 1, ψ �≡ 0, b �≡ c≡ 0, k ≡ 0.
– Subsection 4.5: the case p > 1, ψ ≡ 0, k ≡ 0≡ c.
– Subsection 4.6: the case p > 1, ψ ≡ 0, a ≡ 0≡ c.
– Subsection 4.7: the case p > 1, ψ ≡ 0, r < q .
– Subsection 4.8: the case p > 1, ψ ≡ 0, r = q .
– Subsection 4.9: the case p > 1, with more general nonlinear boundary conditions.
Most of these results were obtained jointly with A. Tesei in [49,50] (Subsections 4.1–

4.4) and with L. Véron in [51] (Subsections 4.5–4.8).

4.1. The homogeneous semilinear case

In this subsection we deal with positive solutions of the following class of nonlinear Neu-
mann problems:{−�u= f (x,u) in Ω ⊂RN ,

∂u
∂ν
= g(x,u) on ∂Ω ,

(4.1.1)

where Ω is a bounded domain in RN with a smooth boundary ∂Ω , and ν is the external
normal to ∂Ω .

Here f :Ω ×R+ →R is a function from the class Cα(Ω ×R+), α ∈ (0,1), satisfying
the inequality∣∣f (x,u)∣∣� c

(
1+ us−1) (4.1.2)

for u ∈R+ = [0,+∞) with a certain constant c > 0 and

2< s < 2∗,

where

2∗ =
{

2N
N−2 for N > 2,

+∞ for N = 1,2.
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Throughout this subsection we assume that the function g : ∂Ω ×R+ → R, g ∈ Cα(Ω ×
R+), satisfies the inequality∣∣g(x,u)∣∣� c1

(
1+ ur−1) (4.1.3)

for u ∈R+ with a certain constant c1 > 0 and

2< r < 2̃=
{ 2(N−1)

N−2 for N > 2,

+∞ for N = 1,2.

It stands to reason that the functions f and g satisfy additional conditions which imply the
existence of positive solutions to (4.1.1).

Let Ω be a bounded domain in RN with a smooth boundary ∂Ω ∈ C2,α . We shall work
in the Sobolev space W 1,2(Ω).

We shall define some necessary conditions for the existence of a positive solution to
(4.1.1). Multiplying the equation from (4.1.1) by u and integrating by parts, with due ac-
count of Neumann boundary conditions, we obtain∫

Ω

f (x,u)dx +
∫
∂Ω

g(x,u)dσ = 0. (4.1.4)

We consider the function

v(x)=G(x,u(x)),
where G ∈ C2(Ω,R). Then, if u(x) is a solution to (4.1.1), we have

�v =�xG+ 2〈∇xGu,∇u〉 +Guu|∇u|2 −Guf (x,u) (4.1.5)

and

∂u

∂ν
=Gν(x,u)+Gug(x,u). (4.1.6)

Here Gν is a projection of ∇xG onto the direction of the external normal ν to ∂Ω .
Next, integrating (4.1.5) by parts and considering (4.1.6), we get∫

∂Ω

∂u

∂ν
dσ =

∫
Ω

�xGdx + 2
∫
Ω

〈∇xGu,∇u〉dx

+
∫
Ω

Guu|∇u|2 dx −
∫
Ω

Guf (x,u)dx. (4.1.7)

However,

�xG=
∑ ∂2G

∂x2
i

=
∑ ∂

∂xi
Gxi (x,u)=

∑ d

dxi
Gxi (x,u)−

∑
Gxiu

∂u

∂xi
.
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Hence, ∫
Ω

�xGdx =
∫
∂Ω

Gν(x,u)dσ −
∫
Ω

〈�xGu,∇u〉dx.

Then (4.1.7) implies∫
∂Ω

Gν(x,u)dσ +
∫
∂Ω

Gug(x,u)dσ

=
∫
∂Ω

Gν(x,u)dσ +
∫
Ω

〈�xGu,∇u〉dx +
∫
Ω

Guu|∇u|2 dx

−
∫
Ω

Guf (x,u)dx.

Thus, we have∫
Ω

〈�xGu,∇u〉dx +
∫
Ω

Guu|∇u|2 dx −
∫
Ω

Guf (x,u)dx =
∫
∂Ω

Gug(x,u)dσ.

(4.1.8)

We now take

G=G(u)

and study the case

g(x,u)= a(x)g0(u),

f (x,u)= b(x)f0(u).

Then (4.1.8) gives∫
Ω

G′(u)b(x)f0(u) dx +
∫
∂Ω

G′(u)a(x)g0(u) dσ =
∫
Ω

Guu|∇u|2 dx. (4.1.9)

This implies

COROLLARY 4.1.1. Let b(x)≡ 0. Then∫
∂Ω

G′(u)a(x)g0(u) dσ =
∫
Ω

Guu|∇u|2 dx. (4.1.10)

Now, if we additionally assume that the function g0(u) is such that there exists

G :R+ →R from the class C2,
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for which

G′(u)g0(u)= 1,

then we obtain from (4.1.10)∫
∂Ω

a(x) dσ =−
∫
Ω

g′0(u)
g2

0(u)
|∇u|2 dx. (4.1.11)

Finally, if we assume that

G′0(u) > 0 for u > 0,

then we get∫
∂Ω

a(x) dσ < 0. (4.1.12)

This is a necessary condition for the existence of a positive solution to the problem⎧⎨⎩
−�u= 0 in Ω ,

u > 0 in Ω ,
∂u
∂ν
= a(x)g0(u) on ∂Ω

(4.1.13)

with {
g0(u) �= 0 for u > 0,

g′0(u) > 0 for u > 0.

EXAMPLE 4.1.2. Consider g0(u)= ur−1 with r > 1. Then (4.1.10) takes the form∫
∂Ω

G′(u)a(x)ur−1 dσ =
∫
Ω

G′′(u)|∇u|2 dx. (4.1.14)

We choose G :R+ →R according to the formula

G′(u)ur−1 = 1,

i.e.

G′(u)= 1

ur−1
,

G(u)= 1

(2− r)ur−2
,

G′′(u)= 1− r
ur

.



Nonlinear variational problems via the fibering method 111

We use a regularization procedure. Instead of G we introduce

Gε(u)= 1

(2− r)(u+ ε)r−2

with ε > 0.
Then (4.1.14) takes the form∫

∂Ω

a(x)
ur−1

(u+ ε)r−1
dσ =−(r − 1)

∫
Ω

1

(u+ ε)r |∇u|
2 dx.

Setting ε→ 0 and repeating the previous reasoning, we obtain∫
∂Ω

a(x) dσ < 0. (4.1.15)

Now let us consider the variational boundary value problem⎧⎪⎨⎪⎩
−�u= b(x)us−1 in Ω ,

u� 0, u �≡ 0 in Ω ,
∂u
∂ν
= a(x)ur−1 on ∂Ω .

(4.1.16)

Here, the functions a and b are assumed to be continuous in ∂Ω and Ω , respectively, and
at least one of them is not identically zero. The exponents s and r are assumed to satisfy
the condition

(H0) 1< s < 2∗, 1< q < 2̃,
where 2∗ and 2̃ are the constants defined above.

Problem (4.1.16) occurs in some mathematical models in applied sciences (see, e.g.,
[4,36,47]). It is also related to the class of boundary value problems arising in the theory
of conformal transformations of Riemannian metrics (see [44], as well as [38] and the
references therein). The case a ≡ 0 was examined for 1< s < 2 in [9] and for 2< s < 2∗
in [12]. The case a �≡ 0, q = 1 was analyzed in [8].

We consider the existence of positive solutions to problem (4.1.16) in the general case.
Integration by parts yields the equality∫

Ω

b(x)us−1 dx +
∫
∂Ω

a(x)ur−1 dσ = 0. (4.1.17)

Hence, any nonnegative solution of (4.1.16) is trivial if a and b have the same constant
sign.

In what follows, we consider only the case
(H1) b� 0 in Ω .
From (4.1.17) there follows a necessary condition for the existence of nontrivial non-

negative solutions to problem (4.1.16):
(H2) a+ :=max{a,0} �≡ 0.
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If b≡ 0, a further necessary condition for the existence of such solutions is
(H3)

∫
∂Ω
a dσ < 0

(see Proposition 4.1.6). In view of (H2) and (H3), the coefficient a must be alternating on
∂Ω if b ≡ 0. Note that conditions similar to (H2) and (H3) are imposed on the coefficient
b if a ≡ 0 [9,12].

In what follows, the conditions (H0)–(H3) are assumed to hold. When b≡ 0, it is possi-
ble to prove the following result.

THEOREM 4.1.3. Let assumptions (H0), (H2), and (H3) be satisfied, and let b ≡ 0. Then
there exists a nontrivial nonnegative solution u ∈H 1(Ω)∩L∞(Ω)∩C1,α

loc (Ω) to problem
(4.1.16).

In the case (H1), the relation between s and r is similar. Namely, if
(A) r >max{2, s},
(B) r <min{2, s},

it is possible to prove the following theorem.

THEOREM 4.1.4. Let conditions (A) or (B) be fulfilled and assumptions (H0)–(H3) hold.
Then there exists a nontrivial nonnegative solution u ∈ H 1(Ω) ∩ L∞(Ω) ∩ C1,α

loc (Ω) to
problem (4.1.16).

Note that similar results are valid for the more general problem{
−�pu= b(x)us−1 in Ω ,

|∇u|p−2 ∂u
∂ν
= a(x)ur−1 on ∂Ω ,

(4.1.18)

where �p denotes the p-Laplacian, p > 1 (see next subsections).
We work in the Sobolev space X = H 1(Ω) with an ordinary norm. As usual, a weak

solution to problem (4.1.16) is defined as a critical point of the functional

f (u)=−1

2

∫
Ω

|∇u|2 dx + 1

r

∫
∂Ω

a|u|r dσ + 1

s

∫
Ω

b|u|s dx.

By assumption (H0), we have H 1(Ω) ↪→Ls(Ω)∩Lr(∂Ω); therefore, f is defined on X.
To examine the critical points of f , we relate it to the functional F :R×X→R assum-

ing that, for every t ∈R and v ∈X,

F(t, v) := f (tv)=−|t |
2

2

∫
Ω

|∇v|2 dx + |t |
r

r
A(v)− |t |

s

s
B(v) (4.1.19)

where

A(v) :=
∫
∂Ω

a|v|r dσ,

B(v) :=
∫
Ω

b|v|s dx
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(note that here we used assumption (H1)).
If u= tv is a critical point of f , then the bifurcation equation

ft (t, v)=A(v)|t |r−2t −B(v)|t |s−2t −
∫
Ω

|∇v|2 dx · t = 0 (4.1.20)

holds. Assume that, for any v in an open subsetE ⊂X\{0}, there exists a root t = t (v) �= 0
of (4.1.20). Let t (·) ∈C1(E). Then the reduced functional

f̃ (v) := F (t (v), v)
is defined and continuously differentiable in E. It is possible to prove the following result
(see Theorems 2.2.1, 2.2.2).

THEOREM 4.1.5. Let v ∈E be a constrained extremum point of the functional f̃ (v) with
t (v) �= 0 under the condition∫

Ω

|∇v|2 dx = 1. (4.1.21)

Then u := t (v)v is a nonzero critical point of f .

The previous remark suggests the following approach to the investigation of critical
points of f̃ . First, the bifurcation equation (4.1.19) is analyzed, and the reduced functional
(4.1.20) is determined. Next, following Theorem 4.1.4, f̃ is maximized (or minimized)
under constraint (4.1.21).

Note that, if t �= 0, the bifurcation equation (4.1.19) is equivalent to

φ(t, v)=
∫
Ω

|∇v|2 dx,

where

φ(t, v) :=A(v)|t |r−2 −B(v)|t |s−2. (4.1.22)

Put

E := {v ∈X ∣∣A(v) > 0
}; (4.1.23)

by assumption (H2), the set E is nonempty. An elementary inspection of φ shows that, for
any v ∈E, the bifurcation equation has a unique positive root t = t (v) if either b≡ 0, (A),
or (B) holds. Moreover, for any v ∈E, we have

Ftt (t (v), v)= (r − 2)
∫
Ω

|∇v|2 dx + (r − s)B(v)∣∣t (v)∣∣s−2 �= 0;
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hence, t ∈ C1(E) (note that, by virtue of (H3), E does not contain constant functions).
Consider the reduced functional

f̃ (v) =
(

1

r
− 1

2

)∫
Ω

|∇v|2 dx∣∣t (v)∣∣2 +(1

r
− 1

s

)
B(v)

∣∣t (v)∣∣s
=
(

1

r
− 1

2

)
A(v)

∣∣t (v)∣∣r +(1

r
− 1

s

)
B(v)

∣∣t (v)∣∣s . (4.1.24)

Let us prove the following result.

PROPOSITION 4.1.6. Let assumptions (H0)–(H3) be fulfilled. Then in both cases
(i) b≡ 0 in Ω ,

(ii) (A) or (B) holds,
a maximum

max
x∈E f̃ (v) under the constraint

∫
Ω

|∇v|2 dx = 1 (4.1.25)

is reached on a function v̄ � 0, v̄ �≡ 0 in Ω .

Theorems 4.1.3 and 4.1.4 follow immediately from Proposition 4.1.6.
Let us prove Proposition 4.1.6. The proof follows that used in [49] in an analogous

situation and is given here for the convenience of the reader.

PROOF OF PROPOSITION 4.1.6. (a) Put

S :=
{
v ∈X

∣∣∣ ∫
Ω

|∇v|2dx = 1

}
.

Let us prove that the set E ∩ S is bounded in X by contradiction. Suppose that there exists
{vn} ⊂E ∩ S such that∫

Ω

|vn|2 dx +
∫
Ω

|∇vn|2 dx→∞

as n→∞. Let

vn = tn +wn,
where

tn := 1

|Ω|
∫
Ω

vn dx, wn := vn − tn.

Since ∫
Ω

|∇wn|2 dx =
∫
Ω

|∇vn|2 dx = 1,
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wn dx = 0,

by the Poincaré embedding theorem, there exists C > 0 such that

‖wn‖X � C for any n ∈N.

Then the above assumption implies that |tn| →∞. Moreover, by the second inequality in
(H0), the space X is compactly embedded into Lq(∂Ω); therefore, it is possible to assume
that the sequence of traces of {wn} converges in this space. Then, by assumption (H3), we
have ∫

∂Ω

a|vn|r dσ = |tn|r
∫
∂Ω

a

∣∣∣∣1+ wn

tn

∣∣∣∣r dσ →−∞.

We obtained a contradiction to the definition of E, which completes the proof.
(b) Consider only case (ii), because case b = 0 is simpler by virtue of the homogeneity

of the reduced functional.
Put

M := sup
{
f̃ (v)

∣∣ v ∈E ∩ S}, (4.1.26)

where f̃ is the reduced functional (4.1.25). It is easy to see that M ∈ (−∞,0) if (A) holds
or M ∈ (0,∞) if (B) is satisfied. Let {vn} ⊂E ∩S be a maximizing sequence. By virtue of
the results of (a), we can assume that {vn}weakly converges inX to some v̄. By assumption
(H0), it follows that vn→ v̄ in both Ls(Ω) and Lr(∂Ω) (more precisely, the traces of vn
strongly converge to the trace of v̄ in Lr(∂Ω)). Let us prove that v̄ ∈E ∩ S.

Because {vn} ⊂E ∩ S, the bifurcation equation yields

A(vn)
∣∣t (vn)∣∣r−2 � 1 for any n ∈N. (4.1.27)

On the other hand, since vn→ v̄ in Lr(∂Ω), we have

A(vn)→A(v̄) as n→∞.

Assume the converse. Let A(v̄)= 0. If (A) is fulfilled, then rewriting (4.1.27) as

∣∣t (vn)∣∣� [
A(vn)

]−1/(r−2)
,

we conclude that |t (vn)| →∞. By virtue of (4.1.25),

f̃ (vn)�
(

1

r
− 1

2

)∣∣t (vn)∣∣2
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for any n ∈ N; i.e., f̃ (vn)→−∞, which is impossible. If (B) is fulfilled, then writing
(4.1.27) as

A(vn)�
∣∣t (vn)∣∣2−r , (4.1.28)

we see that |t (vn)| → 0. Since B(vn)→ B(v̄) <∞, f̃ (vn)→ 0, which contradicts the
inequality M > 0. Therefore, v̄ ∈E.

Let us show that v̄ ∈ S. The weak convergence of {vn} in X implies that∫
Ω

|∇v̄|2 dx � 1.

It follows from A(v̄) > 0 and (H3) that∫
Ω

|∇v̄|2 dx > 0.

If the first inequality is nonstrict, it is possible to find a k > 1 such that∫
Ω

∣∣∇(kv̄)∣∣2 dx = 1;

therefore, kv̄ ∈E ∩ S. The root t = t (kv̄) of the bifurcation equation satisfies the equation

A(kv̄)
∣∣t (kv̄)∣∣r−2 −B(kv̄)∣∣t (kv̄)∣∣s−2 = 1. (4.1.29)

Since

A(kv̄)= krA(v̄),
B(kv̄)= ksB(v̄),

this gives

A(v̄)
∣∣kt (kv̄)∣∣r−2 −B(v̄)∣∣kt (kv̄)∣∣s−2 = k−2 < 1. (4.1.30)

On the other hand, it is easy to see that the sequence {t (vn)} is bounded. Indeed, in case (B),
this follows from inequality (4.1.28). In case (A), we rewrite the bifurcation equation for
v = vn as ∣∣t (vn)∣∣r−2{

A(vn)−B(vn)
∣∣t (vn)∣∣s−r}= 1.

Because A(vn)→A(v̄) > 0 and {B(vn)} converges, it follows that, for any divergent sub-
sequence {t (vn)}, the left-hand side of the above equality is divergent, which is impossible.
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Since {t (vn)} is bounded, some of its subsequences is convergent. Therefore, its limit t̄
satisfies the relation

A(v̄)|t̄ |r−2 −B(v̄)|t̄ |s−2 = 1. (4.1.31)

Comparing (4.1.30) with (4.1.31) immediately yields

kt (kv̄) < t̄,

if (A) holds, and

kt (kv̄) > t̄,

if (B) is fulfilled. Furthermore, an elementary inspection of the function

ψ(ξ) :=
(

1

r
− 1

2

)
A(v̄)ξ r −

(
1

s
− 1

2

)
B(v̄)ξ s, (4.1.32)

ξ > 0

shows that

f̃ (kv̄)=ψ(k∣∣t (kv̄)∣∣)>ψ(t̄)=M (4.1.33)

in both cases. Thus, we arrive at a contradiction. This means that v̄ ∈ S, which was to be
proved.

Because (4.1.33) holds with k = 1, we take t (v̄) = t̄ (see (4.1.31)); thus, M = f̃ (v̄),
from which the required conclusion follows. �

Finally, let us prove the following result.

PROPOSITION 4.1.7. Let b≡ 0 and a �≡ 0. Assume that there exists a nontrivial nonnega-
tive solution to problem (4.1.16). Then condition (H3) is satisfied.

PROOF. Following [9], we define hε :Ω→R, ε > 0, assuming

hε := − (u+ ε)
−(r−2)

r − 2
.

It is easy to see that hε satisfies the problem

�hε =−(r − 1)(u+ ε)−r |∇u|2 in Ω,

∂hε

∂ν
= a(x)

(
u

u+ ε
)r−1

on ∂Ω.
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Passing to the limits as ε→ 0, we have∫
∂Ω

a dσ =−(r − 1)
∫
Ω

u−r |∇u|2dx � 0.

In the case of an equality, we have u≡ const in Ω , from which

0= acr−1 on ∂Ω.

This contradicts the assumption a �≡ 0, which completes the proof. �

REMARK 4.1.8. The obtained conditions for solvability are not improvable. This follows
from the example⎧⎨⎩

�u= 0 in Ω ⊂RN, N > 2,

u > 0 in Ω ,
∂u
∂n
= a(x)up on ∂Ω

with 1<p < N
N−2 and a ∈ L∞(Ω) satisfying (H2) and (H3).

4.2. The inhomogeneous semilinear case

In this section we consider the application of the fibering method to a problem with Neu-
mann boundary conditions. Here we follow the paper by A. Tesei and S. Pohozaev [38],
where this problem is considered in a more general setting. Nevertheless, results stated in
this section generalize some results from [9]. We begin with the case of a linear differential
operator.

Let Ω be a bounded domain in RN . We consider the boundary value problem

{
�u+ 〈∇ψ,∇u〉 + a(x)|u|q−2u= 0, u� 0 in Ω ,
∂u
∂ν
= 0 on ∂Ω

(4.2.1)

with 2< q < 2∗ and ψ ∈C1(Ω), under the following assumptions:
• (A1) a ∈ L∞(Ω);
• (A2) a+(x) :=max{a(x),0} is not identically zero;
• (A3)

∫
Ω
a(x)ρ(x) dx < 0, with ρ(x) := eψ(x).

THEOREM 4.2.1. Assume (A1)–(A3) and 2 < q < 2∗. Then there exists a nonnegative
(nontrivial) solution of (4.2.1).

The proof is divided into several steps.
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4.2.1. Step 1. We consider the functional E defined by

E(u) := −1

2

∫
Ω

∣∣∇u(x)∣∣2ρ(x)dx + 1

q

∫
Ω

a(x)
∣∣u(x)∣∣qρ(x) dx.

Thanks to (A1) and 2< q < 2∗, this functional is well defined on the Sobolev space W :=
W 1,2
ρ (Ω), defined by

W =W 1
2 (Ω), ‖u‖W =

(∫
Ω

∣∣∇u(x)∣∣2ρ(x)dx)1/2

.

Following the fibering method, we set

u(x)= tv(x), t ∈R \ {0}, v ∈W

and take the norm-type fibering functional

H(u) := ‖v‖2
W =

∫
Ω

|∇v|2ρ dx.

Accordingly, under the fibering constraint

H(v)= 1

the Euler functional E(u) reduces to

Ẽ(t, v)=−1

2
t2 + 1

q
|t |qE1(v) (4.2.2)

with

E1(v) :=
∫
Ω

a(x)
∣∣v(x)∣∣qρ(x) dx. (4.2.3)

From the bifurcation equation Ẽ′t = 0, i.e.

−t + |t |q−2tE1(v)= 0,

we obtain for t �= 0:∣∣t (v)∣∣= [E1(v)
]− 1

q−2 . (4.2.4)

Thus we define the functional Ê as

Ê(v) := Ẽ(t (v), v)= ( 1

q
− 1

2

)[
E1(v)

]− 2
q−2 . (4.2.5)
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4.2.2. Step 2. Now we search an extremal point of E1, i.e. of Ê under the fibering con-
straint H(v)= 1.

LEMMA 4.2.2. Let

M0 := sup
v∈W

{
E1(v)

∣∣ v ∈W, H(v)= 1
}
. (4.2.6)

Then 0<M0 <∞, and any maximizing sequence of (4.2.6) is bounded in W .

PROOF. From (A2) and (4.2.3) it follows immediately that M0 > 0. Thus, we have only
to prove the boundedness of an arbitrary maximizing sequence (vn), because from this we
obtain also M0 <∞. Let

H(vn)= 1, E1(vn)→M0,

and put

vn(x)=: αn + v̄n(x) with
∫
Ω

v̄nρ(x) dx = 0, (4.2.7)

where αn are constants. Then ∇vn =∇v̄n, and by virtue of the Sobolev imbedding theorem
(the Poincaré inequality) we have∣∣E1(vn)

∣∣� M̃ <∞ (4.2.8)

thanks to (4.2.7). Here M̃ does not depend on v̄n. Suppose by contradiction that
‖vn‖W →∞. By (4.2.7) and (4.2.8) this implies

αn→∞. (4.2.9)

Further, we have

E1(vn)=E1(αn + v̄n)= |αn|q
∫
Ω

a(x)

∣∣∣∣1+ v̄n(x)

αn

∣∣∣∣qρ(x) dx.
Then by (4.2.8), (4.2.9), (4.2.4), and (A3) we get

|αn|−qE1(vn)=
∫
Ω

a(x)

∣∣∣∣1+ v̄n(x)

αn

∣∣∣∣qρ(x) dx→ ∫
Ω

a(x)ρ(x) dx < 0,

which contradicts the fact that M0 > 0. Hence, (vn) is bounded in W . �

LEMMA 4.2.3. There exists a maximizer v̄ � 0 of (4.2.6) in W .



Nonlinear variational problems via the fibering method 121

PROOF. By 2< q < 2∗ and (A1), we can use the Kondrashov imbedding theorem

W =W 1,2
ρ (Ω)� Lqρ(Ω),

where

‖v‖q
L
q
ρ
=
∫
Ω

|v|qρ dx.

Thus, by Lemma 4.2.2, we can take a maximizing sequence that weakly converges to a v0
in W , so that

E1(v0)=M0, H(v0)= ‖v0‖2
W � 1.

We need to prove that actually H(v0)= 1. First, notice that H(v0)= ‖v0‖2
W �= 0, because

otherwise one would have v0(x)≡ C, and then by (A3)

0<M0 =E1(v0)= |C|q
∫
Ω

a(x)ρ(x) dx � 0.

Second, suppose that 0<H(v0) < 1. Hence, for a suitable k > 1,

H(kv0)= |k|2H(v0)= 1

and

E1(kv0)= |k|qE1(v0)= |k|qM0 >M0,

which contradicts (4.2.6). Finally, from the general properties of the Sobolev space W , we
have |v0| ∈W . We have also

H
(|v0|

)=H(v0)= 1 and E1
(|v0|

)=E1(v0)=M0,

therefore it is not restrictive to consider v0 � 0. �

4.2.3. Step 3. Let v0 � 0 be the maximizer of (4.2.6) found in Lemma 4.2.3, and set

u0(x)= t0 · v0(x)

with t0 = t̄ (v0) > 0 defined by (4.2.4), i.e.

t0 =
[
E1(v0)

]− 1
q−2 .

By applying the fibering method it follows that u0 is a nonnegative solution of the boundary
value problem (4.2.1). Clearly, u0 �= 0, because v0 �= 0 and E1(v0) =M0 > 0. The proof
of Theorem 4.2.1 is complete.
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4.2.4. The case 1< q < 2. Here we consider again the boundary value problem (4.2.1),
but with 1 < q < 2. In this case we have the same representation (4.2.2) for the Euler
functional E(u). Let us consider the behavior of Ẽ with respect to t > 0 for a fixed v. If
E1(v) < 0, then Ẽ is decreasing in t , anyway. If E1(v) > 0, then Ẽ is eventually increasing
or eventually decreasing in t for 2< q < 2∗ or 1< q < 2, respectively.

We get the following result.

THEOREM 4.2.4. Assume (A1)–(A3) and 1 < q < 2. Then there exists a nonnegative
(nontrivial) solution of (4.2.1).

PROOF. The proof is completely coincident with that of Theorem 4.2.1. �

4.3. The case of the p-Laplacian

In this subsection we generalize the previous results to the case of existence of positive
solutions for the boundary value problem{

�pu+ 〈∇ψ,∇u〉|∇u|p−2 + a(x)|u|q−2u= 0 in Ω ,

|∇u|p−2 ∂u
∂ν
= 0 on ∂Ω .

(4.3.1)

Here �pu := div(|∇u|p−2∇u) with p > 1, and ψ ∈ C1(Ω). As before, we consider this
problem under assumptions (A1)–(A3):
• (A1) a ∈ L∞(Ω);
• (A2) a+(x) is not identically zero;
• (A3)

∫
Ω
a(x)ρ(x) dx < 0, where ρ(x) := eψ(x).

Concerning q we suppose

1< q < p∗, q �= p, p∗ =
{

Np
N−p for p <N ,

+∞ for p �N .
(4.3.2)

Then we have the following result.

THEOREM 4.3.1. Let assumptions (A1)–(A3) and (4.3.2) be satisfied. Then the boundary
value problem (4.2.1) admits a nonnegative (nontrivial) solution

u ∈W 1
p(Ω)∩L∞(Ω)∩C1,α

loc (Ω).

The proof is divided into several steps.

4.3.1. Step 1. Similarly to the previous subsection,

E(u) := − 1

p

∫
Ω

|∇u|pρ dx + 1

q

∫
Ω

a|u|qρ dx
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is the Euler functional associated with (4.3.1). From our assumptions it follows that E(u)
is well defined on the Sobolev space

W =W 1,2
ρ (Ω), ‖u‖W =

(∫
Ω

|∇u|pρ dx
)1/p

.

Following the fibering method we set u(x) = t · v(x) with t �= 0 and v ∈ W . Under the
(spherical) fibering constraint

H(u) :=
∫
Ω

|∇v|pρ dx = 1

the functional E reduces to

Ẽ(t, v)=−|t |
p

p
+ |t |

q

q
E1(v), (4.3.3)

where

E1(v) :=
∫
Ω

a(x)
∣∣v(x)∣∣qρ(x) dx. (4.3.4)

From the bifurcation equation

Ẽ′t =−|t |p−2t + |t |q−2tE1(v)= 0

we find for t �= 0∣∣t (v)∣∣= [E1(v)
] 1
p−q (4.3.5)

with the necessary conditionE1(v) > 0. Now, by substituting (4.3.5) into (4.3.4), we obtain

Ê(v)=
(

1

q
− 1

p

)[
E1(v)

] p
p−q . (4.3.6)

4.3.2. Step 2. Now we search an extremal point of E1, i.e. of Ê, under the fibering con-
straint H(v)= 1.

LEMMA 4.3.2. The variational problem

M1 := sup
v∈W

{
E1(v)

∣∣H(v)� 1
}

(4.3.7)

admits a nonnegative maximizer v̄ ∈W with H(v̄)= 1 and E1(v̄)=M1 > 0.

PROOF. The proof follows exactly the same lines as that of Lemma 4.2.2 together with the
proof of Lemma 4.2.3. �
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4.3.3. Step 3. By virtue of the fibering method we derive that ū(x)= t̄ · v̄(x), with

t̄ = t (v̄)= [E1(v̄)
]− 1

p−q

(see equality (4.3.5)), is a nonnegative solution of (4.3.1). Clearly ū is nontrivial, since
v̄ �= 0. By the bootstrap argument used, e.g., in [18] we can prove that ū ∈ L∞(Ω). Then
from the result of Tolksdorff [55] it follows that ū ∈ C1,α

loc (Ω). Theorem 4.3.1 is proved.

4.4. The nonhomogeneous Neumann problem

Let us consider now a more difficult case, namely, the Neumann problem for the p-
Laplacian with nonlinear nonhomogeneous terms. We shall study the existence of positive
solutions for the variational boundary value problem

{
�pu+ 〈∇ψ,∇u〉∇u|p−2 + a(x)|u|q−2u+ b(x)|u|s−2u= 0 in Ω ,

|∇u|p−2 ∂u
∂ν
= 0 on ∂Ω

(4.4.1)

with ψ ∈ C1(Ω) and

1<p < s < q < p∗. (4.4.2)

We consider this problem under assumptions (A1)–(A3) and
• (B1) b ∈L∞(Ω);
• (B2) b� 0 in Ω .

THEOREM 4.4.1 (Pohozaev and Tesei). Let assumptions (4.4.2), (A1)–(A3), (B1), and
(B2) be satisfied. Then problem (4.4.1) has a nonnegative nontrivial solution

u ∈W 1
p(Ω)∩L∞(Ω)∩C1,α

loc (Ω).

The proof is again based on the fibering method and is divided into several steps.

4.4.1. Step 1. We have an Euler functional

E(u) := − 1

p

∫
Ω

|∇u|pρ dx + 1

q

∫
Ω

a(x)|u|qρ dx + 1

s

∫
Ω

b(x)|u|sρ dx

associated with problem (4.4.1). The indicated assumptions imply thatE(u) is well defined
on the Sobolev space W :=W 1,p

ρ (Ω).
Following the fibering method, we set

u(x)= tv(x)
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with t ∈R and v ∈W 1,p(Ω).
Then we get

E := −|t |
p

p

∫
Ω

|∇v|pρ dx + |t |
q

q

∫
Ω

a(x)|v|qρ dx + |t |
s

s

∫
Ω

b(x)|v|sρ dx.

We introduce, as above, the fibering functional

H(v) := ‖v‖pW =
∫
Ω

|∇v|pρ dx = 1.

Then

Ẽ(t, v)=−|t |
p

p
+ |t |

q

q

∫
Ω

a(x)|v|qρ dx + |t |
s

s

∫
Ω

b(x)|v|sρ dx, (4.4.3)

and the bifurcation equation has the form

dẼ

dt
= 0: − |t |p−2t + |t |q−2t

∫
Ω

a(x)|v|qρ dx + |t |s−2t

∫
Ω

b(x)|v|sρ dx = 0.

(4.4.4)

For t �= 0 we have

|t |q−p
∫
Ω

a(x)|v|qρ dx + |t |s−p
∫
Ω

b(x)|v|sρ dx = 1.

Thus, for v such that∫
Ω

a(x)|v|qρ dx > 0 (4.4.5)

this equation has only one positive solution t = t (v) with the derivative t ′(v).
Substituting this solution into (4.4.3), we get the functional Ê:

Ê(v) := Ẽ(t (v), v).
It follows from our assumptions that Ê(v) is a weakly continuous functional defined for
v ∈W 1,p

ρ (Ω) under condition (4.4.5).

4.4.2. Step 2. Let us consider the variational problem

sup

{
Ê(v)

∣∣∣ ∫
Ω

|∇v|pρ dx � 1, v satisfies (4.4.5)

}
. (4.4.6)
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We have Ê(v) < 0.
We shall consider a maximizing sequence {vn} for (4.4.6). Reasoning as above, by virtue

of (4.4.5) we obtain the boundedness of {vn}.
Finally, using the weak continuity of Ê, we establish the existence of a function v0,

which provides the maximum for problem (4.4.6).

REMARK 4.4.2. Due to (B2), we have

Ê(v)� Ê(v)|b=0 =
(

1

q
− 1

p

)[
E0(v)

] p
p−q

and hence

max Ê(v)� max

(
1

q
− 1

p

)[
E0(v)

] p
p−q =

(
1

q
− 1

p

)[
E0(v0)

] p
p−q < 0,

because in our case q > p.

REMARK 4.4.3. Let us consider (4.4.6) under condition (4.4.5). Since

sup

{
Ê(v)

∣∣∣ ∫
Ω

|∇v|pρ dx � 1, v satisfies (4.4.5)

}
>−∞,

it follows that

max Ê(v0) >−∞. (4.4.7)

This implies that v0 satisfies (4.4.5), because, if we assume the contrary, i.e. that v0 does
not satisfy (4.4.5), then we have

E(v0)=−∞.

Thus, we have got the function v0:

Ê(v0)= sup

{
Ê(v)

∣∣∣ ∫
Ω

|∇v|pρ dx � 1, v satisfies (4.4.5)

}
.

Now we shall prove the equality∫
Ω

|∇v0|pρ dx = 1. (4.4.8)

We assume the contrary, i.e., that∫
Ω

|∇v0|pρ dx < 1. (4.4.9)
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Note that

0<
∫
Ω

|∇v0|pρ dx,

because otherwise, if∫
Ω

|∇v0|pρ dx = 0, (4.4.10)

v0 ≡ c0 is a constant, and

Ê0(v0)= Ê0(c0)=−∞

by virtue of (A3), and this contradicts the boundedness condition.

Due to (4.4.9) and (4.4.10), there exists k0 > 1 such that

ṽ0(x)= k0v0(x)

satisfies ∫
Ω

|∇ṽ0|pρ dx = 1

and (4.4.5).
For the functional Ê, we have

Ê(v)=min
t>0

Ẽ(tv)=min
t>0

{
− t

p

p
+ tq

q

∫
Ω

a(x)|v|qρ dx + t s

s

∫
Ω

b(x)|v|sρ dx
}

for v satisfying (4.4.5). Thus,

Ê(v0) = min
t>0

Ẽ(tv0)

= min
t>0

{
− t

p

p
+ tq

q

∫
Ω

a(x)|v0|qρ dx + t s

s

∫
Ω

b(x)|v0|sρ dx
}

and v0 satisfies (4.4.5).
For ṽ0 = k0v0, we have (t ′ = tk0)

Ê(ṽ0) = min
t>0

{
− t

p

p
+ tq

q
k
q

0

∫
Ω

a(x)|v0|qρ dx + t s

s
ks0

∫
Ω

b(x)|v0|sρ dx
}

= min
t ′>0

{
− t ′p

k
p

0 p
+ t ′q

q

∫
Ω

a(x)|v0|qρ dx + t ′s

s

∫
Ω

b(x)|v0|sρ dx
}
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= min
t>0

{
− tp

k
p

0 p
+ tq

q

∫
Ω

a(x)|v0|qρ dx + t s

s

∫
Ω

b(x)|v0|sρ dx
}

= min
t>0

{(
1− 1

k
p

0

)
tp

p
− tp

p
+ tq

q

∫
Ω

a(x)|v0|qρ dx

+ t s

s

∫
Ω

b(x)|v0|sρ dx
}

= min
t>0

{(
1− 1

k
p

0

)
tp

p
+
[
− t

p

p
+ tq

q

∫
Ω

a(x)|v0|qρ dx

+ t s

s

∫
Ω

b(x)|v0|sρ dx
]}

> min
t>0

[
− t

p

p
+ tq

q

∫
Ω

a(x)|v0|qρ dx + t s

s

∫
Ω

b(x)|v0|sρ dx
]
= Ê(v0).

Thus,

Ê(ṽ0) > Ê(v0).

This inequality contradicts the definition of v0 as sup Ê(v).
Thus, we have obtained a solution to the variational problem

Ê(v0)= sup

{
Ê(v)

∣∣∣ ∫
Ω

|∇v|pρ dx � 1, v satisfies (4.4.5)

}
.

The fibering method implies that

u0(x)= t0v0(x),

where t0 is a positive solution to the bifurcation equation (4.4.4) and

E(t0v0)=min
t>0

E(tv0) for v0 satisfying (4.4.5).

Next, repeating the reasoning from Subsection 4.2, we find that

u0(x)� 0

and u0 �≡ 0 because Ê(v0) < 0 and t0 > 0.
Again using the reasoning from the last stage of the proof of Theorem 4.2.1, we arrive

at the required statement.
Theorem 4.4.1 is proved.
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4.5. The case k ≡ 0≡ c

In this subsection we consider the following boundary value problem:⎧⎪⎨⎪⎩
−�pu= λb(x)|u|p−2u+ a(x)|u|q−2u in Ω ,

u > 0 in Ω ,

|∇u|p−2 ∂u
∂ν
= 0 on ∂Ω

(4.5.1)

with p and q in the range

1<p < q < p∗ (4.5.2)

and λ > 0. Define the following functionals on W 1,p(Ω):

Hλ(u)= 1

p

∫
Ω

(|∇u|p − λb(x)|u|p)dx, (4.5.3)

A(u)= 1

q

∫
Ω

a(x)|u|q dx, (4.5.4)

EA(u)=−Hλ(u)+A(u). (4.5.5)

Solutions of (4.5.1) will be obtained as critical points of EA. By the fibering method we
set u(x)= sv(x), where s ∈R and v ∈W 1,p(Ω). Then

EA(sv)=−|s|pHλ(v)+ |s|qA(v). (4.5.6)

By the chain rule theorem, if u= sv is a critical point of A, then ∂EA(sv)
∂s

= 0, which yields

∂EA(sv)

∂s
=−p|s|p−2sHλ(v)+ q|s|q−2sA(v)= 0.

Therefore

{
∂EA/∂s = 0,

s �= 0
⇒ |s|q−p = |s∗|q−p = pHλ(v)

qA(v)
=
∫
Ω
(|∇v|p − λb|v|p) dx∫
Ω
a(x)|v|q dx

(4.5.7)

provided A(v) �= 0. If Hλ(v)A(v) �= 0, then Hλ(v) and A(v) have the same sign, and for
this value s∗ of s we obtain the reduced functional

ẼA(v)= p− q
p

Hλ(v)

(
pHλ(v)

qA(v)

)p/(q−p)
, (4.5.8)
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for which we have two sign possibilities since λ > 0:

ẼA(v) < 0 or ẼA(v) > 0. (4.5.9)

If Hλ(v) < 0, s∗ corresponds to a maximum, and if Hλ(v) > 0, s∗ corresponds to a mini-
mum. By taking Hλ(v) constant, we can therefore examine the following two problems:

PROBLEM 1. sup{A(φ): φ ∈W 1,p(Ω), Hλ(φ)= 1}.

PROBLEM 2. inf{A(φ): φ ∈W 1,p(Ω), Hλ(φ)=−1}.

We introduce the following assumptions on a = a+ − a− and b:
(A1)

∫
Ω
a+(x) dx > 0,

(A2)
∫
Ω
a(x)dx < 0,

(B)
∫
Ω
b(x)dx > 0.

If φ ∈ L1(Ω), we set φ̄ = |Ω|−1
∫
Ω
φ(x)dx its average on Ω . Let μ= μ(N,p) > 0 be

the best constant of the Poincaré inequality in W 1,p(Ω), that is,

μ= inf

{∫
Ω

|∇φ|p dx: φ ∈W 1,p(Ω),

∫
Ω

|φ − φ̄|p dx = 1

}
. (4.5.10)

If p <N , we denote by μ∗ = μ∗(N,p) the best constant of the Poincaré–Sobolev inequal-
ity in W 1,p(Ω), defined by

μ= inf

{∫
Ω

|∇φ|p dx: φ ∈W 1,p(Ω),

∫
Ω

|φ − φ̄|p∗ dx = 1

}
. (4.5.11)

LEMMA 4.5.1. Assume that (A2) holds. Then there exists a positive constant λ∗ =
λ∗(|Ω|,p, q,‖a‖L∞,‖b‖L∞) such that if 0< λ< λ∗, any sequence {un} inW 1,p(Ω) such
that {A(un)} is positive and {Hλ(un)} is bounded from above, has the property that it re-
mains bounded in W 1,p(Ω). Moreover, it satisfies

lim
n→∞ supA(un)=:m<∞.

PROOF. Set αn := |Ω|−1
∫
Ω
un dx, un = ũn + αn. Then there exists a constant M such

that

Hλ(un)�M ⇔
∫
Ω

|∇ũn|p dx − λ
∫
Ω

b|αn + ũn|p dx �M, (4.5.12)

and in particular∫
Ω

|∇ũn|p dx =M + λ
∫
Ω

b|αn + ũn|p dx.
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Since for any ε ∈ (0,1) there holds

|x + y|p � (1+ ε)|x|p +Cε,p|y|p
(∀(x, y) ∈R×R

)
, (4.5.13)

where

Cε,p = (1+ ε)p/(p−1) − 1

((1+ ε)1/(p−1) − 1)p
� Cpε

1−p, (4.5.14)

it follows by inequality (4.5.10)∫
Ω

|∇ũn|p dx �M + (λ+ ε)
∫
Ω

b|ũn|p dx + λ‖b‖L∞|Ω|Cpε1−p|αn|p

�M + λ+ ε
μ

‖b‖L∞
∫
Ω

|∇ũn|p dx + λ‖b‖L∞|Ω| Cpε1−p|αn|p.
(4.5.15)

Consequently,

μ− (λ+ ε)‖b‖L∞
μ

∫
Ω

|∇ũn|p dx � λ‖b‖L∞|Ω|Cpε1−p|αn|p +M. (4.5.16)

As a first choice we impose

0< λ<μ/‖b‖L∞ and 0< ε < μ/‖b‖L∞ − λ. (4.5.17)

Step 1. We claim that αn remains bounded.
Arguing by contradiction, we suppose that |αn| →∞. If we set wn = un/αn = 1+ w̃n,

then

μ− (λ+ ε)‖b‖L∞
μ

∫
Ω

|∇w̃n|p dx � λ‖b‖L∞|Ω|Cpε1−p +M|αn|−p,
(4.5.18)

because the integral mean value �wn = 1. It follows from (4.5.10) and (4.5.18) that {wn} is
bounded in W 1,p(Ω). Moreover,∫

Ω

|∇w̃n|q dx � μ
−q/p∗∗ |Ω|1−q/p∗

(∫
Ω

|∇w̃n|p dx
)q/p

�
(
λ‖b‖L∞

)q/p
μ
−q/p∗∗ |Ω|1−q/N

(
μ

μ− ‖b‖L∞(λ+ ε)
)q/p

×Cq/pp εq(1−p)/p +M|αn|−p = Cε,p,qλq/p +M|αn|−p
(4.5.19)
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is derived from (4.5.18) and (4.5.11). But

|1+ w̃n|q − 1=
∫ 1

0

d

ds
|1+ sw̃n|q ds = qw̃n

∫ 1

0
|1+ sw̃n|q−2(1+ sw̃n) ds,

(4.5.20)

then ∫
Ω

∣∣|1+ w̃n|q − 1
∣∣dx � q

(∫
Ω

|w̃n|q dx
)1/q(∫

Ω

(
1+ |w̃n|

)q
dx

)1−1/q

� q

(∫
Ω

|w̃n|q dx
)1/q(

|Ω|1/q +
(∫

Ω

|w̃n|q dx
)1/q)q−1

� qcq

(∫
Ω

|w̃n|q dx
)1/q

×
(
|Ω|1−1/q +

(∫
Ω

|w̃n|q dx
)1−1/q)

, (4.5.21)

where cq =max(1,2q−2). Consequently,∫
Ω

a|1+ w̃n|q dx =
∫
Ω

a dx +
∫
Ω

a
(|1+ w̃n|q − 1

)
dx

�
∫
Ω

a dx + qcq‖a‖L∞
(
Cε,p,qλ

1/p +M|αn|−1)
× (|Ω|1/q +Cε,p,qλ1/p +M|αn|−1)q . (4.5.22)

We first denote by Λε the expression

Λε = sup

{
λ ∈ (0,μ/‖b‖L∞ − ε):∫

Ω

a dx + qcq‖a‖L∞Cε,p,qρ1/p(|Ω|1/q +Cε,p,qρ1/p)q < 0

∀ρ ∈ (0, λ)
}
. (4.5.23)

Such an expression defines a positive real number because of the assumption (A2), and we
set

λ∗ =max
{
Λε : 0< ε < μ/‖b‖L∞

}
(4.5.24)
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(notice that λ∗ is achieved at some ε = ε∗). Since |αn| →∞, it follows from the definition
of λ∗ and (4.5.23) that for any λ ∈ (0, λ∗) and ε = ε∗ there exists an n large enough such
that

A(un)=
∫
Ω

a|un|q dx = |αn|q
∫
Ω

a|1+ w̃n|q dx < 0, (4.5.25)

contradiction.
Step 2. End of the proof.
Since {αn} is bounded, it follows from (4.5.16) that the same is true for {‖∇un‖Lp },

since ∇un =∇ũn. From (4.5.11),

∫
Ω

|un − αn|p dx � μ−1
∫
Ω

|∇un|p dx. (4.5.26)

Therefore {un} is bounded in W 1,p(Ω) and also in Lq(Ω) by the Sobolev inequality (ac-
tually it is relatively compact there, since q < p∗), and the last statement of the lemma
follows. �

LEMMA 4.5.2. For any λ, the set A+ := {ζ ∈W 1,p(Ω): A(ζ ) > 0, Hλ(ζ ) = 1} is non-
empty under assumption (A1).

PROOF. For δ > 0 we set Bδ(x0) := {x ∈ Ω: |x − x0| < δ}, and denote by νδ the first
eigenvalue of the p-Laplace operator in W 1,p

0 (Bδ(x0)) (it is independent of x0 provided
that Bδ(x0) ⊂Ω), and φδ,x0 the corresponding eigenfunction with the following normal-
ization: ∫

Bδ(x0)

φ
q
δ,x0

dx = 1. (4.5.27)

The function φδ,x0 is positive, and φδ,x0(x) = φδ,y0(x + y0 − x0) for any y0 such that
Bδ(y0)⊂Ω . Moreover,

lim
δ→0

νδ =∞, (4.5.28)

since ναδ = α−pνδ . Therefore there exists δ0 > 0 such that, for every 0< δ � δ0, and any
x0 such that Bδ(x0) ⊂ Ω, Hλ(φδ,x0) � 1. If we assume now that A+ is empty, then for
every x0 as above

∫
Bδ(x0)

aφ
q
δ,x0

dx � 0 (4.5.29)
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(here we extend the function φδ,x0 by zero outside Bδ(x0) and get a W 1,p(Ω) function).
But φαδ,x0(x) = α−N+1φδ,x0(α

−1(x − x0) + x), therefore, by Lebesgue’s differentiation
theorem,

lim
δ→0

∫
Bδ(x0)

aφ
q
δ,x0

dx = a(x0)� 0 (4.5.30)

for almost all x0 ∈Ω , contradicting (A1). �

LEMMA 4.5.3. Assume that (A2) holds. Then for every λ ∈ (0, λ∗) and v ∈W 1,p(Ω), the
inequality Hλ(v)� 0 with v not identically zero implies A(v) < 0.

PROOF. Since Hλ(v)=Hλ(|v|) and A(v)= A(|v|), we can assume that v is nonnegative
and not identically zero, otherwise the result follows. The relation Hλ(v)� 0 means∫

Ω

|∇v|p dx � λ

∫
Ω

b|v|p dx. (4.5.31)

We write again v = α + ṽ with α = |Ω|−1
∫
Ω
v dx. We derive from (4.5.16) with M = 0,

the same Cp, ε = ε∗, and 0< λ< λ∗,

μ− (λ+ ε)‖b‖L∞
μ

∫
Ω

|∇ṽ|p dx � λ‖b‖L∞|Ω|Cpε1−p|α|p. (4.5.32)

Since estimates (4.5.20)–(4.5.22) are still valid with M = 0, we obtain∫
Ω

a|v|q dx = αq
(∫

Ω

a dx +
∫
Ω

a
(|1+ w̃|q − 1

)
dx

)
� αq

(∫
Ω

a dx + qcq‖a‖L∞Cε,p,qλ1/p(|Ω|1/q +Cqλ1/p)q).
(4.5.33)

The expression is negative by (4.5.23)–(4.5.24) since λ < λ∗. �

PROPOSITION 4.5.4. Assume that (A1) and (A2) hold. Then for every 0 < λ < λ∗ there
exists a positive solution u of (4.5.1) such that A(u) > 0.

PROOF. Step 1. The supremum is achieved with the constraint.
Let {un} be a maximizing sequence for Problem 1, that is,

Hλ(un)= 1 and lim
n→∞A(un)=m1 = sup

{
A(φ): Hλ(φ)= 1

}
. (4.5.34)

Clearly, m1 ∈ (0,∞], since A+ is nonempty. From Lemma 4.5.1, {un} is bounded in
W 1,p(Ω), and m1 is finite and positive. There exist a subsequence {unk } ⊂ {un} and
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u ∈W 1,p(Ω) such that ∇unk ⇀ ∇u weakly in Lp(Ω), unk → u strongly in Lq(Ω).
Therefore A(u) = m1 and Hλ(u) � 1 by lower semicontinuity. If 0 < Hλ(u) < 1, then
for some k > 1 we would have Hλ(ku) = 1 and A(ku) = kqm1 > m1, contradicting the
definition of m1. If Hλ(u)� 0, it follows from Lemma 4.5.3 that A(u) < 0, contradicting
A(u)=m1 > 0.

In order to complete the proof, we must show that equation (4.5.1) is verified.
Step 2. Equation (4.5.1) is satisfied by a positive function u with A(u) > 0.
We can assume that u is positive by replacing un with |un|. Moreover, Step 1 implies

that limnk→∞
∫
Ω
|∇unk |p dx =

∫
Ω
|∇u|p dx, and there exists a Lagrange multiplier σ such

that

DA(u)= σDHλ(u) ⇔
{
a(x)uq−1 = σ(−�pu− λb(x)up−1) in Ω ,

−|∇u|p−2∂νu= 0 on ∂Ω .

(4.5.35)

These equations have to be understood in the weak sense, that is, in (W 1,p(Ω))∗, which
is enough for the duality argument we use. From (4.5.35), we have by taking u as test
function ∫

Ω

a(x)uq dx = σ
∫
Ω

(|∇u|p − λb(x)up)dx, (4.5.36)

andm1 = σ . Since σ is positive, we obtain a positive solution of (4.5.1) satisfyingA(u) > 0
by replacing u with σ 1/(q−p)u. �

We turn now to Problem 2. If a and b satisfy (A2) and (B) respectively, then
Hλ(k)=−1 and A(k) < 0 hold for some positive constant k, and A− = {ζ ∈W 1,p(Ω):
A(ζ ) < 0, Hλ(ζ )=−1} is not an empty set. Therefore

inf
{
A(ζ ): ζ ∈W 1,p(Ω), Hλ(ζ )=−1

}=:m2 ∈ [−∞,0). (4.5.37)

However, for this problem, it is not possible to prove that minimizing sequences are
bounded, but because of homogeneity, solving Problem 2 is equivalent to solving

PROBLEM 2′. inf
{
Hλ(φ): φ ∈W 1,p(Ω), A(φ)=−1

}
. (4.5.38)

We start with the following counterpart of Lemma 4.5.1 and improvement of Lemma 4.5.3.

LEMMA 4.5.5. Assume that (A2) holds. If 0 < λ < λ∗, any sequence {un} in W 1,p(Ω)

such that {A(un)} is bounded and {Hλ(un)} is negative, has the property that it remains
bounded in W 1,p(Ω).

PROOF. As in Lemma 4.5.1, we set αn := |Ω|−1
∫
Ω
un dx and un = ũn + αn. By assump-

tion, ∫
Ω

|∇ũn|p dx = λ
∫
Ω

b|αn + ũn|p dx. (4.5.39)



136 S.I. Pohozaev

We first prove by contradiction that {αn} is bounded. As in Lemmas 4.5.1 and 4.5.3, for
the same choice of ε = ε∗ and constants, we have

μ− (λ+ ε)‖b‖L∞
μ

∫
Ω

|∇ũn|p dx � λ‖b‖L∞|Ω|Cpε1−p|αn|p. (4.5.40)

If |αn| →∞, we set vn = un/αn = 1+ ṽn and∫
Ω

|∇ṽn|p dx � μλ

μ− (λ+ ε)‖b‖L∞ |Ω|Cpε
1−p‖b‖L∞|αn|p. (4.5.41)

On the other hand,∫
Ω

a|ṽn|q dx = O
(|αn|−q)= ∫

Ω

a dx +
∫
Ω

a
(|1+ ṽn|q − 1

)
dx

�
∫
Ω

a dx + qcq‖a‖L∞Cε,p,qλ1/p(|Ω|1/q +Cqλ1/p)q . (4.5.42)

But for 0< λ< λ∗ and ε = ε∗∫
Ω

a dx + qcq‖a‖L∞Cε,p,qλ1/p(|Ω|1/q +Cqλ1/p)q < 0, (4.5.43)

which infers a contradiction for n large enough. Therefore {αn} is bounded. The same holds
for {‖∇un‖Lp } by (4.5.40) and for {‖un‖Lp } by (4.5.10). �

PROPOSITION 4.5.6. Assume that (A2) and (B) hold. Then for every 0 < λ < λ∗ there
exists a positive solution u∗ of (4.5.1) such that A(u∗) < 0.

PROOF. Let {u∗n} be a maximizing sequence for Problem 2′, that is, a sequence such that

A
(
u∗n
)=−1 and lim

n→∞Hλ
(
u∗n
)=m3 = inf

{
Hλ(φ): A(φ)=−1

}
. (4.5.44)

By Lemma 4.5.5, the sequence {u∗n} is bounded in W 1,p(Ω). Then there exist a subse-
quence {u∗nk } ⊂ {u∗n} and u∗ ∈W 1,p(Ω) such that ∇u∗nk ⇀∇u∗ weakly in Lp(Ω), u∗nk →
u∗ strongly in Lp(Ω) and in Lq(Ω). Therefore A(u∗) = −1 and Hλ(u

∗) � m3. If
Hλ(u

∗) = m3, the proof is completed. Otherwise we suppose that Hλ(u∗) = m∗ < m3.
Thus there would exist v ∈W 1,p(Ω) such that A(v)=−1 and Hλ(v) < m3, contradicting
the minimality of m3. Consequently, Hλ(u∗)=m3, and we finish the proof as in Proposi-
tion 4.5.4. �

By combining Propositions 4.5.4 and 4.5.6 the following multiple solutions existence
result is derived.

THEOREM 4.5.7. Assume that (A1), (A2), and (B) hold. Then for every 0< λ< λ∗ there
exist two positive solutions u and u∗ of (4.5.1) such that A(u) > 0 and A(u∗) < 0, respec-
tively.
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4.6. The case a ≡ 0≡ c

In this subsection we consider the following boundary value problem:⎧⎪⎨⎪⎩
−�pu= λb(x)|u|p−2u in Ω ,

u > 0 in Ω ,

−|∇u|p−2 ∂u
∂ν
= k(x)|u|r−2u on ∂Ω

(4.6.1)

with λ > 0 and the exponents p and r in the following range:

1<p, r < p̃ and p �= r. (4.6.2)

We set

K(u)= 1

r

∫
∂Ω

k(x)|u|r dσ, (4.6.3)

which is well defined on W 1,p(Ω) since r < p̃, and

EK(u)=−Hλ(u)+K(u), (4.6.4)

where Hλ has been defined in Subsection 4.5. Let q > 0 be

q = min

{
C > 0:

∫
Ω

|φ|p dx �C

(∫
Ω

|∇φ|p dx +
∫
∂Ω

|φ|p dσ
)
,

∀φ ∈W 1,p(Ω)

}
. (4.6.5)

Although the following Poincaré boundary trace and Poincaré–Sobolev boundary trace
inequalities are well known, we recall their proofs for the sake of completeness. For any
φ ∈ L1(Ω), we denote φ̄ = |Ω|−1

∫
Ω
φ dx.

LEMMA 4.6.1. There exist two positive constants ν and ν∗ such that

inf

{∫
Ω

|∇φ|p dx: φ ∈W 1,p(Ω),

∫
∂Ω

|φ − φ̄|p dσ = 1

}
= ν, (4.6.6)

inf

{∫
Ω

|∇φ|p dx: φ ∈W 1,p(Ω),

∫
∂Ω

|φ − φ̄|p̃ dσ
}
= ν∗. (4.6.7)

PROOF. We recall the classical Poincaré inequality∫
Ω

|∇φ|p dx =
∫
Ω

∣∣∇(φ − φ̄)∣∣p dx � μ

∫
Ω

|φ − φ̄|p dx, (4.6.8)
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and the trace estimate

‖φ − φ̄‖p
W 1−1/p,p(∂Ω)

�M‖φ − φ̄‖p
W 1,p(Ω)

�M(1+ 1/μ)
∫
Ω

|∇φ|p dx. (4.6.9)

Since

‖ψ‖p
Lp(∂Ω)

� |∂Ω|1−p/p̃‖ψ‖p
Lp̃(∂Ω)

� |∂Ω|1−p/p̃M ′‖ψ‖p
W 1−1/p,p(∂Ω)

(4.6.10)

for any ψ ∈W 1−1/p,p(∂Ω) (see [1]), we get (4.6.6) and (4.6.7). �

REMARK 4.6.2. There exists a version of these inequalities involving the boundary aver-
age ψ̂ of any ψ ∈ L1(∂Ω) defined by ψ̂ = |∂Ω|−1

∫
∂Ω
ψ dx. Namely, for any p � r < p̃

there exists a positive constant ν̂ such that

inf

{∫
Ω

|∇φ|p dx: φ ∈W 1,p(Ω),

∫
∂Ω

|φ − φ̂|p dσ = 1

}
= ν̂. (4.6.11)

The proof is easily derived by contradiction and using (4.6.7).

We turn out now to equation (4.6.1) and define the fibering functional as in Subsection
4.5: for v ∈W 1,p(Ω) and s ∈R we write

EK(sv)=−|s|pHλ(v)+ |s|rK(v), (4.6.12)

{
∂EK/∂s = 0,

s �= 0
⇒ |s|r−p = pHλ(v)

rK(v)
=
∫
Ω
(|∇v|p − λb|v|p) dx∫

∂Ω
k|v|r dσ .

(4.6.13)

Of course, the interest relies in the nonspectral case p �= q . Since two signs are possible,
we consider two extremal problems.

PROBLEM 3. sup{K(φ): φ ∈W 1,p(Ω), Hλ(φ)= 1}.

PROBLEM 4. inf{K(φ): φ ∈W 1,p(Ω), Hλ(φ)=−1}.

We introduce the following assumptions on k = k+ − k−.
(K1)

∫
∂Ω
k+ dσ > 0,

(K2)
∫
∂Ω
k dσ < 0.
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LEMMA 4.6.3. Assume that (K2) holds. Then there exists

λ∗ = λ∗(Ω,p, r,‖b‖L∞,‖k‖L∞)> 0

with the following property: if 0< λ< λ∗ and {un} is any sequence in W 1,p(Ω) such that
{K(un)} is positive and {Hλ(un)} is bounded from above, then {un} remains bounded in
W 1,p(Ω). Moreover, it satisfies

lim
n→∞ supK(un)=m′ <∞.

PROOF. As in Lemma 4.6.1, we shall first prove that the sequence {αn} (where αn is the
average of un on Ω) is bounded. By contradiction, let us suppose that |αn| →∞ and set
un = ũn + αn and wn = un/αn = 1+ w̃n. Since∫

Ω

|∇ũn|p dx − λ
∫
Ω

b|αn + ũn|p dx �M

for some constant M , with ε satisfying (4.5.17) this implies

μ− (λ+ ε)‖b‖L∞
μ

∫
Ω

|∇w̃n|p dx � λ‖b‖L∞|Ω|Cpε1−p +M|αn|−p

(inequalities (4.6.13)–(4.6.18) remain valid), and we get∫
∂Ω

|w̃n|r dS � ν
−r/p̃∗ |∂Ω|1−r/p̃

(∫
Ω

|∇w̃n|p dx
)r/p

�
(
λ‖b‖L∞

)r/p
ν
−r/p̃∗ |∂Ω|1−r/N

(
μ

μ− ‖b‖L∞(λ+ ε)
)r/p

×Cr/pp εr(1−p)/p +M|αn|−p

=:Dε,p,rλr/p +M|αn|−p. (4.6.14)

The following inequalities are derived from (4.6.20) (with q replaced by r):∫
∂Ω

∣∣|1+ w̃n|r − 1
∣∣dσ

� r

(∫
∂Ω

|w̃n|r dσ
)1/r(∫

∂Ω

(
1+ |w̃n|

)r
dσ

)1−1/r

� r

(∫
∂Ω

|w̃n|r dσ
)1/r(

|∂Ω|1/r +
(∫

∂Ω

|w̃n|r dσ
)1/r)r−1

� rcr

(∫
∂Ω

|w̃n|r dσ
)1/r(

|∂Ω|1−1/r +
(∫

∂Ω

|w̃n|r dσ
)1−1/r)

, (4.6.15)
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where cr =max(1,2r−2). Therefore,∫
∂Ω

k|1+ w̃n|r dσ =
∫
∂Ω

k dσ +
∫
∂Ω

k
(|1+ w̃n|r − 1

)
dσ

�
∫
∂Ω

k dσ + rcr‖k‖L∞
(
Dε,p,rλ

1/p +M|αn|−1)
× (|∂Ω|1/r +Dε,p,rλ1/p +M|αn|−1)r . (4.6.16)

We denote by Λε the following expression:

Λε = sup

{
λ ∈ (0,μ/‖b‖L∞ − ε):∫

∂Ω

k dσ + rcr‖k‖L∞Dε,p,rρ1/p(|∂Ω|1/r +Dε,p,rρ1/p)r < 0,

∀ρ ∈ (0, λ)
}
. (4.6.17)

Such an expression defines a positive real number because of the assumption (K2). If we
set

λ∗ =max
{
Λε : 0< ε < μ/‖b‖L∞

}
, (4.6.18)

thus maximum is achieved for some ε = ε∗ ∈ (0,μ/‖b‖L∞). Since |αn| →∞, it follows
from the definition of λ∗ and (4.6.17) that for any λ ∈ (0, λ∗) and ε = ε∗ there exists an n
large enough such that

K(un)=
∫
∂Ω

k|un|r dσ = |αn|r
∫
∂Ω

k|1+ w̃n|r dσ < 0, (4.6.19)

contradiction.
Since {αn} is bounded, the same is true for {‖∇un‖Lp } by (4.6.16), then for

{∫
∂Ω
k|un|p dσ } by (4.6.6) and finally for {‖un‖Lp } by (4.6.5). Consequently, {un} is

bounded in W 1,p(Ω). This implies

‖un‖Lr(∂Ω) � |∂Ω|1/r−1/p̃‖un‖Lp̃(∂Ω) �M1‖un‖W 1−1/p,p(∂Ω)

�M2‖un‖W 1,p(Ω). (4.6.20)

Thus the last statement follows (actually {un|∂Ω} is relatively compact in Lr(∂Ω)). �

LEMMA 4.6.4. For any λ, the set B+ = {ζ ∈W 1,p(Ω): K(ζ) > 0, Hλ(ζ ) = 1} is non-
empty under assumption (K1).
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PROOF. We proceed essentially almost as in Lemma 4.5.2: for any x0 ∈ ∂Ω we consider
φ̂δ,x0 the first positive eigenfunction of the p-Laplace operator in W 1,p

0 (Bδ(x0)), with the
normalization∫

Hδ(x0)

φ̂rδ,x0
dσN−1 = 1, (4.6.21)

where Hδ(x0) is the intersection of Bδ(x0) with any hyperplane H containing x0 (the first
eigenfunction is radial), and dσ is the (N − 1)-dimensional Lebesgue measure. We extend
φ̂δ,x0 by zero outside Ω and call φ̂δ,x0,Ω its restriction to Ω . Then φ̂δ,x0,Ω belongs to
W 1,p(Ω). Since ∂Ω is smooth and φ̂αδ,x0(x)= α−N+1φ̂δ,x0(α

−1(x − x0)+ x), we have∫
Hδ(x0)

|∇φ̂δ,x0,Ω |p dσ = 2−1
∫
Bδ(x0)

|∇φ̂δ,x0 |p dx
(
1+ o(1))

= 2−1νδ

∫
Bδ(x0)

|φ̂δ,x0 |p dx
(
1+ o(1)) (4.6.22)

and ∫
∂Ω∩Bδ(x0)

φ̂rδ,x0,Ω
dσ = 1+ o(1)

as δ→ 0, uniformly with respect to x0 ∈ ∂Ω . Clearly,

lim
δ→0

Hλ(φ̂δ,x0,Ω)=∞, (4.6.23)

and the following concentration occurs:

lim
δ→0

K(φ̂δ,x0,Ω)= k(x0). (4.6.24)

The end of the proof is as in Lemma 4.5.2, and we conclude that B+ is not empty if the
function k satisfies (K1). �

LEMMA 4.6.5. Assume that (K2) holds. Then for every λ ∈ (0, λ∗) and v ∈ W 1,p(Ω),
Hλ(v)� 0 and v not identically zero implies K(v) < 0.

PROOF. We can assume that v = α + ṽ (with α = |Ω|−1
∫
Ω
v dx) is nonnegative. Since

Hλ(v) � 0, we have (4.5.32) as in Lemma 4.5.3. If we take ε = ε∗, 0 < λ < λ∗ and set
�w = v̄/α, inequality (4.6.33) is replaced by∫

∂Ω

k|α + ṽ|r dσ

= αr
(∫

∂Ω

k dσ +
∫
Ω

k
(|1+ w̃|r − 1

)
dσ

)
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� αr
(∫

∂Ω

k dσ + rcr‖k‖L∞Dε,p,rλ1/p(|∂Ω|1/r +Dε,p,rλ1/p)r). (4.6.25)

This expression is negative because of the choice of λ. �

PROPOSITION 4.6.6. Assume that (K1) and (K2) hold. Then for every 0 < λ < λ∗ there
exists a positive solution u of (4.6.1) such that K(u) > 0.

PROOF. Let {un} be a maximizing sequence for Problem 3, that is,

Hλ(un)= 1 and lim
n→∞K(un)=m4 = sup

{
K(φ): Hλ(φ)= 1

}
. (4.6.26)

As in Proposition 4.5.4, the first step is to prove that the supremum is achieved with
the constraint. Clearly, m4 ∈ (0,∞], since B+ is nonempty. From Lemma 4.6.3, {un} is
bounded inW 1,p(Ω), andm4 is finite and positive. There exist a subsequence {unk } ⊂ {un}
and u ∈W 1,p(Ω) such that ∇unk ⇀ ∇u weakly in Lp(Ω), unk |∂Ω → u|∂Ω strongly in
Lr(∂Ω). Thus K(u) = m4 and Hλ(u) � 1 by lower semicontinuity. If 0 < Hλ(u) < 1,
then for some k > 1 we would have Hλ(ku)= 1 and K(ku) = krm4 >m4, contradicting
the definition of m4. If Hλ(u)� 0, it follows from Lemma 4.6.4 that K(u) < 0, contradict-
ingK(u)=m4 > 0. Moreover, it can be assumed that un and then u are nonnegative, since
Hλ(v)=Hλ(|v|) and K(v)=K(|v|). Consequently, there exists a Lagrange multiplier μ
such that

DK(u)= μDHλ(u) (4.6.27)

in (W 1,p(Ω))′. This means∫
∂Ω

k(x)ur−1η dx = μ
∫
Ω

(|∇u|p−2∇u · ∇η− λbup−1η
)
dx (4.6.28)

for every η ∈W 1,p(Ω). Taking u = η gives
∫
∂Ω
k(x)ur dx = μ = m4. Replacing u with

μ1/(r−p)u gives the result. �

We turn now to Problem 4. If k and b satisfy (K2) and (B) respectively, then, for
some positive constant c, Hλ(c) = −1 and K(c) < 0, and the set B− = {ζ ∈ W 1,p(Ω):
K(ζ) < 0, Hλ(ζ )=−1} is not empty. Therefore

inf
{
K(ζ): ζ ∈W 1,p(Ω): Hλ(ζ )=−1

}=m5 ∈ [−∞,0). (4.6.29)

As in Subsection 4.5, it is not possible to prove that minimizing sequences are bounded.
Therefore we replace Problem 4 with an equivalent one,

PROBLEM 4′. inf
{
Hλ(φ): φ ∈W 1,p(Ω), K(φ)=−1

}
. (4.6.30)

We start with the following improvement of Lemma 4.6.4.
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LEMMA 4.6.7. Assume that (K2) holds. If 0 < λ < λ∗, then any sequence {un} in
W 1,p(Ω) such that {K(un)} is bounded and {Hλ(un)} is negative, has the property that
it remains bounded in W 1,p(Ω).

PROOF. Set αn := |Ω|−1
∫
Ω
un dx, un = ũn + αn and ṽn = ũn/αn. By assumption,∫

Ω

|∇ũn|p dx � λ

∫
Ω

b|αn + ũn|p dx. (4.6.31)

Let us suppose that {αn} is not bounded. Then for ε = ε∗ and λ satisfying (4.6.17), we have∫
∂Ω

k|vn|r dσ = O
(|αn|−r)= ∫

∂Ω

k dσ +
∫
∂Ω

k
(|1+ ṽn|r − 1

)
dσ

�
∫
∂Ω

k dσ + rcr‖k‖L∞Dε,p,rλ1/p(|∂Ω|1/r +Dε,p,rλ1/p)r .
(4.6.32)

If we assume that |αn| → ∞, the right-hand side of (4.6.32) becomes negative for n
large enough, which is a contradiction. Therefore {αn} is bounded, and the same holds
for {‖∇un‖Lp }. We end the proof as in Lemma 4.6.3. �

PROPOSITION 4.6.8. Assume that (K2) and (B) hold. Then for every 0 < λ < λ∗ there
exists a positive solution u∗ of (4.6.1) such that K(u∗) < 0.

PROOF. Let {u∗n} be a minimizing sequence for Problem 4′, that is, a sequence such that

K
(
u∗n
)=−1 and lim

n→∞Hλ
(
u∗n
)=m5 = inf

{
Hλ(φ): K(φ)=−1

}
.

(4.6.33)

From Lemma 4.6.7, the sequence {u∗n} is bounded in W 1,p(Ω). Then there exist a sub-
sequence {u∗nk } ⊂ {u∗n} and u∗ ∈ W 1,p(Ω) such that ∇u∗nk ⇀ ∇u∗ weakly in Lp(Ω)

and u∗nk |∂Ω → u∗|∂Ω strongly in Lr(∂Ω). Therefore K(u∗) = −1 and Hλ(u∗) � m5. If
Hλ(u

∗) = m5, the proof is completed. Otherwise we suppose that Hλ(u∗) = m∗ < m5.
Thus there would exist v ∈W 1,p(Ω) such thatK(v)=−1 andHλ(v) < m5, contradiction.
Consequently, Hλ(u∗)=m5, and the completion of the proof is as in Proposition 4.6.6. �

By combining Propositions 4.6.6 and 4.6.8 we obtain

THEOREM 4.6.9. Assume that (K1), (K2), and (B) hold. Then for every 0< λ< λ∗ there
exist two positive solutions u and u∗ of (4.6.1) such thatK(u) > 0 and K(u∗) < 0, respec-
tively.
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4.7. The general case with r < q

In this subsection we are interested in the following boundary value problem:

⎧⎪⎪⎨⎪⎪⎩
−�pu− λb(x)|u|p−2u= a(x)|u|q−2u+ c(x)|u|s−2u in Ω ,

u > 0 in Ω ,

|∇u|p−2 ∂u
∂ν
= k(x)|u|r−1u on ∂Ω ,

(4.7.1)

where λ > 0 and the exponents p,q, s and r satisfy

{
(i) 1<p < s < q < p∗ − 1,

(ii) 1< r <min(q, p̃− 1).
(4.7.2)

When φ ∈W 1,p(Ω) and the exponents are as above, the following expressions are well
defined:

Hλ(φ)= 1

p

∫
Ω

(|∇φ|p − λb(x)|φ|p)dx, (4.7.3)

A(φ)= 1

q

∫
Ω

a(x)|φ|q dx, (4.7.4)

K(φ)= 1

r

∫
∂Ω

k(x)|φ|r dσ, (4.7.5)

C(φ)= 1

s

∫
Ω

c(x)|φ|s dx. (4.7.6)

The solutions u of (4.7.1) are positive critical points of the functional

E(φ)=−Hλ(φ)+A(φ)+C(φ)+K(φ). (4.7.7)

If φ ∈W 1,p(Ω) and φ = tψ , then

E(tψ)= Ẽ(t,ψ)=−|t |pHλ(ψ)+ |t |qA(ψ)+ |t |sC(ψ)+ |t |rK(ψ). (4.7.8)
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The assumptions on the functions a, b, k, and c, besides measurability and essential bound-
edness, are the following ones, which have been partially used in the previous subsections:

(A1)
∫
Ω

a+(x) dx > 0.

(A2)
∫
Ω

a(x)dx < 0.

(B)
∫
Ω

b(x)dx > 0.

(K3) k(x)� 0 a.e. in ∂Ω.

(C) c(x)� 0 a.e. in Ω.

REMARK 4.7.1. The functional Ẽ is C1 on W 1,p(Ω)×R, and at this point it is important
to notice that C(ψ) � 0 and K(ψ) � 0, but Hλ(ψ) and A(ψ) have no prescribed sign
independent of ψ . We denote

C+ =
{
φ ∈W 1,p(Ω): Hλ(φ) > 0, A(φ) > 0

}
. (4.7.9)

Under assumption (A1) it follows from Lemma 4.5.2 that the set C+ is a nonempty open
subset of W 1,p(Ω). From (4.7.8) we have

∂Ẽ

∂t
(t,ψ) = −p|t |p−2tHλ(ψ)+ q|t |q−2tA(ψ)+ s|t |s−2tC(ψ)

+ r|t |r−2tK(ψ)

= l̃(t,ψ). (4.7.10)

The following is a straightforward consequence of the above expression.

LEMMA 4.7.2. Assume that (A1) holds and ψ ∈ C+. Then the function t �→ l(t,ψ) admits
a unique zero on (0,∞) that we shall denote t∗ = t∗(ψ).

LEMMA 4.7.3. Assume that (A1) holds and ψ ∈ C+. Then

t∗(ψ)� t0∗ (ψ)=
(
pHλ(ψ)/

(
qA(ψ)

))1/(q−p)
, (4.7.11)

and

Ẽ(t∗,ψ)� Ẽ0(t∗,ψ)�
p− q
q

Hλ(ψ)

(
pHλ(ψ)

qA(ψ)

)p/(q−p)
, (4.7.12)

where

Ẽ0(t,ψ) := −|t |pHλ(ψ)+ |t |qA(ψ)=:EA(tψ).



146 S.I. Pohozaev

PROOF. By definition of Ẽ0, we have

∂Ẽ0(t,ψ)

∂t
=−p|t |p−2tHλ(ψ)+ q|t |q−2tA(ψ)= l̃ 0(t,ψ).

Then l̃ 0(t,ψ) = 0 where t0∗ = t0∗ (ψ)= (pHλ(ψ)/(qA(ψ)))1/(q−p). Since C(ψ) � 0 and
K(ψ)� 0, there always holds

Ẽ(t,ψ)� Ẽ0(t,ψ) and l̃(t,ψ)� l̃ 0(t,ψ) (4.7.13)

for t > 0. This implies l(t0∗ψ)� 0 and (4.7.11). Since t �→ Ẽ(t,ψ) is decreasing on (0, t∗),
we have

Ẽ(t∗,ψ) � Ẽ
(
t0∗ ,ψ

)
= −(t0∗ )pHλ(ψ)+ (t0∗ )qA(ψ)+ (t0∗ )sC(ψ)+ (t0∗ )rK(ψ)
� −(t0∗ )pHλ(ψ)+ (t0∗ )qA(ψ)
= p− q

q
Hλ(ψ)

(
pHλ(ψ)

qA(ψ)

)p/(q−p)
, (4.7.14)

which is (4.7.12). �

We denote by E∗ the reduced functional which is defined on C∗ by

E∗(ψ)= Ẽ(t∗,ψ). (4.7.15)

From the definition of t∗ = t∗(ψ),
E∗(ψ)= inf

t>0
E(tψ)=E∗(τψ) (∀τ > 0). (4.7.16)

LEMMA 4.7.4. The mapping φ �→ E∗(φ) from C+ into R is C1 in the strong W 1,p(Ω)-
topology.

PROOF. We have to check that the implicit function theorem applies to (t,ψ) �→ l̃(t,ψ) at
t = t∗. Since t∗ is the positive zero of

t �→ l̃r (t,ψ)=−pHλ(ψ)+ qtq−pA(ψ)+ sts−pC(ψ)+ rtr−pK(ψ),
(4.7.17)

we can look for the t -partial derivative of the above new function, namely

∂l̃r

∂t
(t,ψ) = q(q − p)tq−p−1A(ψ)+ s(s − p)ts−p−1C(ψ)

+ r(r − p)tr−p−1K(ψ).
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Consequently,

l̃r (t,ψ)− t∗
q − p

∂l̃r

∂t
(t∗,ψ)

=−pHλ(ψ)+ s
(

1− s − p
q − p

)
t
s−p∗ C(ψ)+ r

(
1− r − p

q − p
)
t
r−p∗ K(ψ) < 0,

and ∂l̃r
∂t
(t∗,ψ) > 0. It follows that ψ �→ t∗(ψ) is C1, and the same holds by composition

for φ �→E∗(φ). �

Suppose now that u ∈W 1,p(Ω) is a critical point of E such that Hλ(u) > 0, then neces-
sarilyA(u) > 0. If we set u= tv, t > 0 is uniquely determined by the conditionHλ(v)= 1,
and d

ds
E(sv)|s=t = 0. The only critical point of s �→ E(sv) is achieved at t = t∗(v), in

which case E(t∗(v)v)=E∗(v) < 0. Therefore, we introduced the new problem.

PROBLEM 5.

sup
{
E∗(φ): φ ∈W 1,p(Ω), Hλ(φ)= 1, A(φ) > 0

}
. (4.7.18)

PROPOSITION 4.7.5. Assume (A1), (A2), (K3), and (C) hold. Then for every 0< λ < λ∗
(which has been defined in Subsection 4.5) there exists a positive solution u ∈W 1,p(Ω) of
(4.7.1) with the property that A(u) > 0.

PROOF. Let {un} be a maximizing (and nonnegative without any loss of generality) se-
quence for Problem 5, that is,

A(un) > 0, Hλ(un)= 1,

lim
n→∞E∗(un)=:m6 = sup

{
E∗(φ): Hλ(φ)= 1, A(φ) > 0

}
. (4.7.19)

Step 1. From Lemma 4.5.1, {un} is bounded in W 1,p(Ω). If t∗ = t∗(un), Lemma 4.7.3
implies

Ẽ(t∗, un)=:E∗(un)� p− q
q

(
p

q

)p/(q−p)(
A(un)

)−p/(q−p)
. (4.7.20)

Since 1 < p < q and {E∗(un)} is increasing and negative, the right-hand side of (4.7.20)
is minorized by some negative number. It follows that {A(un)} is bounded from below by
some positive constant σ .

From the Sobolev imbedding theorem and the trace theorem, there exist a subsequence
{unl } and a function u ∈W 1,p(Ω) such that ∇unl ⇀ ∇u in Lp(Ω), unl → u in Lp(Ω) ∩
Ls(Ω)∩Lq(Ω) and unr |∂Ω→ u|∂Ω in Lr(∂Ω).

Step 2. We claim that E∗(u)=m6 and Hλ(u)= 1.
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If we impose Hλ(un)= 1 in (4.7.17), then t∗,n = t∗(un) is defined as the positive zero of

t �→ l̃r (t, un)=−p+ qtq−pA(un)+ sts−pC(un)+ rtr−pK(un).

Since the coefficients A(unl ), C(unl ), and K(unl ) converge respectively to A(u), C(u),
and K(u), with A(unl )� σ > 0, it follows that t∗,nl = t∗(unl )→ t∗(u) as nl→∞. There-
fore

E∗(unl )=−tp∗,nl + tq∗,nlA(unl )+ t s∗,nlC(unl )+ t r∗,nlK(unl )→E∗(u). (4.7.21)

Therefore E∗(u)=m6.
If 0 < Hλ(u) < 1, we replace u by σu for some σ > 1 such that Hλ(σu) = 1. Then

σu ∈ C+, and if we set tσ∗ = t∗(σu),

E∗(σu)=E∗(u)= sup
{
E∗(φ): φ ∈W 1,p(Ω), Hλ(φ)= 1, A(φ) > 0

}
.

(4.7.22)

Therefore we can assume that H(u)= 1 by replacing u with σu. If Hλ(u)� 0, we have∫
Ω

a(x)|u|q dx < 0 (4.7.23)

from Lemma 4.5.3 whenever λ ∈ (0, λ∗).
Step 3. End of the proof. In Steps 1–2 we have shown the existence of a critical value

of E∗ under the constraint {φ ∈ W 1,p(Ω), Hλ(φ) = 1, A(φ) > 0}. Therefore there ex-
ists a Lagrange multiplier τ such that DE∗(u)= τDHλ(u). But E∗(u)= Ẽ(t∗, u). Since
∂Ẽ
∂t
(t∗, u)= 0, the Lagrange multipliers equation is reduced to

DuẼ(t∗, u)= τDuHλ(u), (4.7.24)

or equivalently,{
t
q∗ a(x)uq−1 + t s∗c(x)us−1 =−τ�pu− λb(x)τup−1 in Ω ,

τ |∇u|p−2 ∂u
∂ν
= t r∗k(x)ur−1 on ∂Ω .

(4.7.25)

Therefore

−pτHλ(u)+ qtq∗A(u)+ sts∗C(u)+ rtr∗K(u)= 0. (4.7.26)

But −ptp∗Hλ(ψ) + qtq∗A(ψ) + sts∗C(ψ) + rtr∗K(ψ) = 0 from the bifurcation equation
l̃(t∗, u) = 0. Therefore τ = tp∗ , and by homogeneity we have found a positive solution of
(4.7.1) with the property that A(u) > 0 and Hλ(u) > 0. �
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REMARK 4.7.6. We could also have looked for critical points of E in C+ as infimum of
the reduced functional, that is,

inf
{
E∗(φ): φ ∈W 1,p(Ω), Hλ(φ)= 1, A(φ) > 0

}
. (4.7.27)

However, in this case the infimum is zero and it is not achieved. Therefore the solution u
we have obtained by Proposition 4.7.5 is a saddle point for E.

Next, we look for critical points under negativity assumptions on A and Hλ. We denote

C− =
{
φ ∈W 1,p(Ω), Hλ(φ) < 0, A(φ) < 0

}
. (4.7.28)

Such a set is open in W 1,p(Ω).

LEMMA 4.7.7. Suppose ψ ∈ C−. Then
(i) The function t �→ l(tψ) admits a unique zero on (0,∞) that we shall denote t∗ =

t∗(ψ).
(ii) The following estimates hold:

t∗(ψ)� t∗0 (ψ)=
(
pHλ(ψ)

qA(ψ)

)1/(q−p)
(4.7.29)

and

0< Ẽ(t∗,ψ)� Ẽ0(t∗0 ,ψ)=
p− q
q

Hλ(ψ)

(
pHλ(ψ)

qA(ψ)

)p/(q−p)
, (4.7.30)

where

Ẽ0(t,ψ) := −|t |pHλ(ψ)+ |t |qA(ψ)=EA(tψ).

(iii) The mapping ψ �→ t∗(ψ) is C1 from C− into (0,∞).
(iv) If ψ,φ ∈ C− are such that A(φ) = A(ψ), C(φ) = C(ψ), K(φ) = K(ψ) and

Hλ(φ) <Hλ(ψ) < 0, then t∗(φ) > t∗(ψ) and Ẽ(t∗(φ),φ) > Ẽ(t∗(ψ),ψ).

PROOF. The first statement is clear from (4.7.8) since ψ ∈ C−, C(ψ)� 0 and A(ψ)� 0.
As in the positive case, there always holds

Ẽ(t,ψ)� Ẽ0(t,ψ)=−tpHλ(ψ)+ tqA(ψ) (4.7.31)

and

∂Ẽ(t,ψ)

∂t
= l̃(t,ψ)� ∂Ẽ0

∂t
= l̃0(t,ψ)=−ptp−1Hλ(ψ)+ qtq−1A(ψ)
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for t � 0. Since l̃ 0(t,ψ) = 0 for positive t if and only if t = t∗0 (ψ) = (pHλ(ψ)/

(qA(ψ)))1/(q−p), we have (4.7.29), and (4.7.30) follows from (4.7.31). The statement (iii)
is obtained by the same algebraic computation as the one in Lemma 4.7.4. For proving
(iv) we recall that t∗ = t∗(ψ) is defined as being the positive zero of (4.7.17). If we write
X(ψ)=Hλ(ψ), A(ψ)=A, C(ψ)=C and K(ψ)=K, then t∗ = t∗(ψ) satisfies

−pX(ψ)+ q(t∗)q−pA+ s(t∗)s−pC+ r(t∗)r−pK= 0 (4.7.32)

and

−p+ (q(q − p)(t∗)q−p−1A+ s(s − p)(t∗)s−p−1C

+ r(r − p)(t∗)r−p−1K
)∂t∗(ψ)
∂X(ψ)

= 0. (4.7.33)

Since A, C and K are fixed and negative, ∂t
∗(ψ)

∂X(ψ)
< 0. Thus Hλ(φ) < Hλ(ψ) < 0 implies

t∗(φ) > t∗(ψ). Because the function t �→ E(tφ) is increasing on (0, t∗(φ)), and A(φ) =
A(ψ), C(φ)= C(ψ), and K(φ)=K(ψ) we finally deduce Ẽ(t∗(φ),φ) > Ẽ(t∗(ψ),ψ).

Defining the new reduced functional E∗ by

E∗(ψ)= Ẽ(t∗,ψ), (4.7.34)

we get

E∗(ψ)= sup
t>0

E(tψ)=E∗(τψ) (∀τ > 0). (4.7.35)

It follows from Lemma 4.7.7(iii) that the mapping E∗ is C1 on C−. As in the positive case,
we look for a critical point of E in A− under the form �

PROBLEM 6.

sup
{
E∗(φ): φ ∈W 1,p(Ω), Hλ(φ) < 0, A(φ)=−1

}
. (4.7.36)

PROPOSITION 4.7.8. Assume (A2), (K3), and (C) hold. Then for every 0< λ< λ∗, there
exists a positive solution u ∈W 1,p(Ω) of (4.7.1) with the property that A(u) < 0.

PROOF. Let {un} be a nonnegative maximizing sequence for E∗ in C−. Then A(un) =
−1, Hλ(un) < 0 and

lim
n→∞E

∗(un)=:m7 = sup
{
E∗(φ): φ ∈W 1,p(Ω), Hλ(φ) < 0, A(φ)=−1

}
.

(4.7.37)
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But

E∗(un)�E∗0 (un)

� sup
{
E∗0 (φ): φ ∈W 1,p(Ω), Hλ(φ) < 0, A(φ)=−1

}
= q − p

q

(
p

q

)p/(q−p)
sup

{(−Hλ(φ))q/(q−p): φ ∈W 1,p(Ω), A(φ)=−1
}

= q − p
q

(
p

q

)p/(q−p)(− inf
{
Hλ(φ): φ ∈W 1,p(Ω), A(φ)=−1

})q/(q−p)
= q − p

q

(
p

q

)p/(q−p)
(−m3)

q/(q−p), (4.7.38)

where m3 was defined and proved to be finite in Proposition 4.5.6. Therefore m7 is pos-
itive and finite. From Lemma 4.5.1 H(un) � 0 and A(un) = −1 imply that {un} re-
mains bounded in W 1,p(Ω), provided that 0 < λ < λ∗. Then there exist a subsequence
{unl } and a function u ∈W 1,p(Ω) such that ∇unl ⇀ ∇u weakly in Lp(Ω), unl → u in
Lp(Ω)∩Ls(Ω)∩Lq(Ω), and unl |∂Ω→ u|∂Ω in Lr(∂Ω).

By semicontinuity Hλ(u) � limn→∞ infHλ(un) � 0. Because the exponents q, r, s are
subcritical,

lim
nl→∞

A(unl )=A(u)=−1, lim
nl→∞

C(unl )= C(u) and

lim
nl→∞

K(unl )=K(u).

Suppose that Hλ(u)� limn→∞ infHλ(un)=H � 0. Since t∗n = t∗(un) satisfies

−pHλ(un)− q
(
t∗n
)q−p + s(t∗n)s−pC(un)+ r(t∗n )r−pK(un)= 0, (4.7.39)

it follows by the implicit function theorem that t∗nl → t∞, where

−pH− q(t∞)q−p + s(t∞)s−pC(u)+ r(t∞)r−pK(u)= 0. (4.7.40)

As a consequence of Lemma 4.7.7(iv), t∞ < t∗ = t∗(u), which is defined by

−pHλ(u)− q(t∗)q−p + s(t∗)s−pC(u)+ r(t∗)r−pK(u)= 0 (4.7.41)

and

E∗(u) > lim
n→∞E

∗(un)=m7, (4.7.42)
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contradicting the definition of m7. Therefore Hλ(u) = limn→∞ infHλ(un) � 0. If
Hλ(u)= 0, (4.7.39) and (4.7.40) imply that t∗nl → 0 and limn→∞E∗(un) = 0, contra-
dicting again the definition of m7. Therefore Hλ(u) < 0, A(u)=−1 and

E∗(u)=m7. (4.7.43)

As in Proposition 4.5.4, (4.5.28) holds with τ = (t∗)p from the bifurcation equation
l̃(t∗, u)= 0. This completes the proof. �

The following result follows from Propositions 4.7.5–4.7.8.

THEOREM 4.7.9. Assume that (A1), (A2), (K3), (C), and (B) hold. Then for every 0< λ<
λ∗ there exist two positive solutions u and u∗ of (4.7.1) in W 1,p(Ω) such that A(u) > 0
and A(u∗) < 0, respectively.

4.8. The general case with r = q
In this subsection we first consider the following boundary value problem:⎧⎪⎨⎪⎩

−�pu− λb(x)|u|p−2u= a(x)|u|q−2u in Ω ,

u > 0 in Ω ,

|∇u|p−2 ∂u
∂ν
= k(x)|u|q−2u on ∂Ω ,

(4.8.1)

where λ > 0 and the exponents p and q satisfy

1<p < q < p̃− 1. (4.8.2)

The functional corresponding to this problem is again

E(φ)=−Hλ(φ)+A(φ)+K(φ),
where A and K have been defined in Subsection 4.7. However, since the exponents in-
volved in A andK are the same, the natural assumption has to be made directly on the new
functional

φ �→G(φ)= 1

q

∫
Ω

a(x)|φ|q dx + 1

q

∫
∂Ω

k(x)|φ|q dσ, (4.8.3)

which is well defined when φ ∈W 1,p(Ω). The solutions u of (4.8.1) are positive critical
points of

EG(φ)=−Hλ(φ)+G(φ). (4.8.4)

We introduced global assumptions on G, namely,

(G1) G(ϕ0) > 0 for some ϕ0 ∈W 1,p(Ω),

(G2) G(1) < 0.
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If ϕ ∈W 1,p(Ω) and ϕ = tψ ,

EG(tψ)= ẼG(t,ψ)=−|t |pHλ(ψ)+ |t |qG(ψ). (4.8.5)

Therefore{
∂EG/∂s = 0,

s �= 0
⇒ |s|q−p = |s∗|q−p = pHλ(v)

qG(v)

=
∫
Ω
(|∇v|p − λb|v|p) dx∫

Ω
a|v|q dx + ∫

∂Ω
k|v|q dS , (4.8.6)

provided that G(v) �= 0. If Hλ(v)G(v) �= 0, we define the reduced functional

ẼG(v)= p− q
q

Hλ(v)

(
pHλ(v)

qG(v)

)p/(q−p)
, (4.8.7)

for which we have the two sign possibilities since λ > 0: ẼG(v) < 0 or ẼG(v) > 0. If
Hλ(v) < 0, s∗ corresponds to a maximum, and ifHλ(v) > 0, s∗ corresponds to a minimum.
Because of homogeneity we can takeHλ(v) constant, which reduces the question of finding
critical points to the following problems:

PROBLEM 7. sup{G(φ): φ ∈W 1,p(Ω), Hλ(φ)= 1}.

PROBLEM 8. inf{G(φ): φ ∈W 1,p(Ω), Hλ(φ)=−1}.

The next result plays a fundamental role in deriving bounds for minimizing or maximizing
sequences as Lemmas 4.5.1 and 4.6.3 do in Subsections 4.5 and 4.6.

LEMMA 4.8.1. Assume that (G2) holds. There exists

λ̃
(|Ω|,p, q,‖a‖L∞,‖k‖L∞,‖b‖L∞)> 0,

such that if 0 < λ < λ̃, then any sequence {un} in W 1,p(Ω) such that {G(un)} is pos-
itive and {Hλ(un)} is bounded from above, has the property that it remains bounded in
W 1,p(Ω). Moreover, it satisfies

lim
n→∞ supG(un)=:m<∞.

PROOF. Our technique mixes the ones introduced for proving Lemmas 4.5.1 and 4.6.3.
We set αn := |Ω|−1

∫
Ω
un dx, un = ũn + αn. Since Hλ(un) � M , we derive inequality

(4.5.16), i.e.

μ− (λ+ ε)‖b‖L∞
μ

∫
Ω

|∇ũn|p dx � λ‖b‖L∞|Ω|Cpε1−p|αn|p +M, (4.8.8)
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with the following choice for ε:

0< λ<μ/‖b‖L∞ and 0< ε < μ/‖b‖L∞ − λ. (4.8.9)

Assume first that {αn} is not bounded, |αn| → ∞ for example, and set wn = un/αn =
1+ w̃n, then

∫
Ω

|w̃n|q dx � Cε,p,qλ
q/p +M|αn|−p (4.8.10)

and ∫
∂Ω

|w̃n|q dS �Dε,p,qλ
q/p +M|αn|−p (4.8.11)

from (4.5.19) and (4.6.14). Moreover,

∫
Ω

∣∣|1+ w̃n|q − 1
∣∣dx � qcq

(∫
Ω

|w̃n|q dx
)1/q

×
(
|Ω|1−1/q +

(∫
Ω

|w̃n|q dx
)1−1/q)

(4.8.12)

and

∫
∂Ω

∣∣|1+ w̃n|q − 1
∣∣dS � qcq

(∫
∂Ω

|w̃n|q dS
)1/q

×
(
|∂Ω|1−1/q +

(∫
∂Ω

|w̃n|q dS
)1−1/q)

(4.8.13)

from (4.5.21) and (4.6.15). Therefore, using (4.8.10)–(4.8.13),

α
−q
n G(un) =

∫
Ω

a|1+ w̃n|q dx +
∫
∂Ω

k|1+ w̃n|q dS

=G(1)+
∫
Ω

a
(|1+ w̃n|q − 1

)
dx +

∫
∂Ω

k
(|1+ w̃n|q − 1

)
dS

�G(1)+ qcq‖a‖L∞
(
Cε,p,qλ

1/p +M|αn|−1)(|Ω|1/q
+Cε,p,qλ1/p +M|αn|−1)q + qcq‖k‖L∞(Dε,p,qλ1/p +M|αn|−1)
× (|∂Ω|1/q +Dε,p,qλ1/p +M|αn|−1)q . (4.8.14)
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Define

Λε = sup
{
λ ∈ (0,μ/‖b‖L∞ − ε): G(1)

+ qcq‖a‖L∞Cε,p,qρ1/p(|Ω|1/q +Cε,p,qρ1/p)q
+ qcq‖k‖L∞Dε,p,qρ1/p(|∂Ω|1/q +Dε,p,qρ1/p)q < 0 ∀ρ ∈ (0, λ)}.

(4.8.15)

Such an expression defines a positive real number because of assumption (G2). If we set

λ̃=max
{
Λε : 0< ε < μ/‖b‖L∞

}
(4.8.16)

and take 0 < λ < λ̃, it follows that G(un) < 0 for n large enough, contradiction. The re-
mainder of the proof is as in Lemmas 4.5.1 and 4.6.3. �

In the same way the following result is a straightforward adaptation of Lemmas 4.5.3
and 4.6.5 to the framework of the functional G.

LEMMA 4.8.2. Assume that (G2) holds. If λ ∈ (0, λ̃), then v ∈W 1,p(Ω), not identically
zero, and Hλ(v)� 0 imply G(v) < 0.

Since assumption (G1) implies that the set G+ := {ζ ∈W 1,p(Ω): G(ζ) > 0, Hλ(ζ )= 1}
is not empty, the following existence result is proved similarly to Proposition 4.5.4.

PROPOSITION 4.8.3. Assume that (G1) and (G2) hold. Then for every 0 < λ < λ̃ there
exists a positive solution u of (4.8.1) with the property that G(u) > 0.

For the last problem the main observation is that G− := {ζ ∈ W 1,p(Ω): G(ζ) < 0,
Hλ(ζ )=−1} is not empty under assumption (G2), and we can replace Problem 8 by

PROBLEM 8′. inf{Hλ(φ): φ ∈W 1,p(Ω), G(φ)=−1}.

The key lemma for the existence of a minimizer is an adaptation of Lemmas 4.5.5 and
4.6.7 that we state below without proof since it is straightforward.

LEMMA 4.8.4. Assume that (G2) holds. Then if λ ∈ (0, λ̃), any sequence {un} inW 1,p(Ω)

such that {G(un)} is bounded and {Hλ(un)} is negative has the property that it remains
bounded in W 1,p(Ω).

As a consequence the second existence result follows.

PROPOSITION 4.8.5. Assume that (G2) and (B) hold. Then for every 0 < λ < λ̃ there
exists a positive solution u∗ of (4.8.1) with the property that G(u∗) < 0.
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Combining Propositions 4.8.3 and 4.8.5 yields

THEOREM 4.8.6. Assume that (G1), (G2) and (B) hold. Then for every 0 < λ < λ̃ there
exist two positive solutions u and u∗ of (4.8.1) such that G(u) > 0 and G(u∗) < 0 respec-
tively.

The complete fibering technique of Subsection 4.7 can be easily adapted to study of the
more inhomogeneous problem⎧⎪⎨⎪⎩

−�pu− λb(x)|u|p−2u= c(x)|u|s−2u+ a(x)|u|q−2u in Ω ,

u > 0 in Ω ,

|∇u|p−2 ∂u
∂ν
= k(x)|u|q−2u on ∂Ω ,

(4.8.17)

where λ > 0 and the exponents p, s and q satisfy

1<p < s < q < p̃− 1. (4.8.18)

Since the proofs of the results below are mere adaptations of the previous ones, we just
state them.

PROPOSITION 4.8.7. Assume that (G1), (G2) and (C) hold. Then for every 0 < λ < λ̃

there exists a positive solution u of (4.8.17) with the property that G(u) > 0.

PROPOSITION 4.8.8. Assume that (B), (G2) and (C) hold. Then for every 0< λ< λ̃ there
exists a positive solution u∗ of (4.8.17) with the property that G(u∗) < 0.

THEOREM 4.8.9. Assume that (G1), (G2), (C) and (B) hold. Then for every 0 < λ < λ̃

there exist two positive solutions u and u∗ of (4.8.17) in W 1,p(Ω) such that G(u) > 0 and
G(u∗) < 0 respectively.

4.9. Positive solutions with more general nonlinear boundary conditions

We discuss the following problem:

�pu= 0, u > 0 in Ω (4.9.1)

|∇u|p−2∂νu−μb(x′)|u|p−2u= k(x′)|u|r−2u on ∂Ω (4.9.2)

with

�pu=∇
(|∇u|p−2∇u)= div

(|∇u|p−2∇u) and 1<p < r < p∗
and μ> 0.
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Here b and k are measurable bounded functions, satisfying some assumptions stated below.
In this case we have

H(v)=
∫
Ω

|∇v|p dx −μ
∫
∂Ω

b|v|p dσ ′,

K(v)= 1

r

∫
∂Ω

k|v|r dσ ′.

Hence

E(tv)= |t |
p

p
H(v)− |t |rK(v).

We now assume that

b > 0. (B.1)

About function k we assume that there is a function v0 ∈W 1,p(Ω) such that

H(v0) > 0 and K(v0) > 0. (K.1)

Next we suppose that∫
∂Ω

k dσ ′ < 0. (K.2)

Let us consider the first case:

H(v)=+1 and K(v) > 0.

Then

E1(v)=max
t�0

E(tv)= r − p
rp

(
rK(v)

)− p
r−p

and the variational problem is equivalent to the following

sup
{
K(v)

∣∣H(v)= 1
}
. (4.9.3)

For this problem there is μ∗ > 0 such that if μ< μ∗ then there is a positive solution v1 of
(4.9.3).

Hence there is a positive solution u1 of (4.9.1)–(4.9.2), namely,

u1(x)= t1v1(x)
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with

t1 =
(
rK(v1)

)− 1
r−p .

For obtaining the second solution we consider the functional

E2(v)=min
t�0

E(tv)

for the case H(v) < 0 and K(v) < 0.
Then we get

E2(v)= r − p
pr

H(v)

(
H(v)

rK(v)

) p
r−p
.

This functional is homogeneous of zero order,

E2(sv)=E2(v), ∀s ∈R.

Due to this fact we can consider

inf
{
E2(v)

∣∣K(v)=−1
}

(4.9.4)

since (
K ′(v), v

)= ∫
∂Ω

k|v|r dx′ = −r �= 0.

This variational problem is equivalent to the following

inf
{
cp,r ·H(v)

∣∣H(v)∣∣ p
r−p

∣∣K(v)=−1
}
< 0 (4.9.5)

with

cp,r = r − p
p

·r r
p−r > 0.

For this problem there is μ∗ > 0 such that if 0<μ<μ∗ then there is a positive minimizer
v2 of (4.9.5).

Hence there exists a positive solution u2 of (4.9.1)–(4.9.2), namely,

u2(x)= t2v2(x)

with

t2 =
(
r−1·∣∣H(v2)

∣∣) 1
r−p .

Thus we obtain the following result.
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PROPOSITION 4.9.1. Assume that (B.1), (K.1) and (K.2) hold. Then there is μ0 =
min{μ∗,μ∗} such that for any 0 < μ < μ0 there exist positive solutions u1 and u2 in
W 1,p(Ω) of (4.9.1).

Moreover, H(u1) > 0 and H(u2) < 0.

5. Multiplicity for some quasilinear equations (Yu. Bozhkov and E. Mitidieri)

The present section contains results from [14]. We investigate the existence of positive
solutions of the following quasilinear problem:⎧⎨⎩Lu := −(r

α|u′(r)|βu′(r))′ = λa(r)rγ |u|βu+ b(r)rγ |u|q−2u in (0,R),

u′(0)= u(R)= 0,
u > 0 in (0,R).

(5.0.1)

Here α,β, γ,λ,R (0<R <∞), q are real numbers and a(r), b(r) are given functions.
Some problems associated to the operator L have been studied in [16]. The parameters

α,β and γ are supposed to satisfy some relations which will be specified below. This class
of quasilinear equations is interesting and sufficiently general since, as one can observe, it
may involve as special cases the following operators acting on radial functions defined in
a ball of radius R centered at the origin:

(1) Laplace operator if α = γ =N − 1, β = 0;
(2) p-Laplace operator if α = γ =N − 1, β = p− 2;
(3) k-Hessian operator if α =N − k, γ =N − 1, β = k− 1. (5.0.2)

The main technique we shall use to study (5.0.1) is the fibering method introduced and
developed in the previous sections, which provides a powerful tool for proving existence
theorems, in particular for problems that obey a certain kind of homogeneity. In the study
of (5.0.1) we are motivated by the observation that the critical exponents for L were found
in [16], where we can find, among other things, an inequality, which ensures that the main
embeddings that we need between the natural functional spaces associated to the problem
under consideration are compact. Moreover, the properties of the first eigenvalue of the
corresponding eigenvalue problem with a(r)= 1 are also established in [16].

This section is organized as follows. In Subsection 5.1 we collect some basic facts about
the operator L and state the hypotheses that we shall assume throughout the chapter. In
Subsection 5.2 we study the corresponding eigenvalue problem with a more general a and
prove the existence, simplicity and isolation of the first eigenvalue in this case. Then a ver-
sion of the fibering method adapted to our specific problem is described in Subsection 5.3.
The main results on existence and multiplicity of radial solutions for (5.0.1) are proved in
Subsections 5.4–5.6. Finally, in Subsection 5.7 we comment on nonexistence results for
classical solutions of quasilinear equations, in particular we establish a nonexistence result
for k-Hessian equations in a general bounded smooth domain.
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5.1. Preliminaries

In this subsection we present some preliminaries, notations and assumptions which will be
used throughout the section.

To begin with, let

α > 0, β >−1, α− β − 1> 0, γ > 0, 0<R <∞. (5.1.1)

For parameters satisfying (5.1.1) it was found in [16] that the critical exponent for (5.0.1)
with a(r)= b(r)= 1 has the value

l∗ = (γ + 1)(β + 2)

α − β − 1
. (5.1.2)

Let

XR : =
{
u ∈ C2(0,R)∩C1([0,R)) ∣∣∣ ∫ R

0
rα
∣∣u′(r)∣∣β+2

dr <∞,

u(R)= 0, u′(0)= 0

}
,

with the norm

‖u‖XR =
{∫ R

0
rα
∣∣u′(r)∣∣β+2

dr

} 1
β+2

.

In this way XR becomes a Banach space. We also define the space

Lsγ
(
(0,R);a)= {u ∈Ls(0,R) ∣∣∣ 0<

∫ R

0
a(r)|u|srγ dr <∞

}
.

With this at hand, the following inequality holds:

(∫ R

0
|u|srγ dr

) 1
s

� c

(∫ R

0
rα|u′|β+2 dr

) 1
β+2

(5.1.3)

where s < l∗—the critical exponent given by (5.1.2). See [16]. The latter inequality implies
that the space XR is compactly embedded in Lsγ ((0,R);a) provided s < l∗ if α − β −
1> 0. See [16] for more details.

Now we shall state the assumptions. Let λ,q ∈R. In addition to (5.1.1) we shall suppose
that

1< β + 2< q < l∗, (5.1.4)

where l∗ is defined in (5.1.2).
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The functions a(r) and b(r) are supposed to be bounded in (0,R):

a, b ∈L∞(0,R), (5.1.5)

and

a(r)= a1(r)− a2(r), where a1, a2 � 0, a1(r) �≡ 0. (5.1.6)

We claim that (5.1.4) and (5.1.5) imply that∫ R

0
a(r)|u|β+2rγ dr,

and ∫ R

0
b(r)|u|qrγ dr,

are finite for u ∈XR . Indeed, by (5.1.3) and β + 2< l∗ we have∣∣∣∣∫ R

0
a(r)|u|β+2rγ dr

∣∣∣∣� ‖a‖L∞((0,R))‖u‖β+2

L
β+2
γ ((0,R);1) � c‖u‖β+2

XR
<∞,

and by (5.1.4) it follows that∣∣∣∣∫ R

0
b(r)|u|qrγ dr

∣∣∣∣� ‖b‖L∞((0,R))‖u‖qLqγ ((0,R);1) � c‖u‖qXR <∞.

This proves the claim.
Now we can define the following functionals on XR :

f1(u)=
∫ R

0
a(r)|u|β+2rγ dr, (5.1.7)

and

f2(u)=
∫ R

0
b(r)|u|qrγ dr. (5.1.8)

It is standard to check that f1 and f2 are weakly lower semicontinuous.
We shall also suppose that

b+(r) �≡ 0, (5.1.9)

and ∫ R

0
b(r)|u1|qrγ dr < 0, (5.1.10)
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where u1(r) is the positive eigenfunction associated to the operator L (see Theorem 5.2.1
in the next subsection).

DEFINITION 5.1.1. We say that u ∈XR is a weak solution of (5.0.1) if∫ R

0
rα|u′|βv′ dr = λ

∫ R

0
a(r)|u|βuvrγ dr +

∫ R

0
b(r)|u|q−2uvrγ dr, (5.1.11)

for all v ∈XR .

5.2. The eigenvalue problem for L

In this subsection we consider the eigenvalue equation{−(rα|u′(r)|βu′(r))′ = λa(r)rγ |u|βu in (0,R),

u′(0)= u(R)= 0,
(5.2.1)

where a ∈ L∞((0,R)) satisfies (5.1.6), in a weak sense, that is,{∫ R
0 rα|u′(r)|βu′v′ dr = λ ∫ R0 a(r)|u|βuvrγ dr in (0,R),

u′(0)= u(R)= 0

for any v ∈XR . Problem (5.2.1) is closely related to (5.0.1). Moreover, to apply the fibering
method to problem (5.0.1), we need the following result, which ensures simplicity and
isolation of the first eigenvalue λ1 of the operator L.

THEOREM 5.2.1. There exists a number λ1 > 0 such that

λ1 = inf
‖u‖β+2

XR∫ R
0 a(r)|u|β+2rγ dr

,

where the infimum is taken over u ∈XR such that
∫ R

0 a(r)|u|β+2rγ dr > 0, and a satisfies
condition (5.1.6) above. Moreover,

(i) there exists a positive function u1 ∈ XR which is a weak solution of (5.2.1) with
λ= λ1,

(ii) λ1 is simple, in the sense that any two eigenfunctions corresponding to λ1 differ by
a positive constant multiplier;

(iii) λ1 is isolated, which means that there are no eigenvalues less than λ1 and no eigen-
values in the interval (λ1, λ1 + δ) for some δ > 0 sufficiently small.

PROOF. By inequality (5.1.3), we have

0<
∫ R

0
a(r)|u|β+2rγ dr � ‖a‖L∞((0,R))

∫ R

0
|u|β+2rγ dr

� C‖a‖L∞((0,R))‖u‖XR
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since β + 2< l∗ and a ∈ L∞. Therefore the infimum under consideration exists.
Let E(u) := ‖u‖β+2

XR
and denote by M the manifold defined by

M =
{
u ∈XR

∣∣∣ ∫ R

0
a(r)|u|β+2rγ dr = 1

}
.

Restricting E to M we shall use the method of Lagrange multipliers to obtain a weak
solution. By (5.1.1) and (5.1.3) it follows thatXR is compactly embedded in L∞((0,R);a)
for any s < l∗. Therefore M is weakly closed in XR . The functional E is coercive with
respect to XR . Using the definition of E and (5.1.3), one can verify that E is a weakly
lower semicontinuous functional. Then by standard variational arguments it follows that E
attains its infimum at a point u∗ ∈M .

Since E ∈ C1(XR), an easy calculation gives

E′(u)v = (β + 2)
∫ R

0
rα
∣∣u′(r)∣∣βu′v′ dr,

where E′(u)v is the Gateaux derivative of E at u ∈XR in the direction of v. Denote

H(u)=
∫ R

0
a(r)|u|β+2rγ dr − 1.

Then

H ′(u)v = (β + 2)
∫ R

0
a(r)|u|βuvrγ dr

and in particular for u= v:

H ′(u)u= (β + 2)
∫ R

0
|u|β+2rγ dr = β + 2> 0

for u ∈M .
Now we look for a Lagrange multiplier λ ∈R such that

E′(u∗)v − λH ′(u∗)v = (β + 2)
∫ R

0
rα
∣∣u∗′(r)∣∣βu∗′v′ dr

− λ(β + 2)
∫ R

0
a(r)|u∗|βu∗v rγ dr = 0.

Let v = u∗. Then

0 < (β + 2)
∫ R

0
rα
∣∣u∗′(r)∣∣β+2

dr = λ(β + 2)
∫ R

0
a(r)|u∗|β+2 rγ dr

= λ(β + 2).
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Thus λ > 0 and

(β + 2)
∫ R

0
rα
∣∣u∗′(r)∣∣βu∗′v′ dr = λ(β + 2)

∫ R

0
a(r)|u∗|βu∗v rγ dr.

Therefore u∗ is a weak solution of the eigenvalue problem (5.2.1). Moreover, by the argu-
ments in [16] it follows that u∗ does not vanish in [0,R) and hence we can choose a certain
u1 = cu∗ > 0.

(ii) We shall prove the simplicity of λ. Let u and v be two weak eigenfunctions, that is,∫ R

0
rα|u′|βu′w′ dr = λ

∫ R

0
rγ a(r)|u|βuw dr,∫ R

0
rα|v′|βv′w′ dr = λ

∫ R

0
rγ a(r)|v|βvw dr,

u(R)= u′(0)= v(R)= v′(0)= 0,

for any w such that w(R) = w′(0) = 0 and
∫ R

0 rγ |w′|β+2 dr <∞. Set uε = u + ε and

vε = v + ε. Then substituting w = uε − vβ+2
ε u

−β−1
ε into the first equation above and w =

vε − uβ+2
ε v

−β−1
ε into the second, we get that

λ1

∫ R

0
rγ a(r)

( |u|β+1

|uε|β+1
− |v|β+1

|vε|β+1

)(|uε|β+2 − |vε|β+2)dr
=
∫ R

0
rα
([

1+ (β + 1)

(
vε

uε

)β+2]∣∣u′ε∣∣β+2

+
[

1+ (β + 1)

(
uε

vε

)β+2]∣∣v′ε∣∣β+2
)
dr

− (β + 2)
∫ R

0
rα
([

vε

uε

]β+1∣∣u′ε∣∣βu′εv′ε + [uεvε
]β+1∣∣v′ε∣∣βv′εu′ε)dr.

Denote zε = log |uε| and wε = log |vε|. With this notation, the last equality can be written
in the following way:

λ1

∫ R

0
rγ a(r)

( |u|β+1

|uε|β+1
− |v|β+1

|vε|β+1

)(|uε|β+2 − |vε|β+2)dr
=
∫ R

0
rα
((|uε|β+2 − |vε|β+2)(∣∣z′ε∣∣β+2 − ∣∣w′ε∣∣β+2))

dr

− (β + 2)
∫ R

0
rα
(|vε|β+2

∣∣z′ε∣∣βz′ε(w′ε − z′ε)
+ |uε|β+2

∣∣w′ε∣∣βw′ε(z′ε −w′ε))dr.
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By inequality (4.3) [26, p. 163],

|w2|β+2 � |w1|β+2 + (β + 2)|w1|βw1(w2 −w1)+ |w2 −w1|β+2

2β+1 − 1
.

We choose w1 =w′ε and w2 = z′ε in this inequality. Therefore

|uε|β+2(∣∣z′ε∣∣β+2 − ∣∣w′ε∣∣β+2)− (β + 2)|uε|β+2
∣∣w′ε∣∣βw′ε(z′ε −w′ε)

� 1

2β+1 − 1

|uεv′ε − vεu′ε|β+2

|vε|β+2

and similarly

|vε|β+2(∣∣w′ε∣∣β+2 − ∣∣z′ε∣∣β+2)− (β + 2)|vε|β+2
∣∣z′ε∣∣βz′ε(w′ε − z′ε)

� 1

2β+1 − 1

|uεv′ε − vεu′ε|β+2

|uε|β+2
.

Integrating the last two inequalities and combining them with the relations above, we fi-
nally obtain

0 � 1

2β+1 − 1

∫ R

0
rα
(

1

|uε|β+2
+ 1

|vε|β+2

)∣∣uεv′ε − vεu′ε∣∣β+2
dr

� λ1

∫ R

0
rγ a(r)

( |u|β+1

|uε|β+1
− |v|β+1

|vε|β+1

)(|uε|β+2 − |vε|β+2)dr.
The latter integral tends to zero when ε→ 0. Hence and by Fatou’s lemma we conclude
that uv′ = vu′ which implies that v = lu for some l ∈R.

(iii) Let v ∈XR be an eigenfunction corresponding to eigenvalue λ. By the definition of
λ1 it follows that

λ1

∫ R

0
a(r)|v|β+2rγ dr �

∫ R

0
rα|v′|β+2 dr = λ

∫ R

0
a(r)|v|β+2rγ dr.

Hence λ� λ1, that is, λ1 is isolated from below.
We normalize v:∫ R

0
rα|v′|β+2 dr = 1.

Let u > 0 be the eigenfunction associated to λ1 and∫ R

0
rα|u′|β+2 dr = 1.
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Following [6] consider

I (u, v) =
∫ R

0
rα|u′|βu′(u− vβ+2/uβ+1)′ dr

+
∫ R

0
rα|v′|βv′(v− uβ+2/vβ+1)′ dr.

Using an argument, similar to that of [6] (or to that in the proof of (ii)), it can be proved
that I (w1,w2) � 0 for any wi , i = 1,2, such that

∫ R
0 rα|w′i |β+2dr <∞ and wi/wj ∈

L∞((0,R)), i, j = 1,2. By the normalization and the fact that u and v are eigenfunctions
with eigenvalues λ1 and λ respectively, we obtain

0 � I (u, v)=
∫ R

0
rγ a(r)

(|u|β+2 − |v|β+2)dr =−(λ1 − λ)2/(λ1λ) < 0

if λ1 �= λ. This contradiction implies that λ= λ1 and v = lu. �

5.3. The fibering method

Now we shall present the cornerstone of the fibering method adapted to problem (5.0.1).
For this purpose, we consider the following functional:

Jλ(u) := 1

β + 2

∫ R

0
rα
∣∣u′(r)∣∣β+2

dr

− λ

β + 2

∫ R

0
a(r)|u|β+2rγ dr − 1

q

∫ R

0
b(r)|u|qrγ dr. (5.3.1)

Clearly Jλ ∈ C1(XR). Critical points of Jλ are then weak solutions of problem (5.0.1).
Further, following the main point of the previous sections, for u ∈XR we set

u(x)= tz(x), (5.3.2)

where t �= 0 is a real number and z ∈XR . Substituting (5.3.2) into (5.3.1), we obtain

Jλ(tz) = |t |β+2

β + 2

∫ R

0
rα
∣∣z′(r)∣∣β+2

dr − λ|t |β+2

β + 2

∫ R

0
a(r)|z|β+2rγ dr

− |t |
q

q

∫ R

0
b(r)|z|qrγ dr. (5.3.3)

If u ∈XR is a critical point of Jλ, then

∂Jλ

∂t
(tz)= 0,



Nonlinear variational problems via the fibering method 167

which is equivalent to

|t |βt
∫ R

0
rα
∣∣z′(r)∣∣β+2

dr − λ|t |βt
∫ R

0
a(r)|z|β+2rγ dr

− |t |q−2t

∫ R

0
b(r)|z|qrγ dr = 0. (5.3.4)

Assuming that∫ R

0
rα
∣∣z′(r)∣∣β+2

dr − λ
∫ R

0
a(r)|z|β+2rγ dr �= 0

and ∫ R

0
b(r)|z|qrγ dr �= 0,

from (5.3.4) we get that

|t |q−β−2 =
∫ R

0 rα|z′(r)|β+2 dr − λ ∫ R0 a(r)|z|β+2rγ dr∫ R
0 b(r)|z|qrγ dr

> 0. (5.3.5)

In Subsections 5.4 and 5.5 we shall suppose that

∫ R

0
rα
∣∣z′(r)∣∣β+2

dr − λ
∫ R

0
a(r)|z|β+2rγ dr > 0,

∫ R

0
b(r)|z|qrγ dr > 0.

(5.3.6)

In Subsection 5.6 we shall admit

∫ R

0
rα
∣∣z′(r)∣∣β+2

dr − λ
∫ R

0
a(r)|z|β+2rγ dr < 0,

∫ R

0
b(r)|z|qrγ dr < 0.

(5.3.7)

Thus, in both cases (5.3.6) and (5.3.7), the function t = t (z) is well defined. Now we insert
into (5.3.3) the expression for t = t (z), determined by (5.3.5). In this way we obtain a
functional Iλ(z)= Jλ(t (z)z) given by

Iλ(z)= σ
(

1

β + 2
− 1

q

) | ∫ R0 rα|z′(r)|β+2 dr − λ ∫ R0 a(r)|z|β+2rγ dr|q/(q−β−2)

| ∫ R0 b(r)|z|qrγ dr|(β+2)/(q−β−2)
,

(5.3.8)
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where

σ = sgn

(∫ R

0
b(r)|z|qrγ dr

)
.

Therefore, provided z satisfies (5.3.6) or (5.3.7), we have

d

dt

(
Jλ(tz)

)∣∣
t=t (z) = 0.

It is clear that the following lemma holds.

LEMMA 5.3.1.
(i) For every z ∈XR such that

∫
Ω
b(x)|z|q dx �= 0 and every p > 0 one has

Iλ(pz)= Iλ(z),
that is, the functional Iλ is homogeneous of degree 0.

(ii) I ′λ(z)z = 0, where I ′λ(z)z is the Gâteaux derivative of Iλ at z ∈XR in the direction
of z. If z is a critical point of Iλ, then |z| is also a critical point.

Hence, as in [23], one can assume that the critical points of Iλ are nonnegative. The
next two lemmas are direct consequences of the general fibering method described in the
previous sections.

LEMMA 5.3.2. Let z ∈XR be a critical point, which satisfies (5.3.6) or (5.3.7). Then the
function

u(r)= tz(r),
where t > 0 is determined by (5.3.5), is a critical point of Jλ.

LEMMA 5.3.3. Let us consider a constraint

E(z)= c= const,

where E :XR→R is a C1 functional. If

E′(z)z �= 0 and E(z)= c,
then every critical point of Iλ with the constraint E(z)= c is a critical point of Iλ.

Our first aim is to prove the existence of a critical point of Iλ with an appropriate condi-
tion E = c, which in turn will be an actual critical point of Iλ and hence a critical point of
Jλ—the weak solution of (5.0.1).

This general scheme was suggested in [23]. In the next subsections we shall adapt the
ideas of [23] to our specific problem.
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5.4. Existence for λ ∈ [0, λ1)

If we look at the functional Jλ(u) given by (5.3.1), we can observe that its first two terms
form a (β + 2)-homogeneous expression with respect to u. It is then natural to denote by
Eλ the functional

Eλ(z)=
∫ R

0
rα
∣∣z′(r)∣∣β+2

dr − λ
∫ R

0
a(r)|z|β+2rγ dr (5.4.1)

and to consider it as a possible functional generating the constraint Eλ(u)= c, for which
we would apply Lemma 5.3.3. Then Theorem 5.2.1 implies that Eλ(z) � 0 for every z ∈
XR . We calculate easily that the Gâteaux derivative of Eλ at z ∈XR in the direction of z is

E′λ(z)z= (β + 2)Eλ(z).

Hence if

Eλ(z)= 1,

then E′λ(z)z= β+2> 0 and the conditions on Eλ in Lemma 5.3.3 are satisfied. Moreover,
since we are assuming Eλ(z)= 1, by (5.3.5) we can see that we are in the case (5.3.6), that
is,
∫
Ω
b(x)|z|q dx > 0. Further, the functional Iλ(z) (see (5.3.8)) becomes

Iλ(z)=
(

1

β + 2
− 1

q

)
1

(
∫ R

0 b(r)|z|qrγ dr)(β+2)/(q−β−2)
. (5.4.2)

The main result of this subsection is the following

THEOREM 5.4.1. Suppose that conditions (5.1.1), (5.1.4)–(5.1.9) hold and that, in addi-
tion, λ ∈ [0, λ1). Then problem (5.0.1) has a positive weak solution u ∈XR .

PROOF. Formula (5.4.1) suggests that we consider an auxiliary problem of finding a min-
imizer z∗ of

sup

{∫ R

0
b(r)|z|qrγ dr

∣∣∣Eλ(z)= 1,
∫ R

0
b(r)|z|qrγ dr > 0

}
=Mλ > 0.

(5.4.3)

We claim that problem (5.4.3) has a solution. Indeed, the set

Yλ =
{
z ∈XR

∣∣Eλ(z)= 1
}

is nonempty (0 � λ < λ1). By Theorem 5.2.1 we have that for any z ∈ Yλ:∫ R

0
rα
∣∣z′(r)∣∣β+2

dr = λ
∫ R

0
a(r)|z|β+2rγ dr + 1 � λ

λ1

∫ R

0
rα
∣∣z′(r)∣∣β+2

dr + 1
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and hence∫ R

0
rα
∣∣z′(r)∣∣β+2

dr � λ1

λ1 − λ
since 0 � λ < λ1. Therefore a minimizing sequence zn for (5.4.3) is bounded in XR . Thus
we can suppose that zn converges weakly in XR to some z∗. By (5.1.4) and (5.1.5),∫ R

0
b(r)|zn|qrγ dr→

∫ R

0
b(r)|z∗|qrγ dr =Mλ > 0.

In particular, z∗ �≡ 0, and by Lemma 5.3.1 we may assume z∗ > 0.
The weak lower semicontinuity of ‖ · ‖XR , (5.1.4), and Eλ(zn)= 1 imply that∫ R

0
rα|z∗′|β+2 dr � lim

n→∞ inf‖zn‖β+1
XR

and therefore

Eλ(z
∗)� lim

n→∞ infEλ(zn)= 1.

If Eλ(z∗) < 1, then there exists a number t > 1 such that Eλ(tz∗) = 1. Set z1 = tz∗. We
have z1 ∈ Yλ and∫ R

0
b(r)|z1|qrγ dr = tq

∫ R

0
b(r)|z∗|qrγ dr = tqMλ >Mλ,

a contradiction. This contradiction shows that Eλ(z∗) = 1 and therefore z∗ ∈ Yλ is a
solution of (5.4.3). By Lemma 5.3.3 it is a critical point of Iλ, and by Lemma 5.3.2,
u(r)= tz∗(r) is a critical point of Jλ. Thus u ∈XR is a weak positive solution of (5.0.1).
This completes the proof. �

5.5. The eigenvalue case λ= λ1

We consider problem (5.4.3) with λ = λ1. In this case the corresponding set Yλ is not
bounded in XR . Therefore we have to impose an additional condition on our data. Hence-
forth we shall suppose that condition (5.1.10) is fulfilled.

THEOREM 5.5.1. Suppose that conditions (5.1.1), (5.1.4)–(5.1.10) hold and λ= λ1. Then
problem (5.0.1) has a positive weak solution u ∈XR .

PROOF. The arguments of the proof of this theorem would be the same as those of Theo-
rem 5.4.1 if we could prove that problem (5.4.3) with λ= λ1 has a solution.
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Let zn be a maximizing sequence such that

Eλ1(zn)= 1,
∫ R

0
b(r)|zn|qrγ dr =mn→Mλ1 > 0.

(The positivity of Mλ1 follows from (5.1.9).) If it is unbounded, we can suppose that
‖zn‖XR →∞. We set wn = zn/‖zn‖XR . Obviously ‖wn‖XR = 1. Then

Eλ1(zn)= ‖zn‖β+2
XR

(
‖wn‖β+2

XR
− λ1

∫ R

0
a(r)|wn|β+2rγ dr

)
= 1.

Hence

0 � ‖wn‖β+2
XR

− λ1

∫ R

0
a(r)|wn|β+2rγ dr = 1/‖zn‖β+2

XR
. (5.5.1)

Therefore

lim
n→∞λ1

∫ R

0
a(r)|wn|β+2rγ dr = 1.

We may assume that wn converges weakly in XR to some w∗. Then∫ R

0
a(r)|w∗|β+2rγ dr = 1/λ1,

which means that w∗ �≡ 0. Furthermore,

‖w∗‖β+2
XR

� lim
n→∞ inf‖wn‖β+2

XR
= 1,

and from (5.5.1) we deduce that

0 � ‖w∗‖β+2
XR

− λ1

∫ R

0
a(r)|w∗|β+2rγ dr � 0.

Therefore w∗ is an eigenfunction of L, and by Theorem 5.2.1 there exists a number p > 0
such that

w∗(r)= pu1(r).

Since ∫ R

0
b(r)|zn|qrγ dr = ‖zn‖qXR

∫ R

0
b(r)|wn|qrγ dr =mn→Mλ1 > 0,
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we conclude that∫ R

0
b(r)|w∗|qrγ dr � 0,

and therefore∫ R

0
b(r)|u1|qrγ dr � 0,

which contradicts (5.1.10). Hence we can assume that zn is bounded and limn→∞ zn = z∗
weakly in XR . Thus∫ R

0
b(r)|zn|qrγ dr→

∫ R

0
b(r)|z∗|qrγ dr =Mλ1 > 0,

therefore z∗ �≡ 0. Furthermore,

0 � ‖z∗‖β+2
XR

− λ1

∫ R

0
a(r)|z∗|β+2rγ dr � 1.

In what follows we shall verify various claims. First, if

0= ‖z∗‖β+2
XR

− λ1

∫ R

0
a(r)|z∗|β+2rγ dr,

then by Theorem 5.2.1 necessarily z∗ = pu1, p > 0, and∫ R

0
b(r)|z∗|qrγ dr = pq

∫ R

0
b(r)|u1|qrγ dr =Mλ1 > 0,

which contradicts (5.1.10). Therefore

0< ‖z∗‖β+2
XR

− λ1

∫ R

0
a(r)|z∗|β+2rγ dr � 1.

Further suppose that we have strict inequalities

0< ‖z∗‖β+2
XR

− λ1

∫ R

0
a(r)|z∗|β+2rγ dr < 1.

Then one can find a t > 1 such that

Eλ1(tz
∗)= 1



Nonlinear variational problems via the fibering method 173

and ∫ R

0
b(r)|tz∗|qrγ dr = tq

∫ R

0
b(r)|z∗|qrγ dr

= tqMλ1 >Mλ1 = sup

{∫ R

0
b(r)|z|qrγ dr

∣∣∣Eλ1(z)= 1

}
,

a contradiction. Therefore

‖z∗‖β+2
XR

− λ1

∫ R

0
a(r)|z∗|β+2rγ dr = 1.

Hence z∗ is the maximizer of problem (5.4.3) with λ= λ1, and the rest of the proof is the
same as that of Theorem 5.4.1. This completes the proof. �

5.6. Existence of two distinct solutions for λ > λ1

THEOREM 5.6.1. Suppose that conditions (5.1.1), (5.1.4)–(5.1.10) hold and λ > λ1. Then
there exists a number δ > 0 such that for λ ∈ (λ1, λ1 + δ) problem (5.0.1) has two distinct
positive weak solutions in XR .

PROOF. Consider the following two variational problems:
(I) Find a maximizer z1 ∈XR of the problem

Mλ = sup

{∫ R

0
b(r)|z|qrγ dr

∣∣∣Eλ(z)= 1

}
. (5.6.1)

(II) Find a minimizer z2 ∈XR of the problem

mλ = inf

{
Eλ(z)

∣∣∣ ∫ R

0
b(r)|z|qrγ dr =−1

}
. (5.6.2)

The proof is divided into several steps.

STEP 1. Suppose (5.1.6) and (5.1.9). Then (5.6.1) is equivalent to the problem of finding
a maximizer z∗1 ∈XR of

0<M∗
λ = sup

{∫ R

0
b(r)|z|qrγ dr

∣∣∣Eλ(z)� 1

}
. (5.6.3)

PROOF. It is obvious that any maximizer of (5.6.1) is a maximizer of (5.6.3). If z∗1 ∈ XR
is a maximizer of (5.6.3) and Eλ(z∗1) < 1, then we can find p > 1 such that Eλ(pz∗1)= 1.
Then ∫ R

0
b(r)

∣∣pz∗1∣∣qrγ dr = pq ∫ R

0
b(r)

∣∣z∗1∣∣qrγ dr = pqM∗
λ >M

∗
λ,
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which is a contradiction. Therefore Eλ(z∗1)= 1, that is, any maximizer of (5.6.3) is a max-
imizer of (5.6.1). �

STEP 2. Let (5.1.1), (5.1.4)–(5.1.10) hold. Then there is a number δ1 > 0 such that for any
λ ∈ (λ1, λ1 + δ1) problem (5.6.1) has a solution z1 ∈XR .

PROOF. From Step 1, we shall deduce the existence of δ1 > 0 corresponding to problem
(5.6.3). Suppose that this is not true, that is, there exists a sequence δs → 0, δs > 0, such
that problem (5.6.3) with λ= λs = λ1 + δs does not have a solution. Fix an integer s and
consider (5.6.3) with λs . Denoting by zsn the corresponding maximizing sequence, we have

∥∥zsn∥∥β+2
XR

− λs
∫ R

0
a(r)

∣∣zsn∣∣β+2
rγ dr � 1,

lim
n→∞

∫ R

0
b(r)

∣∣zsn∣∣qrγ dr =M∗
λs
> 0. (5.6.4)

If zsn is bounded, we may assume that zsn converges weakly in XR to some zs0 as n→∞.
Then by the same argument as in Theorem 5.5.1 we can conclude that zs0 is a solution of
(5.6.3)—a contradiction. Thus we may consider zsn to be unbounded. Let wsn = zsn/‖zsn‖XR .
Since ‖wsn‖XR = 1, we may assume that limn→∞wsn =ws0 weakly in XR . Then

∫ R

0
b(r)

∣∣zsn∣∣qrγ dr = ∥∥zsn∥∥qXR
∫ R

0
b(r)

∣∣wsn∣∣qrγ dr→M∗
λs
> 0,

therefore ∫ R

0
b(r)

∣∣ws0∣∣qrγ dr � 0. (5.6.5)

By (5.6.4) we also have∫ R

0
rα
∣∣wsn′∣∣β+2

dr − λs
∫ R

0
a(r)

∣∣wsn∣∣β+2
rγ dr � 1/

∥∥zsn∥∥β+2
XR

. (5.6.6)

By letting n→∞ we get∫ R

0
rα
∣∣ws0′(r)∣∣β+2

dr − λs
∫ R

0
a(r)

∣∣ws0∣∣β+2
rγ dr � 0. (5.6.7)

From (5.6.6) there follows

λs
∫ R

0
a(r)

∣∣wsn∣∣β+2
rγ dr �

∫ R

0
rα
∣∣wsn′(r)∣∣β+2

dr − 1

‖zsn‖β+2
XR

.
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By letting n→∞, we obtain

λs
∫ R

0
a(r)

∣∣ws0∣∣β+2
rγ dr � 1. (5.6.8)

From the weak lower semicontinuity of ‖ · ‖XR and ‖wsn‖ = 1 we get∫ R

0
rα
∣∣ws0′∣∣β+2

dr � 1.

This inequality allows us to suppose that ws0 converges weakly in XR to some w∗. Letting
s→∞ in (5.6.8), we get that

λ1

∫ R

0
a(r)|w∗|β+2rγ dr � 1.

Hence w∗ �≡ 0. By inequality (5.6.7) we obtain

0 �
∫ R

0
rα
∣∣w∗′(r)∣∣β+2

dr − λ1

∫ R

0
a(r)|w∗|β+2rγ dr � 0.

The latter and Theorem 5.2.1 imply that w∗ = tu1, t > 0. By (5.6.5) we get that∫ R

0
b(r)|w∗|qrγ dr � 0

and thus

tq
∫ R

0
b(r)|u1|qrγ dr � 0,

a contradiction to (5.1.10).
Therefore there is a number δ1 > 0 such that the variational problem (5.6.3) has a solu-

tion z1 ∈XR for any λ ∈ (λ1, λ1 + δ1). By Step 1 z1 is a solution of (5.6.1). �

STEP 3. The set

X− =
{
z ∈XR

∣∣∣ ∫ R

0
b(r)|z|qrγ dr =−1

}
is not empty and mλ < 0 for λ < λ1. (Recall that mλ is defined in (5.6.2).)

PROOF. By (5.1.10)∫ R

0
b(r)|u1|qrγ dr � 0.
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Therefore there is a t > 0 such that∫ R

0
b(r)|tu1|qrγ dr = tq

∫ R

0
b(r)|u1|qrγ dr =−1

and hence tu1 ∈X−.
Since λ > λ1, we have

Eλ(tu1) = tβ+2
(∫ R

0
rα
∣∣u′1∣∣β+2

dr − λ
∫ R

0
a(r)|u1|β+2rγ dr

)
= tβ+2(λ1 − λ)

∫ R

0
a(r)|u1|β+2rγ dr < 0.

This inequality implies mλ < 0. �

STEP 4. Assume that (5.1.1), (5.1.4)–(5.1.10) hold. Then there is a number δ2 > 0 such
that for any λ ∈ (λ1, λ1+ δ2) problem (5.6.2) has a solution z2 ∈XR such that Eλ(z2) < 0.

PROOF. The proof is by contradiction and is analogous to that in Step 2.
Assume that the opposite assertion holds. Then there is a sequence δs→ 0, δs > 0, such

that problem (5.6.2) with λ = λs = λ1 + δs does not have solutions. Fix an integer s and
consider (5.6.2) with λs . Denoting by zsn the corresponding maximizing sequence:∫ R

0
b(r)

∣∣zsn∣∣qrγ dr =−1.

If zsn were bounded we could obtain a contradiction as in the proof of Step 2. Suppose
that zsn is unbounded in XR . As before, set wsn = zsn/‖zsn‖XR , ‖wsn‖XR = 1. We have
limn→∞wsn =ws0 weakly in XR . By∫ R

0
b(r)

∣∣zsn∣∣qrγ dr = ∥∥zsn∥∥qXR
∫ R

0
b(r)

∣∣wsn∣∣qrγ dr =−1

we conclude that∫ R

0
b(r)

∣∣ws0∣∣qrγ dr = 0.

Since Eλs (zsn) < 0, as in Step 2, we can obtain∫ R

0
rα
∣∣ws0′(r)∣∣β+2

dr − λs
∫ R

0
a(r)

∣∣ws0∣∣β+2
rγ dr � 0,

λs
∫ R

0
a(r)

∣∣ws0∣∣β+2
rγ dr � 1.
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Analogously to the previous proofs, we can suppose that ws0 ⇀ w∗ weakly in XR , and
letting s→∞, we get

λ1

∫ R

0
a(r)|w∗|β+2rγ dr � 1,

0 �
∫ R

0
rα
∣∣w∗′(r)∣∣β+2

dr − λ1

∫ R

0
a(r)|w∗|β+2rγ dr � 0,∫ R

0
b(r)|w∗|qrγ dr = lim

s→∞

∫ R

0
b(r)

∣∣ws0∣∣qrγ dr = 0.

These relations imply that w∗ is a multiple of u1 and therefore∫ R

0
b(r)|u1|qrγ dr = 0,

which contradicts (5.1.10). The fact that Eλ(z2) < 0 follows from Step 3. �

STEP 5. Denote δ = min(δ1, δ2), where δ1 is given by Step 2 and δ2 by Step 4. Let ti >
0, i = 1,2, be the numbers determined by (5.3.5) with z = zi , the solutions obtained in
Steps 2 and 4, respectively. Set u= t1z1 and v = t2z2. Then by Lemma 5.3.3, u and v are
weak solutions of (5.0.1). It is easily seen that the first weak solution u satisfies

‖u‖β+2
XR

− λ
∫ R

0
b(r)|u|qrγ dr > 0,

while the second one, v, satisfies

‖v‖β+2
XR

− λ
∫ R

0
b(r)|v|qrγ dr � 0.

Therefore u and v are distinct. This completes the proof of Theorem 5.6.1.
�

5.7. Nonexistence results for classical solutions

In this subsection we shall comment on nonexistence results for classical solutions of qua-
silinear equations in a general smooth bounded domain D. However, it is clear that the
assumption “the considered solutions are classical” does not seem to be a natural hypothe-
sis for this kind of problem. Indeed, the context of this book suggests that the natural class
to consider should be the class of weak solutions.

Our argument, which is based on a variational identity [41], enables only to consider
classical solutions. With regard to problem (5.0.1), an identity of this type was proved
in [16]. It was used to obtain a nonexistence result in the critical case q = l∗. In order not
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to increase the volume of the chapter we shall not present further details here directing the
interested reader to [16].

We should mention that Guedda and Véron [26] proved a variational identity for weak
solutions of the problem{−div(|∇u|p−2∇u)= f (u) in D,

u= 0 on ∂D,

under some suitable growth assumptions on f . We claim that the argument of Guedda
and Véron [26] can be adapted to prove a variational identity for weak solutions of other
quasilinear equations, e.g., for the following degenerate problem:{−div(|x|σ |∇u|p−2∇u)= λa(x)|u|p−2u+ b(x)|u|q−2u in D,

u= 0 on ∂D,

where σ � 0 andD ⊂RN is a bounded domain containing the origin. Clearly this problem
is a generalization of that considered in [23] and a slight modification of the arguments in
[23] will give the existence and multiplicity of the solutions in this case. We point out that
the radial form of this degenerate equation is of type (5.0.1). Problems of this kind will be
treated elsewhere in a more general context.

We are confident that a variational identity for weak solutions of quasilinear equations
involving, for instance, k-Hessian operators still holds if the potential does not grow very
fast. However, in the present book we shall not consider this kind of generalization.

Suppose that D is strictly star-shaped with respect to the origin. This means that

(x, ν) > 0 (5.7.1)

for any point x ∈ ∂D, ν being the outer normal to ∂D at x. Suppose also that the functions
a, b ∈ C1(D).

We are going to establish a nonexistence result for classical solutions of k-Hessian equa-
tions of the following form:

−Sk
(∇2u

)= λa(r)|u|k−1u+ b(r)|u|q−2u in D (5.7.2)

with the Dirichlet boundary condition

u= 0. (5.7.3)

Let us recall that the k-Hessian operator SK , 1 � k �N , is the partial differential operator
defined by

Sk
(∇2u

)= σk(λ(u)), (5.7.4)

where u ∈ C2 and σk(λ(u))= σk(λ1, . . . , λN) is the kth elementary symmetric function of
the eigenvalues of the Hessian matrix ∇2u, whose elements are the second derivatives of
u [15]. Observe that the radial form of equation (5.7.2) is of the type (5.0.1).
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If u ∈ C3(D) is a solution of (5.7.2), (5.7.3) in D, then, following the arguments in [41]
(see also Subsection 4.9 here), we obtain that∫

D

{[
− λN

k + 1
− cλ

]
a(x)− λ

k+ 1

〈∇a(x), x〉}|u|k+1 dx

+
∫
D

{[
−N
q
− c

]
b(x)− 1

q

〈∇b(x), x〉}|u|q dx
+
(
N − 2k

k + 1
+ c

)
1

k

∫
D

Tk−1
(∇2u

)
ij
uiuj dx

=− 1

k+ 1

∫
∂D

Tk−1
(∇2u

)
ij
uiuj (x, ν) ds,

where c is an arbitrary real number and Tk−1(∇2u)ij is the Newtonian tensor, which is a
positive definite matrix if u is any so-called admissible function for Sk [15]. Therefore the
inequalities

N − 2k

k + 1
+ c� 0,(

− λN

k + 1
− cλ

)
a(x)− λ

k + 1

(∇a(x), x)� 0,(
−N
q
− c

)
b(x)− 1

q

(∇b(x), x)� 0 (5.7.5)

imply the following nonexistence result.

THEOREM 5.7.1. Assume that D is strictly star-shaped with respect to the origin (5.7.1)
and a, b ∈ C1(D). Suppose also that for any x ∈ D and c ∈ R inequalities (5.7.5) hold.
Then (5.7.2), (5.7.3) has no nontrivial admissible solution in C3(D), provided N > 2k.

6. Multiplicity for some quasilinear systems (Yu. Bozhkov and E. Mitidieri)

This section contains results from [13]. Here we shall study some existence and nonexis-
tence results for the following quasilinear system:{−�pu= λa(x)|u|p−2u+ (α + 1)c(x)|u|α−1u|v|β+1,

−�qv = μb(x)|v|q−2v+ (β + 1)c(x)|u|α+1|v|β−1v.
(6.0.1)

Here α,β,λ,μ,p > 1, q > 1 are real numbers, �p and �q are correspondingly the p- and
q-Laplace operators, and a(x), b(x), c(x) given functions.

System (6.0.1) will be considered in a bounded domain Ω ⊂RN with the homogeneous
Dirichlet boundary condition

u= v = 0 on ∂Ω. (6.0.2)
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Systems involving quasilinear operators of p-Laplacian type have been studied by var-
ious authors [17,34,54]. Among other results, existence and nonexistence theorems were
obtained. For such purpose the method of sub- and super-solutions, the blow-up method
and the Mountain Pass Theorem have been used.

Our main tool is the fibering method described in the previous sections. Its general na-
ture enables us to prove existence and multiplicity theorems for (6.0.1) and (6.0.2) in a
somewhat more constructive and explicit way.

Dealing with existence theorem, the parameters λ and μ, appearing in (6.0.1), will be
naturally related to λ1 and μ1, the first eigenvalues of −�p in W 1,p

0 and −�q in W 1,q
0 ,

respectively. The existence and properties of the first eigenvalue of p-Laplacian operators,
subject to homogeneous Dirichlet conditions in a bounded domain, are obtained in [6,23,
24,26,32].

This section is organized as follows. In Subsection 6.1 we introduce some notation,
define the functional spaces that will be used throughout the chapter and state our basic
assumptions. For convenience of the reader we also collect some of the properties of the p-
Laplacian eigenvalues and corresponding eigenfunctions. Subsection 6.2 contains a slight
modification of the fibering method, adapted for vector-valued problems. The main results
of this section, that is, the existence and multiplicity theorems for problems (6.0.1), (6.0.2)
are presented in Subsection 6.3. Finally, in Subsection 6.4 we prove a nonexistence result
for classical solutions, using a variational identity.

6.1. The p-Laplacian operator and its eigenvalues

Let Ω ⊂ RN be a bounded domain and 1 < p,q <∞. We define the Sobolev spaces
Yp =W 1,p

0 (Ω) and Yq =W 1,q
0 (Ω) equipped with the norms

‖u‖p =
(∫

Ω

|∇u|p dx
)1/p

, ‖v‖q =
(∫

Ω

|∇v|q dx
)1/q

, (6.1.1)

respectively. Then we denote Y = Yp × Yq and for (u, v) ∈ Y ,∥∥(u, v)∥∥= ‖u‖pp + ‖v‖qq . (6.1.2)

Now consider the eigenvalue equation for the p-Laplace operator:{−�pu= λa(x)|u|p−2u in Ω ,

u= 0 on ∂Ω ,
(6.1.3)

where a ∈ L∞(Ω). Problem (6.1.3) is closely related with our main problem (6.0.1),
(6.0.2). Hence we need the following lemma.

LEMMA 6.1.1. (See Anane [6], Drábek and Pohozaev [23] and Lundqvist [32].) There
exists a number λ1 > 0 such that
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(1) λ1 = inf

∫
Ω
|∇u|p dx∫

Ω
a(x)|u|pdx , (6.1.4)

where the infimum is taken over u ∈ Yp such that
∫
Ω
a(x)|u|p dx > 0;

(2) there exists a positive function φ ∈ Yp ∩L∞(Ω) which is a solution of (6.1.3) with
λ= λ1;

(3) λ1 is simple, in the sense that any two eigenfunctions corresponding to λ1 differ by
a constant multiplier;

(4) λ1 is isolated, which means that there are no eigenvalues less than λ1 and no eigen-
values in the interval (λ1, λ1 + δ) for some δ > 0 sufficiently small.

Note that we consider (6.1.3) in a weak sense, that is,{∫
Ω
|∇u|p−2(∇u,∇z) dx = λ ∫

Ω
a(x)|u|p−2uzdx,

u= 0 on ∂Ω

for any z ∈ Yp .
Now we state the hypotheses that we shall assume throughout this section.
Let α,β,λ,μ,p > 1, q > 1 be real numbers. We shall suppose that

1<p < p∗, 1< q < q∗, (6.1.5)

N − p
p

(α + 1)+ N − q
q

(β + 1) < N, (6.1.6)

where

p∗ =Np/(N − p), q∗ =Nq/(N − q)

are the well-known critical exponents (see [34,54]). We assume that system (6.0.1) is super-
homogeneous in the sense that

α + 1

p
+ β + 1

q
> 1. (6.1.7)

It can be seen that the latter condition is equivalent to

d = (α + 1)(β + 1)− (α − p+ 1)(β − q + 1) > 0. (6.1.8)

Moreover, since (6.1.6) is equivalent to

N <
α + β + 2

α+1
p
+ β+1

q
− 1

, (6.1.9)

one can observe that our system is subcritical [34], which avoids noncompactness prob-
lems. See [34] for more details on this point.
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Note that (6.1.6) implies

α + 1<p∗, β + 1< q∗.

The functions a(x), b(x) and c(x) are supposed to be bounded in Ω :

a, b, c ∈ L∞(Ω) (6.1.10)

and

a(x)= a1(x)− a2(x); a1, a2 � 0, a1(x) �≡ 0, (6.1.11)

b(x)= b1(x)− b2(x); b1, b2 � 0, b1(x) �≡ 0. (6.1.12)

By the Sobolev inequality it can be easily seen that (6.1.5), (6.1.6), and (6.1.10) imply that
the integrals∫

Ω

a(x)|u|p dx

and ∫
Ω

b(x)|v|q dx

are finite for (u, v) ∈ Y . Now we can define the following functionals on Yp and Yq :

f1(u)=
∫
Ω

a(x)|u|p dx (6.1.13)

and

f2(v)=
∫
Ω

b(x)|v|q dx. (6.1.14)

Since a and b are bounded, it is standard to check that f1 and f2 are weakly lower semi-
continuous. Similarly, conditions (6.1.5), (6.1.6), and (6.1.10) imply that the functional

f3(u, v)=
∫
Ω

c(x)|u|α+1|v|β+1 dx (6.1.15)

is weakly lower semicontinuous on Y .
We shall also suppose that

c+(x) �≡ 0 (6.1.16)
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and ∫
Ω

c(x)|ϕ|α+1|ψ |β+1 dx < 0. (6.1.17)

The functions ϕ ∈ Yp and ψ ∈ Yq above are the first eigenfunctions of �p and �q corre-
spondingly.

We end this subsection with the following

DEFINITION 6.1.2 (Weak solution). We say that (u, v) ∈ Y is a weak solution of (6.0.1) if∫
Ω

|∇u|p−2(∇u,∇z) dx

= λ
∫
Ω

a(x)|u|p−2uzdx + (α + 1)
∫
Ω

c(x)|u|α−1u|v|β+1z dx,∫
Ω

|∇v|q−2(∇v,∇w)dx

= μ
∫
Ω

b(x)|v|q−2vw dx + (β + 1)
∫
Ω

c(x)|u|α+1|v|β−1vw dx

for any (z,w) ∈ Y .

6.2. The fibering method for quasilinear systems

System (6.0.1) has a variational structure. Indeed, denote

F(x,u, v) := λ

p
a(x)|u|p + μ

q
b(x)|v|q + c(x)|u|α+1|v|β+1 (6.2.1)

and consider

F(x,u, v,∇u,∇v)= 1

p
|∇u|p + 1

q
|∇v|q − F(x,u, v). (6.2.2)

Let J : Y →R be defined by

J (u, v) :=
∫
Ω

F(x,u, v,∇u,∇v)dx,

or, in a more detailed form,

J (u, v) = 1

p

∫
Ω

|∇u|p dx − λ

p

∫
Ω

a(x)|u|p dx + 1

q

∫
Ω

|∇v|q dx

− μ

q

∫
Ω

b(x)|v|q dx −
∫
Ω

c(x)|u|α+1|v|β+1 dx. (6.2.3)
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Clearly, the critical points of J are the weak solutions of problem (6.0.1), (6.0.2).
The cornerstone of the fibering method applied to this problem consists of the following.

We express (u, v) ∈ Y in the form

u= rz, v = ρw, (6.2.4)

where the functions z ∈ Yp, w ∈ Yq , and r, ρ are real numbers. Since we look for nontrivial
solutions, we must assume that r �= 0 and ρ �= 0. Substituting (6.2.4) into (6.2.3), we obtain

J (rz, ρw) = |r|p
p

∫
Ω

|∇z|p dx − λ|r|p
p

∫
Ω

a(x)|z|p dx + |ρ|
q

q

∫
Ω

|∇w|q dx

− μ|ρ|q
q

∫
Ω

b(x)|w|q dx − |r|α+1|ρ|β+1
∫
Ω

c(x)|z|α+1|w|β+1 dx.

(6.2.5)

If (u, v) ∈ Y is a critical point of J then

∂J

∂r
(rz, ρw)= 0 and

∂J

∂ρ
(rz, ρw)= 0. (6.2.6)

Assuming that

A :=
∫
Ω

|∇z|p dx − λ
∫
Ω

a(x)|z|p dx �= 0, (6.2.7)

B :=
∫
Ω

|∇w|q dx −μ
∫
Ω

b(x)|w|q dx �= 0, (6.2.8)

C :=
∫
Ω

c(x)|z|α+1|w|β+1 dx �= 0, (6.2.9)

we can rewrite (6.2.5) in the following way:

J (rz, ρw)= |r|
p

p
A+ |ρ|

q

q
B − |r|α+1|ρ|β+1C. (6.2.10)

Conditions (6.2.6) are equivalent to

∂J

∂r
= 0 ⇔ |r|p−2rA− (α + 1)|r|α−1r|ρ|β+1C = 0,

∂J

∂ρ
= 0 ⇔ |ρ|q−2ρB − (β + 1)|r|α+1|ρ|β−1ρC = 0,
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that is, { |r|p−2A− (α + 1)|r|α−1|ρ|β+1C = 0,

|ρ|q−2B − (β + 1)|r|α+1|ρ|β−1C = 0.
(6.2.11)

Resolving system (6.2.11), we obtain as an intermediate step that

rp−α−1 = |ρ|β+1C(α + 1)/A.

Hence A and C must have the same sign. Analogously,

ρq−β−1 = |r|α+1C(β + 1)/B

and B andC must also have the same sign. ThusA,B andC must have the same sign! Note
that conditions (6.2.7)–(6.2.9) have been essentially used. Hence the solution of (6.2.11) is
given by

|r| =
(

(α + 1)β−q+1|B|β+1

(β + 1)β+1|C|q |A|β−q+1

)1/d

, (6.2.12)

|ρ| =
(

(β + 1)α−p+1|A|α+1

(α + 1)α+1|C|p|B|α−p+1

)1/d

, (6.2.13)

where d > 0 is given in (6.1.8).
The fact that A,B,C must have simultaneously the same sign leads us to considering

two cases. In the next subsections, we shall assume that

A> 0, B > 0, C > 0 (6.2.14)

or

A< 0, B < 0, C < 0. (6.2.15)

Thus, in both cases (6.2.14) and (6.2.15), the functions r = r(z,w) and ρ = ρ(z,w) are
well defined. Now we insert the expressions for r = r(z,w) and ρ = ρ(z,w) determined
by (6.2.12) and (6.2.13) into (6.2.10). In this way, we obtain a functional

I (z,w)= J (r(z,w)z,ρ(z,w)w), (6.2.16)

given by

I (z,w) = K
∣∣∣∣∫
Ω

|∇z|p dx − λ
∫
Ω

a(x)|z|p dx
∣∣∣∣(α+1)q/d

× |
∫
Ω
|∇w|q dx −μ ∫

Ω
b(x)|w|q dx|(β+1)p/d

| ∫
Ω
c(x)|z|α+1|w|β+1 dx|pq/d , (6.2.17)
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where

K =
(
(α + 1)(β−q+1)p/d

p(β + 1)(β+1)p/d
+ (β + 1)(α−p+1)q/d

q(α + 1)(α+1)q/d

− 1

(α + 1)(α+1)q/d(β + 1)(β+1)p/d

)
sgn

(∫
Ω

c(x)|z|α+1|w|β+1dx

)
.

Therefore, provided z and w satisfy (6.2.14) or (6.2.15), we have

∂J

∂r

∣∣∣∣
r=r(z,w),ρ=ρ(z,w)

= 0 (6.2.18)

and

∂J

∂ρ

∣∣∣∣
r=r(z,w),ρ=ρ(z,w)

= 0. (6.2.19)

Next, we introduce the following notation: for any functional f : Y →R we denote by

f ′(z,w)(h1, h2),

the Gâteaux derivative of f at (z,w) ∈ Y in direction of (h1, h2) ∈ Y .
Let

E1(z)=
∫
Ω

|∇z|p dx − λ
∫
Ω

a(x)|z|p dx, (6.2.20)

E2(w)=
∫
Ω

|∇w|q dx −μ
∫
Ω

b(x)|w|q dx (6.2.21)

and

E
(1)
i (z,w)(h1, h2)= ∂

∂ε

∣∣∣∣
ε=0,σ=0

Ei(z+ εh1,w+ σh2),

E
(2)
i (z,w)(h1, h2)= ∂

∂σ

∣∣∣∣
ε=0,σ=0

Ei(z+ εh1,w+ σh2),

I (1)(z,w)(h1, h2)= ∂

∂ε

∣∣∣∣
ε=0,σ=0

I (z+ εh1,w+ σh2),

I (2)(z,w)(h1, h2)= ∂

∂σ

∣∣∣∣
ε=0,σ=0

I (z+ εh1,w+ σh2).

It is easy to see that the following lemma holds. We omit the straightforward details.
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LEMMA 6.2.1.
(1) The functional I is homogeneous of degree 0, that is, for every z ∈ Yp , w ∈ Yq such

that
∫
Ω
c(x)|z|α+1|w|β+1 dx �= 0 and every t �= 0 we have

I (tz, tw)= I (z,w).

(2) I is even and

I ′(z,w)(z,w)= 0.

REMARK 6.2.2. If (z,w) ∈ Y is a critical point of I , by well-known properties of p-
Laplace Dirichlet integral (see [41]), it follows that (|z|, |w|) ∈ Y is also a critical point
of I .

The next two lemmas are direct consequences of the results proved in the previous sec-
tions.

LEMMA 6.2.3. Let (z,w) be a critical point of I , which satisfies (6.2.14) or (6.2.15). Then
the function (u, v) defined by

u(x)= rz(x), v(x)= ρw(x),

where r �= 0 and ρ �= 0 are determined by (6.2.12) or (6.2.13), is a critical point of J .

PROOF. Since (z,w) is a critical point of I , we have

I ′(z,w)(h1, h2)=
(
I (1)(z,w)(h1, h2), I

(2)(z,w)(h1, h2)
)= 0.

Therefore, since

∂J

∂r

∣∣∣∣
r=r(z,w),ρ=ρ(z,w)

= ∂J

∂ρ

∣∣∣∣
r=r(z,w),ρ=ρ(z,w)

= 0

(see (6.2.18) and (6.2.19)), by the chain rule we have

0 = I (1)(z,w)(h1, h2)

= r(z,w)J (1)(rz, ρw)(h1, h2)+ ∂J

∂r

∣∣∣∣
r=r(z,w),ρ=ρ(z,w)

∂r

∂z

+ ∂J

∂ρ

∣∣∣∣
r=r(z,w),ρ=ρ(z,w)

∂ρ

∂z
= r(z,w)J (1)(rz, ρw)(h1, h2).

Thus J (1)(u, v)= 0. Analogously, J (2)(u, v)= 0 and therefore J ′(u, v)= 0. �
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LEMMA 6.2.4. Let E1 and E2 be defined by (6.2.20) and (6.2.21). Consider

E1(z,w)= c1 and E2(z,w)= c2,

where ci ∈R (i = 1,2). Suppose that

det

(
E
(1)
1 E

(1)
2

E
(2)
1 E

(2)
2

)
�= 0 if E1(z,w)= c1 and E2(z,w)= c2. (6.2.22)

Then every critical point of I with the conditions E1(z,w) = c1 and E2(z,w) = c2 is a
critical point of I .

PROOF. Let (z,w) be a conditional critical point of I . By the Euler theorem there exist
m1,m2 ∈R such that

I ′(z,w)=m1E
′
1(z,w)+m2E

′
2(z,w). (6.2.23)

Since by Lemma 6.2.1 we have I ′(z,w)(z,w)= 0, by (6.2.23) we obtain

m1E
(1)
1 +m2E

(1)
2 = 0,

m1E
(2)
1 +m2E

(2)
2 = 0.

Now by (6.2.22) we have

det

(
E
(1)
1 E

(1)
2

E
(2)
1 E

(2)
2

)
�= 0.

Therefore m1 =m2 = 0. Thus I ′(z,w)= 0, that is, (z,w) is a critical point of I .
The last two lemmas are fundamental in what follows. Our first aim is to prove the exis-

tence of a critical point of I with appropriate conditions E1(z,w)= c1 and E2(z,w)= c2.
This in turn will be an actual critical point of I and hence a critical point of J—a weak
solution of (6.0.1). �

In the next subsection we follow the pattern as in [23].

6.3. Existence and multiplicity results

We have already pointed out that the existence and multiplicity results are in connection
with the first eigenvalues λ1 and μ1 of the p- and q-Laplacian respectively. We distinguish
the following six cases:

(1) 0 � λ < λ1, 0 � μ<μ1,
(2) 0 � λ < λ1, μ= μ1,
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(3) 0 � λ < λ1, μ>μ1,
(4) λ= λ1, μ= μ1,
(5) λ= λ1, μ>μ1,
(6) λ > λ1, μ>μ1.

The rest three possible cases can be treated analogously. In order not to increase the volume
of the chapter, we shall not present details for cases (2), (3), and (5), merely pointing out
that the methods of the next sub-subsections carry out to these cases.

6.3.1. Existence theorems for λ ∈ [0, λ1), μ ∈ [0,μ1). The form of the functional J sug-
gests that we consider

E1(z)= 1 and E2(w)= 1 (6.3.1)

as the constraints in Lemma 6.2.4. Indeed, we calculate

E
(1)
1 = pE1(z)= pA,

E
(2)
1 =E(1)2 = 0,

E
(2)
2 = qE2(w)= qB.

Therefore

det

(
E
(1)
1 E

(1)
2

E
(2)
1 E

(2)
2

)
= pqAB > 0,

and the conditions of Lemma 6.2.4 are fulfilled. Moreover, since we are assuming (6.3.1),
inequalities (6.2.14) hold, that is, 1=E1 =A> 0, 1=E2 = B > 0 and

C =
∫
Ω

c(x)|z|α+1|w|β+1 dx > 0.

Further, the functional I becomes

I (z,w)=K 1

(
∫
Ω
c(x)|z|α+1|w|β+1 dx)pq/d

. (6.3.2)

The main result in this sub-subsection is the following

THEOREM 6.3.1. Suppose that (6.1.5)–(6.1.16) hold and that, in addition, λ ∈ [0, λ1),
μ ∈ [0,μ1). Then problem (6.0.1), (6.0.2) has at least two positive weak solutions
(ui, vi) ∈ Y , i = 1,2.

The proof of this theorem will be a consequence of the next two propositions.



190 S.I. Pohozaev

PROPOSITION 6.3.2. Suppose that (6.1.5)–(6.1.16) hold and that, in addition, λ ∈
[0, λ1), μ ∈ [0,μ1). Then problem (6.0.1), (6.0.2) has at least one positive weak solution
(u1, v1) ∈ Y .

PROOF. The formulas (6.2.20) and (6.2.21) suggest to consider an auxiliary problem: find
a maximizer (z∗,w∗) of

0<Mλ,μ := sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣E1(z)= 1 and E2(w)= 1

}
.

(6.3.3)

We claim that problem (6.3.3) has a solution. Indeed, the sets

Xλ =
{
z ∈ Yp

∣∣E1(z)= 1
}
,

and

Xμ =
{
w ∈ Yq

∣∣E2(w)= 1
}

are nonempty. By Lemma 6.1.1 we have that for any z ∈Xλ:

‖z‖pp = λ
∫
Ω

a(x)|z|p dx + 1 � λ

λ1
‖z‖pp + 1,

that is,

‖z‖pp � λ1

λ1 − λ,

and analogously

‖w‖qq � μ1

μ1 −μ.

Since 0 � λ < λ1 and 0 � μ<μ1, we have

∥∥(z,w)∥∥= ‖z‖pp + ‖w‖qq � λ1

λ1 − λ +
μ1

μ1 −μ.

Therefore a maximizing sequence (zn,wn) for (6.3.3) is bounded in Y . Thus we can sup-
pose that (zn,wn) converges weakly in Y to some (z∗,w∗). By (6.1.15)∫

Ω

c(x)|zn|α+1|wn|β+1 dx→
∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx =Mλ,μ > 0.

In particular z∗ �≡ 0 and w∗ �≡ 0.
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The weakly lower semicontinuity of the corresponding norms, (6.1.5), (6.1.6), and
E1(zn)= 1, E2(wn)= 1 imply that

E1(z
∗)� 1, E2(w

∗)� 1.

Indeed,

‖z∗‖pp � lim
n→∞ inf‖zn‖pp,

‖w∗‖qq � lim
n→∞ inf‖wn‖qq,∫

Ω

a(x)|z∗|p dx = lim
n→∞

∫
Ω

a(x)|zn|p dx,∫
Ω

b(x)|w∗|q dx = lim
n→∞

∫
Ω

b(x)|wn|q dx.

If E1(z
∗) < 1, then there exists a number t1 > 1 such that E1(t1z

∗)= 1 and hence t1z∗ ∈
Xλ. If E2(w

∗) < 1, then there exists a number t2 > 1 such that E2(t2w
∗) = 1 and hence

t2w
∗ ∈Xμ. Therefore,∫

Ω

c(x)|t1z∗|α+1|t2w∗|β+1 dx = tα+1
1 t

β+1
2

∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx

= tα+1
1 t

β+1
2 Mλ,μ

> Mλ,μ = sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0

}
,

a contradiction. Thus E1(z
∗) = 1 or E2(w

∗) = 1. If E1(z
∗) = 1, E2(w

∗) < 1 or
E1(z

∗) < 1, E2(w
∗)= 1, we can obtain another contradiction. Hence (z∗,w∗) ∈Xλ×Xμ

is a solution of (6.3.3). By Lemma 6.2.4 it follows that (z∗,w∗) is a critical point
of I . By Remark 6.2.2 we may assume z∗ � 0 and w∗ � 0. Thus, by Lemma 6.2.3,
(u1 = r1z∗, v1 = ρ1w

∗) is a critical point of J . Therefore (u1, v1) ∈ Y is a nonnegative
weak solution of (6.0.1), (6.0.2). Using the same arguments as in [23] we deduce that
u1 > 0, v1 > 0. This completes the proof. �

REMARK 6.3.3. In the scalar case it is known that weak solutions of

−�pu= λa(x)|u|p−2u+ b(x)|u|q−2u in Ω, u= 0 on ∂Ω,

belong to C
1,ν
loc (Ω) for some ν ∈ (0,1) (see [23]). Since our system is subcritical

(see (6.1.9)), we expect that a similar result holds for (6.0.1). The regularity problem for
weak solutions of quasilinear variational elliptic systems of type (6.0.1) will be studied
elsewhere.

PROPOSITION 6.3.4. Suppose that (6.1.5)–(6.1.16) hold and that, in addition, λ ∈ [0, λ1),
μ ∈ [0,μ1). Then problem (6.0.1), (6.0.2) has another positive weak solution (u2, v2) ∈ Y .
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PROOF. Consider the following:

0< M̂λ,μ := sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣E1(z)+E2(w)= 1

}
.

(6.3.4)

Then the set

Xλ,μ =
{
(z,w) ∈ Y ∣∣E1(z)+E2(w)= 1

}
is not empty. By E1(z)+E2(w)= 1 and Lemma 6.1.1, for any (z,w) ∈Xλ,μ we have

‖z‖pp + ‖w‖qq � 1+ λ

λ1
‖z‖pp + μ

μ1
‖w‖qq,

that is,

λ1 − λ
λ1

‖z‖pp + μ1 −μ
μ1

‖w‖qq � 1.

Since each of the summands above is strictly positive (recall that λ < λ1, μ < μ1), the
latter inequality implies

‖z‖pp � λ1

λ1 − λ
and

‖w‖qq � μ1

μ1 −μ.

Therefore ‖(z,w)‖ is bounded. Hence, we may suppose that a maximizing sequence
(zn,wn) for (6.3.4) is bounded in Y . Thus we can assume that (zn,wn) converges weakly
in Y to some (z∗,w∗). By (6.1.15) it follows that∫

Ω

c(x)|zn|α+1|wn|β+1 dx→
∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx = M̂λ,μ > 0.

In particular z∗ �≡ 0 and w∗ �≡ 0.
The weakly lower semicontinuity of the corresponding norms, (6.1.5), (6.1.6), and

E1(zn)+E2(wn)= 1 imply that

E1(z
∗)+E2(w

∗)� 1,

that is, (
‖z∗‖pp − λ

∫
Ω

a(x)|z∗|p dx
)
+
(
‖w∗‖qq − λ

∫
Ω

b(x)|w∗|q dx
)

� 1.
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Since λ < λ1, μ < μ1 both summands above are positive. Hence

0<E1(z
∗)+E2(w

∗)� 1.

We claim that actually

E1(z
∗)+E2(w

∗)= 1.

Indeed, if E1(z
∗)+E2(w

∗) < 1, then there exists t > 1 such that

t
(
E1(z

∗)+E2(w
∗)
)= 1.

Then (t1/pz∗, t1/qw∗) ∈Xλ,μ :=Xλ ×Xμ and∫
Ω

c(x)
∣∣t1/pz∗∣∣α+1∣∣t1/qw∗∣∣β+1

dx

= t α+1
p
+ β+1

q

∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx

= t α+1
p
+ β+1

q M̂λ,μ

> M̂λ,μ = sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣E1(z)+E2(w)= 1

}
,

a contradiction (note that we have used (6.1.7)). Therefore we have proved the claim.
Hence (z∗,w∗) ∈ Xλ,μ is a solution of (6.3.4). By an analogue of Lemma 6.2.4 for one
constraint of type E(z,w) = const, (z∗,w∗) is a critical point of I . Indeed, since in our
case E(z,w) = E1(z) + E2(w) = 1, the condition E′(z,w)(z,w) �= 0 if E(z,w) = 1 is
easily verified. The rest of the proof is the same as that of Proposition 6.3.2. �

PROOF OF THEOREM 6.3.1. It remains to show that the solutions found in Proposi-
tions 6.3.2 and 6.3.4 are distinct. The proof is by contradiction. Suppose that (u1, v1) =
(u2, v2). By the proofs of Propositions 6.3.2 and 6.3.4 it follows that

E1(u1)

r
p

1

= E2(v1)

ρ
q

1

= 1

and

E1(u2)

r
p

2

+ E2(v2)

ρ
q

2

= 1,

where ri , ρi , i = 1,2, are determined by (6.2.12) and (6.2.13), with z∗i , w∗i , i = 1,2. These
relations imply that if the solutions are not distinct then there exists a number m> 1 such
that

r
p

1 =
r
p

2

m
, ρ

q

1 =
ρ
q

2

m′
,

1

m
+ 1

m′
= 1.
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By (6.2.12) and (6.2.13) we have

r1 =
(
c1C

−q)1/d , ρ1 =
(
c2C

−p)1/d ,
r2 =

(
c1C

−q (1− s)β+1

sβ+1−q

)1/d

, ρ2 =
(
c2C

−p sα+1

(1− s)α+1−p

)1/d

,

where we have introduced the parameter s = E1(z
∗
2). We note that the exact values of c1

and c2 are not important for the proof. Since s ∈ (0,1), it is easy to show that the conditions
m> 1 and m′ > 1 are equivalent to

sβ+1−q < (1− s)β+1

and

sα+1 > (1− s)α+1−p.

From the last two inequalities we have that

sd > 1,

where d > 0 is given by (6.1.8). This is impossible for s ∈ (0,1). Thus we have reached a
contradiction. This concludes the proof. �

6.3.2. The eigenvalue case λ = λ1, μ = μ1. We consider problem (6.3.4) with λ = λ1

and μ = μ1. In this case the corresponding set Xλ,μ is not bounded in Y . Therefore, we
need to impose an additional condition on our data. Henceforth we shall suppose that
condition (6.1.17) is fulfilled.

THEOREM 6.3.5. Suppose that (6.1.5)–(6.1.17) hold and λ= λ1, μ= μ1. Then problem
(6.0.1), (6.0.2) has at least one positive weak solution (u, v) ∈ Y .

PROOF. The arguments of the proof of this theorem would be the same as those of Propo-
sition 6.3.2 if we could prove that problem (6.3.4) with λ= λ1, μ= μ1 has a solution.

Let (zn,wn) be a maximizing sequence such that

E1(zn)+E2(wn)= 1,
∫
Ω

c(x)|zn|α+1|wn|β+1 dx = m̂n→ M̂λ1,μ1 > 0.

Suppose that ‖(zn,wn)‖→∞ and put

sn = zn

‖(zn,wn)‖1/p
, tn = wn

‖(zn,wn)‖1/q
,

∥∥(sn, tn)∥∥= 1.
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Then ∥∥(zn,wn)∥∥[(‖sn‖pp − λ1

∫
Ω

a(x)|sn|p dx
)

+
(
‖tn‖qq −μ1

∫
Ω

b(x)|tn|q dx
)]
= 1.

Therefore

‖sn‖pp − λ1

∫
Ω

a(x)|sn|p dx + ‖tn‖qq −μ1

∫
Ω

b(x)|tn|q dx

= 1

‖(zn,wn)‖ → 0, n→∞.

Hence ∥∥(sn, tn)∥∥− λ1

∫
Ω

a(x)|sn|p dx −μ1

∫
Ω

b(x)|tn|q dx

= 1

‖(zn,wn)‖ → 0, (6.3.5)

and thus

lim
n→∞

[
λ1

∫
Ω

a(x)|sn|p dx +μ1

∫
Ω

b(x)|tn|q dx
]
= 1,

since ‖(sn, tn)‖ = 1. We may assume that (sn, tn) converges weakly in Y to some (s∗, t∗).
Thus

λ1

∫
Ω

a(x)|s∗|p dx +μ1

∫
Ω

b(x)|t∗|q dx = 1,

which implies that (s∗, t∗) �≡ (0,0). Furthermore,∥∥(s∗, t∗)∥∥� lim
n→∞ inf

∥∥(sn, tn)∥∥= 1.

Now from (6.3.5) we deduce that(
‖s∗‖pp − λ1

∫
Ω

a(x)|s∗|p dx
)
+
(
‖t∗‖qq −μ1

∫
Ω

b(x)|t∗|q dx
)
= 0.

The variational properties of the first eigenvalue of the p- and q-Laplacian imply that both
summands in the above relation are nonnegative. Hence both are zero, which means, by
Lemma 6.1.1, that

s∗ = c1ϕ, t∗ = c2ψ.



196 S.I. Pohozaev

Since ∫
Ω

c(x)|zn|α+1|wn|β+1 dx = ∥∥(zn,wn)∥∥ α+1
p
+ β+1

q

∫
Ω

c(x)|sn|α+1|tn|β+1 dx

= m̂n→ M̂λ1,μ1 > 0,

we conclude that∫
Ω

c(x)|s∗|α+1|t∗|β+1 dx � 0

and therefore∫
Ω

c(x)|ϕ|α+1|ψ |β+1 dx � 0,

which contradicts (6.1.17). Thus we can assume that (zn,wn) is bounded and

lim
n→∞(zn,wn)= (z

∗,w∗)

weakly in Y . Then∫
Ω

c(x)|zn|α+1|wn|β+1 dx→
∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx =Mλ1,μ1 > 0.

This means that z∗ �= 0 and w∗ �= 0. Furthermore,

0 �E1(z
∗)+E2(w

∗)� 1.

We claim that

0<E1(z
∗)+E2(w

∗)� 1.

Indeed, first suppose that

0=E1(z
∗)+E2(w

∗),

that is, (
‖z∗‖pp − λ1

∫
Ω

a(x)|z∗|p dx
)
+
(
‖w∗‖qq −μ1

∫
Ω

b(x)|w∗|q dx
)
= 0.

Therefore, by Lemma 6.1.1 we know that

z∗ = k1ϕ, w∗ = k2ψ
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for some k1, k2 �= 0, and then∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx = |k1|α+1|k2|β+1
∫
Ω

c(x)|ϕ|α+1|ψ |β+1 dx

= M̂λ1,μ1 > 0,

which is a contradiction since (6.1.17) holds.
Next, suppose that

0<E1(z
∗)+E2(w

∗) < 1.

Then we can find t > 1 such that

t
(
E1(z

∗)+E2(w
∗)
)= 1.

Further ∫
Ω

c(x)
∣∣t1/pz∗∣∣α+1∣∣t1/qw∗∣∣β+1

dx

= t α+1
p
+ β+1

q

∫
Ω

c(x)|z∗|α+1|w∗|β+1 dx

= t α+1
p
+ β+1

q M̂λ1,μ1 > M̂λ1,μ1

= sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣E1(z)+E2(w)= 1

}
,

another contradiction.
In this way, we have proved that

E1(z
∗)+E2(w

∗)= 1,

and therefore (z∗,w∗) is a maximizer of problem (6.3.4) with λ= λ1, μ= μ1. The rest of
the proof is the same as that of Proposition 6.3.1. This completes the proof. �

6.3.3. Existence of three distinct solutions for λ > λ1, μ>μ1.

THEOREM 6.3.6. Suppose that (6.1.5)–(6.1.17) hold, λ > λ1, and μ > μ1. Then there
exist δ > 0 and ε > 0 such that for λ ∈ (λ1, λ1 + δ), μ ∈ (μ1,μ1 + ε) problem (6.0.1),
(6.0.2) has at least three positive weak solutions in Y .

The proof of the above theorem will be a consequence of several lemmas. To begin with,
we define

Mλ,μ := sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣E1(z)= 1 and E2(w)= 1

}
(6.3.6)
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and

M̃λ,μ := sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣E1(z)� 1 and E2(w)� 1

}
.

(6.3.7)

LEMMA 6.3.7. Problems (6.3.6) and (6.3.7) are equivalent.

PROOF. Since c+ �≡ 0 (see (6.1.16)), any maximizer of (6.3.6) is a maximizer of (6.3.7).
Suppose for a moment that (z,w) ∈ Y is a maximizer of (6.3.7) and E1(z) < 1 or
E2(w) < 1. For instance, let E1(z) < 1. Therefore there exists k > 1 such that E1(kz)= 1.
Then ∫

Ω

c(x)|kz|α+1|w|β+1 dx = kα+1
∫
Ω

c(x)|z|α+1|w|β+1 dx

= kα+1M̃λ,μ > M̃λ,μ, (6.3.8)

which is a contradiction. Thus E1(z) = E2(w) = 1. Hence any maximizer of (6.3.7) is a
maximizer of (6.3.6). �

LEMMA 6.3.8. Let (6.1.5)–(6.1.17) hold. Then there exist δ1 > 0 and ε1 > 0 such that for
λ ∈ (λ1, λ1 + δ1), μ ∈ (μ1,μ1 + ε1) problem (6.3.6) has a nontrivial solution (z,w) ∈ Y .

PROOF. Due to Lemma 6.3.7, it suffices to deduce the existence of δ > 0 and ε > 0 corre-
sponding to problem (6.3.7). Suppose that the claim is not true, that is, there exist sequences
δs→ 0, δs > 0, and εs→ 0, εs > 0, such that problem (6.3.7) with λ= λs = λ1 + δs and
μ= μs = μ1 + εs does not have a solution. Fix an integer s and consider (6.3.7) with λs

and μs . Denoting by (zsn,w
s
n) the corresponding maximizing sequence, we have

lim
n→∞

∫
Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx = M̃λs,μs > 0,

E1
(
zsn
)
� 1

and

E2
(
wsn
)
� 1.

If (zsn,w
s
n) is bounded, we may assume that it converges weakly in Y to some (zs0,w

s
0) as

n→∞. Then∫
Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx→
∫
Ω

c(x)
∣∣zs0∣∣α+1∣∣ws0∣∣β+1

dx = M̃λs,μs > 0,∫
Ω

∣∣∇zs0∣∣p dx − λs ∫
Ω

a(x)
∣∣zs0∣∣p dx � 1,
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Ω

∣∣∇ws0∣∣q dx −μs ∫
Ω

b(x)
∣∣ws0∣∣q dx � 1.

Therefore (zs0,w
s
0) is a solution of (6.3.7)—a contradiction. Thus we may consider (zsn,w

s
n)

to be unbounded. Let

(
hsn, t

s
n

)= (zsn,w
s
n)

‖(zsn,wsn)‖
.

Since ‖(hsn, tsn)‖ = 1 we may assume that

lim
n→∞

(
hsn, t

s
n

)= (hs0, t s0)
weakly in Y . Then∫

Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx

= ∥∥(zsn,wsn)∥∥α+β+2
∫
Ω

c(x)
∣∣hsn∣∣α+1∣∣t sn∣∣β+1

dx→ M̃λs,μs > 0,

therefore ∫
Ω

c(x)
∣∣hs0∣∣α+1∣∣t s0 ∣∣β+1

dx � 0. (6.3.9)

From the inequality E1(z
s
n)� 1, that is,

∥∥(zsn,wsn)∥∥p(∥∥hsn∥∥pp − λs ∫
Ω

a(x)
∣∣hs0∣∣p dx)� 1,

it follows that

∥∥hsn∥∥pp − λs ∫
Ω

a(x)
∣∣hsn∣∣p dx � 1

‖(zsn,wsn)‖p
.

By letting n→∞ we get

∥∥hs0∥∥pp − λs ∫
Ω

a(x)
∣∣hs0∣∣p dx � 0. (6.3.10)

On the other hand, summing up

λs
∫
Ω

a(x)
∣∣hsn∣∣p dx �

∥∥hsn∥∥pp − 1

‖(zsn,wsn)‖p
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and

μs
∫
Ω

b(x)
∣∣t sn∣∣q dx �

∥∥t sn∥∥qq − 1

‖(zsn,wsn)‖q

and letting n→∞, we obtain

λs
∫
Ω

a(x)
∣∣hs0∣∣p dx +μs ∫

Ω

b(x)
∣∣t s0 ∣∣q dx � 1. (6.3.11)

Clearly ‖(hs0, t s0)‖ � 1. This allows us to suppose that (hs0, t
s
0) converges weakly in Y to

some (h0, t0). Letting s→∞ in (6.3.11), we get that

λ1

∫
Ω

a(x)|h0|p dx +μ1

∫
Ω

b(x)|t0|q dx � 1.

Hence (h0, t0) �≡ (0,0). Next, from inequality (6.3.10) we obtain

0 � ‖h0‖pp − λs
∫
Ω

a(x)|h0|p dx � 0.

The latter and Lemma 6.1.1 imply that h0 = lϕ, l �= 0. Starting with E2(w
s
n) � 1 we can

obtain t0 = kψ , k �= 0. Then by (6.3.9) we get that∫
Ω

c(x)|h0|α+1|t0|β+1 dx � 0,

and thus

|l|α+1|k|β+1
∫
Ω

c(x)|ϕ|α+1|ψ |β+1dx � 0.

This contradicts our assumption (6.1.17).
Therefore there exist δ1 > 0 and ε1 > 0 such that for λ ∈ (λ1, λ1+δ1) and μ ∈ (μ1,μ1+

ε1) problem (6.3.7) has a solution (z1,w1) ∈ Y . By Lemma 6.3.7 (z1,w1) ∈ Y is a solution
of (6.3.6). �

LEMMA 6.3.9. The set

W− =
{
(z,w) ∈ Y

∣∣∣ ∫
Ω

c(x)|z|α+1|w|β+1 dx =−1

}
is not empty and mλ,μ < 0, λ > λ1, μ>μ1, where

mλ,μ = inf

{
E1(z)+E2(w)

∣∣∣ ∫
Ω

c(x)|z|α+1|w|β+1 dx =−1

}
. (6.3.12)
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PROOF. Set z= ϕ and w =ψ . Then by (6.1.17) we have∫
Ω

c(x)|z|α+1|w|β+1 dx =
∫
Ω

c(x)|ϕ|α+1|ψ |β+1 dx < 0.

Therefore there exist k, l ∈R such that∫
Ω

c(x)|kϕ|α+1|ψ |β+1 dx =−1

and ∫
Ω

c(x)|ϕ|α+1|lψ |β+1 dx =−1.

Since λ > λ1 and μ>μ1, we have

E1(kϕ)= |k|p(λ1 − λ)
∫
Ω

a(x)|ϕ|p dx < 0

and

E2(lψ)= |l|q(λ1 − λ)
∫
Ω

b(x)|ψ |q dx < 0.

These inequalities imply that mλ,μ < 0. �

LEMMA 6.3.10. Assume that (6.1.5)–(6.1.17) hold. Then there exist δ2 > 0 and ε2 > 0
such that for any λ ∈ (λ1, λ1+ δ2) and μ ∈ (μ1,μ1+ ε2) problem (6.3.11) has a nontrivial
solution (z2,w2) ∈ Y satisfying E1(z2)+E2(w2) < 0.

PROOF. The proof is by contradiction and it is analogous to that of Lemma 6.3.8.
Assume that the opposite assertion holds. Then there exist sequences δs → 0, δs > 0,

and εs → 0, εs > 0, such that problem (6.3.12) with λ = λs = λ1 + δs and μ = μs =
μ1 + εs does not have a solution. Fix an integer s and consider (6.3.12) with λs and μs .
Denote by (zsn,w

s
n) the corresponding maximizing sequence:∫

Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx =−1,

∫
Ω

∣∣∇zsn∣∣p dx − λs ∫
Ω

a(x)
∣∣zsn∣∣p dx + ∫

Ω

∣∣∇wsn∣∣q dx −μs ∫
Ω

b(x)
∣∣wsn∣∣q dx

→mλs,μs < 0.
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If (zsn,w
s
n) is bounded, we can obtain as before that there exists a solution (zs0,w

s
0) of

(6.3.12): ∫
Ω

c(x)
∣∣zs0∣∣α+1∣∣ws0∣∣β+1

dx =−1

and ∫
Ω

∣∣∇zs0∣∣p dx − λs ∫
Ω

a(x)
∣∣zs0∣∣p dx + ∫

Ω

∣∣∇ws0∣∣q dx −μs ∫
Ω

b(x)
∣∣ws0∣∣q dx

=mλs,μs < 0,

which is a contradiction. Thus we may assume that (zsn,w
s
n) is unbounded. With the same

notation as in Lemma 6.3.8, it follows that∫
Ω

c(x)
∣∣hsn∣∣α+1∣∣t sn∣∣β+1

dx =− 1

‖(zsn,wsn)‖α+β+2
→ 0.

Since the functional f3 (see (6.1.15)) is lower weakly semicontinuous, we obtain∫
Ω

c(x)
∣∣hs0∣∣α+1∣∣t s0 ∣∣β+1

dx = 0. (6.3.13)

Analogously to previous proofs, (6.3.13) enables us to conclude that∫
Ω

c(x)|ϕ|α+1|ψ |β+1 dx = 0.

This contradicts (6.1.17).
The fact that E1(z2) + E2(w2) < 0 follows from Lemma 6.3.9. This completes the

proof. �

LEMMA 6.3.11. Let (6.1.5)–(6.1.17) hold. Then there exist δ3 > 0 and ε3 > 0 such that
for λ ∈ (λ1, λ1+ δ3) and μ ∈ (μ1,μ1+ε3) problem (6.3.5) has another nontrivial solution
(z3,w3) ∈ Y .

PROOF. Set

Nλ,μ := sup

{∫
Ω

c(x)|z|α+1|w|β+1dx > 0
∣∣∣ E1(z)+E2(w)= 1

}
(6.3.14)

and

N̂λ,μ := sup

{∫
Ω

c(x)|z|α+1|w|β+1 dx > 0
∣∣∣ E1(z)+E2(w)� 1

}
. (6.3.15)
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Following the argument of Lemma 6.3.7, it is easy to prove that problems (6.3.14) and
(6.3.15) are equivalent (see the end of the proof of Proposition 6.3.4). Therefore, we shall
deduce the existence of δ3 > 0 and ε3 > 0 corresponding to problem (6.3.15). Suppose that
this is not true, that is, there exist sequences δs→ 0, δs > 0, and εs→ 0, εs > 0, such that
problem (6.3.15) with λ= λs = λ1+δs and μ= μs = μ1+εs does not have a solution. Fix
an integer s and consider (6.3.15) with λs and μs . Denoting by (zsn,w

s
n) the corresponding

maximizing sequence, we have

lim
n→∞

∫
Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx = N̂λs ,μs > 0,

E1
(
zsn
)+E2

(
wsn
)
� 1.

If (zsn,w
s
n) is bounded, we may assume that it converges weakly in Y to some (zs0,w

s
0) as

n→∞. Then∫
Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx→
∫
Ω

c(x)
∣∣zs0∣∣α+1∣∣ws0∣∣β+1

dx = N̂λs,μs > 0,

E1
(
zs0
)+E2

(
ws0
)
� 1.

Therefore (zs0,w
s
0) is a solution of (6.3.15)—a contradiction. Thus we may consider

(zsn,w
s
n) to be unbounded. Let

hsn =
zsn

‖(zsn,wsn)‖1/p
, tsn =

wsn

‖(zsn,wsn)‖1/q
,

∥∥(hsn, tsn)∥∥= 1.

Thus we may assume that

lim
n→∞

(
hsn, t

s
n

)= (hs0, t s0)
weakly in Y . Then

∫
Ω

c(x)
∣∣zsn∣∣α+1∣∣wsn∣∣β+1

dx = ∥∥(zsn,wsn)∥∥ α+1
p
+ β+1

q

∫
Ω

c(x)
∣∣hsn∣∣α+1∣∣t sn∣∣β+1

dx

→ N̂λs,μs > 0,

therefore ∫
Ω

c(x)
∣∣hs0∣∣α+1∣∣t s0 ∣∣β+1

dx � 0. (6.3.16)
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From the inequality E1(z
s
n)+E2(w

s
n)� 1, that is,

∥∥(zsn,wsn)∥∥[(∥∥hsn∥∥pp − λs ∫
Ω

a(x)
∣∣hsn∣∣p dx)

+
(∥∥t sn∥∥qq −μs ∫

Ω

b(x)
∣∣t sn∣∣q dx)]� 1,

it follows that∥∥hsn∥∥pp − λs ∫
Ω

a(x)
∣∣hsn∣∣p dx + ∥∥t sn∥∥qq −μs ∫

Ω

b(x)
∣∣t sn∣∣q dx � 1

‖(zsn,wsn)‖
.

(6.3.17)

By letting n→∞ we get(∥∥hs0∥∥pp − λs ∫
Ω

a(x)
∣∣hs0∣∣p dx)+(∥∥t s0∥∥qq −μs ∫

Ω

b(x)
∣∣t s0 ∣∣q dx)� 0.

(6.3.18)

On the other hand, from (6.3.17) we can obtain that

λs
∫
Ω

a(x)
∣∣hs0∣∣p dx +μs ∫

Ω

b(x)
∣∣t s0 ∣∣q dx � 1. (6.3.19)

Clearly ‖(hs0, t s0)‖ � 1. This allows us to suppose that (hs0, t
s
0) converges weakly in Y to

some (h0, t0). Letting s→∞ in (6.3.19), it follows that

λ1

∫
Ω

a(x)|h0|p dx +μ1

∫
Ω

b(x)|t0|q dx � 1.

Hence (h0, t0) �≡ (0,0).
Now, from (6.3.18), by letting s→∞, we infer(

‖h0‖pp − λ1

∫
Ω

a(x)|h0|p dx
)
+
(
‖t0‖qq −μ1

∫
Ω

b(x)|t0|q dx
)

� 0.

By the definitions of λ1 and μ1, both summands above are nonnegative. Therefore,

‖h0‖pp − λ1

∫
Ω

a(x)|h0|p dx = 0

and

‖t0‖qq −μ1

∫
Ω

b(x)|t0|q dx = 0.
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The last two equalities and Lemma 6.1.1 imply that h0 = lϕ, l �= 0, and t0 = kψ , k �= 0.
Then by (6.3.16), letting s→∞, we get that∫

Ω

c(x)|h0|α+1|t0|β+1 dx � 0,

and thus

|l|α+1|k|β+1
∫
Ω

c(x)|ϕ|α+1|ψ |β+1 dx � 0,

a contradiction to (6.1.17). This completes the proof. �

PROOF OF THEOREM 6.3.6. Let δ1, ε1, (z1,w1) ∈ Y , δ2, ε2, (z2,w2) ∈ Y , and δ3,
ε3, (z3,w3) ∈ Y be as in Lemmas 6.3.8, 6.3.10, and 6.3.11 respectively. Denote δ =
min(δ1, δ2, δ3) and ε = min(ε1, ε2, ε3). Now we substitute (zi,wi), i = 1,2,3, into
(6.2.12) and (6.2.13). In this way we obtain three pairs of positive numbers: (ri , ρi),
i = 1,2,3. Set

ui = rizi , vi = ρiwi, i = 1,2,3.

By Lemma 6.3.4, (u1, v1), (u2, v2), and (u3, v3) are weak solutions of (6.0.1) and (6.0.2).
By Lemma 6.3.8 it follows that

E1(u1)

r
p

1

=E1(z1)= 1

and

E2(v1)

ρ
q

1

=E2(w1)= 1.

Thus

(u1, v1) ∈ S =
{
(u, v)

∣∣∣ E1(u1)

r
p

1

= 1 and
E2(v1)

ρ
q

1

= 1

}
.

On the other hand, by Lemma 6.3.10 we have

E1(u2)

|r2|p + E2(v2)

|ρ2|q =E1(z2)+E2(w2) < 0.

Hence at least one of E1(u2) and E2(v2) is negative. Therefore (u2, v2) does not belong to
S. We conclude that (u1, v1) and (u2, v2) are distinct. Similarly (u2, v2) and (u3, v3) are
distinct. An argument analogous to that in the proof of Theorem 6.3.1 shows that (u1, v1)

and (u3, v3) are distinct too. The rest of the proof is the same as that of Theorem 6.3.1.
This completes the proof of Theorem 6.3.6. �
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6.4. Nonexistence results for classical solutions

In this subsection we shall comment on nonexistence results for classical solutions of a
potential system associated to (p, q)-Laplacian operators. However, as in Subsection 5.5,
it is clear that the assumption “the considered solutions are classical” does not seem to be
a natural hypothesis for this kind of problem. Indeed, the context of this book suggests that
the natural class to consider should be the class of weak solutions.

Our argument, which is based on a variational identity [41] (see also [26,52]), enables
only to consider classical solutions. We should mention that Guedda and Véron [26] proved
a variational identity for weak solutions of the problem{−div(|∇u|p−2∇u)= f (u) in D,

u= 0 on ∂D,

under some suitable growth assumptions on f . We are confident that a variational identity
for weak solutions of potential systems associated to p-Laplacian operators still holds if
the potential does not grow very fast. However, in the present chapter we shall not consider
this kind of generalization.

Let Ω ⊂RN be a smooth bounded domain. Consider the following quasilinear potential
system: ⎧⎪⎨⎪⎩

−div(|∇u|p−2∇u)= ∂F
∂u
(x,u, v) in Ω ,

−div(|∇v|q−2∇v)= ∂F
∂v
(x,u, v) in Ω ,

u= v = 0 on ∂Ω ,

(6.4.1)

where F ∈ C1(Ω × R × R). Let (u, v) ∈ (C2(Ω) ∩ C0(Ω))2 be a classical solution of
(6.4.1). Then the variational identity [41] for (6.4.1) can be written in the form

N − p
p

∫
Ω

|∇u|p dx + N − q
q

∫
Ω

|∇v|q dx

−N
∫
Ω

F(x,u, v) dx −
∫
Ω

DxF(x,u, v) dx

=−
(

1− 1

p

)∫
∂Ω

|∇u|p(x, ν) dσ −
(

1− 1

q

)∫
∂Ω

|∇v|q(x, ν) dσ. (6.4.2)

Now we are ready to prove the next

THEOREM 6.4.1. Suppose that Ω is strictly star-shaped with respect to the origin. Let
a, b, c ∈ C1(Ω) and (u, v) ∈ (C2(Ω)∩C0(Ω))2 be a solution of (6.0.1) and (6.0.2). Sup-
pose that the assumptions of Subsection 6.1 hold. In addition, assume that for any γ,σ ∈R
the following inequalities are valid:

N − p
p

+ γ � 0,
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N − q
q

+ σ � 0,

and for x ∈Ω we have(
λN

p
− γ λ

)
a(x)− λ

p

(∇a(x), x)� 0,(
μN

q
− σλ

)
b(x)− μ

q

(∇b(x), x)� 0,

−Nc(x)−N(∇c(x), x)− ((α + 1)γ + (β + 1)σ
)
c(x)� 0.

Then u= v = 0 in Ω .

PROOF. Multiplying the first equation of (6.0.1) by γ u and integrating by parts, we get

γ

∫
Ω

|∇u|p dx = γ λ
∫
Ω

a(x)|u|p dx + γ (α+ 1)
∫
Ω

c(x)|u|α+1|v|β+1 dx.

(6.4.3)

Similarly

σ

∫
Ω

|∇v|q dx = σμ
∫
Ω

b(x)|v|q dx + σ(β + 1)
∫
Ω

c(x)|u|α+1|v|β+1 dx.

(6.4.4)

Now we recall that the potential F is given by (6.2.1). Then substitute (6.2.1) into (6.4.1).
Further, sum the obtained identity up with (6.4.3) and (6.4.4). Then the resulting identity,
the inequalities given in the theorem, and the fact that Ω is strictly star-shaped imply that
u= v = 0 in Ω . �
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1. Introduction

In this article we survey some recent results on superlinear elliptic equations and systems.
A particular focus will be the borderline situations of so-called critical growth. In the exis-
tence theorems, we will use mostly variational methods, that is we look for critical points of
functionals associated to the equations and systems. In dealing with variational problems,
the choice of the function spaces in which the functionals are defined is of essential impor-
tance. There are two competing factors which determine this choice: on the one hand, the
space should be “sufficiently small” so that the functional under consideration has the de-
sired regularity; and, on the other hand, the space should “not be too small” since otherwise
the required compactness properties may get lost.

When working with scalar equations one is used that the above smallness and largeness
requirements usually lead to a unique choice of (Sobolev) space, in which the problem
is well posed and hence solvable. Indeed, the borderline situation (critical growth) may
be defined as the limiting situation in which this space setup works. We will discuss the
various phenomena connected with critical growth; for more details on this, cf. [26,42,46].

We then treat recent results on systems of superlinear equations. We will see that for
the functionals associated to systems there is more freedom in the choice of the space;
in fact, one may choose among a whole continuum of products of Sobolev spaces. Each
choice yields different maximal growths for the respective nonlinearities, but again we
find that for a fixed pair of such critical growth nonlinearities there exists a unique choice
of a product Sobolev space. The pairs of critical growth nonlinearities form together the
so-called “critical hyperbola”.

We will then concentrate on some limiting cases of elliptic systems. Contrary to the
situation in scalar equations and in (nonlimiting case) systems, we will find a wide range
of (Sobolev) spaces available in which the corresponding functionals may be defined, and
the question of the “right” functional setup becomes quite delicate. Indeed, we will see that
in some limiting cases the various possible choices of Sobolev spaces yield, for the same
functional, different maximal growths. We will then see that the more refined Sobolev–
Lorentz spaces provide an “optimal” functional setup.

Much space will be devoted to the less widely known situation in dimension N = 2,
where critical growth is of exponential type, given by the so-called Trudinger–Moser
inequality. Working with systems in dimension N = 2, we will see that also here the
Sobolev–Lorentz spaces yield the suitable functional setup in which the analogue of
the critical hyperbola (involving nonlinearities of different exponential growths) can be
found.

2. Elliptic equations

2.1. Some history

For studying the model elliptic equation{−�u= f (u) in Ω ,

u= 0 on ∂Ω ,
(2.1)
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where Ω ⊂ Rn is an bounded open domain and f : R→ R is a continuous function, one
may try to use the well-known Dirichlet principle which consists in minimizing an asso-
ciated functional over a suitable set of functions; then, the corresponding critical points
correspond by the Euler–Lagrange principle to (weak) solutions of problem (2.1). The
functional associated to equation (2.1) takes the form

I (u)= 1

2

∫
Ω

|∇u|2 dx −
∫
Ω

F(u)dx,

where F(t)= ∫ t0 f (s) dx is the primitive of f (t).
If we for instance assume that∣∣f (s)∣∣�M, ∀s ∈R,

and hence∣∣F(s)∣∣� c+M|s|, ∀s ∈R,

we can estimate

I (u) � 1

2

∫
Ω

|∇u|2 dx −M
∫
Ω

|u|dx

� 1

2

∫
Ω

|∇u|2 dx −M|Ω|1/2
(∫

Ω

|u|2 dx
)1/2

.

By the Poincaré inequality∫
Ω

|∇u|2 � d

∫
Ω

|u|2

we find that I (u) is bounded from below, and hence is makes sense to look for the global
minimum of this functional. It is clear that there exist functionals which are bounded
below but which do not attain their minimum: consider, e.g., j : R → R : j (s) = es ;
clearly, infs∈R j (s)= 0, and any minimizing sequence (sn) satisfies sn→−∞. The above
functional I (u) seems better behaved since we see easily that any minimizing sequence
(un)⊂H 1

0 (Ω) is in fact bounded: Setting m= infu∈H 1
0 (Ω)

I (un), we have

m+ 1 � I (un)�
1

2

∫
Ω

|∇un|2 dx −M|Ω|1/2d
(∫

Ω

|∇un|2 dx
)1/2

and hence

c�
(∫

Ω

|∇un|2 dx
)1/2

= ‖un‖H 1
0
.
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In finite dimensions this would lead immediately to a convergent subsequence and to
the conclusion that the minimum is attained. However, in the infinite-dimensional space
H 1

0 (Ω) the situation is more delicate. Indeed, in Dirichlet’s time, and also much later, this
question was not rigorously posed, and it was often tacitly assumed that the minima for
functionals of the form I (u) are attained, without questioning by what kind of function. It
took the famous Weierstrass example, namely

J (u)=
∫ 1

0
x2|u′|2 dx, u : [0,1]→R, u(0)= 0, u(1)= 1

to change things. Minimizing J (u) for instance over the (natural) class E = {u ∈
C1([0,1],R); u(0) = 0, u(1) = 1}, one sees easily that infJ (u) = 0, but that 0 cannot
be attained by a C1-function. This threw the field of Calculus of Variations (and in fact all
of Analysis) into a crisis; but the crisis was overcome by the efforts of Weierstrass him-
self, by Arzelà, Fréchet, Hilbert, Lebesgue and others, leading to the foundation of modern
analysis.

2.2. My space or yours?

In today’s words, the upshot from this crisis regarding the Dirichlet principle is precisely
the question over what class (or space) of functions the minimization should be taken. In-
deed, there is a large variety of spaces available, the spaces of continuous and differentiable
functions, the more refined Hölder spaces, the more general Lebesgue and Sobolev spaces,
and (as we will see later on) generalizations of these, the Orlicz spaces and Lorentz spaces.
So the actual choice of the space to work in seems somewhat arbitrary—and only restricted
by the expectation that the “outcome” should be (essentially) the same, and not really de-
pend on the choice of the space. This apparent ambiguity in the choice of the space may
be hard to understand for people working in other fields—and led even to the somewhat
derogatory saying: “if the space matters, then it does not matter . . . ”

There are two competing requirements which intervene in the choice of the space: the
functional must be continuous and differentiable, and the functional must possess a suitable
compactness; for the first requirement, the space should be “small”, i.e. the topology must
be sufficiently fine. Indeed, if we take the “small” space of differentiable C1-functions,
then the functional of the form

I (u)= 1

2

∫
Ω

|∇u|2 dx −
∫
Ω

F(u)dx

is certainly defined and continuous in u; however, due to the incompleteness of this space
with respect to the Dirichlet-norm ‖u‖ = (∫

Ω
|∇u|2 dx)1/2, compactness fails to hold, and

it is in general impossible to prove directly that infC1(Ω) I (u) is attained. On the other hand,
for the compactness requirement, the space should be sufficiently “large”, i.e. the coarser
the topology the better.

Indeed, by Sobolev’s work we know that a “good” space to work with is the Sobolev
space H 1

0 (Ω), i.e. the space of functions whose (weak) derivative belongs to the



216 B. Ruf

space L2(Ω). By the very definition of this space, the Dirichlet integral is well defined
and continuous on this space; in fact, it is the largest space on which this is the case. Now,
we need to check that also the second part of the functional I (u), i.e.

∫
Ω
F(u)dx, is well

defined onH 1
0 (Ω). To obtain this, one needs to impose a growth condition on f (s), namely

∣∣f (s)∣∣� c+ c|s|N+2
N−2 , s ∈R.

This implies that F(s)= ∫ s0 f (t) dt satisfies the restriction

∣∣F(s)∣∣� c+ c|s|2∗ , s ∈R, 2∗ := 2N

N − 2
, N � 3.

And then, by the famous Sobolev embedding theorem H 1
0 (Ω) ⊂ L2∗(Ω), one concludes

that indeed the second term of the functional I (u) is well defined on H 1
0 (Ω), and that the

functional is continuous and differentiable.

2.3. Compactness

Let us now return to the question raised above, namely whether it is true that “bounded
minimizing sequences contain a convergent subsequence”. In the context of general critical
point theory, this is known today as the Palais–Smale property, and goes back to a famous
work [34] of these two authors where they study a generalized Morse theory.

Indeed, if we impose the stronger growth condition (so-called subcritical growth):

∣∣f (s)∣∣� c1 + c2|s|p, for some 1<p <
N + 2

N − 2
,

then we have by Rellich’s theorem a compact embedding H 1
0 (Ω ⊂ Lp+1(Ω), and conse-

quently the Palais–Smale property is often (that is, under suitable “technical” conditions)
satisfied.

On the other hand, if we consider the model problem1 with “critical growth”{
−�u= uN+2

N−2 in Ω ,

u(0)= 0 on ∂Ω ,
(2.2)

then interesting phenomena appear: first of all, by the famous Pohozaev identity [35], one
proves that equation (2.2) has no nontrivial solution if Ω is starshaped. Thus, one might
argue that the problem is completely solved:

– the natural choice of the space H 1
0 (Ω) yields compactness and hence solvability for

subcritical growth (defined precisely by this choice of the space);
– on the other hand, the Palais–Smale property fails and solvability is lost at the limiting

“critical growth”.

1To simplify notation, we will write throughout the text: sp := |s|p−1s.
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But due to the continued interest in equations of form (2.2), mainly because of their impor-
tance in geometry, the studies continued, and many surprising and fascinating phenomena
were discovered.

2.4. Critical growth

In this section we discuss some of the main phenomena of critical growth:

2.4.1. Loss of compactness. The “loss of compactness” derives from the noncompact-
ness of the limiting case of the Sobolev embedding

H 1
0 (Ω)⊂ L2∗(Ω), 2∗ = 2N

N − 2
, N � 3.

To see that this embedding is not compact, it suffices to find a bounded sequence (un)⊂
H 1

0 (Ω) which does not admit a convergent subsequence in L2∗(Ω). Such a sequence can
be easily constructed: Choose a ball of radius a such that Ba(x0) ⊂ Ω . Clearly we may
assume that x0 = 0. Let

un(x)= un
(|x|)= un(r)=

⎧⎨⎩
1

n
N−2

2

1
rN−2 − dn, 1

n
� r � a,

n
N−2

2 − dn, 0 � r � 1
n

,

where dn = 1

n
N−2

2 aN−2
, and un(x)= 0 for x ∈Ω \Ba(0).

A direct calculation shows that the Dirichlet norm ‖u‖ = (∫
Ω
|∇u|2 dx)1/2 is bounded:

indeed ∫
Ω

|∇un|2 dx = ωN−1
(N − 2)2

nN−2

∫ a

1/n
r2−2NrN−1 dr = CN

(
1− c(a)

nN−2

)
�CN,

where ωN−1 denotes the surface area of the unit sphere in RN .
Furthermore, we observe that pointwise un(r)→ 0, for all 0 < r < a, as n→∞. But

(un) cannot have a subsequence which converges to 0 in L2∗(Ω), since

∫
Ω

|un|2∗ dx � ωN−1

∫ 1/n

0

(
n
N−2

2 − dn
) 2N
N−2 rN−1 dr � c1 > 0, ∀n ∈N.

(2.3)

From the simple sequence above, we may make another very important observation.
Looking at the “principal term” of un, namely,

ũn(r) := 1

n
N−2

2

1

rN−2
= nN−2

2
1

(nr)N−2
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we observe that

ũn(r)= nN−2
2 ũ1(nr),

and from the simple calculations above we see that
∫
Ω
|∇ũ1|2 dx as well as

∫
Ω
|ũ1|2∗ dx

remain invariant under this “group action”. This is in fact true in general, i.e. in the limiting
Sobolev embedding we have a

2.4.2. Group invariance. For u ∈H 1
0 (Ω), define the continuous group action or “rescal-

ing”

uλ(x) := λN−2
2 u(λx);

this is defined for all λ > 0 if Ω = RN , and for 0 < λ � 1 if Ω is starshaped (w.r.t. the
origin). One then shows by direct calculation that∫

Ω

|∇uλ|2 dx = c,
∫
Ω

|uλ|2∗ dx = d, ∀λ > 0.

It is in fact the appearance of this invariance under rescaling which is the deeper reason for
the loss of compactness.

2.4.3. Nonexistence of solutions in bounded starshaped domains. With the loss of com-
pactness, one loses the main instrument to prove existence of a solution to equation (2.2).
And in fact, one may show that if Ω is a bounded starshaped domain, then indeed there
does not exist a (nontrivial) solution.

This is due to the famous Pohozaev identity, see [35]. This identity is obtained from
equation (2.2) by multiplication by x · ∇u and integration, and it says that if u ∈ C2(Ω)∩
C1(Ω) is a solution of (2.2), then the following relation holds:

N − 2

2

∫
Ω

|∇u|2 dx − N

2∗

∫
Ω

|u|2∗ dx + 1

2

∫
∂Ω

|∂νu|2 x · ν dσ = 0,

where ν is the exterior normal to ∂Ω . On the other hand, multiplying (2.2) by u and
integration yields∫

Ω

|∇u|2 dx =
∫
Ω

|u|2∗ dx.

From these two identities follows that∫
∂Ω

|∂νu|2x · ν dσ = 0.

Since Ω is starshaped, we have x · ν > 0, for all x ∈ ∂Ω , and hence ∂νu= 0 on ∂Ω . But
this implies that u≡ 0 by the principle of unique continuation.

The situation changes if we consider the problem on the whole of RN . In the case with
critical growth we have:
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2.4.4. Existence of explicit solutions on Rn: instantons. The explicit solutions of the
equation {

−�u= uN+2
N−2 in RN ,

u(0)→ 0 for |x| → 0
(2.4)

are

uλ(x)=
(
N(N − 2)

)N−2
4

λ
N−2

2

(λ2 + |x|2)N−2
2

, λ > 0. (2.5)

They were found independently by G. Talenti [43] and Th. Aubin [6]. Note that (2.5)
represent a family of solutions, parametrized by λ > 0. This reflects again the group (or
scaling) invariance of the equation. In addition, there is also (an obvious) invariance of the
equation by translation. One knows that, up to the rescaling and translations, the above
solutions are the only solutions of equation (2.4). The solutions are characterized by

SN
(
RN

)= inf
u∈H 1(RN)\{0}

∫
RN
|∇u|2 dx

(
∫

RN
|u|2∗ dx)2/2∗ . (2.6)

This expression characterizes the best Sobolev embedding constant for the embedding
H 1(RN) ⊂ L2∗(RN), and thus this constant is attained by the function (2.5), and it can
be explicitly calculated. On the other hand, by the Pohozaev identity we infer that the best
Sobolev embedding constant SN(Ω) cannot be attained if Ω is starshaped: otherwise, we
would obtain a nontrivial solution to equation (2.4) which is impossible. In fact, by the
unique continuation property, one shows that this constant is never attained if Ω �=RN .

We have already seen that there is a loss of compactness for the embedding H 1
0 (Ω) ⊂

L2∗(Ω), for bounded domainsΩ ⊂Rn, by giving an explicit bounded sequence in H 1
0 (Ω)

which does not have a convergent subsequence in L2∗(Ω). Using the instantons (2.5), it is
easy to obtain a minimizing sequence for

SN(Ω)= inf
u∈H 1

0 (Ω)\{0}

∫
Ω
|∇u|2 dx

(
∫
Ω
|u|2∗ dx)2/2∗ .

First note that evidently

SN(Ω)� SN(Rn)=: SN,

since every function in H 1
0 (Ω) may be extended by 0 to an H 1-function on Rn. On the

other hand, taking

ũλ(x)= η(x)uλ(x), (2.7)
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where η ∈ C∞0 (Ω) is a cut-off function, i.e. η ≡ 1 on a neighborhood Bρ(0) ⊂ Ω . One
then estimates that for λ→ 0+∫

Ω

|∇ũλ|2 dx =
∫
Ω

|∇uλ|2 +O
(
λN−2)= SN/2N +O(λN−2),∫

Ω

|ũλ|2∗ dx =
∫
Ω

|uλ|2∗ dx +O
(
λN
)= SN/2N +O(λN ) (2.8)

and thus

SN(Ω)�
∫
Ω
|∇ũλ|2 dx

(
∫
Ω
|ũλ|2∗ dx) 2

2∗
= S

N/2
N

S
N/N∗
N

+O(λN−2)= SN +O(λN−2).
From this we conclude that for any domain Ω ⊂RN

SN(Ω)= SN, (2.9)

and that (ũλ) is a minimizing sequence for SN in H 1
0 (Ω) which is noncompact in L2∗(Ω).

As already mentioned, the above stated results on the equations with subcritical and
critical growth seem to imply that we have a complete result: that is

– compactness and existence of nontrivial solutions in the subcritical case in bounded
domains;

– loss of compactness due to the appearance of a group invariance, and loss of solutions
(in starshaped domains) in the critical case.

Indeed, as pointed out by H. Brezis, this seemingly complete result blocked further research
for many years—until H. Brezis and L. Nirenberg published their groundbreaking result,
see [9]:

2.4.5. The Brezis–Nirenberg result. As mentioned above, the equation with “pure critical
growth” (2.2) has no nontrivial solution if Ω is bounded and starshaped. From the varia-
tional point of view, this is due to the lack of compactness, caused by the concentration
phenomenon. The crucial observation by H. Brezis and L. Nirenberg is that this concen-
tration is the only way in which compactness can be lost. And if compactness is lost due
to concentration, then this happens at precise energy levels (the energy of the concentrat-
ing instantons). Brezis and Nirenberg consider in [9] an equation with critical growth and
with a lower order perturbation, and then search for solutions by minimizing a suitable
constrained energy functional. They then calculate the lowest “level of noncompactness”,
i.e. the limit value of the functional along the concentrating instantons. Finally, they show
that the actual minimum value of the functional is below this “value of noncompactness”,
and conclude that hence the minimum is attained.

More precisely, they consider, for 0< λ< λ1, the equation⎧⎪⎨⎪⎩
−�u= λu+ un+2

n−2 , x ∈Ω ,

u= 0, x ∈ ∂Ω ,

u > 0, on Ω ,

(2.10)
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and look for solutions by considering the minimization problem

m := inf
u∈H 1

0 (Ω)\{0}

∫
Ω
(|∇u|2 − λ|u|2) dx
(
∫
Ω
|u|2∗ dx)2/2∗ .

The only noncompactness level for this minimization is again the level SN , since along the
concentrating instantons

∫
Ω
|ũλ|2 → 0, for λ→ 0. We now show that m< SN . For this we

do a more precise estimate: indeed, one can estimate explicitly that (for N � 5):∫
Ω

|ũλ|2 dx � cλ2, for some c > 0, and λ > 0 small.

Thus we get, using the sequence (ũλ) and the estimates (2.8)

m� SN +O
(
λN−2)− cλ2 < SN (N � 5),

for λ > 0 sufficiently small. Thus we have confirmed that the infimum m lies below the
noncompactness level SN , and hence it is attained! (Similar estimates hold for N = 4, and
with some restrictions for N = 3.)

This result is by now classical, and has had an enormous influence on the research of the
last 25 years.

3. The case of dimension N = 2

The case of dimension N = 2 is special, since the corresponding Sobolev space H 1
0 (Ω),

Ω ⊂R2, is a borderline case for Sobolev embeddings: one has

H 1
0 (Ω)⊂ Lp(Ω), for all p � 1,

but

H 1
0 (Ω)� L∞(Ω);

indeed, the function lg(x/a) belongs to H 1
0 (Ba(0)), Ba ⊂Ω , but not to L∞(Ω).

So, one is lead to ask if there is another kind of maximal growth in this situation. And
indeed, this is the result of Pohozaev [36] and Trudinger [44], and which is now called the
Trudinger inequality: it says that if Ω ⊂R2 is a bounded domain, then

u ∈H 1
0 (Ω) �⇒

∫
Ω

e|u|2 dx � c. (3.1)

We can express this fact alternatively in terms of an embedding. For this we need to
introduce the notion of Orlicz space which generalize the Lp-spaces. Let ϕ(t)= et2 − 1.
This is a so-called N -function (see Section 5 below, where Orlicz spaces will be discussed
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in more detail). Let KM = {u :Ω → R,
∫
Ω
ϕ(u) < +∞}. The Orlicz space Lϕ is the

linear vector space generated by KM . For more details we refer to Section 5. The result of
Pohozaev and Trudinger now says that one has a continuous embedding

H 1
0 (Ω)⊂ Lϕ(Ω), for Ω ⊂R2 bounded

and

H 1
0 (Ω)⊂ Lψ(Ω) compact, for any ψ ≺≺ ϕ, (3.2)

where ψ ≺≺ ϕ means that ψ increases essentially more slowly than ϕ, see Section 5.
Inequality (3.1) was improved and made precise by J. Moser [33] who proved that:

sup
‖∇u‖

L2 �1

∫
Ω

eαu
2
dx

{� c, if α � 4π ,

=+∞, if α > 4π .
(3.3)

One can now ask if the “critical growth” (3.1) produces similar phenomena for equa-
tion (2.1) as the case N � 3; indeed, one has many similarities, but also remarkable differ-
ences.

3.0.6. Loss of compactness. Similarly as in the case N � 3, we can give an explicit se-
quence (un) which is bounded in H 1

0 (Ω), and such that (un) has no convergent subse-
quence in Lϕ . For simplicity, assume that Ω = B1(0), the unit ball. Let

wn = 1√
2π

⎧⎨⎩ (logn)1/2 if 0 � |x|� 1
n

,

log 1
|x|

(logn)1/2
if 1
n

� |x|� 1.

One checks easily that
∫
B1
|∇wn|2 dx = 1, and hence wn ⇀ w. Furthermore, one checks

that
∫
B1
(ew

2
n − 1) dx → π . On the other hand, we have pointwise wn(x)→ 0, for any

x �= 0, and hence w = 0. From this one concludes that there cannot exist a subsequence
with ‖wnk −w‖Lϕ → 0.

3.0.7. Group invariance. A fundamental difference to the caseN � 3 is that no analogue
of the group invariance in N � 3 is known for the case N = 2. Connected with this, also
no identity of Pohozaev type is known for dimension N = 2, which could be important for
obtaining nonexistence results.

Before discussing further the issue of existence and nonexistence, let us give a more
precise notion of critical growth: We say that f ∈C(R) has subcritical growth if f (t)≺≺
et

2 − 1 (see (3.2) and Section 5), i.e. if

lim|t |→∞
f (t)

eαt
2 = 0, for every α > 0, (3.4)
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and f (t) has critical growth if there exists α0 > 0 such that

lim|t |→∞
f (t)

eαt
2 = 0 if α > α0, and lim|t |→∞

f (t)

eαt
2 =+∞ if 0< α < α0.

(3.5)

We first consider

3.1. Subcritical growth

Concerning subcritical growth, one has the following existence result for equation (2.1):

THEOREM 3.1. (See [3,14].) Assume that f ∈ C(R) satisfies
(H1) there exist constants t0 > 0 and M > 0 such that

0<F(t)=
∫ t

0
f (s) ds �M

∣∣f (t)∣∣, ∀|t |� t0,

(H2) 0<F(t)� 1

2
f (t)t, ∀t ∈R \ {0}.

Then equation (2.1), with Ω ⊂R2 a bounded domain, has a nontrivial solution. Moreover,
if f (t) is an odd function in t , then equation (2.1) has infinitely many solutions.

PROOF. The proof follows (by now) standard lines: the assumptions guarantee that the
functional has a mountain pass structure around the origin, cf. [4,38]. The subcritical
growth yields compactness, cf. (3.2), and hence the critical level is attained. �

3.2. Critical growth

We consider now equation (2.1) with critical growth in the sense specified in (3.5) above.
For the case N = 2 the situation is more complicated than for dimensions N � 3, and the
known results are less complete. The difficulties start already with the fact that there is
no natural “model problem” for the critical case. Thus, let us write the “critical” equation
(with α0 = 4π , see (3.5)) in the form

−�u= h(u)e4πu2 = e4πu2+logh(u), Ω; u= 0, ∂Ω,

where h ∈ C(R) is subcritical, i.e. satisfying condition (3.4). Thus, logh(u) is a “lower
order perturbation” of the principal growth term 4π u2, and in analogy to the Brezis–
Nirenberg case we can ask for conditions on h(t) such that we have again the situation
of nonexistence or existence of solutions.
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Related to the study of this question is the behavior of the supremum in (3.3). Indeed, it
came as a surprise when L. Carleson and A. Chang [11] proved in 1986 that the supremum
in (3.3) is attained on the unit ball in R2. In fact, consider for comparison the following
maximization problem, for N � 3

sup
‖∇u‖

L2 �1

∫
Ω

|u|2∗ dx =M. (3.6)

This problem corresponds to the minimization problem (2.6), and by (2.9) it is clear that

M = 1

S
N
N−2
N

.

Furthermore, by the remarks made following (2.6), the supremum in (3.6) is never attained
if Ω �=RN .

Thus, the result of Carleson and Chang (for Ω = B1(0)) is in striking contrast to the
case N � 3. We remark that the result of Carleson and Chang was extended to arbitrary
domains in R2 by M. Flucher [20].

Carleson and Chang prove their result by the following steps: Let {un} be a maximizing
sequence:

– by radial symmetrization, one sees that {un} may be assumed radial, and thus charac-
terized by an ODE (the radial equation);

– if the supremum is not attained, then the maximizing sequence is a “normalized con-
centrating sequence,”, i.e. it tends weakly to 0 and concentrates in the origin;

– determine an explicit upper bound for any such normalized concentrating sequence
(un) ∈H 1

0 (B1), namely∫
B1(0)

e4πu2
n � (1+ e)π;

– provide an explicit normalized function w ∈H 1
0 (B1) with∫

B1

e4πw2
> (1+ e)π.

Clearly, (1+ e)π takes the rôle of the (highest) noncompactness level, analogous to the
situation in R � 3 described above, and since the supremum lies above this noncompact-
ness level, it is attained.

In a recent paper by de Figueiredo, do Ó and the author [15] the following explicit
normalized concentrating and maximizing sequence for (1+ e)π was constructed:

For n ∈N set δn = 2 logn
n

and An = 1
en2 +O( 1

n4 ); then define

yn
(|x|)=

⎧⎨⎩ (
1−δn
n
)1/2 log 1

|x| , 1/n� |x|� 1,

1
(n(1−δn))1/2 log An+1

An+n|x| + (n(1− δn))1/2, 0 � |x|� 1/n.
(3.7)
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The constants An are chosen such that
∫
B1
|∇un|2 dx = 1. This sequence allows to give a

new proof of the last step in the argument of Carleson–Chang (and also a generalization of
their result): one shows that this sequence approaches the value (1+ e)π from above, i.e.∫

B1

e4πu2
n dx > (1+ e)π, for n large.

This is in complete analogy to the case of Brezis–Nirenberg, whereby the sequence (3.7)
takes the rôle of the sequence ũλ, see (2.7).

PROBLEM. In view of this and the above remarks, it is of interest to consider

sup
u∈H 1

0 (Ω),‖u‖=1

∫
Ω

h(u)e4πu2 = S

and give optimal (= sharp) conditions on the subcritical function h(t) such that the supre-
mum S is attained, respectively not attained.

3.3. Critical growth: existence

For the corresponding equation{
−�u= h(u) e4π u2

in Ω ,

u= 0 on ∂Ω ,
(3.8)

some progress has been made recently concerning the determination of an optimal subcrit-
ical function h(t). We remark that concerning nonexistence results, a fundamental differ-
ence to the case N � 3 is that (up to now) no suitable identity of Pohozaev type is known
for the case N = 2.

In [14] the following theorem was proved by de Figueiredo, Miyagaki and the author
(see also Adimurthi [2]):

THEOREM 3.2. Assume that h ∈C(R) and let f (s)= h(s)e4πs2
. Assume that

(H1) f (0)= 0.
(H2) There exist constants s0 > 0 and M > 0 such that

0<F(s)=
∫ s

0
f (r) dr �M

∣∣f (s)∣∣, ∀|s|� s0.

(H3) 0<F(s)� 1

2
f (s)s, ∀s ∈R \ {0}.

Furthermore, let d denote the inner radius of Ω , i.e.

d := radius of the largest ball⊂Ω.
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Then equation (3.8) has a nontrivial solution provided that

(H4) lim|s|→∞h(s)s = β >
1

2πd2
.

The proof of this theorem follows closely the scheme by Brezis–Nirenberg mentioned
above, that is

– determine (explicitly) the level of noncompactness;
– use an explicit concentrating sequence and the hypothesis on h(t) to show that the

min–max level is below this noncompactness level;
– thus, compactness is recovered and the existence of a solution follows.

The concentrating sequence used in the proof of this theorem is the so-called Moser se-
quence given by

wn = 1√
2π

{ 1
(logn)1/2

log 1
|x| ,

1
n

� |x|� 1,

(logn)1/2, 0 � |x|� 1
n

.

We remark that this sequence is not an optimal concentrating sequence; in fact, one easily
calculates that

lim
n→∞

∫
B1

e4πw2
n = 2π < (1+ e)π.

We remark that the condition (H4) in Theorem 3.2 may be slightly improved to

β >
1

eπd2

by using the optimal maximizing sequence (3.7) mentioned above instead of the Moser
sequence.

3.4. Critical growth: nonexistence

Concerning nonexistence, only a partial result is known; in the following theorem, the
nonexistence of a positive radial solution on Ω = B1(0) is proved under conditions com-
parable to those of Theorem 3.2.

THEOREM 3.3. (See de Figueiredo and Ruf [18].) Let Ω = B1(0). Suppose that
h ∈ C2(R), and that there exist constants r1 > 0 and σ > 0 such that for some constants
K > 0, c > 0:

(1) h(r)= K
r
, for r � r1;

(2) 0 � h(r)� cKr1+σ , for 0 � r � r1.
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Then there exists a constant K0 > 0 such that for K <K0 the equation{
−�u= h(u)e4πu2

in B1(0)⊂R2,

u= 0 on ∂B1(0)
(3.9)

has no nontrivial radial solution.

We remark that by Gidas, Ni and Nirenberg [21] any positive solution of equation (3.9)
is radial, and hence Theorem 3.3 says that equation (3.9) has no positive solution.

Comparing Theorems 3.2 and 3.3 one notes that Theorem 3.3 assures (under some “tech-
nical” conditions) the existence of a positive solution for Ω = B1(0) provided that asymp-
totically

h(s)∼ β

s
, with β >

1

2π
,

while Theorem 3.3 gives nonexistence for

h(s)= β

s
for s large, and β > 0 sufficiently small.

The proof of Theorem 3.3 uses techniques of the theory of ordinary differential equa-
tions, in particular the shooting method. More precisely, considering only the radial solu-
tions on Ω = B1(0), one can reduce equation (3.9) to the radial equation{

urr + 1
r
ur + h(u)e4πu2 = 0 in (0,1),

u′(0)= u(1)= 0.
(3.10)

Using the transformation t =−2 log r
2 and setting y(t)= u(r) we obtain{

−y′′ = h(y)e4πy2−t , for t > 2 log 2,

y(2 log 2)= 0, y′(+∞)= 0.
(3.11)

That is, we have transformed equation (3.10), which has a singularity in 0, to equa-
tion (3.11) on (2 log 2,+∞), thus transporting the singularity in 0 to +∞. The shooting
method consists now in considering solutions y(t) of (3.11) with y′(+∞) = γ , i.e. one
shoots horizontally from infinity and tries to land at the point 2 log 2. The estimates to
achieve this are delicate and lengthy, and are a refinement of the work of Atkinson and
Peletier [5].

We summarize: if we assume that the asymptotic condition in the existence Theorem 3.2
is optimal (at least on the unit ball B1), then the major open problem may be stated as
follows:

Find a good model equation (i.e. properties of h(u)) under which one may
prove: existence of a nontrivial solution for limt→∞ h(t)t > 1

e π
, and nonexis-

tence of a solution for limt→∞ h(t)t < 1
e π

.
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As already mentioned, what seems to be missing is a kind of Pohozaev identity to obtain
a sharp nonexistence result.

4. Elliptic systems, N � 3

4.1. Strongly indefinite functionals

In this section we begin the discussion of elliptic systems of the following simple form⎧⎨⎩
−�u= g(v),
−�v = f (u) in Ω ⊂RN, N � 3,

u= v = 0 on ∂Ω ,

(4.1)

where f,g : R→R are continuous and superlinear functions, i.e.

f (s)

s
→+∞, g(s)

s
→+∞, as |s| →∞.

These systems are of so-called Hamiltonian form; indeed, we can define the Hamiltonian
H(u,v)= F(u)+G(v), where F and G are the primitives of f and g, respectively. Then
we get the system: −�u=Hv(u, v) and −�v =Hu(u, v).

As in the scalar case, our first interest is to find the maximal or “critical” growth for the
nonlinearities f and g.

We can employ the same procedure as for the scalar equation: Write down a functional
for the system (such that critical points yield weak solutions), and then find the appropriate
function space on which the functional is well defined. The functional we choose is the
following:

I (u, v)=
∫
Ω

∇u∇v dx −
∫
Ω

F(u)dx −
∫
Ω

G(v)dx. (4.2)

As a first attempt, we may define the functional on the space

E :=H 1
0 (Ω)×H 1

0 (Ω)

by estimating∣∣∣∣ ∫
Ω

∇u∇v dx
∣∣∣∣� ‖∇u‖L2‖∇v‖L2 = ‖u‖H 1

0
‖v‖H 1

0
.

In order to have the functional well defined and continuous, we then obtain as in the scalar
case the following growth conditions for the primitives F(s) = ∫ s

0 g(t) dt and G(s) =∫ s
0 g(t) dt :

F(s)� c1 + d1|s|2∗ , G(s)� c2 + d2|s|2∗ .
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Suppose now that (ū, v̄) ∈E is a critical point of I (u, v); then we have∫
Ω

∇ϕ∇v̄+
∫
Ω

∇ū∇ψ =
∫
Ω

f (ū)ϕ +
∫
Ω

g(v̄)ψ, ∀(ϕ,ψ) ∈E.

Choosing in particular the directions (ϕ,0) and (0,ψ), we obtain that (ū, v̄) is a weak
solution of system (4.1).

Note that the functional I (u, v) has a more complicated structure than the functionals
considered up to now: the quadratic term

∫
Ω
∇u∇v dx is strongly indefinite near the origin;

indeed, it is positive respectively negative definite on infinite-dimensional subspaces of E.
In recent years much research has been devoted to the study of such situations, we refer to
[30], [28] and [7]. We will describe below, in a more general situation, a detailed approach
for such problems.

4.2. The critical hyperbola

We have seen above that the “natural choice” of space E =H 1
0 (Ω)×H 1

0 (Ω) leads to the
known Sobolev growth restriction for both nonlinearities F(s) and G(s).

However, by a different choice of the space E, this result can be considerably gener-
alized. In independent works by Hulshof and van der Vorst [23] and de Figueiredo and
Felmer [13] it was shown that one may have different maximal growths for F and G; more
precisely, the condition for the two nonlinearities is given by

F(s)� c1 + d1|s|p+1, G(s)� c2 + d2|s|q+1

with p+ 1 and q + 1 satisfying the condition

1

p+ 1
+ 1

q + 1
= 1− 2

N
.

This is the so-called critical hyperbola. We will show in the next sections in some detail
how the critical hyperbola arises. Indeed, we will see that it can be obtained in two quite
different ways, first in a Hilbert space setting, working with fractional Sobolev spaces Hs ,
and then in a Banach space setting, working with W 1,α-spaces.

It is interesting that this critical hyperbola has many of the features of the critical expo-
nents, namely there is
• compactness below the critical hyperbola, i.e. for nonlinearities with exponential

growths p and q with

1

p+ 1
+ 1

q + 1
> 1− 2

N
,

and in consequence, existence of solutions for such equations; see Section 5.4 below;
• loss of compactness and concentration phenomena for systems with critical growth,

i.e. when the exponents lie on the critical hyperbola, see Section 8.2;



230 B. Ruf

• nonexistence of solutions for the pure power case and on starshaped domains, due to
a Pohozaev (or Rellich) type inequality; see Section 8.1;

• existence of instantons; however, in contrast to the scalar equation, these are not ex-
plicitly known, but it is possible to derive their asymptotic behavior, see Section 8.3;

• group invariance.

4.3. The Hs -approach

In this section we will use fractional Sobolev spaces Hs on which the functional I (u, v)
will be defined.

4.3.1. Fractional Sobolev spaces and the functional setting. To describe the idea of de
Figueiredo and Felmer [13] and Hulshof and van der Vorst [23], we begin by defining
fractional Sobolev spaces.

Consider the Laplacian as the operator

−� :H 2(Ω)∩H 1
0 (Ω)⊂ L2(Ω)→ L2(Ω),

and {ei}∞i=1 a corresponding system of orthogonal and L2-normalized eigenfunctions, with
eigenvalues {λi}. Then, writing

u=
∞∑
n=1

anen, with an =
∫
Ω

uen dx,

we set

Es =
{
u ∈L2(Ω):

∞∑
n=1

λsn|an|2 <∞
}

and

Asu=
∞∑
n=1

λ
s/2
n anen, ∀u ∈D(As) :=Es.

The spaces Es are fractional Sobolev spaces with the inner product

(u, v)s =
∫
Ω

AsuAsv dx,

see Lions and Magenes [32].
In the next lemma we collect a few properties of the operators As and the spaces Es .

LEMMA 4.1. Let s > 0 and t > 0.
(1) z ∈Es iff Asz ∈L2, and ‖z‖Es = ‖Asz‖L2 .
(2) Let z ∈Es+t =E2 =H 2; then As+t z=AsAtz=AtAsz.
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PROOF. (1) follows immediately from the definitions.
(2) We have

As+t z=
∑
i∈N

αiλ
(s+t)/2
i ei =

∑
i∈N

αiλ
s/2
i λ

t/2
i ei =As

∑
i∈N

αiλ
t/2
i ei =AsAtz.

�

With these definitions, we now define the functional

I :Es ×Et →R,

I (u, v)=
∫
Ω

AsuAtv−
∫
Ω

(
F(u)+G(v))dx (4.3)

with s and t such that s + t = 2; loosely speaking, this means that we distribute the two
derivatives given in the first term of the functional I differently on the variables u and v.

The first term of I (u, v) is well defined on the space Es ×Et by the estimate∣∣∣∣ ∫
Ω

AsuAtv dx

∣∣∣∣� ‖Asu‖L2

∥∥Atv∥∥
L2 = ‖u‖Es‖v‖Et .

By the Sobolev embedding theorem we have continuous embeddings

Es ⊂ Lp+1(Ω), if
1

p+ 1
� 1

2
− s

N
,

and these embeddings are compact if 1
p+1 >

1
2 − s

N
, and similarly for the embedding

Et ⊂ Lq+1(Ω), if
1

q + 1
� 1

2
− s

N
.

Summing the two conditions above we now obtain the growth restrictions

1

p+ 1
+ 1

q + 1
� 1− s + t

N
= 1− 2

N
,

i.e. we have found the critical hyperbola.
Of course, it is crucial to recuperate from critical points (u, v) of this functional (weak)

solutions of system (4.1). We state this in the following

PROPOSITION 4.2. Suppose that (u, v) ∈ Es × Et is a critical point of the functional I ,
i.e. u and v are weak solutions of the system{∫

Ω
AsuAtφ = ∫

Ω
g(v)φ, ∀φ ∈Es ,∫

Ω
AsψAtv = ∫

Ω
f (u)ψ, ∀ψ ∈Et . (4.4)
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Then v ∈W 2, p+1
p (Ω) ∩W 1, p+1

p

0 (Ω) and u ∈W 2,q(Ω) ∩W 1,q
0 (Ω),∀q � 1, and hence u

and v are “strong” solutions of (4.4), i.e.{∫
Ω
(−�u)φ = ∫

Ω
g(v)φ, ∀φ ∈C∞0 (Ω),∫

Ω
(−�v)ψ = ∫

Ω
f (u)ψ, ∀ψ ∈C∞0 (Ω).

(4.5)

From this proposition follows by standard bootstrap arguments that u and v are classical
solutions of (4.1) if f , g and Ω are smooth.

For the proof of the proposition, see de Figueiredo and Felmer [13].

4.3.2. Compactness and existence of solutions for systems with subcritical growth. Sub-
critical growth is given for nonlinearities whose growth restrictions satisfy

1

p+ 1
+ 1

q + 1
> 1− 1

N
. (4.6)

REMARK 4.3. To simplify the exposition, we state the theorems and give the proof for
the so-called “model problem”, i.e. system (4.1) with polynomial-type nonlinearities, i.e.
f (u) = up and g(v) = vq . For the more general versions, the reader is referred to the
literature.

Thus, we consider the system⎧⎨⎩
−�u= vq,
−�v = up in Ω ⊂RN, N � 3,

u= v = 0 on ∂Ω .

(4.7)

We then have

THEOREM 4.4. For subcritical growth, i.e. if p + 1 and q + 1 satisfy (4.6), system (4.7)
has a nontrivial solution.

PROOF. We have defined the functional

I :Es(Ω)×Et(Ω)→R,

I (u, v)=
∫
Ω

AsuAtv dx − 1

p+ 1

∫
Ω

|u|p+1 dx − 1

q + 1

∫
Ω

|v|q+1 dx.

An inherent difficulty to systems of type (4.1) is that the associated functional is strongly
indefinite, in the sense that near the origin it is positive respectively negative definite on
infinite-dimensional subspaces. This precludes a direct application of the (by now classical)
“linking theorems” of Critical Point Theory. In recent years, several approaches have been
devised to overcome this problem:
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– approximation by finite-dimensional problems;
– introduction of a new (weak-strong) topology: W. Kryszewski and A. Szulkin [28],

Th. Bartsch and Y. Ding [7];
– infinite linking with compactness: S. Li and M. Willem [30].

We will use the last method to prove the above theorem. In later chapters, we will also
show an application of the first method.

In [30], S. Li and M. Willem prove the following theorem:

THEOREM 4.5. Let Φ :E→R be a strongly indefinite C1-functional satisfying
(A1) Φ has a local linking at the origin, i.e. for some r > 0:

Φ(z)� 0 for z ∈E+, ‖z‖E � r, Φ(z)� 0, for z ∈E−, ‖z‖E � r.

(A2) Φ maps bounded sets into bounded sets.
(A3) Let E+n be any n-dimensional subspace of E+; then φ(z)→−∞ as ‖z‖ →∞,

z ∈E+n ⊕E−.
(A4) Φ satisfies the Palais–Smale condition (PS) (Li and Willem [30] require a weaker

“(PS∗)-condition”, however, in our case the classical (PS) condition will be satis-
fied).

Then Φ has a nontrivial critical point.

We now verify that our functional I (u, v) satisfies the assumptions of this theorem. We
assume, without restricting generality, that

1< q � p, and hence s � t.

Also, we may assume that, e.g., the embedding Et ⊂ Lq+1 is compact.
First, it is clear, with the choices of s and t made above, that I (u, v) is a C1-functional

on Es ×Et .
(A1) Following de Figueiredo and Felmer [13] we can define the spaces

E+ = {(y,As−t y) ∣∣ y ∈Es}⊂Es ×Et,
E− = {(y,−As−t y) ∣∣ y ∈Es}⊂Es ×Et,

which give a natural splittingE+⊕E− =E. It is easy to see that I (u, v) has a local linking
with respect to E+ and E− at the origin.

(A2) Let B ⊂ Es ×Et be a bounded set, i.e. ‖u‖Es � c, ‖v‖Et � c, for all (u, v) ∈ B .
Then, by the embeddings Es ⊂ Lp+1 and Et ⊂ Lq+1

∣∣I (u, v)∣∣ � ∥∥Asu∥∥
L2

∥∥Atv∥∥
L2 + 1

p+ 1

∫
Ω

|u|p+1 + 1

q + 1

∫
Ω

|v|q+1

� ‖u‖Es‖v‖Et + c‖u‖p+1
Es + c‖v‖q+1

Et
� C.
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(A3) Let zk = z+k + z−k ∈ E = E+n ⊕ E− denote a sequence with ‖zk‖ →∞. By the
above, zk may be written as

zk =
(
uk,A

s−t uk
)+ (vk,−As−t vk), with uk ∈Esn, vk ∈Es,

where Esn denotes an n-dimensional subspace of Es . Thus, the functional I (zk) takes the
form

I (zk) =
∫
Ω

AsukA
tAs−t uk −

∫
Ω

AsvkA
tAs−t vk

− 1

p+ 1

∫
Ω

|uk + vk|p+1 − 1

q + 1

∫
Ω

∣∣As−t (uk − vk)∣∣q+1

=
∫
Ω

|Asuk|2 −
∫
Ω

|Asvk|2 − 1

p+ 1

∫
Ω

|uk + vk|p+1

− 1

q + 1

∫
Ω

∣∣As−t (uk − vk)∣∣q+1
.

Note that ‖zk‖→∞⇔ ∫ |Asuk|2 + ∫ |Atvk|2 = ‖uk‖2
Es + ‖vk‖2

Es →∞.
Now, if
(1) ‖uk‖Es � c, then ‖vk‖Es →∞, and then J (zk)→−∞;
(2) ‖uk‖Es →∞, then we estimate (c, c1, c2 and d are positive constants)

∫
Ω

|uk + vk|p+1 � c

(∫
Ω

|uk + vk|2
) p+1

2 − c

� c1‖uk + vk‖p+1
L2 − c� c2‖uk + vk‖q+1

L2 − c̄,
and, by Poincaré’s inequality, since s � t∫

Ω

∣∣As−t (uk − vk)∣∣q+1 � c1
∥∥As−t (uk − vk)∥∥q+1

L2 − c� c2‖uk − vk‖q+1
L2 − c̄

and hence we obtain the estimate

I (zk)� ‖uk‖2
Es − c

(‖uk + vk‖q+1
L2 + ‖uk − vk‖q+1

L2

)+ d.
Since φ(t)= tq+1 is convex, we have 1

2 (φ(t)+ φ(s))� φ( 1
2 (s + t)), and hence

I (zk) � 1

2
‖uk‖2

Es − c
1

2q
(‖uk − vk‖L2 + ‖uk + vk‖L2

)q+1 + d

� 1

2
‖uk‖2

Es − c
1

2q
‖uk‖q+1

L2 + d.

Since on Esn the norms ‖uk‖Es and ‖uk‖L2 are equivalent, we conclude that also in this
case J (zk)→−∞.
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(A4) Let {zn} ⊂E denote a (PS)-sequence, i.e. such that∣∣I (zn)∣∣→ c, and
∣∣(I ′(zn), η)∣∣� εn‖η‖E, ∀η ∈E, and εn→ 0. (4.8)

We first show:

LEMMA 4.6. The (PS)-sequence {zn} is bounded in E.

PROOF. By (4.8) we have for zn = (un, vn) ∈E

I (un, vn)=
∫
Ω

AsunA
tvn − 1

p+ 1

∫
Ω

|un|p+1 − 1

q + 1

∫
Ω

|vn|q+1 → c, (4.9)

I ′(un, vn)(φ,ψ)=
∫
Ω

AsunA
tψ +

∫
Ω

AtvnA
sφ −

∫
Ω

u
p
nψ

−
∫
Ω

v
q
nφ = εn

∥∥(φ,ψ)∥∥
E
. (4.10)

Choosing (φ,ψ)= (un, vn) ∈Es ×Et we get by (4.10)

2
∫
Ω

AsunA
tvn −

∫
|un|p+1 −

∫
Ω

|vn|q+1 = εn
(‖un‖Et + ‖vn‖Es ) (4.11)

and subtracting this from 2I (un, vn) we obtain

(
1− 2

p+ 1

)∫
Ω

|un|p+1 +
(

1− 2

q + 1

)∫
Ω

|vn|q+1 � C + εn
(‖un‖Es + ‖vn‖Et )

(4.12)

and thus ∫
Ω

|un|p+1 �C + εn
(‖un‖Es + ‖vn‖Et ), (4.13)∫

Ω

|vn|q+1 � C + εn
(‖un‖Es + ‖vn‖Et ). (4.14)

Next, note that As−t un ∈ Et ; indeed, un ∈ Es implies that At(As−t un) = Asun ∈ L2 ⇔
As−t un ∈Et .

Thus, choosing (φ,ψ)= (0,As−t un) ∈Es ×Et in (4.10) we get∫
Ω

|Asun|2 =
∫
Ω

v
q
nA

s−t un + εn
∥∥As−t un∥∥Et
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and hence by Hölder

‖un‖2
Es =

∥∥Atun∥∥2
L2 �

(∫
Ω

|vn|q+1
) q
q+1
(∫

Ω

∣∣As−t un∣∣p+1
) 1
p+1 + εn‖un‖Es .

Noting that∥∥As−t un∥∥q+1 � c
∥∥As−t un∥∥Es = c‖Asun‖L2 = c‖un‖Es

we obtain, using (4.14)

‖un‖2
Es �

[
C + εn

(‖un‖Es + ‖vn‖Et )]q/(q+1) · c‖un‖Es + εn‖un‖Es

and thus

‖un‖Es �C + εn
(‖un‖Es + ‖vn‖Et ). (4.15)

Similarly as above we note that At−svn ∈ Es , and thus, choosing (φ,ψ)= (At−svn,0) ∈
Es ×Et in (4.10) we obtain as above

‖vn‖Et � C + εn
(‖vn‖Et + ‖un‖Es ). (4.16)

Joining (4.15) and (4.16) we finally get

‖un‖Es + ‖vn‖Et � C + 2εn
(‖un‖Es + ‖vn‖Et ).

Thus, ‖un‖Es + ‖vn‖Et is bounded. �

With this it is now possible to complete the proof of the (PS)-condition:
Since ‖un‖Es is bounded, we find a weakly convergent subsequence un ⇀ u in Es .

Since the mappings As :Es → L2 and A−t :L2 → Et are continuous isomorphisms, we
get As(un − u) ⇀ 0 in L2 and As−t (un − u) ⇀ 0 in Et . Furthermore, since Et ⊂ Lq+1

compactly, we conclude that As−t (un − u)→ 0 strongly in Lq+1.
Similarly, we find a subsequence of {vn} which is weakly convergent in Et and such that

v
q
n is strongly convergent in L

q+1
q .

Choosing (φ,ψ)= (0,As−t (un − u) ∈Es ×Et in (4.10) we thus conclude∫
Ω

AsunA
s(un − u)=

∫
Ω

v
q
nA

s−t (un − u)+ εn
∥∥As−t (un − u)∥∥. (4.17)

By the above considerations, the right-hand side converges to 0, and thus∫
Ω

|Asun|2 →
∫
Ω

|Asu|2.
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Thus, un→ u strongly in Es .
To obtain the strong convergence of {vn} in Et , one proceeds similarly: as above, one

finds a subsequence {vn} converging weakly in Et to v, and then At−svn ⇀At−sv weakly
in Es and hence also in Lp+1, while by the above un → u strongly in Es and hence

in Lp+1, and then upn → u
p
n in L

p+1
p . Choosing in (4.8) (φ,ψ) = (At−s(vn − v),0), we

get ∫
Ω

At(vn − v)Atvn =
∫
Ω

|un|p−1unA
t−s(vn − v)+ εn

(∥∥At−s(vn − v)∥∥)
(4.18)

and thus one concludes again that∫
Ω

∣∣Atvn∣∣2 → ∫
Ω

∣∣Atv∣∣2
and hence also vn→ v strongly in Et .

Thus, the conditions of Theorem 4.5 are satisfied; hence, we find a (positive) critical
point (u, v) for the functional I , which yields a weak solution to system (4.7). �

4.4. The W 1,α-approach

In this section we use that, alternatively, the functional I (u, v) can be defined on a product
of W 1,α spaces.

4.4.1. The functional framework. We define the functional I (u, v) on a product space of
Sobolev spaces. The term

∫
Ω
∇u∇v dx can be defined on the product space

W
1,α
0 (Ω)×W 1,β

0 (Ω), with
1

α
+ 1

β
= 1,

by using the Hölder inequality∣∣∣∣ ∫
Ω

∇u∇v dx
∣∣∣∣� ‖∇u‖Lα‖∇v‖Lβ = ‖u‖W 1,α

0
‖v‖

W
1,β
0
.

Thus, to have the terms F(s)= 1
p+1 |s|p+1 and G(s)= 1

q+1 |s|q+1 in I (u, v) well defined,
we need to impose, using the Sobolev embedding theorem:

p+ 1 � α∗ αN

N − αN , q + 1 � β∗ = βN

N − βN .

From this we obtain the condition

1

p+ 1
+ 1

q + 1
� N − α

αN
+ N − β

βN
= 1− 2

N
.

Thus, we have found again the critical hyperbola.
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5. Generalization to Orlicz spaces

TheW 1,α-approach has the advantage that it can be generalized to more general settings by
using Orlicz spaces. These spaces were already mentioned in Section 4 when we discussed
the Trudinger inequality. We discuss now some details about Orlicz spaces.

5.1. Orlicz spaces

We recall here some basic facts about Orlicz spaces, for more details see for instance
[1,27,39,22].

DEFINITION 5.1. A continuous function M : R→ [0,+∞) is called an N -function, if it
is convex, even, M(t)= 0 if and only if t = 0, and

M(t)/t→ 0 as t→ 0 and M(t)/t→+∞ as t→+∞.

DEFINITION 5.2. Let A and B be N -functions. We say that
(1) A dominates B (near infinity) if, for some positive constant k,

B(x)�A(kx) for x � x0, and write B ≺A.

(2) A and B are equivalent if A dominates B and B dominates A; then we write A∼ B .
(3) B increases essentially more slowly than A if

lim
t→∞

B(kt)

A(t)
= 0, for all k > 0;

in this case we write B ≺≺A.

Associated to the N -function M we introduce the following class of functions.

DEFINITION 5.3 (Orlicz class). The Orlicz class is the set of functions defined by

KM(Ω) :=
{
u :Ω→R: u measurable and

∫
Ω

M
(
u(x)

)
dx <∞

}
.

Orlicz classes are convex sets, but in general not linear spaces. One then defines

DEFINITION 5.4 (Orlicz space). The vector space LM(Ω) generated by KM(Ω) is called
Orlicz space.

PROPOSITION 5.1. The Orlicz classKM(Ω) is a vector space, and hence equal to LM(Ω)
if and only if M satisfies the following �2-condition:
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DEFINITION 5.5 (�2-condition). There exist numbers k > 1 and t0 � 0 such that

M(2t)� kM(t), for t � t0.

Furthermore, we define

DEFINITION 5.6 (∇2-condition). There exist numbers h > 1 and t1 � 0 such that

M(t)� 1

2h
M(ht), for t � t1.

We call a function satisfying the �2- and the ∇2-condition �-regular.

We remark that the Orlicz class depends only on the asymptotic growth of the func-
tion M ; therefore, also the �2-condition and the ∇2-condition need to be satisfied only
near infinity.

We define the following norm on LM(Ω):

DEFINITION 5.7 (Luxemburg norm).

‖u‖(M) = inf

{
λ > 0:

∫
Ω

M

( |u|
λ

)
� 1

}
.

PROPOSITION 5.2. (LM,‖ · ‖(M)) is a Banach space.

DEFINITION 5.8 (Conjugate function). Let

M̃(x)= sup
y>0

{
xy −M(y)}.

M̃ is called the conjugate function of M .

It is clear that ˜̃M =M , and M and M̃ satisfy the Young inequality:

st �M(t)+ M̃(s), ∀s, t ∈R,

with equality when s =M ′(t) or t = M̃ ′(s).

PROPOSITION 5.3. In the spaces LM and LM̃ the Hölder inequality holds:∣∣∣∣ ∫
Ω

u(x)v(x) dx

∣∣∣∣� 2‖u‖(M)‖v‖(M̃).
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Hence, for every ũ ∈ LM̃ we can define a continuous linear functional lũ v :=
∫
Ω
ũv dx

and lũ ∈ (LM)∗. Then we can define

‖ũ‖M̃ := ‖lũ‖ = sup
‖v‖(M)�1

∫
Ω

ũ(x)v(x) dx.

DEFINITION 5.9. ‖ũ‖M̃ is called the Orlicz norm on the space LM̃ , and analogously one
defines the Orlicz norm ‖u‖M on LM .

Thus, we have two different norms on LM , the Luxemburg (or gauge) norm ‖ · ‖(M) and
the Orlicz norm ‖ · ‖M ; they are equivalent, and satisfy

‖u‖(M) � ‖u‖M � 2‖u‖(M). (5.1)

In order to be precise about which norm is considered in the spaces, we are going to use
from now on the following notations:(

LM,‖ · ‖M
) := LM and

(
LM,‖ · ‖(M)

) := L(M),
and similarly for M̃ .

It follows from the definition of Orlicz norm that

PROPOSITION 5.4. If u ∈LM and w̃ ∈LM̃ , then one has the following Hölder inequality∣∣∣∣ ∫
Ω

uw̃ dx

∣∣∣∣� ‖u‖M‖w̃‖(M̃). (5.2)

PROPOSITION 5.5. (See J.P. Gossez [22], Rao and Ren [39, p. 111].) LM is reflexive if
and only if M and M̃ satisfy the �2-condition, and then

(L(M))
∗ = LM̃ and (L(M̃))

∗ = LM.

PROPOSITION 5.6. (See Rao and Ren [39, Theorem 2, p. 297].) If Φ is �-regular, then
there exists a Φ1 ∼ Φ such that LΦ = LΦ1 as sets, and their Luxemburg norms (respec-
tively Orlicz norms) are equivalent, with the following additional structure:

(a) LΦ and LΦ1 are isomorphic, and both are reflexive spaces,
(b) LΦ1 is uniformly convex and uniformly smooth.

Next, we define the Orlicz–Sobolev spaces: Let A be a N -function. Then set

DEFINITION.

W 1LA =
{
u :Ω→R; max

|α|∈{0,1}

∫
Ω

A
(|Dαu|)<+∞}
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with Luxemburg norm

‖u‖W 1LA
:=max

{‖Dαu‖(A): |α| ∈ {0,1}
}
.

On the space W 1
0L(A), i.e. the space of functions in W 1LA which vanish on the bound-

ary, an equivalent Luxemburg norm is given by

‖u‖1,(A) = ‖∇u‖(A) = inf

{
λ > 0:

∫
Ω

A

( |∇u|
λ

)
� 1

}
.

The equivalence of these two norms is a consequence of the Poincaré inequality,

‖u‖(M) � C

n∑
i=1

‖Diu‖(M), ∀u ∈W 1
0LM(Ω)

(see [22]). In analogy with the above definition of the Orlicz norm in LM we can define an
Orlicz norm in W 1

0L(A) by

‖u‖1,A := sup

{∫
Ω

∇u∇w̃ dx: w̃ ∈W 1
0L(Ã), ‖w̃‖1,(Ã) � 1

}
.

The space W 1
0L(A) endowed with this new norm is denoted by W 1

0LA.

DEFINITION 5.10 (Sobolev conjugate). (See Adams [1, p. 248].) Suppose that∫ ∞

1

A−1(t)

t1+1/n
dt =+∞.

Then the Sobolev conjugate function Φ(t) is given by

Φ−1(t)=
∫ t

0

A−1(τ )

τ 1+1/n
dτ, t � 0. (5.3)

PROPOSITION 5.7. Let Ω be bounded, and satisfying the cone property. Then the embed-
ding

W 1LA(Ω) ↪→LΦ(Ω)

is continuous, and compact into LG(Ω) where G is any N -function increasing essentially
more slowly than Φ , i.e. limt→∞ G(kt)

Φ(t)
= 0, for all k > 0.

EXAMPLE 5.1. One easily checks that for Φ(s) = sp+1 the above formula (5.3) yields
A(s)= csα , with α satisfying 1

α
= 1

p+1 + 1
N

; indeed, Φ−1(t)= t1/(p+1), and hence

A−1(t)

t1+ 1
N

= d

dt
Φ−1(t)= 1

p+ 1
t

1
p+1−1

,
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i.e.

A−1(t)= 1

p+ 1
t

1
p+1+ 1

N .

It follows that p+1= αN
N−α , and thus we recover the classical Sobolev embedding theorem

W 1,α(Ω) ↪→Lp+1(Ω).

Next, we make the following

DEFINITION 5.11. Let g ∈ C(R) be a N -function, and G its primitive. Then we say that
G is θ -regular, if there exists a constant θG > 1 such that

lim
s→∞

sg(s)

G(s)
= θG. (5.4)

Let F(t)=G−1(t), and f (t)= F ′(t). Then the above condition is equivalent to

lim
t→∞

tf (t)

F (t)
= 1

θG
. (5.5)

Indeed, we have G(s)= t⇔ F(t)= s, and f (t)= d
dt
[G−1(t)] = 1

g(s)
.

We have

PROPOSITION 5.8. (See Rao and Ren [39, p. 26].) If G is θ -regular, then G is �-regular,
i.e. G ∈�2 ∩∇2.

5.2. Orlicz space criticality

In the last section we have seen that Orlicz spaces are a generalization of Lp-spaces (which
correspond to the N -functions |s|p) to more general N -functions. It is natural to look for
an analogue of the critical hyperbola for N -functions.

DEFINITION (Critical Orlicz pair). Let Φ and Ψ be �-regular N -functions. Then (Φ,Ψ )
are a critical Orlicz pair if there exist �-regular and conjugate N -functions A and Ã such
that LΦ and LΨ are the smallest Orlicz spaces with

W 1LA ↪→LΦ, W 1LÃ ↪→LΨ .

We have the following:

THEOREM 5.9. Let Ω ⊂ RN be a bounded, smooth domain. Let Φ ∈ C1 be a given N -
function, and set ϕ(t)=Φ ′(t). Assume that

lim
s→∞

ϕ(s)s

Φ(s)
= θΦ > N

N − 2
. (5.6)



Superlinear elliptic equations and systems 243

Then there exists an associated N -function Ψ such that (Φ,Ψ ) form a critical Orlicz pair.
Furthermore, the limit

lim
s→∞

sΨ (s)

Ψ (s)
= θΨ

exists, and

1

θΦ
+ 1

θΨ
= 1− 2

N
. (5.7)

Consider the following

EXAMPLE 5.2. In Example 5.1 we saw that to Φ(s) = sp+1 corresponds the inverse
Sobolev conjugate A(s)= csα , with

1

p+ 1
+ 1

N
= 1

α
.

The conjugate function Ã to A is given by Ã(s)= csβ , with 1
α
+ 1

β
= 1, which in turn has

as Sobolev conjugate Ψ (s)= sq+1, with

1

q + 1
+ 1

N
= 1

β
.

Adding the two equations yields

1

p+ 1
+ 1

q + 1
= 1− 2

N
. (5.8)

This is the critical hyperbola, see de Figueiredo and Felmer [13] and Hulshof and van
der Vorst [23]. Thus, (|s|p+1, |s|q+1) are a critical Orlicz pair, and so the above theorem
contains the critical hyperbola as a special case. We remark that the proof given here is
also new in the polynomial case; in [13] and [23] fractional Sobolev spaces Hs were used
in order to conserve the Hilbert space structure.

We now give some examples of critical Orlicz pairs:

EXAMPLE 5.3. Let

Φ(s)∼ |s|p+1(log |s|)α and Ψ (s)∼ |s|q+1(log |s|)−α q+1
p+1 ,

with α > 0 and p, q ∈ (1,+∞) satisfying (5.8). Then Φ and Ψ satisfy (5.6), with θΦ =
p + 1 and θΨ = q + 1, respectively, and (Φ,Ψ ) form a critical Orlicz-pair; for the proof,
see [17].
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REMARK 5.12. The restriction θΦ > N/(N − 2) in Theorem 5.9 is necessary in order to
obtain a Ψ which is θ -regular, in the sense of Definition 5.11. Also in the polynomial case
such a restriction, which here is p+ 1>N/(N − 2), is necessary in order to obtain q > 1.

5.3. Critical Orlicz-pairs: proof of Theorem 5.9

(1) Hypothesis (5.6) expresses the fact that the function Φ is θ -regular with θΦ >

N/(N − 2). Let A be the inverse Sobolev conjugate of Φ , see Definition 5.10. Note that
W 1LA is the largest Orlicz–Sobolev space that embeds into LΦ .

CLAIM 1. A is θ -regular, with θA = NθΦ
N+θΦ > 1.

Indeed, let F(s)=Φ−1(s) and B(t)=A−1(t). Then F(s)= ∫ s0 B(t)

t1+1/N dt , and hence

f (s)= B(s)

s1+1/N
.

Then we have by (5.5)

1

θΦ
= lim
s→∞

f (s)s

F (s)
= lim
s→∞

B(s)s−1/N

F (s)
.

Then, by l’Hôpital’s rule

lim
s→∞

B(s)s−1/N

F (s)
= lim
s→∞

b(s)s−1/N − 1
N
s− 1

N
−1B(s)

B(s)

s1+1/N

= lim
s→∞

b(s)s

B(s)
− 1

N
.

We conclude that

1

θΦ
= lim
s→∞

b(s)s

B(s)
− 1

N

and thus

lim
s→∞

b(s)s

B(s)
= 1

θΦ
+ 1

N
< 1.

This implies that A is θ -regular, with θA = NθΦ
N+θΦ > 1.

(2) Next, let Ã be the conjugate function ofA, given by Definition 5.8. Ã is aN -function,
and �-regular, see Rao and Ren [39, Corollary 4, p. 26].

In the following, suppose that s = A′(t) (iff t = Ã′(s)); note that t →∞ iff s→∞.
Then

1

θA
= lim
t→∞

A(t)

tA′(t)
= lim
t→∞

A(t)

ts
= lim
s→∞

st − Ã(s)
st

= 1− lim
s→∞

Ã(s)

sÃ′(s)
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= 1− 1

θÃ
.

Thus, Ã is θ -regular, with θÃ > 1.
We can now define the corresponding Orlicz–Sobolev space W 1LÃ.
(3) Next, use Definition 5.10 again to define the function Ψ ; by Adams and Fournier

[1, p. 248], Ψ is an N -function.

CLAIM 2. Ψ is θ -regular, with θΨ = NθÃ
N−θÃ .

This follows similarly as in Claim 1, reversing the direction in the arguments.
Finally, LΨ is the smallest Orlicz space into which W 1LÃ embeds continuously.
Thus, we have shown that (Φ,Ψ ) is a critical Orlicz pair.
Finally, we have

1

θΦ
+ 1

θΨ
= N − θA

NθA
+ N − θÃ

NÃ
= 1

θA
− 1

N
+ 1

θÃ
− 1

N
= 1− 2

N
.

5.4. Orlicz space subcritical: an existence theorem

We have the following existence theorem for nonlinearities which have subcritical growth
with respect to a given critical Orlicz pair (Φ,Ψ ).

THEOREM 5.13. Suppose that (Φ,Ψ ) is a critical Orlicz-pair. Suppose that f and g are
continuous functions, and let F and G denote their primitives. Assume that

(H1) there exists θ > 2 and t0 > 0 such that for all t � t0

0< θF(t)� tf (t) and 0< θG(t)� tg(t).

(H2) F and G are uniformly superquadratic near zero, i.e. there exist numbers σ > 2
and c� 1 such that

F(st)� csσF (t), G(st)� c sσG(t), ∀t > 0, ∀s ∈ [0,1].

(H3) F and G have an essentially lower growth than Φ and Ψ , respectively (see Defi-
nition 5.2).

(H4) F and G satisfy

lim
t→0

F(t)

Φ(t)
= CF <∞ and lim

t→0

G(t)

Ψ (t)
= CG <∞.

Then system (4.1) has a nontrivial solution.
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EXAMPLE 5.4. Let (Φ,Ψ ) denote the critical Orlicz pair given in Example 5.3. Suppose
that F(s) ∼ sp+1(log s)β and G(s) ∼ sq+1(log s)−γ , for s positive and large with β < α
and γ > α q+1

p+1 . Then F and G have essentially slower growth than Φ and Ψ , respectively.

PROOF. (Outline; for more details, see [17].)
We now define the functional

I (u, ṽ)=
∫
Ω

∇u∇ṽ dx −
∫
Ω

F(u)dx −
∫
Ω

G(ṽ) dx

on the space

I :W 1
0LA(Ω)×W 1

0L(Ã)(Ω)→R. (5.9)

Here ṽ ∈W 1
0L(Ã)(Ω) is an independent variable; we write ṽ to emphasize that ṽ belongs

to the space W 1
0L(Ã)(Ω).

We recall that the functional (5.9) is strongly indefinite, being positive definite, respec-
tively negative definite (near the origin) on an infinite-dimensional subspace. We now make
this more precise, by showing that there is the geometry of (local) infinite-dimensional
linking. For this, we introduce the

TILDE MAP. For u ∈W 1
0LA(Ω) consider

Su := sup

{∫
Ω

∇u(x)∇w̃(x) dx: w̃ ∈W 1
0L(Ã), ‖w̃‖1,(Ã) = ‖u‖1,A

}
. (5.10)

Then we have

LEMMA 5.14. There exists a unique ũ ∈W 1
0L(Ã) such that

‖ũ‖1,(Ã) = ‖u‖1,A and Su =
∫
Ω

∇u(x)∇ũ(x) dx = ‖u‖1,A‖ũ‖1,(Ã).

Furthermore, ũ depends continuously (but nonlinearly) on u.

We now define two submanifolds of E :=W 1
0LA(Ω)×W 1

0L(Ã):

E+ = {(u, ũ): u ∈W 1
0LA

}
and E− = {(u,−ũ): u ∈W 1

0LA
}
.

We note that E+ and E− are nonlinear submanifolds of E when regarded with respect to
the standard vector space structure of E, but they are linear with respect to the following
notion of

TILDE SUM. Given (u, ṽ), (y, z̃) ∈E, set

(u, ṽ) +̃ (y, z̃) := (u+ y, ṽ+ z).
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One proves easily that with this notion one has

E =E+ ⊕̃E−.

One then proves the following local linking structure:

LEMMA 5.15.
(1) There exist ρ0, σ0 > 0 such that I (z)� σ0, for all z ∈ ∂Bρ0 ∩E+.
(2) There exist positive constants R0,R1 such that I (z) � 0 for all z ∈ ∂Q, where

Q = {r(e1, ẽ1) +̃ w: w ∈ E−, ‖w‖ � R0 and 0 � r � R1} (e1 denotes the first
eigenfunction of the Laplacian, with ‖(e1, ẽ1)‖ = 1).

We emphasize that this linking is only formal, since it involves two infinite-dimensional
manifolds. We now proceed by a finite-dimensional approximation; this will lead to an
actual linking structure. The proof is then completed by a limiting argument.

Define

E+n :=
{
(z, z̃); z ∈En

}
and E−n :=

{
(z,−z̃); z ∈En

}
,

where En is the space spanned by the first n eigenfunctions of the Laplacian.
We now restrict the functional I to E+n ⊕̃E−n =En × Ẽn, and consider the set

Qn =
{
w +̃ r(e1, ẽ1); w ∈E1

n, ‖w‖�R0, 0 � r �R1
}⊂E+n ⊕̃E−n .

Furthermore, we define the family of maps

Hn =
{
h ∈C(Qn,E

+
n Ẽ

−
n

)
: h(z)= z on ∂Qn

}
.

One shows, using the topological degree on oriented manifolds, that

LEMMA 5.16. The sets Qn and ∂Bρ0 ∩E+n link, i.e.

H(Qn)∩
(
∂Bρ0 ∩E+n

) �= 0, ∀h ∈Hn.

Finally, we set

cn = inf
h∈Hn

max
z∈Qn

I
(
h(z)

)
.

Using the linking property and Lemma 5.15 one obtains that the values cn satisfy cn ∈
[σ0, cR

2
1], ∀n ∈ N. Furthermore, by the “Linking Theorem” of P.H. Rabinowitz [38] one

obtains a PS-sequence (um, ṽm) ∈ E+n ⊕̃E−n , i.e. satisfying I (um, ṽm)→ cn, as m→∞,
and |I ′(um, ṽm)[(ξ, η̃)]|� εm‖(ξ, η̃)‖, with εm→ 0 as m→∞.

One now shows
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LEMMA 5.17. Let (um, ṽm) be a PS-sequence. Then the sequence (um, ṽm) is bounded
in E, i.e. there exists a constant C such that ‖um‖� C and ‖ṽm‖� C, for all m ∈N.

The proof of this lemma uses standard methods, which are however rendered compli-
cated by the fact that Lp estimates must be replaced by more delicate estimates in Orlicz
spaces.

With this, one now obtains that cn is a critical level of I |E+n ⊕̃E−n , for each n ∈ N, with a
corresponding sequence of critical points zn ∈E+n ⊕̃E−n , with ‖zn‖� c, where c does not
depend on n.

To complete the proof, we take the limit n→∞: by the uniform bounds on cn and on the
finite-dimensional critical points zn, it is easy to conclude that zn = (un, ṽn) ⇀ z= (u, ṽ)
in E =W 1

0LA ×W 1
0LÃ, and that z is a weak solution of system (4.1).

It remains to show that z= (u, ṽ) is nontrivial; assume by contradiction that u= 0, then
by equations (4.1) also ṽ = 0. Note that we can find a suitable �-regular N -function F1

with F1 ≺≺ Φ and the properties F(x) � F1(x), f (x) � f1(x), ∀x ∈ R+. Thus, by the
compact embedding W 1

0LA ↪→LF1 , we get

‖un‖(F1)→ 0, i.e. inf

{
λ > 0;

∫
Ω

F1

(
un

λ

)
� 1

}
=: λn→ 0.

Since, for λn < 1 holds 1
λn

∫
Ω
F1(un)�

∫
Ω
F1(

un
λn
)� 1, we conclude that

∫
Ω

F(un)�
∫
Ω

F1(un)� λn→ 0.

Since F1 is �-regular, we have xf1(x)� cF1(x), for some c > 1, and hence

0 �
∫
Ω

f (un)un �
∫
Ω

f1(un)un � c

∫
Ω

F1(un) dx→ 0. (5.11)

It is easily seen that this implies that also
∫
Ω
∇un∇ṽn dx→ 0, and thus also I (un, ṽn)→

0. But this contradicts that I (un, ṽn)� σ0 > 0, for all n ∈N.
This concludes the proof of Theorem 5.13. �

In Theorem 5.13 we have obtained solutions for system (4.1) in the case of Orlicz-
subcriticality; in particular, for the polynomial “model” system

⎧⎨⎩
−�u= vq,
−�v = up in Ω ⊂RN, N � 3,

u= v = 0 on ∂Ω ,

(5.12)
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this means that we have existence of solutions if the pair of nonlinearities (|s|p+1, |s|q+1)

are Orlicz subcritical which, as we have seen, is in this case equivalent to say that the pair
(p, q) is below the critical hyperbola, i.e.

1

p+ 1
+ 1

q + 1
> 1− 2

N
.

6. A system with no growth restriction in one nonlinearity

We now turn our attention to some other aspects of the critical hyperbola. Note that the
asymptotes of the critical hyperbola are given by(

N

N − 2
, s

)
, and

(
s,

N

N − 2

)
, s ∈R, see Figure 1.

We show next that if one of the nonlinearities in system (4.1), say f (s), has a polyno-
mial growth restriction with exponent lying to the left of the asymptote ( N

N−2 , s) of the
hyperbola, then no growth restriction on the other nonlinearity is needed. More precisely,
restricting attention to the following model situation:⎧⎨⎩

−�u= g(v),
−�v = up in Ω ⊂RN ,

u= v = 0 on ∂Ω ,

(6.1)

Fig. 1. The critical hyperbola, N = 3.
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we have the following theorem, cf. [19]:

THEOREM 6.1. Suppose that{0<p, if N = 2,

0<p < 2
N−2 , if N � 3

and assume that g ∈ C(R), with G(s)= ∫ s0 g(t) dt its primitive. Then the functional

I (u, v)=
∫
Ω

∇u∇v dx − 1

p+ 1

∫
Ω

|u|p+1 dx −
∫
Ω

G(v)dx

is well defined and of class C1 on the space

E =Es(Ω)×Et(Ω), with s satisfying p+ 1= 2N

N − 2s
.

PROOF. We proceed as in Section 4.3 and define the equivalent functional (cf. (4.3))

I (u, v)=
∫
Ω

AsuAtv − 1

p+ 1

∫
Ω

|u|p+1 dx −
∫
Ω

G(v)dx.

The first term of the functional is naturally defined on the space E, and the second term is
well defined, continuous and differentiable, by the continuous embedding Es ⊂ Lp+1, for
p+ 1= 2N

N−2s .
Next, note that

t = 2− s = 2− N

2
+ N

p+ 1
> 2− N

2
+N − 2= N

2
,

where we used the assumption p + 1 < N
N−2 . Thus, we have the continuous embedding,

cf. [1]

Et(Ω)⊂ C0, 1
2 (Ω),

and hence we have for v ∈ Et that v is continuous, and hence also G(v), and then∫
Ω
G(v)dx is well defined, continuous and differentiable. �

Next, we give an existence theorem for system (6.1). Since in this survey we concentrate
on superlinear problems, i.e. with p > 1, we obtain from 2< p+ 1< N

N−2 the restriction
N � 3. For corresponding results on “superlinear-sublinear” systems, we refer to [19].
Concerning system (6.1), with N = 2,3, we have the following existence theorem

THEOREM 6.2. Suppose that{0<p, if N = 2,

0<p < 2
N−2 , if N � 3
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and assume that g ∈ C(R), with G(s)= ∫ s0 g(t) dt its primitive, and that there exist con-
stants θ > 2 and s0 � 0 such that

θG(s)� g(s)s, ∀|s|� s0.

Finally, for s near 0 we assume g(s)= o(s).
Then system (6.1) has a nontrivial (strong) solution (u, v).

PROOF. The proof follows closely the proof of Theorem 4.4, and we omit it. For details,
we refer to [19]. �

7. A borderline case

In this section we will consider the borderline case where one of the nonlinearities has a
growth corresponding to the asymptote ( N

N−2 , s) of the critical hyperbola (5.8): we assume
that

F(s)∼ |s| N
N−2 ,

and consider the system⎧⎨⎩
−�u= g(v),
−�v = u 2

N−2 in Ω ⊂RN ,

u= v = 0 on ∂Ω .

(7.1)

We will see that then the nonlinearity g(s) is governed by a limiting Sobolev space em-
bedding, i.e. we find a maximal growth defined by a Trudinger-type embedding. However,
there is a surprise!

We may again apply the Hs -approach or the W 1,α-approach; and we will also consider
a “mixed approach”, defining the functional on Ws,α-spaces, i.e. the space of functions
whose fractional derivative of order s lies in Lα . We have seen that the Hs -approach and
the W 1,α-approach give the same critical hyperbola, and we will show that this is also
the case for the “mixed approach”. Thus, all these approaches seem equivalent. We will

however show the surprising result that for the borderline case F(s)∼ |s| N
N−2 , these meth-

ods yield different maximal growth conditions for the nonlinearity G(s). We will then use
Lorentz spaces to obtain a truly maximal growth for G(s).

7.1. The Ws,α-approach

This is a “mixed” approach between the Hs and the W 1,α-approach. The space Ws,α
0 con-

sists of the functions whose fractional derivative of order s lie in Lα ; a precise definition
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may be given by interpolation, see Adams and Fournier [1]. For these spaces, the following
Sobolev embedding theorems hold (see [1])

W
s,α
0 ⊂ Lp+1, with p+ 1= αN

N − sα . (7.2)

We define the functional I (u, v) on the space

W
s,α
0 (Ω)×Wt,β

0 (Ω), with s + t = 2,
1

α
+ 1

β
= 1,

that is, as in Section 4.3.1 we consider the functional

I (u, v)=
∫
Ω

AsuAtv − 1

p+ 1

∫
Ω

|u|p+1 − 1

q + 1

∫
Ω

|v|q+1.

The first term of the functional,
∫
Ω
AsuAtv dx, is well defined on Ws,α

0 ×Wt,β

0 by esti-
mating ∣∣∣∣ ∫

Ω

AsuAtv dx

∣∣∣∣� ‖u‖Ws,α‖v‖Wt,β, with s + t = 2 and
1

α
+ 1

β
= 1.

From the embeddings (7.2) we then get the following maximal growth conditions for
F(u)= 1

p+1 |u|p+1 and G(v)= 1
q+1 |v|q+1:

p+ 1= αN

N − sα , q + 1= βN

N − sβ
with the conditions:

1

p+ 1
+ 1

q + 1
= N − sα

αN
+ N − tβ

βN
= 1

α
+ 1

β
− s + t

N
= 1− 2

N
;

that is, we have found again the critical hyperbola!

7.1.1. Different results using theHs -method and theWs,α-method. We now consider the
border line case mentioned above: we assume that one of the nonlinearities has an exponent
on the asymptote of the critical hyperbola, i.e.

F(u)= 1

p+ 1
|u|p+1 = N − 2

N
|u| N

N−2 .

We will see that the maximal growth for the other nonlinearity, g(v), is given by a
Trudinger-type inequality, i.e. it is of exponential growth. We will consider both, the Hs -
approach and the Ws,α-approach, and surprisingly, we will get different maximal growths!
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As seen in Section 4.4, the corresponding functional

I (u, v)=
∫
Ω

∇u∇v− N − 2

N

∫
Ω

|u| N
N−2 −

∫
G(v)

can be defined on the space

W
1,α
0 (Ω)×W 1,β

0 (Ω), with
1

α
+ 1

β
= 1. (7.3)

The requirement

W 1,α(Ω)⊂ L N
N−2 (Ω)

yields the condition

N

N − 2
= α∗ = Nα

N − α ⇐⇒ N

N − 1
= α.

By (7.3) this gives β =N , i.e. we are in the limiting Sobolev case W 1,β(Ω)=W 1,N (Ω).
We look now for the largest possible growth function φ(s) such that

∫
Ω
φ(u)dx is finite.

Indeed, by Trudinger [44] and Pohozaev [36] we have

W 1,N (Ω)⊂ Lφ(Ω),

where Lφ is the Orlicz space with the corresponding N -function

φ(s)= e|s|
N
N−1 − 1.

Thus, with the W 1,α-method we obtain as “critical growth” for the primitive G(s):

G(s)∼ e|s|
N
N−1

, (7.4)

i.e. we have the maximal growths

F(s)= |s|p+1 = |s| N
N−2 , G(s)∼ e|s|

N
N−1

.

We now use the fractional Sobolev space approach: we work directly with the mixed
approach, i.e. the Ws,α-method. Given s ∈ (0,2), the optimal fractional Sobolev space

W
s,α
0 for having a continuous embedding Ws,α

0 ⊂ L N
N−2 is given by the condition:

N

N − 2
= p+ 1= αN

N − sα
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which implies

α = N

N − (2− s) ,

and hence by 1
α
+ 1

β
= 1 we get for β the condition:

β = N

2− s =
N

t
.

The space Wt,β

0 (Ω) =Wt,N
t

0 (Ω) is again a limiting Sobolev case, and by R.S. Strichartz
[41] we have the optimal embedding

W
t,β

0 (Ω)=Wt,N
t

0 (Ω)⊂ Lφ(Ω)
with

φ(r)= e|r|
N
N−t − 1, 0< t < 2.

Thus, the maximal growths by the Ws,α-method are

F(s)= |s| N
N−2 , and G(s)∼ e|s|

N
N−t

, 0< t < 2,

i.e. we have found a variable “critical growth” which depends on the choice of the value
of t !

We emphasize once more that we have found for system (7.1), by using the same func-
tional I (u, v) in changing function space settings, different maximal growths for the non-
linearity G(s). This is of course somewhat disturbing!

7.2. Lorentz spaces

We now change from Sobolev space settings to Lorentz spaces.
We recall the definition of a Lorentz space: For φ :Ω→ R a measurable function, we

denote by

μφ(t)=
∣∣{x ∈Ω: φ(x) > t

}∣∣, t � 0,

its distribution function. The decreasing rearrangement φ∗(s) of φ is defined by

φ∗(s)= sup
{
t > 0; μφ(t) > s

}
, 0 � s � |Ω|.

The Lorentz space L(p,q) is defined as follows:

φ ∈L(p,q), 1<p <∞, 1 � q <∞,
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if

‖φ‖p,q =
(∫ ∞

0

[
φ∗(t)t1/p

]q dt
t

)1/q

<+∞.

Lorentz spaces have the following main properties (see Adams and Fournier [1]):
(1) L(p,p)= Lp, 1<p <+∞.
(2) The following inclusions hold for 1< q < p < r <∞:

Lr ⊂ L(p,1)⊂ L(p,q)⊂ L(p,p)= Lp ⊂ L(p, r)⊂ Lq.

(3) Hölder inequality:∣∣∣∣ ∫
Ω

fg dx

∣∣∣∣� ‖f ‖p,q‖g‖p′,q ′ , where p′ = p

p− 1
, q ′ = q

q − 1
.

Furthermore, the following embedding theorems hold:

THEOREM A. Suppose that 1 � p <N , and that ∇u ∈ L(p,q); then u ∈ L(p∗, q), where
p∗ = Np

N−p and 1 � q <∞.

Note that this theorem improves slightly Sobolev’s embedding theorem, which gives
u ∈ Lp∗ = L(p∗,p∗), which is a larger space than L(p∗,p).

For the next theorem, see H. Brezis [8]:

THEOREM B. Suppose that u ∈Wj,p , with p < N
j

; then u ∈L(p∗,p) with 1
p∗ = 1

p
− j

N
.

The following theorem deals with the limiting Sobolev case, and is a generalization of
Trudinger’s result (see H. Brezis and S. Wainger [10], H. Brezis [8]). It is of particular
importance for our considerations:

THEOREM C. Assume ∇u ∈L(N,q) for some 1< q <∞. Then e|u|
q
q−1 ∈L1.

This generalizes the Trudinger embedding, which gives for ∇u ∈ L(N,N) that

e|u|
N
N−1 ∈ L1, i.e. the maximal growth e|u|

N
N−1 ; we point out that in the Brezis–Wainger

embedding the maximal growth depends only on the second Lorentz exponent q , but not
on N .

We make the following

DEFINITION. Let Ω ⊂ RN be a bounded domain. Assume that 1< p <∞, 1< q <∞,
and set

W 1
0L(p,q)(Ω)= cl

{
u ∈ C∞0 (Ω): ‖∇u‖p,q <∞

}
.
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On W 1
0L(p,q) we have the following norm

‖u‖1;p,q := ‖∇u‖p,q
with which W 1

0L(p,q) becomes a reflexive Banach space.

One now has the following sharpening of Theorem C, in analogy to Moser’s sharpening
of the Trudinger inequality.

THEOREM D. There exists α0 = α0(N,p,Ω) > 0 such that

sup
‖∇u‖L(N,q)=1

∫
Ω

eα|u|
q
q−1

<+∞, for α � α0.

7.3. Lorentz spaces and the asymptotic borderline case

We consider again the functional

I (u, v)=
∫
Ω

∇u∇v dx −
∫
Ω

G(v)− N − 2

N

∫
Ω

|u| N
N−2 dx. (7.5)

We want to consider the term
∫
Ω
∇u∇v dx on a product of Lorentz spaces, i.e. we want to

estimate ∣∣∣∣ ∫
Ω

∇u∇v dx
∣∣∣∣� ‖∇u‖L(p,q)‖∇v‖L(p′,q ′),

where we determine p,q and p′, q ′ such that the last term in I (u, v) is well defined, i.e.

u ∈ L N
N−2 (Ω)= L

(
N

N − 2
,

N

N − 2

)
(Ω).

Thus, q = N
N−2 , and by Theorem A we obtain the following condition for p

N

N − 2
= p∗ = Np

N − p ,

and hence

p = N

N − 1
.

Thus, we have to impose

∇u ∈ L
(

N

N − 1
,

N

N − 2

)
.
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Next, we calculate

p′ = p

p− 1
=N and q ′ = q

q − 1
= N

2
,

and hence we get the condition

∇v ∈ L(p′, q ′)= L
(
N,

N

2

)
.

By Theorem C above we now find for ∇v ∈ L(N, N2 ) that e|v|
N
N−2 ∈ L1(Ω).

Thus we have

THEOREM 7.1. The functional

I (u, v)=
∫
Ω

∇u∇v dx −
∫
Ω

G(v)− N − 2

N

∫
Ω

|u| N
N−2 dx

is well defined on the space

W 1
0L

(
N

N − 1
,

N

N − 2

)
(Ω)×W 1

0L

(
N,

N

2

)
(Ω),

and the maximal growth for G(s) is given by

G(s)∼ e|v|
N
N−2

. (7.6)

We remark that the growth (7.6) is considerably larger than the growth G(s)∼ e|s|
N
N−1

found by the Hs -method in (7.4), and it corresponds to the limiting case t → 2 in the
Ws,α-method (which however cannot be reached in that framework).

7.4. Subcritical with respect to the asymptotic borderline case: existence of solution

In this section we prove the existence of solutions for systems (7.1) in the “subcritical
case”. Again, since we are interested in the superlinear case, we restrict to dimension
N = 3, that is, we consider the system⎧⎨⎩

−�u= g(v),
−�v = u2 in Ω ⊂R3,

u= v = 0 on ∂Ω .

(7.7)

As mentioned, the corresponding functional is

I (u, v)=
∫
Ω

∇u∇v−
∫
Ω

1

3
|u|3 −

∫
Ω

G(v) (7.8)
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on the space

E :=W 1
0L

(
3

2
,3

)
×W 1

0L

(
3,

3

2

)
and we assume that g(s) has a subcritical growth, i.e. an essentially lower growth than
e|s|3 . More precisely, we assume that

lim
s→+∞

g(s)

eα|s|3
= 0, ∀α > 0. (7.9)

Furthermore, we make the following assumptions on g (our aim is to give simple as-
sumptions, at the expense of greater generality):

(A1) g is a continuous function, with g(s)= o(s) near the origin.
(A2) There exist constants ν > 2 and s0 > 0 such that

0< νG(s)� sg(s), ∀|s|> 0.

(A3) There exist constants s1 > 0 and M > 0 such that

0<G(s)�Mg(s) for all |s|� s1.

EXAMPLE.

G(s)= e|s|β − 1− |s|β, with 0< β < 3.

THEOREM 7.2. (See [40].) Under assumptions (A1)–(A3) and (7.9), system (7.1) has a
nontrivial positive (weak) solution (u, v) ∈E.

PROOF. The proof follows ideas from Section 5.3. We remark that the proof is similar to
the one in Section 9.2 below, and therefore we limit ourselves to give an outline of the main
idea.

First, note that the functional I given in (7.8) is strongly indefinite. In order to overcome
this difficulty, we introduce, as in Section 5.4, a suitable “tilde map”:

(a) The tilde map.
Consider the bilinear map

∫
Ω
∇u∇v dx on the space W 1

0L(
3
2 ,3)×W 1

0L(3,
3
2 ). For u ∈

W 1
0L(

3
2 ,3) denote with ũ ∈W 1

0L(3,
3
2 ) the unique element such that

sup
{v∈W 1

0L(3,
3
2 ): ‖∇v‖3, 3

2
=‖∇u‖ 3

2 ,3
}

∫
Ω

∇u∇v dx =
∫
Ω

∇u∇ũ dx = ‖∇u‖ 3
2 ,3
‖∇ũ‖3, 3

2

and hence∫
Ω

∇u∇ũ dx = ‖∇u‖2
3
2 ,3
= ‖∇ũ‖2

3, 3
2
. (7.10)
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The existence and uniqueness of ũ follows from the reflexivity and convexity of
W 1

0L(
3
2 ,3), see [17].

We can thus define the “tilde-map”: W 1
0L(

3
2 ,3)→W 1

0L(3,
3
2 ), u �→ ũ, which is contin-

uous and positively homogeneous.
On the product space E =W 1

0L(
3
2 ,3)×W 1

0 (3,
3
2 ) we now define two continuous sub-

manifolds

E+ =
{
(u, ũ): u ∈W 1

0L

(
3

2
,3

)}
, E− =

{
(u,−ũ): u ∈W 1

0L

(
3

2
,3

)}
.

As remarked in [17], the nonlinear manifolds E+ and E− have a linear structure with
respect to the following notion of tilde-sum:

(u, ṽ) +̃ (y, z̃) := (u+ y, ṽ+ z),
and one has

E =E+ ⊕̃E−, with norm ‖w‖2
E =

∥∥(u, ṽ)∥∥2
E
= ‖∇u‖2

3, 3
2
+ ‖∇ṽ‖2

3
2 ,3
.

(b) Linking structure.
Next, one verifies that the functional I has a “linking structure” in the origin. This is

proved similarly as in the corresponding proof in Section 9.2 below, and we thus omit it
here. For details, we refer to [40].

(c) Palais–Smale sequences are bounded.
Let (un, ṽn) ∈ E be a Palais–Smale sequence for the functional I , i.e. such that with

|I (un, ṽn)| � d , and |I ′(un, ṽn)[(φ, ψ̃)]| � εn‖(φ, ψ̃)‖E , εn → 0, ∀(φ, ψ̃) ∈ E. Then
‖(un, ṽn)‖E � c.

Again, the proof is similar to Section 9.2 below.
(d) Finite-dimensional approximation.
Since the functional I is strongly indefinite on the space E (i.e. positive and negative

definite on infinite-dimensional manifolds), the standard linking theorems cannot be ap-
plied. We therefore proceed by finite-dimensional approximations (Galerkin procedure):

Denote by (ei)i∈N an orthonormal set of eigenfunctions corresponding to the eigenvalues
(λi), i ∈N, of the Laplacian, with Dirichlet boundary conditions. Set

E+n = span
{
(ei, ẽi )

∣∣ i = 1, . . . , n
}
, E−n = span

{
(ei,−ẽi )

∣∣ i = 1, . . . , n
}

and

En =E−n ⊕̃E−n .
Exploiting the local linking structure given in (b), it is now standard to conclude that for
each n ∈ N the functional In := I |En has a critical point zn = (un, ṽn) ∈ En at level cn,
with

I (zn)= cn ∈ [σ0, σ1], σi > 0, i = 1,2, (7.11)
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and I ′(zn)[(φ, ψ̃)] = 0, for all (φ, ψ̃) ∈En. Hence we have{∫
Ω
∇un∇ψ̃ =

∫
Ω
g(ṽn)ψ̃,∫

Ω
∇ṽn∇φ =

∫
Ω
u2
nφ,

∀(φ, ψ̃) ∈En. (7.12)

(e) Limit n→∞.
It remains to pass to the limit n→∞. By (c) we have that ‖(un, ṽn)‖E � c, and hence

(un, ṽn)⇀ (u, ṽ) in E. Furthermore, we may assume that

ṽn→ ṽ in Lα, for all α � 1; (7.13)

indeed, by the properties (1) and (2) of Lorentz spaces, see Section 7.2, we have the fol-
lowing continuous embeddings

W 1
0L

(
3,

3

2

)
⊂W 1

0L(3− δ,3− δ)=W 1,3−δ
0 ⊂ L (3−δ)N

N−(3−δ) = L(3−δ)3
δ , for δ > 0,

and hence we have a compact embedding into Lα , for all 1 � α <
(3−δ)3
δ

.
Proceeding as in Section 9.2 below, one concludes that by taking the limit n→∞{∫

Ω
∇u∇ψ̃ = ∫

Ω
g(ṽ)ψ̃,∫

Ω
∇ṽ∇φ = ∫

Ω
u2φ,

∀(φ, ψ̃) ∈
⋃
En =E, (7.14)

i.e. (u, ṽ) ∈E is a (weak) solution of (7.14).
Finally, we prove that (u, ṽ) ∈ E is nontrivial. If we assume to the contrary that u= 0,

then by (7.14) also ṽ = 0. Since g is subcritical, we obtain by (7.9) that for all δ > 0∣∣g(t)∣∣� cδe
δ|t |3, ∀t ∈R.

Now we choose ψ̃ = ṽn in the first equation of (7.14), and estimate by Hölder∣∣∣∣ ∫
Ω

g(ṽn)ṽn

∣∣∣∣� cδ
∥∥eδ|ṽn|3∥∥

Lβ
‖ṽn‖Lα � dδ‖ṽn‖Lα , (7.15)

where we have used that ‖∇ṽn‖3, 3
2

� c, and hence by Theorem C above, for β > 1 suffi-
ciently small:

∥∥eδ|ṽn|3∥∥
Lβ
=
∫
Ω

eδβ|ṽn|3 � c.

Since by (7.13) ‖ṽn‖Lα → 0, and hence by (7.15) | ∫
Ω
g(ṽn)ṽn| → 0, we conclude by the

first equation in (7.12), by multiplication by ṽn and integration, that∫
Ω

∇un∇ṽn =
∫
Ω

g(ṽn)ṽn→ 0. (7.16)



Superlinear elliptic equations and systems 261

This in turn implies, by choosing φ = un in the second equation in (7.12), that also∫
Ω
|un|3 → 0, and by assumption (A2) follows that also

∫
Ω
G(ṽn)→ 0. This implies fi-

nally that I (un, ṽn)=
∫
Ω
∇un∇ṽn−

∫
Ω
( 1

3 |un|3+G(ṽn))→ 0; but this contradicts (7.11),
and thus (u, ṽ) �= (0,0).

This completes the proof. �

8. Critical phenomena for the system

As pointed out for the scalar equation, critical growth is connected with several interesting
phenomena. We now discuss these properties for the system

⎧⎨⎩
−�u= vq+1,

−�v = up+1 in Ω ,

u= v = 0 on ∂Ω .

(8.1)

8.1. Critical growth: nonexistence of (positive) solutions

First we present a result of E. Mitidieri [29] (see also van der Vorst [45]) which gives
nonexistence of positive solutions for system (4.1) if the nonlinearities have critical growth.

THEOREM 8.1. Let Ω ⊂RN be a starshaped domain. Assume that

1

p+ 1
+ 1

q + 1
� 1− 2

N
. (8.2)

Then system (8.1) has no positive solution.

PROOF. The proof relies on a Pohozaev type identity which is a modification of an identity
by Pucci and Serrin [37].

LEMMA 8.2. (See Corollary 2.1 and (2.5) in [29].) Let (u, v) (with u,v ∈ C2(Ω)) be a
solution of system (8.1). Then∫

Ω

(
�u(x,∇v)+�v(x,∇u))dx
=
∫
∂Ω

(
∂u

∂n
(x,∇v)+ ∂v

∂n
(x,∇u)− (∇u,∇v)(x,n)

)
ds

+ (N − 2)
∫
Ω

(∇u,∇v)dx. (8.3)
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Applying this identity to system (8.1) we obtain

N

∫
Ω

(
1

p+ 1
|u|p+1 + 1

q + 1
|v|q+1

)
dx

= (N − 2)
∫
Ω

(∇u,∇v)dx +
∫
∂Ω

∂u

∂n

∂v

∂n
(x,n)ds. (8.4)

On the other hand, multiplying the first equation of (8.1) by v and the second by u and
integrating, we obtain, for any a ∈ (0,1)∫

Ω

∇u∇v = a
∫
Ω

|v|q+1 dx + (1− a)
∫
Ω

|u|p+1 dx. (8.5)

Now choose

a = N

(N − 2)(p+ 1)

and hence by (8.2)

1− a � N

(N − 2)(q + 1)

which yields

(N − 2)
∫
Ω

(∇u,∇v)dx �N

∫
Ω

(
1

p+ 1
|u|p+1 + 1

q + 1
|v|q+1

)
dx.

Hence, by (8.4), we get

0 �
∫
∂Ω

∂u

∂n

∂v

∂n
(x,n)ds.

Since u and v are positive solutions, we have by the maximum principle that

∂u

∂n
< 0 and

∂v

∂n
< 0 on ∂Ω,

and since (x,n) > 0 by the assumption that Ω is starshaped, we obtain a contradiction. �

8.2. Critical growth: noncompactness and concentration

We discuss further “phenomena of critical growth” for the model system (8.1). We first re-
mark that by “solving” the first equation for v (assuming that v > 0) we get v = (−�u)1/q ,
and then we obtain by the second equation{−�((−�u)1/q)= up in Ω,

u=�u= 0 on ∂Ω ,
(8.6)
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which is equivalent to system (8.1).
The variational formulation for equation (8.6) leads to the minimization problem

inf
u∈Sp+1

∫
Ω

|�u| q+1
q dx, (8.7)

where

Sp+1 =
{
u ∈W 2, q+1

q (Ω)
∣∣ u=�u= 0 on ∂Ω, ‖u‖Lp+1 = 1

}
.

The Sobolev embedding theorem gives in this case

W
2, q+1

q (Ω)⊂ Lp+1(Ω), for p+ 1 �
q+1
q
N

N − 2 q+1
q

which is equivalent to

1

p+ 1
+ 1

q + 1
� 1− 2

N
,

i.e. the critical hyperbola!
We note that by Theorem 8.1 the infimum in (8.7) cannot be attained in starshaped

domains, since otherwise there would exist a solution to system (8.1).
To understand the concentration behavior of minimizing sequences, it is important to

study the situation in RN , as described in the case of the Laplacian in Section 2.4. One has
the following result by P.L. Lions [31], which is proved by the methods of concentration-
compactness:

THEOREM 8.3. Let

m= inf

{∫
RN

|�u| q+1
q dx

∣∣∣ u ∈D2, q+1
q ,

∫
RN

|u|p+1 = 1

}
, (8.8)

where D2, q+1
q is the completion of C∞0 (RN) in the norm ‖� · ‖ q+1

q

. Then every minimizing

sequence (un) of (8.8) is relatively compact in D2, q+1
q up to translation and dilation, i.e.

there exist (yn) ∈RN , (σn) ∈ (0,∞) such that the new minimizing sequence

ũn = σ−N/(p+1)
n un(· − yn/σn)

is relatively compact in D2, q+1
q . In particular, there exists a minimum of (8.8).
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8.3. Critical growth: instantons

The fact that the infimum m in (8.8) is attained, and that there is a dilation invariance,
says that we have again a family of instantons, given by the minimizers of (8.8). However,
in contrast to the case of the Laplacian described in Section 2.4, these instantons are not
explicitly known. In [23] Hulshof and van der Vorst show that the minimizer (ground state)
of (8.8) is (up to translation and dilation) unique; furthermore, they show that the ground
state is positive, radially symmetric and decreasing in r . Thus, all ground states of (8.8) are
given by

uε,x0 = ε−
N
p+1 u

(
x − x0

ε

)
,

where u is the unique “normalized” ground state with u(0)= 1. Furthermore, Hulshof and
van der Vorst [24] derive the precise asymptotic behavior of the normalized ground state.

8.4. Brezis–Nirenberg type results for systems

In Section 2.4 we have discussed the famous result of Brezis and Nirenberg [9], in which
it is shown that the existence of solutions for elliptic equation with critical growth terms
can be recovered by adding a suitable lower order perturbation. In the proof it is crucial to
have the explicit form of the instantons in order to prove by explicit estimates that due to
the perturbation the noncompactness level of the functional is avoided.

Hulshof, Mitidieri and van der Vorst [25] consider the corresponding problem for the
following perturbed critical system⎧⎪⎨⎪⎩

−�u= μv+ vq+1,

−�v = λu+ up+1 in Ω ,

u= v = 0 on ∂Ω ,

(8.9)

with

1

p+ 1
+ 1

q + 1
= 1− 2

N
. (8.10)

They give (rather complicated) conditions on μ and λ such that system (8.9) has nontrivial
solutions. The proof is based on the dual variational method, cf. Ekeland and Temam [12].
To show that the noncompactness levels of the corresponding functional are avoided, they
use the asymptotic behavior of the normalized ground state mentioned above.

9. Systems in two dimensions

We have seen in Section 3 that critical growth for the scalar equation in dimension N = 2
is governed by the Trudinger embedding and is of exponential type. For systems in two
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dimensions, one would like to obtain in analogy to the critical hyperbola in N � 3 a “crit-
ical curve” describing the maximal growth for the combined nonlinearities. This can be
obtained using again Lorentz spaces.

9.1. Exponential critical hyperbola

In this section we assume thatΩ ⊂R2 is a bounded domain, and consider again the system

(S2)

⎧⎨⎩
−�u= g(v) in Ω ,

−�v = f (u) in Ω ,

u= 0 and v = 0 on ∂Ω .

For the scalar equation −�u = f (u) in Ω , u = 0 on ∂Ω , critical growth is given by the
Trudinger–Moser inequality, i.e. F(u)∼ e|u|2 . For the system, we look for an analogue of
the critical hyperbola for N � 3. By considering the functional

J (u, v)=
∫
Ω

∇u∇v dx −
∫
Ω

F(u)dx −
∫
Ω

G(v)dx

on the space H 1
0 ×H 1

0 one sees (as in the scalar case) that the nonlinearities G(v)∼ e|v|2
and F(u) ∼ e|u|2 lie on this “critical curve”. We assume now that F(t) and G(t) have
“exponential polynomial growth”, i.e.

F(t)∼ e|t |p , and G(t)∼ e|t |q , for some 1<p,q <+∞.

We look for a relation between p and q such that the pair (F,G) becomes critical. We
prove:

THEOREM 9.1. Let Ω ⊂R2 be a bounded domain. Then we have an “exponential critical
curve” given by

(
F(s),G(s)

)= (e|s|p , e|s|q ), with
1

p
+ 1

q
= 1.

REMARK 9.2. One might try, as in the caseN � 3, to work with spaces likeW 1,α×W 1,β ,
with 1

α
+ 1

β
= 1 and, e.g., 0< α < 2. However, note that then

W 1,α(Ω)⊂ Lr(Ω), with r = αN

N − α ,

and furthermore, since β = α
α−1 > 2, we get

W
1,β
0 (Ω)⊂ L∞(Ω),
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i.e. we find a maximal growth of polynomial type for F ,∣∣F(s)∣∣� |s| NαN−α ,

and no growth restriction on the nonlinearity G(s). So, this choice of spaces brings us for
any (α,β) �= (2,2) immediately outside the range of exponential nonlinearities.

Thus, to treat the problem, we need to work with spaces which lie “very close” to the
space W 1,2, that is, we look for an “interpolation space” which lies between W 1,2 and
W 1,2+δ , for every δ > 0. We have introduced such a class of spaces in Section 7.2, namely
the Sobolev–Lorentz spaces.

PROOF. We consider the functional

J (u, v)=
∫
Ω

∇u∇v dx −
∫
Ω

F(u)−
∫
Ω

G(v). (9.1)

We want to consider the term
∫
Ω
∇u∇v dx on a product of Lorentz spaces, i.e. we want to

estimate, using the Hölder inequality on Lorentz spaces:∣∣∣∣ ∫
Ω

∇u∇v dx
∣∣∣∣� ‖∇u‖L(2,q)‖∇v‖L(2,q ′), 1

q
+ 1

q ′
= 1.

By Theorem C, Section 7.2, we have that

u ∈W 1L(2, q) ⇒ e|u|
q
q−1 ∈L1, and

v ∈W 1L(2, q ′) ⇒ e|v|
q′
q′−1 ∈L1.

Thus the maximal growth allowed for F(s)= ∫ s0 f (t) dt andG(s)= ∫ s0 g(t) dt is given by

F(u)∼ e|u|p , p = q ′ = q

q − 1
, and G(v)∼ e|v|q . �

9.2. Existence for the subcritical problem in dimension N = 2

In this section we show that for subcritical growth with respect to the exponential critical
hyperbola defined in Theorem 9.1 we have compactness, and hence existence of solutions.
We make the following assumptions on f and g (our aim is to give simple assumptions, at
the expense of greater generality):

(A1) f and g are continuous functions, with f (s) = o(s) and g(s) = o(s) near the
origin.

(A2) There exist constants μ> 2, ν > 2 and s0 > 0 such that

0<μF(s)� sf (s), and 0< νG(s)� sg(s), ∀|s|> 0.
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(A3) There exist constants s1 > 0 and M > 0 such that

0<G(s)�Mg(s) for all |s|� s1,

0<F(s)�Mf (s) for all |s|� s1,

We remark that assumption (A3) implies that f and g have at least exponential growth.
(A4) f has at most critical growth, i.e. there exist constants a1, a2 and d such that

f (s)� a1 + a2e
d|s|p .

(A5) g is subcritical, i.e. for all δ > 0 holds:

lim|s|→∞
g(s)

eδ|s|q
= 0, q = p

p− 1
.

EXAMPLE.

F(s)= e|s|p − 1− |s|p, G(s)= e|s|β − 1− |s|β, with 1< β < q.

We consider the space E =W 1
0L(2, q)×W 1

0L(2,p).

THEOREM 9.3. Under assumptions (A1)–(A5), system (S2) has a nontrivial positive
(weak) solution (u, v) ∈E.

PROOF. The proof follows the lines of Section 5.4 (see also [16] and [17]). �

We note that the functional J given in (9.1) is strongly indefinite in the origin, being
positive and negative definite on infinite-dimensional subspaces. If working on a Hilbert
spaceH , one can find suitable subspacesH+⊕H− =H such that I |H+ is positive definite
and J |H− is negative definite near the origin. Since we are working on the Banach spaceE,
the subspacesH+,H− have to be replaced by infinite-dimensional manifolds. As in (5.10)
we define

(a) The tilde map.
Consider the bilinear map

∫
Ω
∇u∇v dx on the space W 1

0L(2, q)×W 1
0L(2,p), where

p = q
q−1 .

For u ∈W 1
0L(2, q) denote with ũ ∈W 1

0L(2,p) the unique element such that

sup
{v∈W 1

0L(2,p): ‖∇v‖2,p=‖∇u‖2,q }

∫
Ω

∇u∇v dx =
∫
Ω

∇u∇ũ dx = ‖∇u‖2,q‖∇ũ‖2,p

and hence∫
Ω

∇u∇ũ dx = ‖∇u‖2
2,q = ‖∇ũ‖2

2,p. (9.2)
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The existence and uniqueness of ũ follows from the reflexivity and convexity of
W 1

0L(2, q), see [17].
We can thus define the “tilde-map”: W 1

0L(2, q)→ W 1
0L(2,p), u �→ ũ. This map is

clearly continuous; it is nonlinear, but positively homogeneous: ρ̃u= ρũ, for all ρ � 0.
On the product space E =W 1

0L(2, q)×W 1
0 (2,p) we can now define two continuous

submanifolds

E+ = {(u, ũ): u ∈W 1
0L(2, q)

}
, E− = {(u,−ũ): u ∈W 1

0L(2, q)
}
.

As remarked in Lemma 5.14, the nonlinear manifolds E+ and E− have a linear structure
with respect to the following notion of tilde-sum:

(u, ṽ) +̃ (y, z̃) := (u+ y, ṽ+ z),
and one has

E =E+ ⊕̃E−, with norm ‖w‖2
E =

∥∥(u, ṽ)∥∥2
E
= ‖∇u‖2

2,q + ‖∇ṽ‖2
2,p.

(b) Linking structure.
Next, we verify that the functional J (u, v) has a linking structure in (0,0):
First, using (A1) and (A4) one estimates, for given ε > 0

F(s)� εs2 + c|s|3ed|s|p , G(s)� εs2 + c|s|3ed|s|q , ∀s ∈R.

CLAIM 1. There exist ρ > 0 and σ > 0 such that J (u, ũ)� σ for ‖(u, ũ)‖E = ρ; indeed,
using (7.10) and

J (u, ũ) =
∫
Ω

∇u∇ũ−
∫
Ω

F(u)−
∫
Ω

G(ũ)

� 1

2
‖∇u‖2

2,q − ε
∫
Ω

|u|2 − c‖u‖3
6

(∫
Ω

e2d|u|p
)1/2

+ 1

2
‖∇ũ‖2

2,p − ε
∫
Ω

|ũ|2 − c‖ũ‖3
6

(∫
Ω

e2d|ũ|q
)1/2

.

Now, we use that by Theorem D, Section 7.2

‖u‖6 � d3‖∇u‖2,q , and
∫
Ω

e2|u|p � c, if ‖∇u‖2,q � θ1,

‖ũ‖6 � d4‖∇ũ‖2,p, and
∫
Ω

e2|ũ|q � c, if ‖∇ũ‖2,p � θ2.

With these estimates the claim follows easily.
Next, fix e1 ∈W 1

0L(2, q) and ẽ1 ∈W 1
0L(2,p) with ‖∇e1‖2,q = ‖∇ ẽ1‖2,p = 1, and let

Q= {r(e1, ẽ1) +̃w; w ∈E−, ‖w‖E �R0, 0 � r �R1
}
.
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CLAIM 2. There exist R0,R1 > 0 such that J (z) � 0, ∀z ∈ ∂Q, where ∂Q denotes the
boundary of Q in R(e1, ẽ1) +̃E−:

(i) For (u, ṽ) ∈ ∂Q∩E− we have (u, ṽ)= (u,−ũ) and hence

J (u,−ũ)=−
∫
Ω

∇u∇ũ−
∫
F(u)−

∫
G(−ũ)�−‖∇u‖2

2,q � 0.

(ii) Let (u, ṽ)= r(e1, ẽ1) +̃ (w,−w̃)= (re1 +w, ˜re1 −w) ∈ ∂Q, with ‖(w,−w̃)‖E =
R0,0 � r �R1.

First set R1 = 1. Then

J (u, ṽ) �
∫
Ω

∇(re1 +w)∇( ˜re1 −w)

=
∫
Ω

∇(w− re1)∇(w̃− re1)−
∫
Ω

∇(2re1)∇(w̃− re1)

� −∥∥∇(w− re1)
∥∥2

2,q + 2‖∇re1‖2,q
∥∥∇(w̃− re1)

∥∥
2,p

� −‖∇w‖2
2,q − ‖∇re1‖2

2,q + 2‖∇w‖2,q‖∇re1‖2,q

+ 2‖∇re1‖2,q
(‖∇w‖2,q + ‖∇re1‖2,q

)
� −‖∇w‖2

2,q + 4r‖∇w‖2,q + r2 � 0,

for 2‖∇w‖2
2,q = ‖∇w‖2

2,q + ‖∇w̃‖2
2,p = ‖(w,−w̃)‖2

E =R
2
0 sufficiently large.

Note that this estimate now holds for all ρ � 1, with 0 � r � ρ and ‖(w,−w̃)‖2
E = ρR0.

(iii) Let z = ρ(e1, ẽ1) +̃ ρ(w,−w̃) ∈ ∂Q, with ‖(w,−w̃)‖E � R0. Then by (A2), for
θ =min{μ,ν}> 2

J (u, ṽ) =
∫
Ω

∇(ρe1 + ρw)∇( ˜ρe1 − ρw)−
∫
Ω

F(ρe1 + ρw)+G( ˜ρe1 − ρw)

� ρ2
∥∥∇(e1 +w)

∥∥
2,q

∥∥∇(e1 −w)
∥∥

2,q − c
∫
Ω

|ρe1 + ρw|θ + c1

− c
∫
Ω

| ˜ρe1 − ρw|θ + c1

� ρ2(‖∇e1‖2,q + ‖∇w‖2,q
)2

− cρθ
{∫

Ω

|e1 +w|θ +
∫
Ω

|ẽ1 −w|θ
}
+ 2c1.

It follows that

J (u, ṽ)� ρ2(1+R0)
2 − cρθδ0 + 2c1 � 0 (9.3)
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for ρ �R1 sufficiently large, where

δ0 = inf
‖(w,−w̃)‖E�R0

{∫
Ω

|e1 +w|θ +
∫
Ω

|ẽ1 −w|θ
}
> 0;

indeed, if δ0 = 0 we would find a sequence wn with ‖(wn,−w̃n)‖ � R
0

and
∫
Ω
|e1 +

wn|θ + | ˜e1 −wn|θ → 0. By the compact embeddings W 1L(2, q)⊂ Lθ and W 1L(2,p)⊂
Lθ we get strongly convergent subsequences e1 + wn → e1 + w = 0 and ˜e1 −wn →
ẽ1 −w = 0, i.e. w = e1 and w =−e1: contradiction.

Finally, defining R0 =R1R0, the claim holds.

(c) Palais–Smale sequences are bounded.
Let (un, ṽn) ∈E with |J (un, ṽn)|� d , and∣∣J ′(un, ṽn)[(φ, ψ̃)]∣∣� εn

∥∥(φ, ψ̃)∥∥
E
, εn→ 0, ∀(φ, ψ̃) ∈E. (9.4)

Then ‖(un, ṽn)‖E � c.
Indeed, choosing (φ, ψ̃)= (un, ṽn)= zn in (9.4) we get, using (A2)∫

Ω

f (un)un +
∫
Ω

g(ṽn)ṽn � 2

∣∣∣∣ ∫
Ω

∇un∇ṽn
∣∣∣∣+ εn∥∥(un, ṽn)∥∥E

� 2d + 2
∫
Ω

F(un)+ 2
∫
Ω

G(ṽn)+ εn
∥∥(un, ṽn)∥∥E

� 2d + 2

μ

∫
Ω

f (un)un

+ 2

ν

∫
Ω

g(ṽn)ṽn + εn
∥∥(un, ṽn)∥∥E

from which we get

∫
Ω

f (un)un � c+ εn
∥∥(un, ṽn)∥∥E, ∫

Ω

g(ṽn)ṽn � c+ εn
∥∥(un, ṽn)∥∥E

(9.5)

and then also∫
Ω

F(un)� c,

∫
Ω

G(ṽn)� c. (9.6)

Next, taking (φ, ψ̃)= (vn,0) and (φ, ψ̃)= (0, ũn) in (9.4) we have

‖∇vn‖2
2,q �

∫
Ω

f (un)vn + εn
∥∥(vn,0)∥∥E, (9.7)
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and

‖∇ũn‖2
2,p �

∫
Ω

g(ṽn)ũn + εn
∥∥(0, ũn)∥∥E. (9.8)

Setting Vn = vn‖∇vn‖2,q
and Ũn = ũn‖∇ũn‖2,p

we obtain

‖∇vn‖2,q �
∫
Ω

f (un)Vn + εn and ‖∇ũn‖2,p �
∫
Ω

g(ṽn)Ũn + εn. (9.9)

We now use the following inequality: for any α > 1 (and setting α′ = α
α−1 ) holds:

st �

⎧⎨⎩ (et
α − 1)+ s(log+ s)1/α, for all t � 0 and s � e(

1
α
)α
′
, (I)

(et
α − 1)+ α−1

αα
′ sα

′
, for all t � 0 and 0 � s � e(

1
α
)α
′
. (II)

(9.10)

PROOF. For fixed s > 0, consider supt�0{st − (etα − 1)}, and let ts denote the (unique)

point where the supremum is attained; then s = αtα−1
s et

α
s . We consider the cases:

(i) ts � ( 1
α
)

1
α−1 : then s = αtα−1

s et
α
s � et

α
s and hence (log s)

1
α � ts , and then

sup
t�0

{
st − (etα − 1)

}= sts − (etαs − 1
)
� sts � s(log s)1/α, hence (I).

(ii) 0 � ts � ( 1
α
)

1
α−1 and s � e(

1
α
)
α′

: then sts � s( 1
α
)

1
α−1 � s(log+ s) 1

α , by the assump-
tion on s, hence (I).

(iii) 0 � ts � ( 1
α
)

1
1−α and s � e(

1
α
)
α′

: then (II) holds; in fact (II) holds always, since as

in (I) st � tα + α−1
αα
′ sα

′ � (et
α − 1)+ α−1

αα
′ sα

′
, for all s, t � 0.

We apply the above inequality to the estimates in (9.9).
Applying inequality (9.10) with α = p and t = |Vn(x)|, s = |f (un(x))|, to the first

estimate in (9.9):

‖∇vn‖2,q �
∫
Ω

f (un)Vn + εn

�
∫
Ω

(
e|Vn|p − 1

)+ ∫
Ω

∣∣f (un)∣∣[log+
∣∣f (un)∣∣]1/p + εn

� c+
∫
Ω

f (un)un + εn
� c+ εn + εn

∥∥(un, ṽn)∥∥E.
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Applying inequality (9.10) with α = q and t = |Ũn|, s = |g(vn)|, to the second estimate in
(9.9), and using (A5) and (9.5) yields

‖∇ũn‖2,p �
∫
Ω

g(ṽn)ŨN + εn

�
∫
Ω

(
eŨ

q
n − 1

)+ ∫
Ω

∣∣g(ṽn)∣∣[log+
∣∣g(ṽn)∣∣]1/q + εn

� c+
∫
Ω

g(ṽn)ṽn + εn
� c+ εn

∥∥(un, ṽn)∥∥E + εn. (9.11)

Joining the two inequalities yields the boundedness of ‖(un, ṽn)‖E .

(d) Finite-dimensional approximation.
Note that the functional J is strongly indefinite on the space E (i.e. positive and nega-

tive definite on infinite-dimensional manifolds), and hence the standard linking theorems
cannot be applied. We therefore consider an approximate problem on finite-dimensional
spaces (Galerkin approximation):

Denote by (ei)i∈N an orthonormal set of eigenfunctions corresponding to the eigenvalues
(λi), i ∈N, of (−�,H 1

0 (Ω)), and set

E+n = span
{
(ei, ẽi )

∣∣ i = 1, . . . , n
}
,

E−n = span
{
(ei,−ẽi )

∣∣ i = 1, . . . , n
}
,

En =E−n ⊕̃E−n .

Set now Qn =Q∩En, Q as in (b) above, and define the family of mappings

Γn =
{
γ ∈C(Qn,E

−
n ⊕̃

[
(e1, ẽ1)

]) ∣∣ γ (z)= z on ∂Qn

}
and set

cn = inf
γ∈Γn

max
z∈Qn

J
(
γ (z)

)
.

It is now quite standard (see [38,17]) to conclude that:

PROPOSITION 9.4. For each n ∈ N the functional Jn = J |En has a critical point zn =
(un, ṽn) ∈En at level cn, with

J (zn)= cn ∈ [σ,R1] (9.12)

and

J ′(zn)
[
(φ, ψ̃)

]= 0, for all (φ, ψ̃) ∈En, (9.13)
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and hence{∫
Ω
∇un∇ψ̃ =

∫
Ω
g(ṽn)ψ̃,∫

Ω
∇ṽn∇φ =

∫
Ω
f (un)φ,

∀(φ, ψ̃) ∈En. (9.14)

(e) Limit n→∞.
By (d) we find a sequence (un, ṽn) ∈En with

J (un, ṽn)→ c ∈ [σ,R1] and J ′n(un, ṽn)= 0, in En,

and by (c) we have ‖(un, ṽn)‖E � c. Then (un, ṽn) ⇀ (u, ṽ) in E. Furthermore, we may
assume that

ṽn→ ṽ in Lα, for all α � 1. (9.15)

Indeed, we have for any small δ > 0

W 1
0L(2, q)⊂W 1

0L(2− δ,2− δ)=W 1,2−δ
0 ⊂ L(2−δ)2

δ ,

and hence a compact embedding into Lα , for all 1 � α <
(2−δ)2
δ

.
Using (9.5), (9.6) and assumption (A3) one concludes now as in [14, Lemma 2.1], that∫

Ω

f (un)→
∫
Ω

f (u),

∫
Ω

g(ṽn)→
∫
Ω

g(ṽ).

Thus, in (9.14) we can take the limit n→∞ to obtain{∫
Ω
∇u∇ψ̃ = ∫

Ω
g(ṽ)ψ̃,∫

Ω
∇ṽ∇φ = ∫

Ω
f (u)φ,

∀(φ, ψ̃) ∈
⋃
En =E. (9.16)

Hence (u, ṽ) ∈E is a (weak) solution of (9.16).
Finally, we prove that (u, ṽ) ∈ E is nontrivial. Assume by contradiction that u = 0,

which implies that also v = 0. Since g is subcritical, we obtain by (A5), for all δ > 0∣∣g(t)∣∣� cδ e
δ|t |q , ∀t ∈R.

Now we choose ψ̃ = ṽn in the first equation of (9.16), and estimate by Hölder∣∣∣∣ ∫
Ω

g(ṽn)ṽn

∣∣∣∣� cδ
∥∥eδ|ṽn|q∥∥

Lβ
‖ṽn‖Lα � dδ‖ṽn‖Lα , (9.17)

where we have used that ‖∇ṽn‖2,p � c, and hence by Theorem D, Section 7.2 above, for
β > 1 sufficiently small:

∥∥eδ|ṽn|q∥∥
Lβ
=
∫
Ω

eδβ|ṽn|q � c.
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Since ‖ṽn‖Lα → 0 by (9.15), we conclude that
∫
g(ṽn)ṽn→ 0 by (9.17), and hence by the

first equation in (9.14) that∫
Ω

∇un∇ṽn→ 0. (9.18)

This in turn implies, by choosing φ = un in the second equation in (9.14), that also∫
Ω
f (un)un→ 0. By assumption (A2) we now conclude that∫

Ω

F(un)→ 0, and
∫
Ω

G(un)→ 0. (9.19)

Finally, by (9.18) and (9.19) we now obtain that J (un, ṽn) =
∫
Ω
∇un∇ṽn −

∫
Ω
F(un)+

G(ṽn)→ 0; but this contradicts (9.12), and thus (u, ṽ) �= (0,0).
This completes the proof. �

9.3. Critical systems in dimension N = 2

For the “critical” system (S2) not much is known. Indeed, we can state the following

OPEN PROBLEMS.
– Loss of compactness and concentration phenomena for systems with critical growth,

i.e. when the exponents lie on the “exponential critical hyperbola”;
– nonexistence of (radial, positive?) solutions for certain model equations with critical

growth;
– existence of instantons, or optimal concentrating sequences;
– group invariance and Pohozaev type identities.

Concerning existence results for systems in N = 2 with critical growth, only the follow-
ing result is known, see [16], in which both nonlinearities have critical growth with respect
to H 1

0 (Ω).
Let d denote the inner radius of the set Ω , that is d is equal to the radius of the largest

open ball contained in Ω . Recall that we say that a function h has critical growth at +∞
w.r. to H 1

0 (Ω) if there exists γ0 > 0, such that

lim
t→+∞

h(t)

eγ t
2 = 0, ∀γ > γ0, and lim

t→+∞
h(t)

eγ t
2 =+∞, ∀γ < γ0; (9.20)

in this case we say that γ0 is the exponential critical exponent of h.

THEOREM 9.5. Assume that f and g satisfy assumptions (A1)–(A3) in Section 9.2, and
that f and g have critical growth with exponential critical exponents α0, respectively, β0.
Furthermore suppose that
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(A4) lim
t→+∞

tf (t)

eα0t
2 >

4

d2
√
α0β0

and lim
t→+∞

tg(t)

eβ0t
2 >

4

d2
√
α0β0

.

Then system (S2) possesses a nontrivial weak solution (u, v) ∈E.

PROOF. The proof is a combination of the proof of Theorem 3.2 for the scalar equation
and the proof of Theorem 9.3 for the subcritical system. We refer the interested reader
to [16]. �

Note that this theorem gives an existence result for two-dimensional systems in which
both nonlinearities have the same critical growth. This corresponds to the case in which the
exponential exponents lie on the diagonal of the exponential critical hyperbola. Existence
of solutions for critical cases which are not on the diagonal remains an open problem.
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1. Energy quantization

Quantized blowup mechanism is widely observed in nonlinear problems derived from
physical principles and phenomena. Energy quantization is a typical case described by the
Dirichlet norm. In this section, we introduce several examples and then study the harmonic
map case in detail.

1.1. Quantized blowup mechanism

Energy quantization arises if the problem is provided with the scaling invariance of energy,
e.g., harmonic map, semilinear elliptic equation involved by the critical Sobolev exponent,
and H -systems. In more precise, energy identity with bubbling occurs to the noncompact
solution sequence in these cases.

1.1.1. Harmonic map. Given a compact Riemannian surface (Σ,g) and a compact Rie-
mannian manifold N ↪→Rn, we put

H 1(Σ,N)= {u ∈H 1(Σ,Rn)
∣∣ u(x) ∈N, a.e. x

}
E(u)=EΣ(u)=

∫
Σ

∣∣∇u(x)∣∣2 dvΣ(x),
where dvΣ = dvΣ(x) denotes the area element of (Σ,g). We say that u : Σ → N is a
harmonic map if it is a solution to the Euler–Lagrange equation of E = E(u) defined for
u ∈H 1(Σ,N), i.e.,

−�u=A(u)(∇u,∇u), (1.1)

where A(u)(·,·) denotes the second fundamental form of N ↪→Rn. Let S2 be the standard
two-dimensional sphere. Then, there is a quantized blowup mechanism of the harmonic
map sequence defined on a 2-dimensional domain described as follows [70,97,98,49,99,
121,87].

THEOREM 1.1. Let {uk}k be a harmonic map sequence satisfying

E0 = sup
k

E(uk) <+∞.

Then, passing to a subsequence we assume uk ⇀ u in H 1(Σ,N) weakly to some map
u ∈H 1(Σ,N). This u is a harmonic map, and there exist
• p-sequences of points {x1

k }, . . . , {xpk } in Σ ,
• p-sequences of positive numbers {δ1

k }, . . . , {δpk } converging to 0,
• p-nonconstant harmonic maps {ω1}, . . . , {ωp} :S2 →N
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satisfying the following, where E0(ω)=
∫
S2 |∇ω|2 dvS2 :

lim
k→∞E(uk)=E(u)+

p∑
j=1

E0(ω
j ),

lim
k→∞max

i �=j

{
δik

δ
j
k

,
δ
j
k

δik

,
|xik − xjk |
δik + δjk

}
=+∞,

lim
k→∞

∥∥∥∥∥uk − u−
p∑
j=1

{
ωj
( · − xjk

δ
j
k

)
−ωj (∞)

}∥∥∥∥∥
H 1(Σ,N)

= 0. (1.2)

The first equality of (1.2) is an energy identity, which says that there is no unaccounted
energy loss during the iterated rescaling process near the point of singularity, sometimes
referred to as the bubbling process, and that the only reason for failure of strong conver-
gence to the weak limit is the formation of several bubbles due to the nonconstant harmonic
maps ωj :S2 →N (j = 1, . . . , p). There is a possibility that some of {xjk }k (j = 1, . . . , p)
converge to the same point, and this process is classified into two cases, the separated bub-
bles and the bubbles on bubbles. These properties were proved by Jost [70] (Lemma 4.3.1,
p. 127), and later Qing [98] extended the result for the sequence of approximate harmonic
maps satisfying

−�uk =A(uk)(∇uk,∇uk)+ fk (1.3)

with ‖fk‖2 � C, when N is a standard sphere. The general case of N is also known [138,
49].

1.1.2. Elliptic problem with Sobolev exponent. A form of the Sobolev imbedding theo-
rem is formulated by H 1

0 (Ω) ↪→ L2∗(Ω), where Ω ⊂ Rm is an open set with m � 3 and
2∗ = 2m

m−2 . If Ω is bounded and 1 < q < 2∗ − 1, then we obtain the compact imbedding

H 1
0 (Ω) ↪→Lq+1(Ω), which results in the existence of infinitely many solutions to

−�u= |u|p−1u in Ω, u= 0 on ∂Ω,

while there is no solution if q � 2∗ −1 andΩ is star-shaped [95,100,90]. Several existence
and nonexistence results of the solution to

−�u= λu+ |u|2∗−2u in Ω, u= 0 on ∂Ω

are also known in accordance with the shape of the domain and the value λ ∈R [22,4,90].
Actually, it is the Euler–Lagrange equation of

Eλ(u)= 1

2

∫
Ω

(|∇u|2 − λ|u|2)dx − 1

2∗

∫
Ω

|u|2∗ dx
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defined for u ∈ H 1
0 (Ω), whereby the control of Palais–Smale sequence is a key ingredi-

ent of the study. Here, we say that {uk}k ⊂ H 1
0 (Ω) is a Palais–Smale sequence to Eλ if

E′λ(uk)→ 0 in H−1(Ω)=H 1
0 (Ω)

′, i.e.,

−�uk = λuk + |uk|2∗−1uk + fk in Ω, uk = 0 on ∂Ω,

‖fk‖H−1(Ω)→ 0.

We obtain an energy identity and bubbling similarly to those of the harmonic map se-
quence.

THEOREM 1.2. (See [116].) If {uk}k ⊂ H 1
0 (Ω) is a Palais–Smale sequence to the above

defined Eλ, such that supk Eλ(uk) <+∞, then there are p ∈ N, δjk ↓ 0, and xjk ∈Ω (1 �
j � p), such that, passing to a subsequence,∥∥∥∥∥uk − u0 − (δjk )− n−2

2

p∑
j=1

ωj
( · − xjk

δ
j
k

)∥∥∥∥∥
H 1(Ω)

→ 0,

Eλ(uk)→Eλ
(
u0)+ p∑

j=1

E0(ω
j )

as k→∞, where ωj = ωj (x) (1 � j � p) are solutions to

−�ω= |ω|2∗−2ω in Rm

satisfying ω ∈ L2∗(Rm) and ∇ω ∈L2(Rm;Rm),

E0(ω)= 1

2

∫
Rm
|∇ω|2 dx − 1

2∗

∫
Rm
|ω|2∗ dx,

and u0 = u0(x) is a solution to

−�u= λu+ |u|2∗−2u in Ω, u= 0 on ∂Ω.

1.1.3. H -systems. Parametric representation of the surface of constant mean curvature is
described by u :B = {(x, y) | x2 + y2 < 1}→R3 satisfying

�u= 2Hux × uy, |ux |2 − |uy |2 = ux · uy = 0 in B

u|∂B : monotonic parametrization of γ fixing three points,

where γ ⊂R3 is a given oriented rectifiable Jordan curve, H is a constant, and | |, ×, and
· are three-dimensional vector length, outer product, and inner product, respectively. This
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is the Euler–Lagrange equation of EH = EH(u) defined for u ∈ H 1(B) ∩ C(B) that is a
monotonic parametrization of γ fixing three points, where

EH(u)= 1

2

∫
B

|∇u|2 dz+ 2H

3

∫
Ω

u · ux × uy dz

for dz= dx dy. Existence of the solution, on the other hand, is associated with that of the
Dirichlet problem

�u= 2Hux × uy + f in Ω, u= 0 on ∂Ω

and there is an energy quantization of the noncompact Palais–Smale sequence [18,117–
119].

In more precise, we define EH(u) for u ∈ H 1
0 (Ω;R3), and call {uk}k ⊂ H 1

0 (Ω;R3) a
Palais–Smale sequence if

�uk = 2Hukx × uky + fk in Ω, uk = 0 on ∂Ω

holds with fk→ 0 in H−1(Ω;R3)=H 1
0 (Ω;R3)′. Then, we obtain a similar result to this

{uk}k .

THEOREM 1.3. (See [19].) If {uk}k ⊂H 1
0 (Ω;R3) is a Palais–Smale sequence to the above

defined EH satisfying

sup
k

∫
Ω

|∇uk|2 dz <+∞,

then, there are p ∈N, δjk ↓ 0, and xjk ∈Ω (1 � j � p) such that∥∥∥∥∥uk − u0 −
p∑
j=1

ωj
( · − xjk

δ
j
k

)∥∥∥∥∥
H 1(Ω)

→ 0,

∫
Ω

|∇uk|2 dz→
∫
Ω

∣∣∇u0
∣∣2 dz+ p∑

j=1

∫
R2
|∇ωj |2 dz,

V
(
uj
)→ V

(
u0)+ p∑

j=1

V0(ω
j )

as k→∞, where ωj = ωj (x) (1 � j � p) are solutions to

�ω= 2Hωx ×ωy in R2, ω(∞)= 0,
∫

R2
|∇ω|2 dz <+∞,
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u0 = u0(x) is a solution to

�u= 2Hux × uy in Ω, u= 0 on ∂Ω,

and

V (u)= 1

3

∫
Ω

u · ux × uy dz, V0(ω)= 1

3

∫
R2
ω ·ωx ×ωy dz.

The Palais–Smale sequence is defined also to the harmonic map. It is formulated by
{uk} satisfying (1.3) with fk→ 0 in H−1(Σ,N). Then, its energy gap is eliminated under
the additional assumption ‖fk‖2 = O(1) [93]. In contrast with Theorem 1.3, this is not
removable condition, e.g., each α > 0 admits a sequence of smooth maps uk :S2 → S2 (k =
1,2, . . .) satisfying E′(uk)→ 0, the first two relations of (1.2) with p = 1, and E(uk)→
E(u)+E(ω1)+ α [97,49,138].

1.2. Harmonic map

The proof of Theorems 1.1–1.3 shares a common argument, and here we describe the
harmonic map case, reformulating the problem with more generality.

Thus, (M,g) denotes an m-dimensional compact Riemannian manifold with smooth
boundary ∂M , and N is a compact Riemannian manifold without boundary. By Nash’s
theorem this N is isometrically imbedded in Rn for large n. We define the Sobolev space
composed of a class of the mappings from M to N provided with the finite energy as in
the previous section, i.e.,

H 1(M,N)= {u ∈H 1(M,Rn) | u(x) ∈N, a.e. x
}
,

E(u)=EM(u)=
∫
M

∣∣∇u(x)∣∣2 dvM(x),
where dvM is a volume element of (M,g).

Harmonic map defined in the previous section is indicated by the weakly harmonic map
in this general formulation. More precisely, a map u ∈H 1(M,N) is called a weakly har-
monic map if

d

dε
E
(
Π(u+ εφ))∣∣

ε=0 = 0

for any φ ∈ C∞0 (M,Rn), where Π :U → N is a smooth nearest point projection from
some tubular neighborhood U of N to N . This is equivalent to saying that u is a weak
solution of the Euler–Lagrange equation (1.1) on M , sometimes called the harmonic map
equation,

−�u=A(u)(∇u,∇u),
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where � and A(y)(·,·) denote the Laplace–Beltrami operator on (M,g) and the second
fundamental form of the imbedding N ↪→Rn at y ∈N , respectively. In a typical case that
N is the round sphere Sn, it takes the form

−�u= |∇u|2u. (1.4)

A map u ∈H 1(M,N) is called a minimizing harmonic map if

E(u)�E(v)

holds for any v ∈H 1(M,N) satisfying u= v on ∂M . We call u ∈H 1(M,N), on the other
hand, a stationary harmonic map if it is weakly harmonic, and

d

dt
E(u ◦Φt)

∣∣
t=0 = 0 (1.5)

for any smooth family {Φt }|t |#1 of diffeomorphisms of M such that Φ0 = Id. Any mini-
mizing harmonic map or weakly C2 harmonic map is stationary.

1.2.1. Monotonicity formula. If M = Ω ⊂ Rm is a bounded domain, we can take
Φt(x)= x + tξ(x) for ξ ∈C∞0 (Ω,Rm). Then, (1.5) implies

∫
Ω

m∑
i,j=1

(
δij |∇u|2 − 2DiuDju

)
Diξ

j dx = 0. (1.6)

Putting ξ(x)= x − z in (1.6), we obtain the monotonicity formula,

R2−m
∫
BR(z)

|∇u|2 dx − r2−m
∫
Br (z)

|∇u|2 dx

= 2
∫
BR(z)\Br(z)

|x − z|2−m|∇u|2 dx (0< r < R) (1.7)

if BR(z)= B(z,R)�Ω , and therefore, the rescaled energy

r2−m
∫
Br(z)

|∇u|2 dx

is a monotone increasing function of r . This formula takes an important role in the study
of local regularity.

More precisely, given u ∈H 1(M,N), we put

reg(u)= {z ∈M | u is C∞ in a neighbourhood of z},
sing(u)=M \ reg(u).
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Since reg(u) is open, sing(u) is relatively closed in M . It can happen that sing(u) �= ∅ even
if u is a minimizing harmonic map. For example, u : Bm �→ Sm−1 defined by u(x) = x

|x|
is an energy minimizing map with sing(u)= {0} if m� 3 [78]. Here and henceforth, Bm

denotes the m-dimensional unit open ball in Rm.
Several results are known concerning sing(u). In the following, Hs and dimH stand for

the s-dimensional Hausdorff measure and the Hausdorff dimension, respectively. Recall
that m denotes the dimension of M .

(1) If u ∈ H 1(M,N) is a minimizing harmonic map and m � 3, then it holds that
dimH sing(u)�m− 3. If m= 3, then sing(u) is discrete [113].

(2) There is a weakly harmonic map u ∈H 1(B3, S2) such that sing(u)= B3 [101].
(3) If u ∈H 1(M,N) is a stationary harmonic map, then it holds that Hm−2(sing(u))=

0 [50,13].
(4) Weakly harmonic map for m= 2 is smooth [66,67].

See [79,87,93,99,102] and the references therein for the related work.

1.2.2. Hardy-BMO structure. Here, we describe the proof of the final item of the above
list in the case of M = B2 and N = Sn, that is, any weakly harmonic map u ∈H 1(B2, Sn)

is smooth in B2. In fact, first, we obtain

n+1∑
j=1

uj∇uj = �0

by
∑n+1

j=1 |uj |2 = 1 for ∇ = ( ∂
∂x
, ∂
∂y
), and therefore,

∇ui =
n+1∑
j=1

(
(uj )2∇ui − ujui∇uj )= n+1∑

j=1

uj �bji

for �bji = uj∇ui − ui∇uj ∈R2.
It follows that

∇ · �bji =∇ · (uj∇ui − ui∇uj )= uj�ui − ui�uj = 0

from (1.4), and hence

�ui =∇ · ∇ui =
n+1∑
j=1

∇uj · �bji (1.8)

and

�bji =
(
∂φji

∂y
,−∂φ

ji

∂x

)
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for some φji ∈H 1(B2,R). This implies

�ui =
n+1∑
j=1

{
∂uj

∂x

∂φji

∂y
− ∂uj

∂y

∂φji

∂x

}
.

The right-hand side of the above equality is provided with the Jacobian structure. It
is observed in H -systems first, and leads to the continuity of ui [143]. Actually, each
term of them belongs to the local Hardy space H1

loc(R
2), and then Hardy-BMO paring is

applicable [40]. Then, this continuous u is smooth from the standard elliptic regularity.

1.2.3. Energy concentration. Now, we describe the proof of Theorem 1.1. Thus, (Σ,g)
denotes a compact Riemannian surface without boundary. First, we show a weak version
called rough estimate.

THEOREM 1.4. (See [103].) Under the assumption of Theorem 1.1, u :Σ→ N is a har-
monic map. Furthermore, there is ε0 > 0 such that, passing to a subsequence,

uk→ u locally uniformly in Σ \ {x1, . . . , x"},

|∇uk|2 dvg ⇀ |∇u|2 dvg +
"∑
j=1

mjδxj in the sense of measure, (1.9)

where {x1, . . . , x"} ⊂Σ and mj � ε0.

Since Σ is two-dimensional, any weak solution to (1.1) is regular, and therefore, the
weak limit u of {uk}k is a harmonic map. More strongly, there is a singularity vanishing
theorem described as follows.

THEOREM 1.5. (See [103].) If u :D \ {x0} ⊂Σ→N is harmonic and∫
D

|∇u|2 dvg <+∞,

then there is a harmonic map ũ :D→N such that ũ|D\{x0} = u, where D ⊂Σ is an open
set and x0 ∈D.

Henceforth,D(x, r) denotes the geodesic disc onΣ with radius r > 0 and center x ∈Σ .
Then, we obtain an energy decay estimate [103]. Thus, there is ε0 > 0 and θ ∈ (0,1)
determined by (Σ,g) and N such that if u :Σ→N is harmonic and∫

D1

|∇u|2 dvg � ε0,
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then it holds that∫
D(x,r)

|∇u|2 dvg � θ

∫
D(x,2r)

|∇u|2 dvg,

where Dr = D(x0, r) with x0 ∈ Σ , x ∈D1/2, and 0 < r < 1/4. This estimate, combined
with Morrey’s Dirichlet growth theorem [57], guarantees ε-regularity, so that

E(2r)=
∫
D2r

|∇u|2 dvg � ε0

implies

sup
Dr

|∇u|2 � Cr−2E(2r) (1.10)

with a constant C > 0 independent of u and r ∈ (0,1). If {uk}k is a harmonic map sequence
satisfying∫

D1

|∇uk|2 dvg � ε0,

therefore, by (1.1) we obtain a subsequence, denoted by the same symbol, and a harmonic
map u :D1 →N such that

uk→ u strongly in H 1(Dr,N) and C0(Dr,N),

where r ∈ (0,1). This ε-compactness guarantees the rough estimate as follows.

PROOF OF THEOREM 1.4. Given δ > 0, we put

Aδ,k =
{
x ∈Σ

∣∣∣ ∫
D(x,δ)

|∇uk|2 dvg � ε0

}
.

Then, by Vitali’s covering theorem [115], there is A′δ,k ⊂Aδ,k such that{
D(x, δ) | x ∈A′δ,k

}
is a disjoint family and Aδ,k ⊂⋃x∈A′

δ,k
D3δ(x)≡Ω(δ, k). This implies

ε0 · #A′δ,k �
∫
⋃
x∈A′

δ,k
D(x,δ)

|∇uk|2 dvg �E0,

and hence #A′δ,k �E0/ε0. Passing to a subsequence, therefore, we obtain A′δ,k = {x1
k , . . . ,

x"k } with "�E0/ε0 and xjk → xj ∈Σ .
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We have, on the other hand,

x /∈Ω(δ, k) ⇒
∫
Dδ(x)

|∇uk|2 dvg < ε0,

and therefore, applying the diagonal argument to δk ↓ 0, we take a subsequence, still de-
noted by the same symbol, such that uk → u in C1(Σ \ {x1, . . . , x"}) for

⋂
k Ω(δk, k) =

{x1, . . . , x"}. This u is harmonic in Σ \ {x1, . . . , x"} and satisfies∫
Σ

|∇u|2 dvg <+∞

by Fatou’s lemma, and therefore, {x1, . . . , x"} are removable singular points of u by Theo-
rem 1.5.

We obtain, furthermore,

|∇uk|2 dvg ⇀ |∇u|2 dvg +
"∑
j=1

mjδxj

in the sense of measure. In case of mj < ε0, therefore, there is r0 > 0 sufficiently small
such that ∫

D(xj ,2r0)
|∇uk|2 dvg =

∫
D(xj ,2r0)

|∇u|2 dvg +mj + o(1) < ε0

for k$ 1, and this implies that xj is not a blowup point of {uk}k by (1.10). Thus, we obtain
(1.9) with mj � ε0. �

The above lemma or the ε-compactness guarantees the energy gap lemma described as
follows.

LEMMA 1.2.1. It holds that

inf

{∫
S2
|∇ω|2dvg

∣∣∣ ω :S2 →N nonconstant harmonic map

}
> 0.

1.2.4. Energy quantization. We proceed to the proof of Theorem 1.1. Since ∂Σ = ∅,
there is no boundary effect on the blowing-up behavior of the solution sequence. Further-
more, the blowup profile has been localized around each concentration point. The scal-
ing limit is described by Σ̃ = S2 with standard metric dvS2 , ∞ /∈ S = {x1, . . . , x"}, and
N = Sn, where ∞ denotes the north pole.

First, the following lemma is obtained by the above mentioned Jacobian structure, where
0< ε0 # 1 is an absolute constant and DR is the geodesic disc with the radius R > 0.
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LEMMA 1.2.2. If u :DR→ Sn is a harmonic map satisfying∫
DR

|∇u|2 dvg � ε0

and v ∈H 1(Ω,Rn+1) is a solution to

�v = 0 in Ω, v = u in ∂Ω,

then it holds that∫
Ω

|∇u|2 dvg � C

∫
Ω

|∇v|2 dvg

with a constant C > 0 independent of Ω �DR .

PROOF. Since the target space of this harmonic map is a sphere, we obtain (1.8), i.e.,

�ui =
n+1∑
j=1

∇uj · �bji

for i = 1, . . . , n+ 1, where �bji = uj∇ui −ui∇uj . Then, subtracting the equation of v, we
have

�(u− v)i =
n+1∑
j=1

∇(u− v)j · �bji +
n+1∑
j=1

∇vj · �bji, (1.11)

and define wi ∈W 1,1
0 (Ω) by

�wi =
n+1∑
j=1

∇(u− v)j · �bji in Ω, wi = 0 on ∂Ω. (1.12)

Since (�bji)j=1,...,n+1 and (∇(u − v)j )j=1,...,n+1 are divergence and curl-free L2-vector
fields, respectively, the right-hand side of (1.12) is regarded as an element in the local
Hardy space H1

loc(R
2) [40], which guarantees

∥∥∇wi∥∥2 � C

n+1∑
j=1

∥∥∇(u− v)j∥∥2 ·
∥∥�bji∥∥2 (1.13)

with a constant C > 0 independent of Ω [16,30].
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Multiplying (1.11) by (u− v)i and integrating over Ω , we have∫
Ω

∣∣∇(u− v)∣∣2 dvg
=
n+1∑
i=1

∫
Ω

∇wi · ∇(u− v)i dvg −
n+1∑
i,j=1

∫
Ω

(∇vj · �bji)(u− v)i dvg
� Cε

1/2
0

∫
Ω

∣∣∇(u− v)∣∣2 dvg +C ∫
Ω

|∇u| · |∇v|dvg

by ∥∥�bji∥∥2 � C‖∇u‖2 � Cε
1/2
0 and ‖u− v‖∞ �C,

where the maximum principle to the harmonic function is applied. This and the inequality∫
Ω

|∇u|2 dvg � 2
∫
Ω

∣∣∇(u− v)∣∣2 dvg + 2
∫
Ω

|∇v|2 dvg

lead to the conclusion when ε0 is small enough. �

By the proof of Theorem 1.4, it holds that

S =
⋂
r>0

{
z ∈Σ

∣∣∣ lim inf
k→∞

∫
Dr(z)

|∇uk|2 dvg > ε0

}
.

We apply a hierarchical argument, dividing the proof in several steps. From later on, we do
not mention the process of subtracting subsequences unless otherwise stated.

STEP 1. We extract the principal bubble at each blowup point, putting

δ = 1

2
min

{|xi − xj | ∣∣ i �= j}.
Thus, we define the concentration function of {uk}k near x1 ∈ S by

Q1
k(t)= sup

z∈Dδ(x1)

∫
Dt (z)

|∇uk|2 dvg.

It is continuous, monotone increasing in t � 0, and satisfies Q1
k(0)= 0 and Q1

k(δ) > ε0 for
k$ 1, and therefore, there exist x1

k ∈Dδ(x1) and δ1
k ∈ (0, δ) such that

Q1
k(δ

1
k )=

∫
D
δ1
k
(x1
k )

|∇uk|2 dvg = ε0

2
.
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Then, it is easy to see that x1
k → x1 and δ1

k → 0 as k→∞.
The rescaled ũ1

k(x)= uk(δ1
kx + x1

k ) is a harmonic map satisfying∫
D1(z)

∣∣∇ũ1
k

∣∣2 dṽg � ε0

2

for all z ∈ D̃1
δ (xk)= (δ1

k )
−1{Dδ(x1)− x1

k } with the equality for z= 0, where dṽg denotes
the rescaled metric of dvg . Then, we apply the ε-compactness to this {ũ1

k}k , and obtain

ũ1
k→ ω1 in H 1

loc ∩C0
loc

(
S2 \ {∞}, Sn)

with ω1 extended as a harmonic map from S2 to N satisfying∫
D1

∣∣∇ω1
∣∣2 dvS2 = ε0

2
and

∫
S2

∣∣∇ω1
∣∣2 dvS2 � sup

k

E(uk) <+∞.

This ω1 is called a bubble at the blowup point x1.
Repeating this procedure, we obtain
• sequences of points {xjk } ⊂Dδ(xj ) satisfying limk→∞ xjk = xj ,

• sequences of positive numbers {δjk } converging to 0,
• nonconstant harmonic map ωj :S2 → Sn

such that ũjk→ ωj in H 1
loc ∩C0

loc(S
2 \ {∞}, Sn) for j = 1, . . . , ", where

ũ
j
k (x)= uk

(
δ
j
k x + xjk

)
.

STEP 2. We estimate the energy difference between uk and the principal bubbles, putting

vk(x)= uk(x)−
"∑
j=1

[
ωj
(
x − xjk
δ
j
k

)
−ωj (∞)

]
. (1.14)

It is easy to see that vk ⇀ u weakly in H 1(Σ,Sn). Now, we show∫
Ω

|∇vk|2 dvg =
∫
Ω

|∇uk|2 dvg −
∑

j ; xj∈Ω

∫
S2

∣∣∇ωj ∣∣2 dvS2 + o(1) (1.15)

for each open set Ω ⊂Σ .

PROOF OF (1.15). Given j = 1, . . . , ", we set∫
Dδ(xj )

|∇vk|2 dvg = I + II
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for

I =
∫
D
Rj δ

j
k

(x
j
k )

|∇vk|2 dvg

II =
∫
Dδ(xj )\D

Rj δ
j
k

(x
j
k )

|∇vk|2 dvg

and Rj > 0. Since ũjk→ ωj strongly in H 1
loc(S

2 \ {∞}, Sn), first, we obtain

I =
∫
DRj

|∇ũk|2 dṽg −
∫
DRj

∣∣∇ωj ∣∣2 dvS2 + o(1)

=
∫
D
Rj δ

j
k

(x
j
k )

|∇uk|2 dvg −
∫
S2

∣∣∇ωj ∣∣2 dvS2 + o(1).

Next, it follows that

II =
∫
Dδ(xj )\D

Rj δ
j
k

(x
j
k )

|∇uk|2 dvg + o(1)

from Rj $ 1, and therefore,∫
Dδ(xj )

|∇vk|2 dvg =
∫
Dδ(xj )

|∇uk|2 dvg −
∫
S2
|∇ωj |2 dvS2 + o(1).

Finally, we have the H 1-strong convergence uk → u on Ω \⋃"
j=1Dδ(xj ), and hence

(1.15) is proven. �

STEP 3. To search for further bubbles, first, we assume the case

lim inf
k→∞

∫
Σ

|∇vk|2 dvg =
∫
Σ

|∇u|2 dvg.

Then, vk converges strongly to u in H 1(Σ,Sn), and the energy identity holds by (1.15).
Moreover, since xjk → xj and |xi − xj | > δ for i �= j , the second equation of (1.2) also
holds, and thus, the proof of theorem is complete with p = ".

We have, otherwise, lim infk→∞
∫
Σ
|∇vk|2 dvg >

∫
Σ
|∇u|2 dvg , and define the concen-

tration set of {vk} by

S ′ =
⋂
r>0

{
z ∈Σ

∣∣∣ lim inf
k→∞

∫
Dr(z)

|∇vk|2 dvg > ε0

}
.
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Since ∫
Dr(z)

|∇vk|2 dvg <
∫
Dr(z)

|∇uk|2 dvg

by (1.15), we obtain S ′ ⊂ S and assume S ′ = {x1, . . . , x"′ } with 1 � "′ � ".
Taking x1 ∈ S ′, now we detect the second bubble. First, we obtain

lim inf
r↓0

lim
k→∞

∫
Dr(x1)

|∇vk|2 dvg � ε0 > 0.

Then, using the concentration function of vk defined by

Q"+1
k (t)= sup

z∈Dδ(x1)

∫
Dt (z)

|∇vk|2 dvg,

we choose
• a sequence of points {x"+1

k } ⊂Dδ(x1) satisfying limk→∞ x"+1
k = x1,

• a sequence of positive numbers {δ"+1
k } converging to 0

such that

Q"+1
k

(
δ"+1
k

)= ∫
D
δ
"+1
k

(x"+1
k )

|∇vk|2 dvg = ε0

2
.

Here, we obtain δ"+1
k > δ1

k by (1.15).
We use the rescaled map ṽ"+1

k (x) = vk(δ
"+1
k x + x"+1

k ) defined for x ∈ D̃"+1
δ (xk) =

(δ"+1
k )−1(Dδ(x1)− x"+1

k ) similarly to Step 1. Actually, it holds that∫
D1(z)

∣∣∇ṽ"+1
k

∣∣2 dṽg � ε0

2

for all z ∈ D̃"+1
δ (xk) with the equality when z= 0, and

ṽ"+1
k ⇀ ω"+1 weakly in H 1

loc

(
S2 \ {∞}, Sn)

for some ω"+1. Although these {v"+1
k }k and {ṽ"+1

k }k are not harmonic, we can derive a
variant of ε-compactness to the latter.

For this purpose, first, we note the following.

LEMMA 1.2.3. It holds that

max

{
δ
j
k

δ"+1
k

,
δ"+1
k

δ
j
k

,
|xjk − x"+1

k |
δ
j
k + δ"+1

k

}
→∞

for j = 1, . . . , ".
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PROOF. The assertion is obvious for j �= 1, because

lim
k→∞

∣∣xjk − x"+1
k

∣∣= |xj − x1|> δ.

If this is not the case for j = 1, there exists R > 1 such that

R−1 �
δ"+1
k

δ1
k

�R and
|x1
k − x"+1

k |
δ1
k + δ"+1

k

�R.

This implies

ε0

2
=Q"+1

k

(
δ"+1
k

)= ∫
D
δ
"+1
k

(x"+1
k )

|∇vk|2 dvg �
∫
D
Lδ1
k
(x1
k )

|∇vk|2 dvg

=
∫
DL

∣∣∇(ũ1
k −ω1)∣∣2 dṽg→ 0

for some L= L(R) > 0 (L(R)= 2R +R2 would suffice) by the H 1-strong local conver-
gence of ũ1

k→ ω1. This is a contradiction. �

Now, we show the following lemma.

LEMMA 1.2.4. The above defined ω"+1 is a nonconstant harmonic map: S2 → Sn, and
ṽ"+1
k → ω"+1 strongly in H 1

loc(S
2 \ {∞}, Sn).

PROOF. We distinguish two cases of “separated bubbles” (Case 1) and “bubbles on bub-
bles” (Case 2) indicated by Figures 1 and 2 of [97], respectively, regarding δ"+1

k > δ1
k .

CASE 1. There exists R > 1 such that

R−1 �
δ"+1
k

δ1
k

�R and
|x1
k − x"+1

k |
δ1
k + δ"+1

k

→+∞

or

δ"+1
k

δ1
k

→+∞ and
|x1
k − x"+1

k |
δ1
k + δ"+1

k

→+∞.

In this case, two bubbles ω1 and ω"+1 are geometrically separated in spite of
limk→∞ x1

k = limk→∞ x"+1
k = x1, and therefore, there is L$ 1 such that

Dδ1
kL
(x1
k )∩Dδ"+1

k L

(
x"+1
k

)= ∅
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for k$ 1, regardless with δ"+1
k ∼ δ1

k or δ"+1
k $ δ1

k . This implies

DL ∩
(
x"+1
k − x1

k

δ1
k

+ δ"+1
k

δ1
k

DL

)
= ∅

and therefore,

∫
DL

∣∣∣∣∇ω1
(
x"+1
k − x1

k − δ"+1
k ·

δ1
k

)∣∣∣∣2 dṽg = ∫ x"+1
k

−x1
k

δ1
k

+ δ
"+1
k

δ1
k

DL

|∇ω1|2 dvg

�
∫
S2\DL

∣∣∇ω1
∣∣2 dvS2 = o(1)

for L$ 1. Thus, it holds that

ω1
(
x"+1
k − x1

k − δ"+1
k ·

δ1
k

)
→ ω1(∞) strongly in H 1

loc

(
S2 \ {∞}, Sn),

passing to a subsequence.
In the case of j �= 1,

D
δ
j
kL

(
x
j
k

)∩D
δ"+1
k L

(
x"+1
k

)= ∅,
is obvious, and hence it holds that

ωj
(
x"+1
k − xjk − δ"+1

k ·
δ
j
k

)
→ ωj (∞) strongly in H 1

loc

(
S2 \ {∞}, Sn)

similarly. Since we can apply the ε-compactness to

ũ"+1
k (x) = uk

(
δ"+1
k x + x"+1

k

)
= vk

(
δ"+1
k x + x"+1

k

)+ "∑
j=1

[
ωj
(
δ"+1
k x + x"+1

k − xjk
δ
j
k

)
−ωj (∞)

]

the proof of this lemma is complete, where (1.14) is used to derive the above equality.

CASE 2. There exists M > 0 such that

δ"+1
k

δ1
k

→+∞ and
|x1
k − x"+1

k |
δ"+1
k

�M. (1.16)
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In this case, we obtain∫
S2\Dα

∣∣∣∣∇ω1
(
x"+1
k − x1

k − δ"+1
k ·

δ1
k

)∣∣∣∣2 dvS2

=
∫
S2\( x

"+1
k

−x1
k

δ1
k

+ δ
"+1
k

δ1
k

Dα)

∣∣∇ω1
∣∣2 dvS2 = o(1)

as k →∞ by
δ"+1
k

δ1
k

→ +∞, where α > 0 is arbitrary. For j �= 1, on the other hand,

there is the strong H 1
loc convergence of ∇ωj ( x"+1

k −xjk−δ"+1
k ·

δ
j
k

)→ 0. Since ε-compactness

is applicable to the above defined {ũ"+1
k }k , it follows that ũ"+1

k → ω"+1 strongly in
H 1

loc(S \ ({∞} ∪Dα)).
From the first bubbling process it follows that∫

D
βδ1
k
(x1
k )

|∇vk|2 dvg = o(1),

∫
D
βδ1
k
(x1
k )

∣∣∣∣∇ω"+1
( · − x"+1

k

δ"+1
k

)∣∣∣∣2 dvg
�
∫
D

βδ1
k

δ
"+1
k

(x1
k−x"+1

k )

∣∣∇ω"+1
∣∣2 dvS2 = o(1)

for β$ 1, and therefore,∫
DR

∣∣∇(ṽk −ω"+1)∣∣2 dṽg = ∫
Dα

+
∫
DR\Dα

=
∫
Ak(α,β)

∣∣∣∣∇(vk −ω"+1
( · − x"+1

n

δ"+1
k

))∣∣∣∣2 dvg + o(1)
holds for any R$ 1, where

Ak(α,β)=Dαδ"+1
k

(
x1
k

) \Dβδ1
k

(
x1
k

)
. (1.17)

This A= Ak(α,β) is connecting two bubbles ω1 and ω"+1, and is called the neck region.

Since
δ"+1
k

δ1
k

→+∞ is supposed in this case, this region appears always.

However, we can assume∫
Ak(α,β)

∣∣∣∣∇(vk −ω"+1
( · − x"+1

k

δ"+1
k

))∣∣∣∣2 dvg �
∫
Ak(α,β)

|∇uk|2 dvg < ε0
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by making β$ 1$ α > 0, and then Lemma 1.2.2 guarantees∫
Ak(α,β)

|∇uk|2 dvg � C

∫
Ak(α,β)

|∇wk|2 dvg (1.18)

if

�wk = 0 in Ak(α,β), wk = uk on ∂Ak(α,β).

To estimate the right-hand side of (1.18), we define fk = fk(x) and gk = gk(x) by

�fk = 0 in Ak(α,β),

fk = uk −ω"+1(P ) on ∂D
αδ"+1
k

(
x1
k

)
,

fk = uk −ω1(∞) on ∂Dβδ1
k

(
x1
k

)
, (1.19)

and

�gk = 0 in Ak(α,β),

gk = ω"+1(P ) on ∂D
αδ"+1
k

(
x1
k

)
,

gk = ω1(∞) on ∂Dβδ1
k

(
x1
k

)
, (1.20)

where P = limk→∞
x1
k−x"+1

k

δ"+1
k

. Since wk = fk + gk , it holds that

∫
Ak(α,β)

|∇wk|2 dvg � 2
∫
Ak(α,β)

|∇fk|2 dvg + 2
∫
Ak(α,β)

|∇gk|2 dvg,

while ∫
Ak(α,β)

|∇fk|2 dvg = o(1), (1.21)

∫
Ak(α,β)

|∇gk|2 dvg � C
|ω1(∞)−ω"+1(P )|2

log
(αδ"+1

k

βδ1
k

) (1.22)

are proven. In this case, we obtain∫
Ak(α,β)

|∇uk|2 dvg �C

∫
Ak(α,β)

|∇wk|2 dvg = o(1),

and therefore,∫
DR

∣∣∇(vk(x"+1
k + δ"+1

k ·)−ω"+1)∣∣2 dvg = o(1),
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which completes the proof of this lemma.
To show the above estimates, we abbreviate

∂Akα = ∂Dαδl+1
k

(
x1
k

)
and ∂Akβ = ∂Dβδ1

k

(
x1
k

)
for simplicity. First, from the strong convergence ũ"+1

k → ω"+1 in H 1
loc(S

2 \ ({∞}∪Dα)),
it follows that∥∥∥∥uk −ω"+1

( · − x"+1
k

δ"+1
k

)∥∥∥∥
W 1/2,2(∂Akα)

= o(1).

Similarly, since ũ1
k→ ω1 strongly in H 1(Dβ), we obtain∥∥∥∥uk −ω1
( · − x1

k

δ1
k

)∥∥∥∥
W 1/2,2(∂Akβ)

= o(1).

We have, on the other hand,

ω"+1
(
x1
k − x"+1

k

δ"+1
k

)
→ ω"+1(P ) and ω1

( · − x1
k

δ1
k

)
→ ω1(∞)

by (1.16), and therefore, (1.21) by the elliptic estimate to (1.19).
Since the boundary value of gk is a constant in (1.20), on the other hand, it follows that

gk =Ak log |x| +Bk , where

Ak = ω"+1(P )−ω1(∞)
log
(αδ"+1

k

βδ1
k

) ,

Bk = ω1(∞) logαδ"+1
k −ω"+1(P ) logβδ1

k

log
(αδl+1

k

βδ1
k

) .

This implies∫
Ak(α,β)

|∇gk|2 dvg � C

∫ R2

R1

∣∣g′(r)∣∣2r dr = CA2
k log

(
R2

R1

)

for R2 = αδl+1
k and R1 = βδ1

k , and hence (1.22). �

STEP 4. We have extracted the principal and the second bubbles {ωj }j=1,...," and
{ωj }j="+1,...,"′ , respectively. If there is no energy gap by these bubbles, the proof is done.
Otherwise, we apply the hierarchical argument and detect third bubbles by the bubbling
process of Steps 2 and 3. By Lemma 1.2.1, on the other hand, each ωi has the energy
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bounded from below, and therefore, this process terminates in a finite time. Eventually, we
obtain the energy identity and the proof is complete.

2. Mass quantization

Mass quantization is concerned with the L1 norm. It is associated with a different exponent
from that of energy quantization, but is derived from the scaling invariance of the problem
similarly, where the location of blowup points are prescribed by the linear part. Section 2.1
describes this profile for the complex Ginzburg–Landau equation case. Then, we take a
problem involving two-dimensional Laplacian and the exponential nonlinearity in the sec-
ond section. We study mass quantization of this problem with its higher-dimensional anal-
ogy in the final section.

2.1. Ginzburg–Landau equation

The complex Ginzburg–Landau equation is described by

−�v = 1

ε2

(
1− |v|2)v in Ω, v = g on ∂Ω, (2.1)

where Ω ⊂ R2 ∼= C is a simply-connected bounded domain with smooth boundary ∂Ω ∼=
S1, v :Ω→ C, and g = g(x) : ∂Ω→ S1 = R/(2πZ) is a given smooth function. It is the
Euler–Lagrange equation of

Eε(v)= 1

2

∫
Ω

|∇v|2 dx + 1

4ε2

∫
Ω

(
1− |v|2)2 dx

defined for v ∈ H 1
g (Ω) = {v ∈ H 1(Ω;C) | v = g on ∂Ω}. Actually, Eε is compact on

H 1
g (Ω) and each critical point of Eε corresponds to a solution to (2.1).
This functional was introduced by V. Ginzburg and L. Landau in 1950 in the study of

super-conductivity. Now, it is considered to describe the energy state of a super-conducting
sample on a macroscopic scale. Many variants have been used in various fields so far. Mass
quantization, on the other hand, is observed in 0< ε# 1, called strong repulsive case in
physics.

Any solution v = v(x) to (2.1) is smooth on Ω , and is provided with the following
estimates, where C = C(Ω,g) is a constant determined by Ω and g:

|v|� 1, |∇v|� Cε−1 in Ω,

Ω: star-shaped ⇒ 1

4ε2

∫
Ω

(
1− |v|2)2 dx � C. (2.2)

In fact, we obtain

1

2
�
(|v|2 − 1

)
� 1

ε2
|v|2(|v|2 − 1

)
in Ω, |v| = 1 on ∂Ω,
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and |v| � 1 follows from the maximum principle. From this inequality and the elliptic
estimate, we have ‖v‖W 2,p � Cε−2, and therefore, ‖v‖W 1,p � Cε−1 by the interpolation
theorem, where 1 < p <∞. Letting p > 2, we obtain |∇v| � Cε−1 in Ω . The final in-
equality of (2.2) is obtained by the Pohozaev identity

1

2

∫
∂Ω

(x · ν)
∣∣∣∣∂v∂ν

∣∣∣∣2 ds + 1

2ε2

∫
Ω

(
1− |v|2)2 dx

= 1

2

∫
∂Ω

(x · ν)
∣∣∣∣∂g∂τ

∣∣∣∣2 ds − ∫
∂Ω

(x · τ)∂v
∂ν

∂g

∂τ
ds,

where ν and τ denote the unit normal and tangential vectors to ∂Ω , respectively, such that
(ν, τ ) forms a right-hand system.

The energy minimizing solution to (2.1) attains

κε = inf
{
Eε(v) | v ∈H 1

g (Ω)
}
.

Its existence is obvious although it may not be unique. If Ω is a unit disc and
g(θ) = exp(ı dθ) for d ∈ Z, one obtains a solution to (2.1), assuming vd,ε(r, θ) =
fd,ε(r) exp(ı dθ), where f = fd,ε is a solution to

r2f ′′ + rf ′ − d2f + r2

ε2
f (1− f 2)= 0 (0< r < 1),

f (0)= 0, f (1)= 1.

Estimating Eε(vd,ε), we can show that this vd,ε with |d|� 2 does not attain κε in the case
of 0< ε# 1. Multiple existence result for the general case is obtained by the method of
variation [2,3].

Asymptotic behavior of the solution to (2.1) as ε ↓ 0 is, thus, associated with d , the de-
gree (winding number) of the mapping g : ∂Ω→ S1. This asymptotics is actually described
by the renormalized energy defined for "-points a1, . . . a" ∈Ω and "-integers d1, . . . , d" ∈
Z satisfying d =∑"

i=1 di . In more precise, we take the scalar-valued Φ =Φ(x) satisfying

�Φ =
"∑
i=1

2πdiδai in Ω,
∂Φ

∂ν
= g ∧ gτ on ∂Ω,

∫
∂Ω

Φ ds = 0,

and introduce the harmonic function R =R(x) by

R(x)=Φ(x)−
"∑
i=1

di log |x − ai |, (2.3)
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where ∧ denotes the wedge product in R2. Then, the renormalized energy associated to the
configuration (a1, . . . , a") is defined by

Wg(a1, . . . , a") = −π
∑
i<j

didj log |ai − aj |

− π
"∑
i=1

diR(ai)+ 1

2

∫
∂Ω

Φ(g ∧ gτ ) ds. (2.4)

Thus, it is a function defined on

" times︷ ︸︸ ︷
Ω × · · · ×Ω \�, where � denotes the diagonal part:

�= {(a1, . . . , a") ∈Ω"
∣∣ ai = aj for some i �= j}.

We note that this Wg depends on the choice of (d1, . . . , d").
Profile of concentration may be called mass quantization in this case.

THEOREM 2.1. (See [15].) Let Ω ⊂ R2 be a star-shaped bounded domain with smooth
boundary ∂Ω , and vε = vε(x) be a solution to (2.1) for 0< ε# 1. Then, there is a constant
C > 0 determined by g and Ω such that

Eε(vε)�C
(| log ε| + 1

)
.

Any εk ↓ 0 admits {ε′k} ⊂ {εk} such that for some " distinct points a1, . . . , a" in Ω , " inte-
gers d1, . . . , d" different from 0, it holds that

vε′k → v∗ in C∞loc(Ω \ S;C)∩C1,α(Ω \ S;C),

where S = {a1, . . . , a"}, 0< α < 1, and v∗ :Ω \ S→ S1 is a harmonic map defined by

v∗(z)= exp
(
ıφ(z)

) "∏
i=1

(
z− ai
|z− ai |

)di
(2.5)

using the harmonic function φ = φ(z) on Ω compatible to v∗ = g on ∂Ω . We obtain,
furthermore,

1

4(ε′k)2
(
1− |vε′k |2

)2
dx ⇀

π

2

"∑
i=1

d2
i δai (dx)

in the sense of measures on Ω , and the configuration (ai)i=1,...," is a critical point of the
renormalized energy Wg :

DWg(a1, . . . , a")= 0 ∈R2",
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which is equivalent to

∇x
(
Φ(x)− di log |x − ai |

)
x=ai = 0 (i = 1, . . . , ").

Concerning the energy minimizing solution vε ∈ H 1
g (Ω) which attains κε , the above

result is sharpened as follows. First, in the case of d = 0, there is smooth ψ : ∂Ω→R such
that g = exp(ıψ). We define v∗ = exp(ıϕ∗) ∈H 1

g (Ω) by

�ϕ∗ = 0 in Ω, ϕ∗ =ψ on ∂Ω (2.6)

similarly. Then, it follows that

κε ≡Eε(vε)�Eε(v∗)= 1

2

∫
Ω

|∇v∗|2 dx = 1

2

∫
Ω

|∇ϕ∗|2 dx,

and then ‖vε−v∗‖∞ =O(ε2) and vε→ v∗ inH 1 are proven [14,120]. In the other case of
d > 0, we obtain di = 1 in (2.5) and the map vε has exactly d = deg(g) zeros for 0< ε# 1.
Furthermore, the configuration (a1, . . . , ad)minimizes the renormalized energy onΩd \�
and it holds that

κε = πd| log ε| +Wg(a1, . . . , ad)+ dγ0 + o(1)

as ε ↓ 0, where γ0 > 0 is an absolute constant.
In the nonminimizing case, the multiplicity di may not be +1 and the opposite sign of

vortices can coexist.

2.2. Exponential nonlinearity

Emden–Fowler equation with exponential nonlinearity,

−�v = σev in Ω, v = 0 on ∂Ω (2.7)

arises in the theories of thermionic emission, isothermal stationary gas sphere, and gas
combustion [55,27,11], where Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω
and σ > 0 is a parameter. In the case of n = 2, it is also associated with the theories
of turbulence and self-dual gauge [82,80,148,134]. Actually, this equation with n = 2 is
provided with complex and geometric structures, which results in the mass quantization of
the blowup family of solutions [126,128].

2.2.1. Complex structure. Putting u= v+ logσ , we obtain

−�u= eu in Ω. (2.8)
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If we identify x = (x1, x2) ∈Ω to z= x1 + ıx2 ∈C, then (2.8) means

uzz =−1

4
eu

for z= x1 − ıx2. This implies

sz = uzzz − uzuzz =−1

4
euuz + 1

4
uze

u = 0

for

s = uzz − 1

2
u2
z, (2.9)

and therefore, s = s(z) is a holomorphic function of z ∈Ω ⊂C.
Regarding (2.9) as a Riccati equation of u, we obtain

ϕzz + 1

2
sϕ = 0 (2.10)

for ϕ = e−u/2. Here, we take x∗ = (x∗1 , x∗2 ) ∈ Ω , and define a fundamental system of
solutions to the linear equation (2.10), denoted by {ϕ1(z), ϕ2(z)}, such that

ϕ1|z=z∗ = ∂ϕ2

∂z

∣∣∣∣
z=z∗

= 1 and
∂ϕ1

∂z

∣∣∣∣
z=z∗

= ϕ2|z=z∗ = 0, (2.11)

where z∗ = x∗1 + ıx∗2 . This {ϕ1(z), ϕ2(z)} is composed of analytic functions of z ∈Ω , and
it holds that

ϕ = e−u/2 = f1(z)ϕ1(z)+ f2(z)ϕ2(z) (2.12)

for some functions f1 and f2 of z.
These f1(z), f2(z) are prescribed by the Wronskian. Since

W(ϕ1, ϕ2)≡ ϕ1ϕ2z − ϕ1zϕ2 = 1,

it holds that

f1(z)=W(ϕ,ϕ2)= ϕϕ2z − ϕzϕ2,

f2(z)=W(ϕ1, ϕ)= ϕ1ϕz − ϕ1zϕ,

and the left-hand side is independent of z. Taking z= z∗ in the right-hand side, therefore,
we obtain

f1(z)= ϕ(z∗, z) and f2(z)= ϕz(z∗, z). (2.13)
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Since ϕ is real-valued, it holds that

ϕzz + 1

2
sϕ = 0 (2.14)

for s = s(z) defined by s(z) = s(z). This relation is valid to ϕ = f1(z), f2(z) defined
by (2.13), while {ϕ1, ϕ2} forms a fundamental system of solutions satisfying

ϕ1|z=z∗ =
∂ϕ2

∂z

∣∣∣∣
z=z∗

= 1 and
∂ϕ1

∂z

∣∣∣∣
z=z∗

= ϕ2|z=z∗ = 0.

Thus, f1(z) and f2(z) are linear combinations of ϕ1(z) and ϕ2(z).
If the above prescribed x∗ = (x∗1 , x∗2 ) ∈Ω is a critical point of u, then it holds that

f1(z
∗)= ϕ(z∗, z∗)= e−u/2∣∣

x=x∗ ,

∂f1

∂z
(z∗)= ϕz(z∗, z∗)= ∂

∂z
e−u/2

∣∣
x=x∗ = 0,

f2(z
∗)= ϕz(z∗, z∗)= ∂

∂z
e−u/2

∣∣
x=x∗ = 0,

∂f2

∂z
(z∗)= ϕzz(z∗, z∗)= 1

4
�e−u/2

∣∣
x=x∗ = −

1

8
e−u/2�u

∣∣
x=x∗ ,

= 1

8
eu/2

∣∣
x=x∗

and therefore, we obtain f1(z)= cϕ1(z) and f2(z)= 1
8c
−1ϕ2(z) for c = e−u/2|x=x∗ . This

means f1 = cϕ1 and f2 = c−1

8 ϕ2, and therefore, it holds that

e−u/2 = c|ϕ1|2 + c−1

8
|ϕ2|2 (2.15)

by (2.12). Writing ψ1 = c1/281/4ϕ1 and ψ2 = c−1/28−1/4ϕ2, we have

W(ψ1,ψ2)=W(ϕ1, ϕ2)= 1,(
1

8

)1/2

eu/2 =
{
c

(
1

8

)−1/2

|ϕ1|2 + c−1
(

1

8

)1/2

|ϕ2|2
}−1

= 1

|ψ1|2 + |ψ2|2 ,

and therefore,

|F ′|
1+ |F |2 =

W(ψ1,ψ2)

|ψ1|2 + |ψ2|2 =
(

1

8

)1/2

eu/2 (2.16)
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for F =ψ2/ψ1. This means that (2.7) is reduced to finding an analytic function F = F(z)
of z ∈Ω ⊂C such that

ρ(F )|∂Ω =
(
σ

8

)1/2

(2.17)

by u= v + logσ and v|∂Ω = 0, where

ρ(F )= |F ′|
1+ |F |2 .

The above defined F = F(z) is a quotient of two linearly independent solutions to (2.10),
and therefore, it holds that

{F ; z} = −1

2
s,

where

{F ; z} = 3

4

(
F ′′

F ′

)2

− 1

2

F ′′′

F ′

is the Schwarzian derivative.

2.2.2. Geometric structure. It is known that ρ(F ) describes the spherical derivative of
F = F(z). More precisely, if dΣ2 denote the standard metric of the Riemannian sphere C
with the south pole (0,0,0) and the north pole (0,0,1), and if τ : C→ C ∪ {∞} denotes
the stereographic projection, then the conformal transformation F = τ−1 ◦ F induces the
relation

dΣ

ds
= ρ(F ), (2.18)

where ds2 = dx2
1 + dx2

2 denotes the Euclidean metric on C ∼= R2. In particular, ρ(F ) is
invariant under O(3) transformation of C.

If ω �Ω is a sub-domain, then the immersed length of F(∂ω) and the immersed area
of F(ω) on C are defined by

"1(∂ω)=
∫
∂ω

ρ(F )ds and m1(ω)=
∫
ω

ρ(F )2 dx,

respectively, and therefore, it follows that

"1(∂ω)
2 � 4m1(ω)

(
π −m1(ω)

)
(2.19)
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from the isoperimetric inequality. Putting

"(∂ω)=
∫
∂ω

p1/2 ds = 81/2
∫
∂ω

ρ(F )ds,

m(ω)=
∫
ω

p dx = 8
∫
ω

ρ(F )2 dx

with p = eu, we obtain

"(∂ω)2 � 1

2
m(ω)

(
8π −m(ω)) (2.20)

by (2.16) and (2.19).
Relation (2.20) is a form of Bol’s inequality on the surface M with the Gaussian curva-

ture less than or equal to 1/2. More precisely, (2.20) describes this inequality for nonpara-
metric M, where p = p(x) > 0 is a C2 function defined on the domain Ω ⊂R2 of which
boundary is composed of a finite number of Jordan curves,

−� logp � p in Ω, (2.21)

and ω � Ω is a sub-domain with the boundary ∂ω locally homeomorphic to a line [7].
This geometric isoperimetric inequality induces an analytic isoperimetric inequality con-
cerning the first eigenvalue of the Laplace–Beltrami operator, by spherically decreasing
rearrangement with respect to dΣ = p(x)1/2 ds.

THEOREM 2.2. (See [8].) If Ω ⊂ R2 is a bounded open set with the boundary ∂Ω com-
posed of a finite number of Jordan curves and p = p(x) > 0 is a continuous function on
Ω which is C2 in Ω and satisfies (2.21), then it holds that

λ≡
∫
Ω

p < 8π ⇒ ν1(p,Ω)� ν1(p
∗,Ω∗), (2.22)

where

ν1(p,Ω)= inf

{∫
Ω

|∇v|2 dx
∣∣∣ v ∈H 1

0 (Ω),

∫
Ω

v2p dx = 1

}
, (2.23)

p∗ = σ ∗ev∗ , Ω∗ = {x ∈R2 | |x|< 1}, and

−�v∗ = σ ∗ev∗ in Ω∗, v∗ = 0 on ∂Ω∗,∫
Ω∗
σ ∗ev∗ = λ. (2.24)

If the equality holds in (2.22), then Ω is a disc and p = p(x) is a radially symmetric
function satisfying −� logp = p in Ω .
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The value ν1(p,Ω) defined by (2.23) is the first eigenvalue of

−�ϕ = νpϕ in Ω, ϕ = 0 on ∂Ω, (2.25)

while the above introduced (σ ∗, v∗) exists uniquely for each λ ∈ (0,8π). This ν =
ν1(p,Ω) is attained by the eigenfunction ϕ ∈ H 1

0 (Ω) sufficiently smooth in Ω , ϕ > 0
in Ω , and ϕ = 0 on ∂Ω . We put Ωt = {x ∈ Ω | ϕ(x) > t} for t > 0 and take the open
concentric disc D∗t of Ω∗ satisfying∫

D∗t
p∗ dx =

∫
Dt

p dx.

Then, we define Bandle’s spherically decreasing rearrangement ϕ∗ of ϕ by

ϕ∗(x)= sup
{
t
∣∣ x ∈D∗t },

where x ∈Ω∗. This ϕ∗ is radially symmetric, ϕ∗ > 0 in Ω∗, and ϕ∗ = 0 on ∂Ω∗. Since
ϕ �→ ϕ∗ is equi-measurable, the relation∫

Ω

ϕ2p dx =
∫
Ω∗
ϕ∗2p∗ dx (2.26)

holds, while the decrease of Dirichlet integral,∫
Ω

|∇ϕ|2 dx �
∫
Ω∗
|∇ϕ∗|2 dx (2.27)

is achieved by Bol’s inequality as is described in the following chapter. Thus we obtain
(2.22).

2.2.3. Radial solutions. From the general theory [56], any classical solution to (2.7) is
radially symmetric ifΩ is the unit ball. To classify such a solution for n= 2, first, we study

v′′ + 1

r
v′ + σev = 0 (0< r <∞), v′(0)= 0. (2.28)

If v0 = v0(r) is a solution to this problem, then so is

v(r)= v0
(
eα/2r

)+ α
for α ∈ R. Thus, we shall assign a special solution v0(r) to (2.28) and chose α by the
boundary condition, i.e.,

v0
(
eα/2

)+ α = 0. (2.29)
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For this purpose, we deduce

d2

ds2
(v + 2s)+ σev+2s = 0

from (2.28) using s = log r , and obtain the one-dimensional case,

u′′ + σeu = 0 (−∞< s <∞), (2.30)

where u= v+ 2s. This equation implies{
u′′ − 1

2
(u′)2

}′
= 0,

and we take the case

u′′ − 1

2
(u′)2 =−2. (2.31)

Actually, (2.31) is reduced to the logistic equation

"′ = (1− ")"

by "= 2−u′(s/2)
4 , and we can assign a solution

"(s)= 1

2

(
1+ tanh

s

2

)
.

This "= "(s) induces v0 = v0(r) defined by

v0 + 2s =−2 log cosh s + log
2

σ
,

i.e.,

v0(r)= log

{
8/σ

(r2 + 1)2

}
as a special solution to (2.28). Then, (2.29) is reduced to the algebraic equation

8

σ
= (eα + 1)2

eα
,

and thus, we have classified the solutions to (2.7) for

Ω =Ω∗ ≡ {x ∈R2
∣∣ |x|< 1

}
.
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Actually, they are described explicitly, i.e.,

v = v∗σ± (x)= log

{
8β±/σ

(1+ β±|x|2)2
}
, β± = 4

σ

{
1− σ

4
±
(

1− σ

2

)1/2}
.

It holds that

v∗σ+ = v∗σ− = 2 log
2

1+ |x|2

for σ = 2, and the number of solutions to (2.7) Ω =Ω∗ is two, one, and zero according
to 0 < σ < 2, σ = 2, and σ > 2, respectively. Total set of solutions C∗ = {(σ, v)}, on the
other hand, forms a one-dimensional manifold in R+ ×C(Ω∗

). We obtain

lim
σ↓0

v∗σ− (x)= 0 uniformly in x ∈Ω∗
,

lim
σ↓0

v∗σ+ (x)= 4 log
1

|x| locally uniformly in x ∈Ω∗ \ {0},

and therefore, the endpoints of C∗ are (0,0) and (0, v∗) with v∗ = 4 log 1
|x| . Thus, v∗ =

v∗(x) is a singular limit of the solution.
It is convenient to write these radially symmetric solutions as(

σ

8

)1/2

ev/2 =
(
eu

8

)1/2

= μ1/2

|x|2 +μ (2.32)

with

μ1/2 = μ1/2
± =

(
2

σ

)1/2{
1∓

√
1− σ

2

}
.

In fact, in this case their Liouville integrals (2.16) are described by F(z)= Cz with

C = μ−2 = C± =
{

1

σ
{4− σ ± 2

√
4− 2σ }

}1/2

,

and the length of F(∂Ω∗) and the area of F(Ω∗) are equal to

"1(∂Ω
∗)=

∫
∂Ω∗

(
eu

8

)1/2

ds = 2π

(
σ

8

)1/2

and

m1(Ω
∗)=

∫
Ω∗
eu

8
dx = 1

8

∫
Ω∗
p dx = λ

8
,
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respectively. Therefore, λ grows from 0 to 8π monotonously along the branch C∗ connect-
ing (0,0) and (0, v∗). Furthermore, the bending point σ = 2 of C∗ corresponds to λ= 4π ,
while σ increases first from 0 to 2, and then decreases from 2 to 0.

If we take λ as a control parameter and eliminate σ in (2.7), then it follows that

−�v = λev∫
Ω
ev

in Ω, v = 0 on ∂Ω. (2.33)

This λ casts a physical parameter derived from the inverse temperature and the coupling
constant in turbulence and self-dual gauge, respectively [24,25,82,128,133,148].

2.2.4. Laplace–Beltrami operator. From the general theory of bifurcation [6,44,126], the
above described profile of C∗ guarantees the linearized stability of v∗σ− as a solution to (2.7)
for Ω =Ω∗. This means that the first eigenvalue of the self-adjoint operator

L∗σ− =−�− σev∗σ−

in L2(Ω∗) with the domain (H 2 ∩H 1
0 )(Ω

∗) is positive if 0 < σ < 2, and zero if σ = 2.
These properties are equivalent to ν1(p

∗,Ω∗) > 1 and ν1(p
∗,Ω∗)= 1 for 0< σ < 2 and

σ = 2, respectively, where ν1 = ν1(p
∗,Ω∗) denotes the first eigenvalue of

−�ϕ = νp∗ϕ in Ω∗, ϕ = 0 on ∂Ω∗ (2.34)

for p∗ = σev∗σ− .
This ν1(p

∗,Ω∗) is equal to ν1(p,Ω) of (2.23) for (p,Ω)= (p∗,Ω∗), and by the above
consideration it holds that

0< λ< 4π ⇒ ν1(p
∗,Ω∗) > 1, (2.35)

where

p∗(x)= 8μ

(|x|2 +μ)2 (2.36)

with μ> 0 determined by

λ=
∫
Ω∗
p∗(x) dx. (2.37)

Thus, we obtain

0< λ< 4π ⇒ ν1(p,Ω) > 1 (2.38)

by Theorem 2.2 if Ω ⊂ R2 is a domain with smooth boundary ∂Ω , p = p(x) > 0 is a C2

function on Ω satisfying (2.21), and
∫
Ω
p dx = λ.



Nonlinear eigenvalue problem with quantization 311

We can confirm, on the other hand, (2.35) directly, using the associated Legendre equa-
tion. More precisely, putting

ϕ(x)=Φ(ξ)eımθ , x = reıθ , ξ = μ− r2

μ+ r2
, Λ= 1/ν,

we obtain the associated Legendre equation [8][
(1− ξ2)Φξ

]
ξ
+ [2/Λ−m2/(1− ξ2)

]
Φ = 0 (ξμ < ξ < 1),

Φ(1)= 1, Φ(ξμ)= 0 (2.39)

by (2.34), where ξμ = (μ− 1)/(μ+ 1). Thus, if Φ =Φ(ξ) denotes a solution to the first
equation of (2.39) for Λ= 1, m= 0, and Φ(1)= 1, then ν1(p

∗,Ω∗) > 1 is equivalent to

Φ(ξ) > 0 (ξμ < ξ < 1).

Since such Φ is given by P0(ξ)= ξ , this means ξμ > 0, and therefore, we can reproduce
(2.35) by

λ < 4π ⇔ μ> 1 ⇔ ξμ > 0.

The associated Legendre equation appears when one adopts the polar coordinate to get
the eigenvalues of three dimensional Laplacian written in the Cartesian coordinate. To
understand the reason why this equation arises in the study of (2.34), we recall that p∗ =
p∗(x) of (2.36) is associated with the Liouville integral F(z) = μ−2z by (p∗/8)1/2 =
ρ(F ). Using the stereographic projection: τ : C→C∪ {∞}, therefore, ϕ = ϕ ◦ τ satisfies

−�S2ϕ = ν

8
ϕ in ω̂, ϕ = 0 on ∂ω̂, (2.40)

where ϕ = ϕ(x) is a solution to (2.34). Here, �S2 is the Laplace–Beltrami operator and
ω̂ ⊂ C is a disc with the center (0,0,0). In other words, ν1(p

∗,Ω∗) defined by (2.36)–
(2.37) is nothing but the first eigenvalue of the Laplace–Beltrami operator −�S2 defined
on ω ⊂ S2 with ·|∂ω = 0, where S2 and ω ⊂ S2 denote the round sphere with total area
8π and an immersed disc with total area λ ∈ (0,8π), respectively. Then, we obtain the
associated Legendre equation using separation of variables to (2.40).

Spherically decreasing rearrangement described in the proof of Theorem 2.2 is refor-
mulated as a Schwarz symmetrization on the round sphere in this context. Thus, given a
positive C2 function p = p(x) defined on a domain Ω ⊂R2 with continuous extension to
Ω satisfying (2.21) and

∫
Ω
p(x)dx = λ ∈ (0,8π), we take an immersed disc ω⊂ S2 with

total area λ. Let ϕ = ϕ(x) be a nonnegative C2 function defined onΩ satisfying ϕ|∂Ω = 0.
Then, we put

ϕ∗(x)= sup{t | x ∈ ωt } (2.41)
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for x ∈ ω, where ωt denotes the concentric disc of ω satisfying∫
ωt

dv =
∫
{ϕ>t}

p dx (2.42)

and dv is the area element of S2. Then, (2.26)–(2.27) reads;∫
Ω

ϕ2p dx =
∫
ω

ϕ∗2 dv,

∫
Ω

|∇ϕ|2 dx �
∫
ω

|∇S2ϕ
∗|2 dv. (2.43)

2.2.5. Spherically harmonic functions. We recall that if Ω ⊂ R2 is a domain, then (2.8)
is equivalent to (2.16), i.e., ρ(F ) = (eu/8)1/2, where F = F(z) is an analytic function.
This is regarded as an analogy of the harmonic case, that is, �u = 0 in Ω if and only
if u = ReF , where F = F(z) is an analytic function. In fact, we can derive the mean
value theorem for this type of functions described below, and this property guarantees a
Harnack type inequality [123]. In this sense, the function u = u(x) satisfying −�u � eu

and �u� eu may be called spherically sub-harmonic and super-harmonic, respectively.

THEOREM 2.3. (See [126,128].) If Ω ⊂ R2 is an open set and u= u(x) is a C2 function
defined in Ω , then −�u� eu in Ω if and only if

u(x0)�
1

|∂B(x0,R)|
∫
∂B(x0,R)

uds − 2 log

{
1− 1

8π

∫
B(x0,R)

eu dx

}
+

for any B(x0,R)�Ω . Similarly, �u� eu in Ω if and only if

u(x0)�
1

|∂B(x0,R)|
∫
∂B(x0,R)

uds − 2 log

{
1+ 1

8π

∫
B(x0,R)

eu dx

}
for any B(x0,R)�Ω .

The first inequality of the above theorem implies the following fact, called Bandle’s
mean value theorem. The other application to −�u=K(x)eu is given by [31,39].

THEOREM 2.4. (See [5].) If p = p(x) > 0 is continuous on B , C2 in B , and satisfies

−� logp � p in B,
∫
B

p � 4π,

then it holds that

p(0)

1+ r2p(0)/8
� 1

|∂Br |
∫
∂Br

p1/2 ds, (2.44)

where B = B(0,R)⊂R2, Br = B(0, r), and r ∈ (0,R).
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PROOF. Putting

u= logp, m(r)=
∫
Br

eu dx < 8π,

we apply Theorem 2.3. It holds that

u(0)� 1

|∂Br |
∫
∂Br

uds − 2 log

(
1− m(r)

8π

)
for r ∈ (0,R). Writing p = eu, we obtain

p(0) �
(

1− m(r)

8π

)−2

exp

{
1

|∂Br |
∫
∂Br

uds

}

�
(

1− m(r)

8π

)−2 1

|∂Br |
∫
∂Br

p ds = 1

2πr

(
1− m(r)

8π

)−2

m′(r)

by Jensen’s inequality, and hence it follows that

p(0)R2 = 2
∫ R

0
p(0)r dr � 1

π

∫ R

0

m′(r)
(1−m(r)/(8π))2 dr = 8m(8π −m)−1,

where

m=m(R)=
∫
B

p dx.

Bol’s inequality, on the other hand, guarantees

"2 � 1

2
m(8π −m)

for "= ∫
∂B
p1/2 ds, and therefore, m�m− in the case of m� 4π , where M =m− is the

smaller solution to

M2 − 8πM + 2"2 = 0,

i.e.,

m− = 4π
(
1−

√
1− j2

)
for j = "/(2√2π).

Then, we obtain

p(0)R2 � 8m−(8π −m−)−1

and hence (2.44) for r =R. �
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2.2.6. Duality. Problem (2.33) is the Euler–Lagrange equation of the functional

Jλ(v)= 1

2
‖∇v‖2

2 − λ log

(∫
Ω

ev
)
+ λ logλ− λ (2.45)

defined for v ∈ H 1
0 (Ω). The Trudinger–Moser inequality [85] guarantees that this func-

tional is C1, and is bounded from below if λ= 8π . Actually, there are several variants of
this inequality [127].

This Jλ = Jλ(v) is regarded as the dual form of a physically important functional,
Helmholtz’ free energy

F(u)=
∫
Ω

u(logu− 1)− 1

2

〈
(−�D)−1u,u

〉
defined for u� 0 and

∫
Ω
u= λ [128]. The equilibrium with respect to F(u) is described

by

(−�D)−1u= logu+ constant in Ω, ‖u‖1 = λ. (2.46)

We define, on the other hand, the Lagrangian by

L(u, v)=
∫
Ω

u(logu− 1)+ 1

2
‖∇v‖2

2 − 〈v,u〉.

First, if v ∈H 1
0 (Ω) is a solution to (2.33) then u= λev∫

Ω e
v is a solution to (2.46), and con-

versely, if u� 0 is a solution to (2.46) then v = (−�D)−1u is a solution to (2.33). Next,
there are unfolding Legendre transformation and the minimality in accordance with the
Lagrangian formulated by

L|v=(−�D)−1u =F and L|
u= λev∫

Ω ev
= Jλ (2.47)

and

L(u, v)� max
{
F(u),Jλ(v)

}
, (2.48)

respectively, where u� 0, ‖u‖1 = λ, and v ∈H 1
0 (Ω). We have, more precisely,

inf
{
L(u, v) | v ∈H 1

0 (Ω)
}=F(u),

inf
{
L(u, v) | u� 0, ‖u‖1 = λ

}= Jλ(v),

and in particular,

inf
u,v
L(u, v)= inf

v
Jλ(v)= inf

u
F(u).
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These profiles are the consequence of the abstract structure of Toland duality [135,136]
observed in wide areas [128].

Decrease of this free energy together with mass conservation, on the other hand, is real-
ized by the model (B) equation [61,68]. This is the Smoluchowski–Poisson equation con-
cerning material transport under the self-attractive force, or a simplified system of chemo-
taxis in the context of mathematical biology, i.e.,

ut =∇ · (∇u− u∇v), −�v = u in Ω × (0, T ),
∂u

∂ν
− u∂v

∂ν
= v = 0 on ∂Ω × (0, T ). (2.49)

In fact, this system is described by

ut =∇ ·
(
u∇δF(u)), u

∂

∂ν
δF(u)

∣∣
∂Ω
= 0

and hence it follows that

d

dt

∫
Ω

u=−
∫
∂Ω

u
∂

∂ν
δF(u)= 0,

d

dt
F(u)=−

∫
Ω

u
∣∣∇δF(u)∣∣2 � 0.

This means that the stationary state of (2.49) is defined by

u� 0, ‖u‖1 = λ, δF(u)= constant,

that is, (2.46), equivalent to (2.33) by the above mentioned transformation.

2.2.7. Collapse formation. There is a quantized blowup mechanism in the nonlinear
eigenvalue problem (2.33) derived from (2.7), which is the origin of the formation of col-
lapse with quantized mass to (2.49). A typical example of such a profile is the following
theorem. See [127,128] for related topics.

THEOREM 2.5. (See [127].) If the solution to

ut =∇ · (∇u− u∇v), −�v = u− 1

|Ω|
∫
Ω

u in Ω × (0, T ),
∂u

∂ν
− u∂v

∂ν
= ∂v

∂ν
= 0 on ∂Ω × (0, T )

blows-up at t = T <+∞, then it holds that

u(x, t) dx ⇀
∑
x0∈S

m∗(x0) δx0(dx)+ f (x)dx
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in M(Ω) = C(Ω ′
) as t ↑ T , where Ω ⊂ R2 is a bounded domain with smooth bound-

ary ∂Ω ,

S = {x0 ∈Ω
∣∣ there exist xk→ x0 and tk ↑ T such that

u(xk, tk)→+∞}
is the blowup set, 0 � f = f (x) ∈ L1(Ω)∩C(Ω \ S), and

m∗(x0)=
{

8π (x0 ∈Ω),
4π (x0 ∈ ∂Ω).

Thus, we obtain

2#(S ∩Ω)+ #(S ∩ ∂Ω)� ‖u0‖1/(4π). (2.50)

We can show also that the equality in (2.50) is excluded [128].

2.3. Method of scaling

The quantized blowup mechanism to (2.7) is described as follows.

THEOREM 2.6. (See [88].) Let Ω ⊂ R2 be a bounded domain with smooth boundary
∂Ω , and {(σk, vk)}k be a solution sequence to (2.7) such that σk ↓ 0. Then, passing to
a subsequence, λk =

∫
Ω
σke

vk dx→ 8π" with some "= 0,1, . . . ,+∞. According to this
value, the solution behaves as follows:

(1) "= 0: uniform convergence to 0, i.e., ‖vk‖∞→ 0.
(2) 0< "<+∞: "-point blowup, i.e., there exist x∗j ∈Ω (j = 1, . . . , ") and v0 = v0(x)

such that vk→ v0 locally uniformly in Ω \ S for S = {x∗1 , . . . , x∗" }. We obtain

v0(x)= 8π
"∑
j=1

G
(
x, x∗j

)
,

1

2
∇R(x∗j )+∑

i �=j
∇xG

(
x∗i , x∗j

)= 0 (1 � j � "), (2.51)

where G=G(x,x′) is the Green’s function:

−�G(·, x′)= δx′(dx) in Ω, G(·, x′)= 0 on ∂Ω

defined for x′ ∈Ω , and

R(x)=
[
G(x,x′)+ 1

2π
log |x − x′|

]
x′=x

is the Robin function.
(3) "=+∞: entire blowup, i.e., vk→+∞ locally uniformly in Ω .
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The second case is crucial in the above theorem. Using (2.33), we can reformulate it as
follows.

THEOREM 2.7. Let Ω ⊂ R2 be a bounded domain with smooth boundary ∂Ω , and
{(λk, vk)} be a solution sequence to (2.33) satisfying λk→ λ0 ∈ (0,+∞). Then, λ0 = 8π"
with " ∈ N, and passing to a subsequence, we obtain vk→ v0 locally uniformly in Ω \ S
with v0 = v0(x) satisfying (2.51) for S = {x∗1 , . . . , x∗" }.

To prove this case, first, we note that ‖vk‖W 1.q =O(1) holds by the L1-estimate [114,
23], where 1 � q < 2= n

n−1 for n= 2. This implies a uniform boundary estimate indicated
by

‖vk‖L∞(ω) =O(1), (2.52)

using the reflection argument combined with the Kelvin transformation [56,45], where
ω= ω̂ ∩Ω and ω̂ is an open set satisfying ∂Ω ⊂ ω̂.

The original proof uses the complex structure [88]. In fact, we obtain

e−v/2 = c|ϕ1|2 + σc−1

8
|ϕ2|2

in (2.7), using s(z) of (2.9) with u replaced by v, where {ϕ1(z), ϕ2(z)} is the fundamental
system of solutions to (2.10) defined by (2.11) with z∗ corresponding to a critical point of
v, denoted by x∗ ∈ Ω . Thus, there is a family of holomorphic functions {sk(z)} defined
by (2.9) for u= vk , and this family is uniformly bounded on Ω by (2.52) and the elliptic
estimate. Passing to a subsequence, therefore, we obtain sk→ s0 locally uniformly in Ω .

Introducing the fundamental system of solutions {ϕ1k(z), ϕ2k(z)} to (2.10) for s = sk(z),
we take x∗ = x∗k as a maximum point of vk . Passing to a subsequence, the conver-
gence sk → s mentioned above guarantees those of ϕ1k → ϕ10 and ϕ2k → ϕ20 locally
uniformly as analytic functions in Ω , because {x∗k } is in Ω \ ω̂. Then, it holds that
ck = exp(−‖vk‖∞/2)→ 0 in the analogous relation to (2.15),

e−vk/2 = ck|ϕ1k|2 + σkc
−1
k

8
|ϕ2k|2. (2.53)

Since {vk} is bounded in W 1,q (Ω) for 1 � q < 2, any blowup point of {vk} must be zero of
the analytic function ϕ10, and therefore, each blowup point is isolated. We obtain finiteness
of the blowup points in this way, while classification of the singular limit, (2.51), is derived
by residue analysis, more precisely, singularity vanishing of s0(z)= v0zz − 1

2v
2
0z.

This concludes the proof of the theorem, but here we obtain σkc
−1
k ≈ 1, i.e., ‖vk‖∞ ≈

−2 logσk as k→∞. From the proof of Theorem 2.9 described below, on the other hand,
each x∗j takes a sequence xjk → x∗j , where xjk is a local maximum point of vk . Thus, we

can reformulate x∗ = x
j
k in (2.53), and consequently, the blowup rates vk(x

j
k )→ +∞

(j = 1, . . . , ") are proportional each other.
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The other proof of the above theorem uses Theorems 2.8, 2.9 described in the following
paragraph and the Pohozaev identity instead of the complex structure [81]. This argument
is valid even to the nonhomogeneous coefficient case.

The second equality of (2.51) means that (x∗1 , . . . , x∗" ) ∈Ω × · · · ×Ω is a critical point
of

H =H(x1, . . . , x")= 1

2

∑
i

R(xi)+
∑
i<j

G(xi, xj ).

If it is nondegenerate, then there is a local branch of solutions taking (σ, v) = (0, v0) as
an endpoint for v0 = v0(x) defined by the first relation of (2.51) [9]. First, the complex
structure was used for this purpose, assuming that Ω is simply-connected and "= 1 [145,
84,125]. See [46,51] for later results.

Theorem 2.7 guarantees that the total degree of the solution set is constant in each com-
ponent of [0,+∞) \ 8πN [74]. It is actually determined by the genus of Ω and explicit
formula is given by a detailed blowup analysis [32–34]. For example, if "= 1, then it holds
that

‖vk‖∞ =−2 logσk + 2 log 8− 8πR(x0)+ o(1).

We obtain also

v(x)=
2∑
i=1

aixi

8+ |x|2 + b ·
8− |x|2
8+ |x|2

if v = v(x) is a uniformly bounded solution to the linearized entire problem

−�v = v

{1+ |x|2
8 }2

in R2,

where ai, b ∈R. See [58,106].

2.3.1. Blowup analysis. Most of the fundamental equations of physics are provided with
self-similarity. Concerning (2.8) derived from the vorticity equation and the abelian Higgs
theory, it is invariant under the transformation

uμ(x)= u(μx)+ 2 logμ,

where μ> 0 is a constant. This causes the lack of compactness of the family of (approxi-
mate) solutions, and this mechanism is clarified by the blowup analysis of which ingredi-
ents are summarized as follows:

(1) scaling invariance of the problem,
(2) classification of the entire solution,
(3) control at infinity of the rescaled solution,
(4) hierarchical argument.
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The following theorem, free from the boundary condition, is useful in such a study,
because the effect of boundary conditions is usually lost in the scaling argument. It also
deals with the nonhomogeneous coefficient case with the lack of the complex structure.
Theorem 2.6 is associated with this theorem by vk − logσk . Actually, we obtain v > 0
in (2.7).

THEOREM 2.8. (See [21].) If Ω ⊂R2 is a bounded domain and vk = vk(x) (k = 1,2, . . .)
is a solution sequence to

−�vk = Vk(x)evk in Ω

with

0 � Vk(x)� C1 in Ω,
∫
Ω

evk � C2, (2.54)

where C1, C2 are constants, then, passing to a subsequence, there arises the following
alternatives:

(1) {vk} is locally uniformly bounded in Ω .
(2) vk→−∞ locally uniformly in Ω .
(3) There is a finite set S = {x∗j } ⊂Ω and mj � 4π such that vk→−∞ locally uni-

formly in Ω \ S and

Vk(x)e
vk dx ⇀

∑
j

mj δx∗j (dx) in M(Ω). (2.55)

Furthermore, S is the blowup set of {vk} in Ω .

THEOREM 2.9. (See [75].) In the third case of the above theorem, we obtain mj = 8πnj
for some nj ∈N, provided that Vk→ V uniformly on Ω .

Boundedness of the Palais–Smale sequence relative to the Trudinger–Moser inequality
does not follow always. Then, the above theorem is applied to compensate this difficulty
in constructing nontrivial solutions to the mean field equation [122,48].

There are several differences between the energy quantization described in the previous
chapter. First, the above blowup mechanism occurs only to the quantized values of mass,
realized as the eigenvalue λ. Thus, we obtain the residual vanishing, the disappearance
of the regular part of the limit measure in (2.55) under the control (2.54). Second, global
structure described by the compactness of the domain manifold or the boundary condition
excludes multiple bubbles, prescribing the location of blowup points.

The proof of these theorems are as follows [134,128]. First, we perform the prescaled
analysis to prove Theorem 2.8. In more precise, if Ω ⊂ R2 is a bounded domain, f ∈
L1(Ω), and

−�v = f (x) in Ω, v = 0 on ∂Ω,
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then it holds that∫
Ω

exp

(
4π − δ
‖f ‖1

∣∣v(x)∣∣)dx � 4π2

δ
(diam Ω)2,

where 0 < δ < 4π . This implies ε-regularity, stated as the following lemma, and then
Theorem 2.8 is obtained by a standard argument.

LEMMA 2.3.1. Let Ω ⊂R2 be a bounded domain, K ⊂Ω a compact set, c1, c2 > 0, and
ε0 ∈ (0,4π). Then, there is C > 0 such that

−�v = V (x)ev, 0 � V (x)� c1 in Ω,

‖v+‖1 � c2,

∫
Ω

V (x)ev � ε0

implies ‖v+‖L∞(K) �C.

Once Theorem 2.8 is proven, then Theorem 2.9 is reduced to the following case, where
B = B(0,R)⊂R2 and Br = B(0, r).

THEOREM 2.10. If

−�vk = Vk(x)evk , Vk(x)� 0 in B,

Vk→ V in C(B),

max
B

vk→+∞,

max
B\Br

vk→−∞ (0< r < R),

lim
k→∞

∫
B

Vk(x)e
vk = α,∫

B

evk � C0,

then it holds that α ∈ 8πN .

There is actually the case of α = 8π" with "� 2 in the above theorem [37]. However,
the conclusion α = 8π arises, provided that

max
∂B

vk −min
∂B

vk �C and ‖∇Vk‖∞ � C. (2.56)

We obtain, furthermore,∣∣∣∣vk(x)− log
evk(0)

(1+ Vk(0)
8 evk(0)|x|2)2

∣∣∣∣�C (2.57)



Nonlinear eigenvalue problem with quantization 321

for k = 1,2, . . . and x ∈ B in this case [74]. If (2.56) holds for B =Ω , then nj = 1 for any
j in Theorem 2.9 and furthermore, the blowup points x∗1 , . . . , x∗" are prescribed by

1

2
∇R(x∗j )+∑

i �=j
∇xG

(
x∗i , x∗j

)+ 1

8π
∇ logV

(
x∗j
)= 0 (1 � j � ")

similarly to the second equation of (2.51) [81]. See [89,91,106,127] for related results.
Theorem 2.10 is proven by the blowup analysis. Thus, we take xk ∈ B satisfying

vk(xk)= ‖vk‖∞ with xk→ 0, and put

ṽk(x)= vk(δkx + xk)+ 2 log δk,

δk = e−vk(xk)/2 → 0.

Then, it holds that

−�ṽk = Vk(δkx + xk)eṽk , ṽk � 0= ṽk(0)= 0 in B(0,R/2δk),∫
B(0,R/2δk)

eṽk � C0,

and Theorem 2.8 is applicable to this {ṽk}. Thus, {ṽk} is locally uniformly bounded in R2,
and passing to a subsequence, we obtain ṽk→ ṽ locally uniformly in R2 with

−�ṽ = V (0)eṽ, ṽ � 0= ṽ(0) in R2,∫
R2
eṽ � C0

by the elliptic regularity. From this we can infer V (0) > 0 and hence assume

a � Vk(x)� b (x ∈ B)

for k = 1,2, . . . without loss of generality, where a, b > 0 are constants. We obtain, fur-
thermore, ṽ = ṽ(|x|) by the method of moving plane [36], which results in

ṽ(x)= log
1

(1+ V (0)
8 |x|2)2 ,

∫
R2
V (0)eṽ = 8π. (2.58)

2.3.2. Sup+ Inf inequality. We have detected the principal collapse formed at the origin
in the proof of Theorem 2.10. Now, we have to show the vanishing of residual parts by
collecting the other collapses. This is done by the sup+ inf inequality proven by Alexan-
droff’s inequality originally. Alexandroff’s inequality is also an isoperimetric inequality on
surface described by its Gaussian curvature, regarded as a refinement of Bol’s inequality
[8]. Thus, we can show the following lemma.
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LEMMA 2.3.2. (See [112].) Let B = B(0,1)⊂R2 and a, b > 0 be constants. Then, there
are C0 > 0 and α0 > 4π such that

−�v = V (x)ev, a � V (x)� b in B,∫
B

V (x)ev � α0

implies v(0)� C0.

This lemma is regarded as a refinement of Lemma 2.3.1 under the cost of V (x)� a. If
V = V (x) is restricted to a compact family inC(Ω), which is sufficient for later arguments,
then we can apply the blowup analysis for the proof. In this case, the above α0 can be
arbitrary in α0 < 8π and furthermore, the case a = 0 is permitted.

Using the above lemma and the scaling invariance of the equation, next, we show the
following lemma.

LEMMA 2.3.3. (See [112].) IfΩ ⊂R2 is a bounded domain,K ⊂Ω is a compact set, and
a, b > 0 are constants, then there are c1 = c1(a, b)� 1 and c2 = c2(a, b,dist (K, ∂Ω)) >
0 such that

−�v = V (x)ev, a � V (x)� b in Ω

implies

sup
K

v + c1 inf
Ω
v � c2. (2.59)

In the other version of (2.59) proven by the blowup analysis [20], the condition c1 = 1
is achieved under the cost of ‖∇V ‖∞ � C. In any case, this sup+ inf inequality induces
the key estimate, again by the scaling.

LEMMA 2.3.4. (See [75].) Given a, b > 0 and C1 > 0, we obtain γ > 0, C2 > 0 indepen-
dent of 0<R0 �R/4 such that

−�v = V (x)ev, a � V (x)� b in BR,

v(x)+ 2 log |x|� C1 in BR \BR0

implies

ev(x) � C2e
−γ v(0) · |x|−2(γ+1)

for 2R0 � |x|�R/2.
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2.3.3. Residual vanishing. To complete the proof of Theorem 2.10, first, we recall the
blowup argument to detect the principal collapse. Using the diagonal argument, this process
is refined. More precisely, we obtain r0

k → 0 satisfying r0
k /δ

0
k →+∞ and∫

B(x0
k ,2r

0
k )

Vk(x)e
vk → 8π,

where ‖vk‖∞ = vk(x0
k )→+∞, x0

k → 0, and δ0
k = e−vk(x

0
k )/2 → 0.

If

sup
{
vk(x)+ 2 log

∣∣x − x0
k

∣∣ ∣∣ x ∈ B \B(x0
k , r

0
k

)}
<+∞, (2.60)

then Lemma 2.3.4 is applicable. We have

evk(x) �Ce−γ vk(x0
k )
∣∣x − x0

k

∣∣−2(γ+1)

for x ∈ BR/2 \B(x0
k , r

0
k ), and therefore,

∫
BR/2\B(x0

k ,r
0
k )

Vk(x)e
vk � b ·C · (δ0

k

)2γ · 2π · ∫ +∞

r0
k

r−2(γ+1)r dr

= πbC

γ

(
δ0
k/r

0
k

)2γ → 0.

This implies∫
B

Vk(x)e
vk → 8π

because vk→−∞ locally uniformly in B \ {0}, and hence α = 8π .
If (2.60) is not the case, then there is x1

k ∈ B such that

sup
x∈B\B(x0

k ,r
0
k )

{
vk(x)+ 2 log

∣∣x − x0
k

∣∣}= vk(x1
k

)+ 2 log
∣∣x1
k − x0

k

∣∣→+∞.

This implies vk(x1
k )→+∞ and x1

k → 0. Furthermore, σ 1
k = dk/δ1

k →+∞ for

dk =
∣∣x1
k − x0

k

∣∣ and δ1
k = e−vk(x

1
k )/2.

Given |x|� σ 1
k /2, we have

∣∣δ1
kx + x1

k − x0
k

∣∣� ∣∣x1
k − x0

k

∣∣− δ1
k |x|�

1

2

∣∣x1
k − x0

k

∣∣
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and therefore,

ṽ1
k (x) ≡ vk

(
δ1
kx + x1

k

)+ 2 log δ1
k

� vk
(
x1
k

)+ 2 log
∣∣x1
k − x0

k

∣∣− 2 log
∣∣δ1
kx + x1

k − x0
k

∣∣+ 2 log δ1
k

� vk
(
x1
k

)+ 2 log δ1
k + 2 log

∣∣x1
k − x0

k

∣∣− 2 log
1

2

∣∣x1
k − x0

k

∣∣
= 2 log 2.

This implies

−�ṽ1
k = Vk

(
δ1
kx + x1

k

)
eṽ

1
k , ṽ1

k � 2 log 2 in Bσ 1
k /2

ṽ1
k (0)= 0,

and passing to a subsequence, we obtain ṽ1
k → ṽ1 in C1,α

loc (R
2) with ṽ1 = ṽ1(x) satisfying

ṽ1(x)= log
a2

(1+μ2a2|x − x|2)2 , ṽ1(x)� 2 log 2 (for x ∈R2),

ṽ1(0)= 0

for some μ,a > 0 and x ∈R2.
This convergence allows us to reformulate x1

k and δ1
k by

vk
(
x1
k

)= ‖vk‖L∞(B(x1
k ,2r

1
k ))
→+∞,

δ1
k = e−vk(x

1
k )/2 → 0, and r1

k /δ
1
k →+∞, where r1

k = dk/4. Similarly to the above case, it
follows that∫

B(x1
k ,2r

1
k )

Vk(x)e
vk → 8π

with B(x1
k ,2r

1
k )∩B(x0

k ,2r
0
k )= ∅.

We shall show α = 16π , if

sup

{
vk(x)+ 2 log min

j=0,1

∣∣x − xjk ∣∣ ∣∣∣ x ∈ B∖ 1⋃
j=0

B
(
x
j
k , r

j
k

)}
<+∞ (2.61)

is satisfied. It suffices to prove∫
B(x0

k ,2dk)
Vk(x)e

vk → 16π (2.62)
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because ∫
B\B(x0

k ,2dk)
Vk(x)e

vk → 0

follows from (2.61) similarly. For this purpose, we take ṽk(x) = vk(dkx + x0
k )+ 2 logdk

and obtain

−�ṽk = Vk
(
dkx + x0

k

)
eṽk in d−1

k

(
B − {x0

k

})
.

We put, furthermore,

x̃
j
k =

x
j
k − x0

k

dk
, δ̃

j
k = e−ṽk(x̃

j
k )/2 = δ

j
k

dk
, r̃

j
k =

r
j
k

dk

for j = 0,1, and then it holds that

r̃
j
k

δ̃
j
k

= r
j
k

δ
j
k

→+∞,

B
(
x̃0
k ,2r̃

0
k

)∩B(x̃1
k ,2r̃

1
k

)= ∅,
sup

{
ṽk(x)+ 2 log min

j=0,1

∣∣x − x̃jk ∣∣ ∣∣∣ x ∈ BR/dk∖ 1⋃
j=0

B
(
x̃
j
k , r̃

j
k

)}
<+∞,

∫
B(x̃

j
k ,2r̃

j
k )

Ṽk(x)e
ṽk → 8π (j = 0,1) (2.63)

for Ṽk(x)= Vk(dkx + x0
k ).

We obtain x̃0
k = 0 and |x̃1

k − x̃0
k | = 1, and therefore, x̃1

k → x̃1 with |x̃1| = 1, passing to
a subsequence. The third relation of (2.63) and Theorem 2.8 now imply ṽk→−∞ locally
uniformly in R2 \ {0, x̃1}. Therefore, if r̃1

k → r̃1 > 0, passing to a subsequence, then∫
B(x̃1

k ,1/2)
Ṽk(x)e

ṽk → 8π (2.64)

and hence (2.62). If r̃1
k → 0, we apply the scaling around x̃1

k . Then, it holds that (2.64) by
the third relation of (2.63).

If (2.61) is not the case, we continue the process and obtain x2
k → 0 and r2

k → 0 sat-

isfying vk(x2
k ) = ‖vk‖L∞(B(x2

k ,2r
2
k ))
→+∞, r2

k /δ
2
k → 0, B(xik,2r

i
k) ∩ B(xjk ,2rjk ) = ∅ for

0 � i < j � 2, and∫
B(x2

k ,2r
2
k )

Vk(x)e
vk → 8π,
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where δ2
k = e−vk(x

2
k )/2. To show that α = 24π in the case of

sup

{
vk(x)+ 2 log min

0�j�2

∣∣x − xjk ∣∣ ∣∣∣ x ∈ B∖ 2⋃
j=0

B
(
x
j
k , r

j
k

)}
<+∞,

we classify the rate di,j = |xik − xjk | of concentration to the origin for 0 � i < j � 2. First,

we show the residual vanishing inside the ball containing B(xjk ,2r
j
k ) with a proportional

rate. These balls are contained in a larger ball, where the residual vanishing occurs simi-
larly. We end-up this procedure in finitely many times, and obtain the conclusion.

Profile of vk = vk(x) in the outer region x ∈ B \ B(x0, δk) is almost similar to that of
the Kelvin transformation of vk = vk(x) on B(x0, δk), under the assumption of (2.56). This
is actually proven by the method of moving plane, and then (2.57) is obtained [74]. An
alternative proof valid to degenerate v(x)� 0 is given by [10].

2.3.4. Free boundary problem. Putting w = v + logλ− log
∫
Ω
ev in (2.33), we obtain

−�w = ew in Ω, w = constant on Γ = ∂Ω,
∫
Ω

ew = λ. (2.65)

Conversely, if w =w(x) solves (2.65), then v =w−wΓ is a solution to (2.33). By Theo-
rem 2.7, we can show the quantized blowup mechanism to (2.65).

THEOREM 2.11. If Ω ⊂ R2 is a bounded domain with smooth boundary ∂Ω and
{(λk,wk)} is a solution sequence to (2.65) satisfying λk → λ0, then passing to a subse-
quence the following alternatives hold:

(1) ‖wk‖∞ =O(1).
(2) supΩ w

k→−∞.
(3) λ0 = 8π" for some " ∈ N, and there exist x∗j ∈Ω (j = 1, . . . , ") satisfying the sec-

ond relation of (2.51) and xjk → x∗j , such that x = xjk is a local maximum point

of wk =wk(x), wk(xjk )→+∞, wk→−∞ locally uniformly in Ω \ {x∗1 , . . . , x∗" },
and

ew
k

dx ⇀
∑
j

8π δx∗j (dx) in M(Ω).

Thus, S = {x∗1 , . . . , x∗" } is the blowup set of {wk}.

PROOF. First, Theorems 2.8, 2.9 and their proof guarantee the following alternatives, pass-
ing to a subsequence.

(a) {wk} is locally uniformly bounded in Ω .
(b) wk→−∞ locally uniformly in Ω .
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(c) There is a finite set S ⊂ Ω such that wk →−∞ locally uniformly in Ω \ S , any
x0 ∈ S admits xk → x0 with xk a local maximum point of wk = wk(x) satisfying
wk(xk)→+∞, and

ew
k

dx→
∑
x0∈S

m(x0) δx0(dx) in M(Ω)

for some m(x0) ∈ 8πN .
We obtain, on the other hand, vk = wk −wkΓ � 0 in Ω by the maximum principle, and

also

‖vk‖L∞(ω) � C (2.66)

from the proof of Theorem 2.6, where ω is an Ω-neighbourhood of ∂Ω . Since wk � wkΓ ,
we have either wkΓ →−∞ or wkΓ =O(1), passing to a subsequence.

Actually, wkΓ =O(1) occurs in the case of (a), and then {vk} is uniformly bounded on
Ω by (2.66). Thus, the first case of the theorem arises. In the other case of wkΓ →−∞, if
{vk} is uniformly bounded, then the second case of the theorem follows. If not, we obtain
‖vk‖∞ → +∞, passing to a subsequence, and therefore, there arises the second case of
Theorem 2.6, i.e., Theorem 2.7. This guarantees the third case of the theorem by

−�vk dx =−�wk dx = ewk dx ⇀
∑
j

8π δx∗j (dx) in M(Ω).

The proof is complete. �

2.3.5. Higher-dimensional case. The problem (2.65) is regarded as a free boundary prob-
lem associated with plasma confinement, where {w > 0} indicates the plasma region [54,
128]. Higher-dimensional mass quantization is observed in an analogous problem

−�w =wq+ in Ω, w = constant on Γ ,
∫
Ω

w
q
+ = λ, (2.67)

where Ω ⊂ Rm (m � 3) is a bounded domain with smooth boundary ∂Ω = Γ , and q =
m
m−2 . Furthermore, we can formulate it as the equilibrium self-gravitating fluid equation
described by the field component [128].

Similarly to Theorem 2.11, we can prove the quantized blowup mechanism, where the
quantized value m∗ > 0 is defined by

m∗ =
∫
B

Uq

for U =U(x) satisfying

−�U =Uq, U > 0 in B, U = 0 on ∂B
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with B = B(0,R). This U is radially symmetric and exists uniquely for each R > 0, while
m∗ is independent of R > 0. In the following theorem, G=G(x,x′) denotes the Green’s
function of −� on Ω with the Dirichlet boundary condition and

R(x)= [G(x,x′)− Γ (x − x′)]
x′=x,

where

Γ (x)= 1

ωm(m− 2)|x|m−2

is the fundamental solution to−� and ωm is the (m−1)-dimensional volume of the bound-
ary of the unit ball in Rm.

THEOREM 2.12. IfΩ ⊂Rm (m� 3) is a bounded domain with smooth boundary ∂Ω and
{(λk,wk)} is a solution sequence to (2.67) with q = m

m−2 satisfying λk→ λ0, then passing
to a subsequence the following alternatives hold:

(1) ‖wk‖∞ =O(1).
(2) supΩ w

k→−∞.
(3) λ0 = m∗" for some " ∈ N, and there exist x∗j ∈ Ω and xjk → x∗j (j = 1, . . . , "),

where S = {x∗1 , . . . , x∗" } ⊂Ω coincides with the blowup set of {wk} on Ω satisfying

the second relation of (2.51), x = x
j
k is a local maximum point of wk = wk(x),

wk(x
j
k )→+∞, wk→−∞ locally uniformly in Ω \ S , and

wk(x)
q
+ dx ⇀

∑
j

m∗ δx∗j (dx) in M(Ω).

There is a partial answer concerning the actual existence of the solution sequence de-
scribed in the above theorem [140,147,141]. Similarly to the two-dimensional case, we
obtain vk = wk − wkΓ � 0 in Ω by the maximum principle. This {vk}, furthermore, sat-
isfies the boundary estimate (2.66). In fact, v ∈ [0,∞) �→ f (v) = (v + wΓ )q+ is locally
Lipschitz continuous in (2.67), and also if the first two equations hold for Ω = Bc with
B = B(0,1), then we obtain

−�v = |y|−2v
m
m−2+ in B, v = constant on ∂B

and also ∫
B

|y|−2v
q
+ dy �

∫
B

|y|−mvq+ dy =
∫
Bc
w
q
+ dx

by the Kelvin transformation v(y) = |x|m−2w(x) with y = x/|x|2. These structures are
sufficient to guarantee (2.66) similarly to the two-dimensional case.

Local version comparable to Theorems 2.8, 2.9 also holds. Actually, there are ε-
regularity, self-similarity, classification of the entire solution, and sup+ inf inequality, and
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these structures guarantee the following theorem. A slight difference to Theorem 2.11 is
that the entire solution

−�w =wq+, w �w(0)= 1 in Rm,

∫
Rm
w
q
+ <+∞ (2.68)

has a compact support, which, makes the argument simpler.

THEOREM 2.13. (See [139].) If Ω ⊂ Rm (m � 3) is a bounded domain and w = wk

(k = 1,2, . . .) satisfies

−�w =wq+ in Ω,
∫
Ω

w
q
+ � C

for q = m
m−2 and C > 0, then, passing to a subsequence, we obtain the following alterna-

tives.
(1) {wk} is locally uniformly bounded in Ω .
(2) wk→−∞ locally uniformly in Ω .
(3) There exist " ∈ N, x∗j (j = 1, . . . , "), and xjk → x∗j such that x = x

j
k is a local

maximum point of wk = wk(x), wk(xjk )→+∞, wk →−∞ locally uniformly in
Ω \ {x∗1 , . . . , x∗" }, and

wk(x)
q
+ dx ⇀

∑
j

m∗nj δx∗j (dx) in M(Ω),

where nj ∈N.

PROOF OF THEOREM 2.12. We have only to show the third case, assuming wkΓ →−∞
and ‖vk‖∞ →+∞ for vk =wk −wkΓ � 0. Henceforth, we drop k for simplicity. Then, it
holds that

w(x)
q
+ dx ⇀

∑
x0∈S

m(x0) δx0(dx)

in M(Ω), where S = {x∗1 , . . . , x∗" } ⊂ Ω is a set prescribed in the third case of Theo-
rem 2.13, and m(x0) ∈m∗N for each x0 ∈ S . Thus, we have only to show m(x0)=m∗ and
the second relation of (2.51).

For this purpose, we apply the method of duality and scaling [128]. Thus, we take u=
w
q
+ � 0 and obtain∫

Ω

u= λ, w−wΓ =
∫
Ω

G(·, x′)u(x′) dx′.

This implies

∇w(x)=
∫
Ω

∇xG(x, x′)u(x′) dx′
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and therefore,∫
Ω

(ψ · ∇w)u=
∫ ∫

Ω×Ω
ψ(x) · ∇xG(x, x′)u(x)u(x′) dx dx′

for ψ ∈ C∞0 (Ω)m, where the left-hand side is equal to∫
Ω

(ψ · ∇w)u= 1

q + 1

∫
Ω

ψ · ∇wq+1
+ =− 1

q + 1

∫
Ω

w
q+1
+ ∇ ·ψ. (2.69)

Henceforth, ϕ = ϕx0,R denotes a smooth function supported by B(x0,R) and is equal to
1 on B(x0,R/2). We put ψ(x) = (x − a)ϕ(x) for a ∈ Rm and ϕ = ϕx0,R , where x0 ∈ S ,
B(x0,2R)⊂Ω , and B(x0,2R)∩ S = {x0}. Then, it holds that

∇ ·ψ =mϕ + (x − a) · ∇ϕ,

and therefore,∫
Ω

(ψ · ∇w)u=− m

q + 1

∫
Ω

w
q+1
+ ϕ + o(1)

by (2.69). Thus, we obtain

m

q + 1

∫
Ω

w
q+1
+ ϕ +

∫ ∫
Ω×Ω

ψ(x) · ∇xG(x, x′)u(x)u(x′) dx dx′ = o(1).
(2.70)

Using ϕ̂ = ϕx0,2R , the second term of the left-hand side of (2.70) is equal to∫ ∫
Ω×Ω

ψ(x) · ∇xG(x, x′)u(x)u(x′) dx dx′

=
∫ ∫

Ω×Ω
ψ(x) · ∇xG(x, x′)u(x)ϕ̂(x)u(x′) dx dx′

=
∫
Ω×Ω

ψ(x) · ∇xG(x, x′)u(x)ϕ̂(x)u(x′)ϕ̂(x′) dx dx′

+
∫ ∫

Ω×Ω
ψ(x) · ∇xG(x, x′)u(x)ϕ̂(x)u(x′)

(
1− ϕ̂(x′))dx dx′.

The second term of the right-hand side of the above equality is equal to

m(x0)(x0 − a) ·
∑

x′0∈S\{x0}
m
(
x′0
)∇xG(x0, x

′
0

)+ o(1),
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while the method of symmetrization [127] is applied to the first term. Using

K(x,x′)=G(x,x′)− Γ (x − x′),
this term is thus equal to

1

2

∫ ∫
Ω×Ω

ρ0
ψ(x, x

′)u0(x)u0(x′) dx dx′

+
∫ ∫

Ω×Ω
ψ(x) · ∇xK(x, x′)u0(x)u0(x′) dx dx′,

for u0 = uϕ̂ and ρ0
ψ(x, x

′)= (ψ(x)−ψ(x′)) · ∇Γ (x − x′).
Since K =K(x,x′) ∈ C2,θ (Ω ×Ω ∪Ω ×Ω), it holds that∫ ∫

Ω×Ω
ψ(x) · ∇xK(x, x′)u0(x)u0(x′) dx dx′

=m(x0)
2(x0 − a) · ∇xK(x0, x0)+ o(1).

We have, on the other hand,

ρ0
ψ(x, x

′)=−(m− 2)Γ (x − x′) in B(x0,R/2)×B(x0,R/2)

and therefore,

ρ0
ψ(x, x

′)u0(x)u0(x′) = −(m− 2)Γ (x − x′)ũ0(x)ũ0(x′)

+ ρ0
ψ(x, x

′)
(
1− ϕ̃(x))ϕ̃(x′)u0(x)u0(x′)

+ ρ0
ψ(x, x

′)ϕ̃(x)
(
1− ϕ̃(x′))u0(x)u0(x′),

where ϕ̃ = ϕx0,R/2 and ũ0 = uϕ̃. Here,∣∣ρ0
ψ(x, x

′)
∣∣� CΓ (x − x′)

and it holds that

0 �
∫ ∫

Ω×Ω
Γ (x − x′)(1− ϕ̃(x′))u0(x)u0(x′) dx dx′

= 〈Γ ∗ u0, (1− ϕ̃)u0〉.
This term is o(1) because ‖(1 − ϕ̃)u0‖∞ → 0 and ‖Γ ∗ u0‖1 = O(1) by ‖u‖1 = O(1).
Thus, we obtain

1

2

∫ ∫
Ω×Ω

ρ0
ψ(x, x

′)u0(x)u0(x′) dx dx′
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=−m− 2

2

∫ ∫
Ω×Ω

Γ (x − x′)ũ0(x)ũ0(x′) dx dx′ + o(1),

and (2.70) is reduced to

m

q + 1

∫
Ω

w
q+1
+ ϕ − m− 2

2

∫ ∫
Ω×Ω

Γ (x − x′)ũ0(x)ũ0(x′) dx dx′

+m(x0)(x0 − a) ·
∑

x′0∈S\{x0}
m(x′0)∇xG(x0, x

′
0)

+m(x0)
2(x0 − a) · ∇xK(x0, x0)= o(1).

Since

m

q + 1

∫
Ω

w
q+1
+ ϕ = m− 2

γ

∫
Ω

uγ ϕ = m− 2

γ

∫
Ω

(
ũ0)γ + o(1)

for γ = 1+ 1
q
= 2− 2

m
, it holds that

(m− 2)F0(ϕ̃u)

+m(x0)(x0 − a) ·
{ ∑
x′0∈S\{x0}

m(x′0)∇xG(x0, x
′
0)+m(x0)∇xK(x0, x0)

}
= o(1), (2.71)

for any a ∈Rm. Here and henceforth,

F0(u)= 1

γ

∫
Rm
uγ − 1

2
〈Γ ∗ u,u〉

and 0-extension is taken to u where it is not defined. Since a is arbitrary, this implies

m(x0)

2
∇R(x0)+

∑
x′0∈S\{x0}

m(x′0)∇xG(x0, x
′
0)= 0 (2.72)

and also

F0(ϕ̃u)= o(1). (2.73)

Using q = m
m−2 , we obtain

F0(uμ)= μm−2F0(u),

where μ> 0 and uμ(x)= μmu(μx + x0).
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Beginning the blowup analysis, now we prescribe the suffix k again. First, there is a
maximum point x = x0

k of uk = uk(x) in B(x0,2R) such that x0
k → x0 from the proof of

Theorem 2.13. Then, the rescaled ũk(x) = μmk uk(μkx + x0
k ) is associated with w̃k(x) =

μm−2
k wk(μkx + x0

k ), and passing to a subsequence, w̃k → w̃ locally uniformly in Rm,
where μk = uk(x0

k )
−1/m and

−�w̃ = w̃q+, w̃ � w̃(0)= 1 in Rm,

∫
Rm
w̃
q
+ <+∞.

This entire solution w̃ of (2.68) is radially symmetric, compactly supported on B for some
B = B(0,L), and∫

Rm
w̃
q
+ =m∗.

Here, we reformulate ũk = ũk(x) by ũk(x)= μmk (ϕ̃uk)(μkx + x0
k ) and obtain

F0(ũk)= μm−2
k F0(ϕ̃uk)→ 0 (2.74)

by (2.73). It still holds that ũk→ ũ≡ w̃q+ locally uniformly in Rm, and therefore, ∇w̃ =
∇Γ ∗ ũ. This implies

F0(ũ)= 1

γ

∫
Rm
ũγ − 1

2
〈Γ ∗ ũ, ũ〉 = 0 (2.75)

similarly to (2.70), i.e.,

m

q + 1

∫
Rm
w̃
q
+ +

∫ ∫
Rm×Rm

x · ∇Γ (x − x′)ũ(x)ũ(x′) dx dx′ = 0.

We have, on the other hand,〈
Γ ∗ ũk, ũk

〉→〈Γ ∗ ũ, ũ〉 (2.76)

passing to a subsequence, because {ũk} is bounded in (L1 ∩ L∞)(Rm). Thus,
∫

Rm ũ
γ

k →∫
Rm ũ

γ by (2.74)–(2.76), and therefore,

ũk→ ũ in Lγ (Rm). (2.77)

From the proof of Theorem 2.13, ifm(x0) > m∗, then there exist a local maximum point
x = x1

k of uk = uk(x) and r0
k , r

1
k → 0 such that x1

k �= x0
k , x1

k → x0,∫
B(x0

k ,r
0
k )

uk→m∗,
∫
B(x1

k ,r
1
k )

uk→m∗,
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and B(x0
k ,2r

0
k ) ∩ B(x1

k ,2r
1
k )= ∅. Furthermore, the connected components of the support

of uk containing x0
k and x1

k are contained in B(x0
k ,2r

0
k ) and B(x1

k ,2r
1
k ), respectively, for k

large. In the rescaled variables, this means∫
B(0,L′)

ũk→m∗,
∫
B(x′k,r ′k)

ũk→m∗ (2.78)

and B(0,2L′)∩B(x′k,2r ′k)= ∅ for some L′ >L, x′k , and r ′k , where the connected compo-
nents of the support of ũk containing 0 and x′k are contained inB(0,2L′) andB(x′k,2r ′k), re-
spectively. Here, it holds that |x′k| →+∞, because ũk→ 0 locally uniformly in B(0,L′)c .

The second rescaling is defined by

ũ′k(x)=
(
μ′k
)m
ũk
(
μ′kx + x′k

)
with μ′k = ũk

(
x′k
)−1/m � 1.

Passing to a subsequence, now we shall show μ′k→+∞, which implies also r ′k→+∞
by (2.78).

In fact, if this is not the case, then it holds that μ′k = ũk(x′k)−1/m ≈ 1. We obtain ũ′′k =
ũk(· + x′k)→ ũ′′ = aw̃′′q+ locally uniformly in Rn, where a > 0 is a constant and

−�w̃′′ = aw̃′′q+ , 0< w̃′′(0)=max
Rm

w̃′′, in Rm,

∫
Rm
w̃
′′q
+ <+∞.

This implies r ′k ≈ 1 with∫
Rm
ũ′′ =

∫
Rm
aw̃

′′q
+ =m∗,

and therefore, it holds that

lim
k

∫
B(0,2L)c

ũ
γ

k � lim
k

∫
B(x′k,2r ′k)

(ũ′k)γ > 0.

Since this contradicts to (2.77), we obtain μ′k→+∞, or equivalently,
uk(x

0
k )

uk(x
1
k )
→+∞.

Now, we replace the roles of x0
k and x1

k , and repeat the above argument. Changing no-

tations, this means
uk(x

0
k )

uk(x
1
k )
→ 0 and therefore, {ũk} concentrates around x′k ∈ B(0,L′)c . We

obtain ∫
B(x′k,1)

ũk→m∗

by |x′k| → +∞, while
∫
B(x′k,1)

ũ
γ

k → 0 follows because (2.77) is obtained similarly. This

is a contradiction again, and thus, m(x0) = m∗ for each x0 ∈ S . Then, (2.51) follows
from (2.72). �
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3. Eigenvalue problem

Total mass of the stationary closed system is prescribed by the eigenvalue, and this section
is devoted to the detailed description concerning eigenvalues and eigenfunctions of non-
linear problems. Thus, taking preliminaries from the linear theory in the first section, we
develop the theory of rearrangement in the next section. In the final section, we show a
uniqueness theorem which guarantees the propagation of chaos of many vortex points.

3.1. Linear theory

Linear eigenvalue problem arises if one adopts the methods of super-position and separa-
tion of variables to several partial differential equations. The wave equation,

p(x)utt =�u in Ω × (0, T ), u= 0 on ∂Ω × (0, T ), (3.1)

for example, describes the vibration of membrane, where Ω ⊂ Rn is a bounded domain
with smooth boundary ∂Ω and p = p(x) > 0 is a continuous function indicating density.
Method of separation of variables assumes the form u(x, t) = ϕ(x)f (t) of the solution,
which results in

f ′′

f
= �ϕ

p(x)ϕ
.

Observing that this quantity is a constant, we write it as −λ and obtain the eigenvalue
problem

−�ϕ = λp(x)ϕ in Ω, ϕ = 0 on ∂Ω, (3.2)

and

f (t)=A cos
√
λt +B sin

√
λt/
√
λ,

where A,B are constants under the agreement of sin
√
λt/
√
λ= t if λ= 0. If (3.2) has a

nontrivial solution ϕ = ϕ(x) �≡ 0, then this λ is called an eigenvalue. In this case it describes
the frequency of oscillation of u(x, t)= ϕ(x)f (t).

If the eigenvalue is prescribed, the set of eigenfunctions forms a linear space, and its
dimension is called the multiplicity. In our notation, eigenvalues are counted according to
their multiplicities, and therefore, each eigenvalue takes only one eigenfunction ϕ = ϕ(x)
normalized by ‖ϕ‖2 = 1. Eigenvalues of (3.2) are discrete and it holds that

0< λ1 < λ2 � · · ·→+∞

under this agreement. This discrete structure is related to the quantization of the energy
level of particles in quantum mechanics.
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Each finite dimensional linear space generated by the eigenfunctions with the same
eigenvalue is as an object bifurcated from the trivial solution ϕ = 0 in (3.2), and in this
context, (2.33) is regarded as a nonlinear eigenvalue problem. In this problem, quantiza-
tion is observed in the blowup mechanism of the solution sequence, while bifurcation can
actually occur from the branch of nonminimal solutions [83,28].

3.1.1. Min–Max principle. We develop the abstract theory for the moment. Let H be a
Hilbert space over R provided with the inner product (·,·) and the norm | · |, and b= b(·,·)
be a positive-definite symmetric bilinear form on H , i.e., b :H × H → R is symmetric,
bi-linear, and satisfies

b(u,u)� δ|u|2, ∣∣b(u, v)∣∣�M|u||v|

for u,v ∈ H , where δ,M > 0 are constants. Thus, this b = b(·,·) is regarded as an inner
product in H .

Let V be another Hilbert space, continuously imbedded in H , with the inner product
((·,·)) and the norm ‖ · ‖, and a = a(·,·) be another symmetric bi-linear form on V satisfy-
ing

a(u,u)� δ‖u‖2 −C|u|2, ∣∣a(u, v)∣∣�M‖u‖‖v‖

for u,v ∈ V , where C > 0 is a constant. Then, we define the abstract eigenvalue problem
by finding (λ,ϕ) ∈R× V such that

a(ϕ,ψ)= λb(ϕ,ψ) for any ψ ∈ V . (3.3)

Any λ ∈ R admits ϕ = 0 as a solution to (3.3), and λ is called an eigenvalue if there is
ϕ �= 0 satisfying (3.3). This ϕ is normalized by b(ϕ,ϕ)= 1, and then the Hilbert–Schmidt
theory follows, justifying the method of super-position [8,17,109].

THEOREM 3.1. If the imbedding V ⊂H is compact, then we obtain the following.
(1) Eigenvalues of (3.3) are countably many, denoted by {λk}∞k=1. It accumulates only

to +∞.
(2) The set of eigenfunctions {ϕk}∞k=1 forms a complete orthonormal system of H with

respect to b = b(·,·). Thus, it holds that −∞< λ1 � λ2 � · · · →+∞, b(ϕk,ϕj )=
δkj , and

lim
k→∞

∣∣∣∣∣v −
k∑
j=1

b(v,ϕj )ϕj

∣∣∣∣∣= 0 (3.4)

for each v ∈H .
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The Fourier expansion (3.4) guarantees

b(v, v)=
∞∑
k=1

c2
k and a(v, v)=

∞∑
k=1

λkc
2
k <+∞

for v ∈H and v ∈ V , respectively, where ck = b(v,ϕk). Defining the Rayleigh quotient

R[v] = a(v, v)

b(v, v)
=
∑∞

k=1 λkc
2
k∑∞

k=1 c
2
k

for v ∈ V \ {0}, therefore, we obtain

λk = inf
{
R[v] | v ∈ V ∩Hk−1 \ {0}

}
, (3.5)

where H0 =H , Hk−1 = {v ∈H | b(v,ϕj )= 0, 1 � j � k − 1} for k = 1,2, . . . . Then, the
min–max principles are indicated by

λk = min
{

max
v∈Lk\{0}

R[v]
∣∣∣ Lk ⊂ V, dimLk = k

}
= max

{
min

v∈Vk\{0}
R[v]

∣∣∣ Vk ⊂ V, dimV/Vk = k − 1
}
.

See [8].
Given a bounded domain Ω ⊂ Rn with smooth boundary ∂Ω , a relatively open set

Γ0 ⊂ ∂Ω , and continuous functions c = c(x), p = p(x) > 0 on Ω , we take H = L2(Ω),
V = {v ∈H 1(Ω) | v|Γ0 = 0}, and

a(u, v)=
∫
Ω

(∇u · ∇v+ c(x)uv)dx,
b(u, v)=

∫
Ω

uvp(x)dx, (3.6)

where ·|Γ0 :H 1(Ω)→H 1/2(Γ0) is the trace operator. Then, (3.3) describes(−�+ c(x))ϕ = λp(x)ϕ in Ω,

ϕ = 0 on Γ0,

∂ϕ

∂ν
= 0 on ∂Ω \ Γ0 (3.7)

and Theorem 3.1 is applicable by Rellich–Kondrachov’s theorem, where ν is the outer unit
normal vector.
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3.1.2. Hartman–Wintner’s theorem. To study the profile of zero-sets of eigenfunctions,
the following theorem is useful.

THEOREM 3.2. (See [12,64].) Let Ω ⊂ Rn be an open set containing the origin and L
be an elliptic operator of order 2m with C∞ coefficients. Suppose that f = f (x) is C∞
around x = 0 and satisfies Lf = 0 in Ω ,

Dαf (0)= 0
(|α|�N

)
, and max

|α|=N+1

∣∣Dαf (0)
∣∣ �= 0.

Then, there is a homogeneous polynomial p = p(x) of degree N + 1 satisfying

Dαf (x)=Dαp(x)+ o(|x|N+1−|α|) (3.8)

for |α|� min(2m,N + 1) as x→ 0, where N = 0,1, . . . .

The following theorem shows that if n= 2, m= 1, and the principal part of L is �, then
(3.8) is valid up to |α| � N + 1. We describe the proof for completeness, while several
applications are found [60,144,35,1,104].

THEOREM 3.3. (See [63].) If Ω ⊂ R2 is an open set containing the origin and u= u(x)
is a C2 function satisfying

|�u|� C
(|∇u| + |u|) in Ω, (3.9)

and

u(x)= o(|x|n) (3.10)

as x→ 0, then

lim
x→0

uz/z
n

exists, where n= 0,1, . . . and z= x1+ ıx2. Thus, we obtain uz = azn+ o(|x|n) with some
a ∈C, and therefore, it holds that

u(x)= Re

(
azn+1

n+ 1

)
+ o(|x|n+1)

as x→ 0.

PROOF. Since u= u(x) is C2, this theorem is obvious for n= 0,1. We suppose n� 2 and
show that

uz = o
(|z|k−1) (3.11)
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implies the existence

lim
x→0

uz/z
k = ak (3.12)

for k = 1,2, . . . , n.
In fact, first, (3.11) is valid to k = 1, because u = u(x) is C2 and (3.10) with n � 2.

Next, if (3.12) holds, then

u(x)= Re

(
akz

k+1

k+ 1

)
+ o(|z|k+1)

and therefore, ak = 0 follows from (3.10) if k < n. This means (3.11) with k replaced by
k+ 1. Continuing this procedure, we obtain (3.12) and hence the conclusion.

To prove that (3.11) implies (3.12), we suppose Ω = B(0,R0) and take ω = B(0,R) \
(B(0, ε)∪B(ζ, ε))�Ω , where 0< |ζ |<R <R0 and 0< ε# 1. Since

∂

∂z
= 1

2

(
∂

∂x1
− ı ∂

∂x2

)
,

∂

∂z
= 1

2

(
∂

∂x1
+ ı ∂

∂x2

)
and

dz∧ d z=−2ı dx1 ∧ dx2

for z= x1 + ıx2, Green’s formula is described by∫
ω

(guzz + uzgz) dz dz=
∫
∂ω

guz dz.

Applying this to g(z)= z−k(z− ζ )−1, we obtain∫
∂ω

z−k(z− ζ )−1uz dz=
∫
ω

z−k(z− ζ )−1uzz dz dz,

Here, the left-hand side is equal to(∫
|z|=R

−
∫
|z−ζ |=ε

−
∫
|z|=ε

)
z−k(z− ζ )−1uz dz

=
∫
|z|=R

z−k(z− ζ )−1uz dz− 2πıζ−kuz(ζ )+ o(1)

as ε ↓ 0 by (3.11), and therefore,

−2πıuz(ζ )ζ
−k +

∫
|z|=R

z−k(z− ζ )−1uz dz=
∫
|z|<R

z−k(z− ζ )−1uzz dz dz.

(3.13)
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To guarantee the convergence of the right-hand side of this equality, first we apply (3.9)
and obtain∫

|z|<R
∣∣z−k(z− ζ )−1uzz

∣∣|dzdz|
� C

∫
|z|<R

(|uz| + |u|)|z|−k|z− ζ |−1|dzdz| (3.14)

by |∇u| = |uz| because u= u(x) is real-valued. Here, we obtain∣∣u/zk∣∣=O(1), ∣∣uz/zk∣∣=O(|z|−1) (3.15)

by (3.10)–(3.11), and therefore, the right-hand side of (3.13) converges. Using (3.13), now
we obtain

2π
∣∣uz(ζ )∣∣|ζ |−k �

∫
|z|=R

|uz||z|−k|z− ζ |−1|dz|

+C
∫
|z|<R

(|uz| + |u|)|z|−k|z− ζ |−1|dzdz|. (3.16)

For 0< |z0|<R, we operate
∫
|ζ |<R |ζ − z0|−1 · |dζdζ | to both sides;

2π
∫
|ζ |<R

∣∣uz(ζ )ζ−k(ζ − z0)
−1
∣∣|dζ dζ |

�
∫
|z|=R

|uz||z|−k|dz|
∫
|ζ |<R

∣∣(z− ζ )(ζ − z0)
∣∣−1|dζ dζ |

+C
∫
|z|<R

(|uz| + |u|)|z|−k|dzdz|∫
|ζ |<R

∣∣(z− ζ )(ζ − z0)
∣∣−1|dζ dζ |.

We obtain∣∣(z− ζ )(ζ − z0)
∣∣−1 = |z− z0|−1

∣∣(z− ζ )−1 + (ζ − z0)
−1
∣∣

� |z− z0|−1(|ζ − z|−1 + |ζ − z0|−1)
and also ∫

|ζ |<R
|z− ζ |−1|dζ dζ |�

∫
|ζ−z|<2R

|ζ − z|−12dx = 8πR

by |z|<R. It follows that∫
|ζ |<R

∣∣(z− ζ )(ζ − z0)
∣∣−1|dζ dζ |� 16πR|z− z0|−1,
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and therefore,∫
|ζ |<R

∣∣uz(ζ )ζ−k(ζ − z0)
−1
∣∣|dζ dζ |

� 8R
∫
|z|=R

|uz||z|−k|z− z0|−1|dz|

+ 8RC
∫
|z|<R

(|uz| + |u|)|z|−k|z− z0|−1|dzdz|,

or equivalently,

(1− 8RC)
∫
|z|<R

∣∣uzz−k(z− z0)
−1
∣∣|dzdz|

� 8R
∫
|z|=R

∣∣uzz−k(z− z0)
−1
∣∣|dz| + 8RC

∫
|z|<R

∣∣uz−k(z− z0)
−1
∣∣|dzdz|.

Here, we can take 0<R < 1/(8C), while the right-hand side is bounded as z0 → 0 by
(3.15). This implies∫

|z|<R
∣∣uzz−k(z− ζ )−1

∣∣|dzdz| =O(1)
as ζ → 0, and therefore, the right-hand side of (3.16) is bounded as ζ → 0 by (3.15). Then,
it holds that

uz/z
k =O(1)

as z→ 0, and the right-hand side of (3.14) converges as ζ → 0. This means the summabil-
ity of the right-hand side of (3.13) for ζ = 0, and hence the existence of (3.12). �

3.1.3. Kuo’s theorem. Combining Theorems 3.2, 3.3 with the following theorem, we can
clarify the profile of zero-sets of eigenfunctions.

THEOREM 3.4. (See [73].) If f = f (x), h= h(x) are smooth around x = 0 ∈Rn, satisfy

f (x)= h(x)+ o(|x|N+1), Df (x)=Dh(x)+ o(|x|N ) (3.17)

as x→ 0, and

Dαh(0)= 0
(|α|�N

)
, max

|α|�N+1

∣∣Dαh(0)
∣∣ �= 0,

then there is a local C1 diffeomorphism Φ satisfying Φ(0)= 0 and

f (x)= h(Φ(x)),
where N = 0,1, . . . .
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PROOF. Given an open set U ⊂ Rn containing the origin and f,h ∈ C∞(U), we define
the homotopy function

F

(
x

a

)
= (1− a)f (x)+ ah(x)

for (x, a) ∈U × [0,1]. Since

∇F
(
x

a

)
=
(
(1− a)Df (x)+ aDh(x)

h(x)− f (x)
)
,

we obtain

∇F
(

0
a

)
= 0 (0 � a � 1) (3.18)

and ∣∣∣∣∇F (xa
)∣∣∣∣ � |Dh| − (1− a)|Df −Dh| − |f − h|
= |Dh| + o(|x|N )≈ |x|N

as x→ 0 uniformly in a ∈ [0,1]. Thus,

X

(
x

a

)
=
{ |∇F |−2(h− f )∇F (x �= 0),

0 (x = 0)

is a C1 vector field on U1×[0,1] by (3.17) again, where U1 ⊂U is an open set containing
the origin, and thus, we can define

v

(
x

a

)
=
(

0
1

)
−X

(
x

a

)
.

For the moment, · denotes the inner product in Rn+1. This vector field v satisfies

v · ∇F = (h− f )−X · ∇F = 0 (3.19)

and

v ·
(

0
1

)
= 1−X ·

(
0
1

)
= 1− |∇F |−2(h− f )∇F ·

(
0
1

)
= 1− |∇F |−2(h− f )2 = 1− o(|x|2)> 0 (3.20)

for |x| # 1 uniformly in a ∈ [0,1].
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We take (x, a) ∈U1 × (0,1) and introduce the flow φ = φ( xa , t) by

dφ

dt
= v(φ), φ|t=0 =

(
x

a

)
.

Since (3.20), the a-component of φ is increasing as far as its x-component is sufficiently
close to zero. Therefore, the orbit{

φ

((
x

0

)
, t

) ∣∣∣ |t |< T }
crosses the hyperplane a = 1 at a unique point, denoted by Φ(x), provided that |x| # 1.
This means

φ

((
x

0

)
, t

)
=
(
Φ(x)

1

)
(3.21)

for some t .
We obtain, first, Φ(0)= 0 by v

((
0
a

))= ( 0
1

)
. Since (3.19), next, it holds that

d

dt
F

(
φ

((
x

a

)
, t

))
= 0,

and therefore,

F

(
x

0

)
= F

(
Φ(x)

1

)
by (3.21). This means f (x)= h(Φ(x)), and the proof is complete. �

If M is a d-dimensional Riemannian manifold, L is an elliptic differential operator, and
f = f (x) is a smooth function satisfying

Lf = 0, f �≡ 0 in M \ ∂M, (3.22)

then N(f )= {x ∈M | f (x)= 0} is called the nodal set of f . If L is the second order, then
each zero of f is of finite order by the unique continuation theorem, and therefore, N(f ) is
locally C1 diffeomorphic to that of a polynomial by Theorems 3.2 and 3.4. More detailed
analysis, however, guarantees the following theorem.

THEOREM 3.5. (See [62].) If L is a second order elliptic operator with C∞ coefficients
defined on a d-dimensional C∞ manifold M and f is a C∞ function on M satisfying
Lf = 0, then the nodal set N(f ) of f is a (d − 1)-dimensional C∞ manifold except for a
closed set f−1{0} ∩Df−1{0} of Hausdorff dimension less than or equal to (d − 2).
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In the two-dimensional case, we can take h(x) = Re( az
n+1

n+1 ) with some a �= 0 and n =
1,2, . . . , and this complex structure guarantees the following theorem easily.

THEOREM 3.6. (See [38].) If M is a two-dimensional C2 manifold, L is an elliptic oper-
ator on M with bounded coefficients such that the principal part is the Laplace–Beltrami
operator, and f = f (x) is a C2 function satisfying (3.22), then the nodal set N(f ) is
provided with the following properties.

(1) Critical points of f on N(f )∩M are isolated.
(2) For any compact set K ⊂ M \ ∂M , N(f ) ∩ K consists of C2 curves crossing

transversally.

Consequently, if M is a compact Riemannian surface without boundary, then N(f ) is
composed of a finite number of C2 Jordan curves crossing transversally at most finitely
many times. If M is a compact Riemannian surface with piecewise C2 boundary ∂M and
f = f (x) is a continuous function on M such that C2 in M \ ∂M , satisfies (3.22), and

f = 0 on ∂M,

then N(f ) ∪ ∂M comprises a finite number of C2 curves crossing transversally at most
finitely many times.

3.1.4. Nodal domains. Each connected component of {x ∈M \ ∂M | f (x) �= 0} is called
the nodal domain. If M is a compact Riemannian surface with or without boundary, then
each C2 curve comprising N(f )= {x ∈M | f (x)= 0} is called the nodal line.

For the moment, the eigenvalues and the eigenfunctions of (3.7) are denoted by {λk}∞k=1
and {ϕk}∞k=1, respectively, where

−∞< λ1 � λ2 � · · · →+∞, ‖ϕk‖2 = 1.

This problem is associated with a = a(·,·) and b= b(·,·) defined by (3.6), whereΩ =M ⊂
Rn is a bounded domain with smooth boundary ∂Ω , H = L2(Ω) and V = {v ∈H 1(Ω) |
v|Γ0 = 0}.

THEOREM 3.7. (See [41].) The nodal domain of the kth eigenfunction ϕk of (3.7) has the
following properties.

(1) The number of nodal domains of ϕk is at most k.
(2) Only the first eigenfunction ϕ1 has a definite sign in Ω .
(3) The second eigenfunction ϕ2 has just two nodal domains.

PROOF. The minimum λk of (3.5) is attained by a constant times ϕk . From the elliptic
estimate, this ϕk is C1,θ onΩ . We suppose that ϕk has at least k+1 nodal domains denoted
by Ω1, . . . ,Ωk+1 ⊂Ω , and define ψj as the zero extension of ϕk|Ωj . By Theorem 3.5, it
holds that ψj ∈ V and∫

∂Ωj

ψj
∂ψj

∂ν
dHn−1 = 0 (3.23)
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for each j , where dHn−1 denotes the (n− 1)-dimensional Hausdorff measure.
We can take a1, . . . , ak ∈R satisfying

b(ψ,ψj )= 0 for 1 � j � k− 1

for ψ = a1ψ1 + · · · + akψk �≡ 0. Thus, we obtain ψ ∈ V ∩Hk−1, while

a(ψ,ψ) =
∫
Ω

(|∇ψ |2 + c(x)ψ2)= k∑
j=1

a2
j

∫
Ω

(|∇ψj |2 + c(x)ψ2
j

)

=
k∑
j=1

a2
j

∫
Ωj

(−�ψj + c(x)ψj )ψj
holds by (3.23). This implies

a(ψ,ψ)= λk
k∑
j=1

a2
j

∫
Ωj

p(x)ψ2
j = λkb(ψ,ψ),

and therefore, ψ �≡ 0 attains the minimum of (3.5). Then, it holds that ψ = constant× ϕk .
However, ψ = 0 holds in Ωk+1, and therefore, ψ ≡ 0 by the unique continuation the-

orem to ϕk . This is a contradiction, and the number of nodal domains of ϕk is at most
k.

In particular, ϕ1 has a definite sign. Without loss of generality, henceforth we suppose
ϕ1 > 0 in Ω . Then, ϕk for k � 2 cannot have a definite sign, because

b(ϕ1, ϕk)= 0.

In particular, ϕ2 has two nodal domains. �

The above described profile of the nodal domain provides a proof of λ1 < λ2.

THEOREM 3.8. The first eigenvalue λ1 is simple.

PROOF. If this is not the case, we obtain λ1 = λ2, and therefore, ϕ2 attains

λ1 = inf
{
R[v] ∣∣ v ∈ V \ {0}}.

This implies that ϕ2 has a definite sign in Ω from the proof of the previous theorem, a
contradiction. �
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3.2. Rearrangement

Based on the considerations in the previous section, given a bounded open setΩ ⊂Rn, we
define the first eigenvalue of

−�ϕ = λϕ in Ω, ϕ = 0 on ∂Ω, (3.24)

by

λ1(Ω)= inf
{
R[v] ∣∣ v ∈H 1

0 (Ω) \ {0}
}
,

where R[v] = ‖∇v‖2
2/‖v‖2

2. It is actually attained by the first eigenfunction ϕ1 ∈H 1
0 (Ω),

smooth and positive in Ω . Then, there is an isoperimetric inequality for λ1(Ω).

THEOREM 3.9. (See [52,72].) If Ω ⊂Rn is a bounded open set, then it holds that

λ1(Ω)� λ1(Ω
∗), (3.25)

where Ω∗ is the ball in Rn provided with the same volume of that of Ω . Furthermore, the
equality holds if and only if Ω is a ball.

The kth eigenvalue of (3.24) is reformulated by the min–max principle. It is attained
by the kth eigenfunction, denoted by ϕk , smooth in Ω . Then, each connected component
of the open set {x ∈Ω | ϕk(x) �= 0} is called the nodal domain of ϕk . The above theorem
implies the following fact.

THEOREM 3.10. (See [96].) If n= 2, only finitely many ϕk’s have k nodal domains.

PROOF. Since n= 2, it holds that

λ1(Ω
∗)= π"2/|Ω|,

where " > 0 is the first zero of the Bessel function J0 of order 0:

"= 2.4048 . . . .

If Ω1, . . . ,ΩN are the nodal domains of ϕk , then ϕk is regarded as the first eigenfunction
of

−�ϕ = λϕ in Ωj, ϕ = 0 on ∂Ωj .

Thus, we obtain λk = λ1(Ωj )� π"2/|Ωj |, which implies

|Ω|� π"2N/λk.
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If N = k occurs to infinitely many times, therefore, it holds that

lim sup
k→+∞

k

λk
� |Ω|/π"2.

However, the left-hand side is equal to |Ω|/(4π) by Weyl’s formula [41], and hence "� 2,
a contradiction. �

The eigenvalues and eigenfunctions of

−�ϕ = μϕ in Ω,
∂ϕ

∂ν
= 0 on ∂Ω

is also defined by the min–max principle and R[v] = ‖∇v‖2
2/‖v‖2

2. Its first eigenvalue
μ1(Ω) is always zero taking the constant eigenfunction. Thus, the second eigenvalue is
defined by

μ2(Ω)=
{
R[v]

∣∣∣ v ∈H 1(Ω) \ {0},
∫
Ω

v dx = 0

}
,

and there is also an isoperimetric inequality.

THEOREM 3.11. (See [131,142].) If Ω ⊂ Rn is a bounded open set then it holds that
μ2(Ω)� μ2(Ω

∗), where Ω∗ is the ball in Rn provided with the same volume of that of Ω .
Furthermore, the equality holds if and only if Ω is a ball.

3.2.1. Schwarz symmetrization. We use the process of rearrangement to prove (3.25). In
fact, the first eigenfunction ϕ1 = ϕ1(x) of (3.24) is smooth and positive in Ω , and satisfies
ϕ1 = 0 on ∂Ω , and therefore, each level set {x ∈Ω | ϕ(x) > t} is compactly imbedded in
Ω for t > 0.

Given a measurable function u :Ω→ R, we take the distribution function μ = μ(t) :
[0,+∞)→[0,+∞] by

μ(t)= ∣∣{x ∈Ω ∣∣ ∣∣u(x)∣∣> t}∣∣, (3.26)

where | · | denotes the n-dimensional volume. This μ= μ(t) is right-continuous and non-
increasing, and it holds that∫

Ω

∣∣u(x)∣∣p dx = ∫ ∞

0
tp d

(−μ(t)) (3.27)

for p > 0, where the left-hand and the right-hand sides are the Lebesque and the Riemann–
Stieltjes integrals, respectively.

First, the decreasing rearrangement u% = u%(s) : [0,+∞)→ [0,+∞] of u = u(x) is
defined by

u%(s)= inf
{
t � 0

∣∣ μ(t) < s}.
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Then, ∫ ∞

0
u%(s)p ds =

∫ ∞

0
tp d

(−μ(t)) (3.28)

follows similarly. The Schwarz symmetrization u∗ : Rn→ R of u = u(x) is then defined
by

u∗(x)= u%(cn|x|n),
where cn = πn/2/Γ (1+ n/2) is the volume of the n-dimensional unit ball. It follows that∫

Ω

∣∣u(x)∣∣p = ∫
Rn

∣∣u∗(x)∣∣p (3.29)

from (3.27)–(3.28).
In the case that Ω is bounded, the Schwarz symmetrization may be defined by

u∗(x)=
{

sup{t | x ∈Ω∗
t } (x ∈Ω∗),

0 (x /∈Ω∗).

Here, given a measurable set ω, ω∗ denotes the open ball with the center origin satisfying
|ω| = |ω∗| and Ωt = {x ∈Ω | |u(x)|> t}. In fact, we obtain x ∈Ω∗

t ⇔ cn|x|n < μ(t), and
also

sup
{
t � 0

∣∣ cn|x|n < μ(t)}= inf
{
t
∣∣ μ(t) < cn|x|n}.

The following properties are obvious.
(1) u∗ = u∗(|x|) is nonnegative, decreasing in r = |x|, and satisfies infΩ |u| = infRn |u|,

supΩ |u| = supRn u
∗.

(2) If |u1|� |u2| in Ω , then u∗1 � u∗2 in Rn.
The following relation is called Hardy–Littlewood’s inequality:∫

Ω

∣∣u(x)v(x)∣∣dx �
∫ ∞

0
u%(s)v%(s) ds =

∫
Rn
u∗
(|x|)v∗(|x|)dx. (3.30)

If Ω ⊂Rn is a bounded open set, then the following properties hold also.
(1) If u is continuous, then u∗ is so.
(2) If u is nonnegative, Lipschitz continuous on Ω , and u|∂Ω = 0, then so is true for u∗

on Ω∗, and the Lipschitz constant of u∗ is less than or equal to that of u.
Inequality (3.25) is a consequence of (3.29),

λ1 = inf
{
R[v] ∣∣ v ∈H 1

0 (Ω) \ {0}
}

for R[v] = ‖∇v‖2
2/‖v‖2

2, and the following fact.
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THEOREM 3.12. (See [94].) If Ω ⊂ Rn is an open bounded set, 1 < p <∞, and u ∈
W

1,p
0 (Ω), then u∗ ∈W 1,p

0 (Ω∗) and it holds that∫
Ω

|∇u|p dx �
∫
Ω∗
|∇u∗|p dx.

3.2.2. Talenti’s theorem. There are several monographs concerning the theory of re-
arrangement and its applications to partial differential equations [94,8,86,71,47]. Here, we
describe a pointwise estimate of the solution to

Lu= f in Ω, u= 0 on ∂Ω, (3.31)

where Ω ⊂Rn is a bounded open set,

L=−
n∑

i,j=1

∂

∂xi

(
aij (x)

∂

∂xj

)
+ c(x) (3.32)

is an elliptic operator of the second order in divergence form with the coefficients aij , c ∈
L∞(Ω) satisfying c� 0 and∑

i,j

aij (x)ξiξj � |ξ |2 (
x ∈Ω, ξ = (ξ1, . . . , ξn) ∈Rn

)
, (3.33)

and f ∈ L 2n
n+2 (Ω). Actually, Riesz’ representation theorem guarantees the unique existence

of the weak solution u= u(x) ∈H 1
0 (Ω) to (3.31).

THEOREM 3.13. (See [132].) If v = v(x) ∈H 1
0 (Ω

∗) is the weak solution to

−�v = f ∗ in Ω∗, v = 0 on ∂Ω∗, (3.34)

then it holds that v � u∗ in Ω∗, where Ω∗ is the open ball satisfying |Ω∗| = |Ω|.

In the regular case, we can perform the following proof. First, if aij , c, f and ∂Ω are
smooth, then so is u = u(x). Replacing f by |f |, we reduce the theorem to the case of
u > 0 in Ω . Then, Ωt = {x ∈Ω | u(x) > t} is compactly imbedded in Ω if t > 0.

By Sard’s lemma, each component of ∂Ωt is a smooth (n − 1)-dimensional compact
manifold contained in {x ∈Ω | u(x)= t} for a.e. t ∈ (0,M), where M = ‖u‖∞. For such
t , the outer normal vector on ∂Ωt is given by −∇u/|∇u|, and we obtain

−
∫
u>t

∑
i,j

∂

∂xi

(
aij (x)

∂u

∂xj

)
dx =

∫
u=t

n∑
i,j=1

aij (x)uxj
uxi

|∇u|dH
n−1

�
∫
u=t
|∇u|dHn−1
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and therefore,∫
u=t
|∇u|dHn−1 �

∫
u>t

f (x) dx

by (3.33), (3.31), and c� 0.
For the right-hand side, we use Hardy–Littlewood’s inequality (3.30):∫

u>t

f (x) dx =
∫
Ω

χu>t (x)f (x) dx �
∫ ∞

0
χ%u>t (s)f

%(s) ds =
∫ μ(t)

0
f %(s) ds,

where μ = μ(t) is the distribution function of u = u(x) defined by (3.26). The co-area
formula, on the other hand, is described by

−μ′(t)=
∫
u=t

dHn−1

|∇u| , a.e. t ∈ (0,M),

and it follows also that

Hn−1({u= t})2 �−μ′(t)
∫
u>t

f (x) dx

from Schwarz’ inequality. Finally, the isoperimetric inequality to {u > t} guarantees

Hn−1({u= t})� nc
1/n
n μ(t)1−1/n a.e. t ∈ (0,M).

These relations imply

1 � −μ′(t)μ(t)−2+2/n

n2c
2/n
n

∫ μ(t)

0
f %(s) ds =Φ ′(t) a.e. t ∈ (0,M)

for

Φ(t)= 1

n2c
2/n
n

∫ |Ω|

μ(t)

r−2+2/n dr

∫ r

0
f %(s) ds. (3.35)

Since Φ =Φ(t) is nondecreasing and μ(0)= |Ω|, inequality (3.35) implies

t �
∫ t

0
Φ ′(s) ds �Φ(t)−Φ(0)

= 1

n2c
2/n
n

∫ |Ω|

μ(t)

r−2+2/n dr

∫ r

0
f %(s) ds (0 � t �M),

and hence

u%(s)= inf
{
t � 0

∣∣ μ(t) < s}� 1

n2c
2/n
n

∫ |Ω|

s

r−2+2/n dr

∫ r

0
f %(s′) ds′.
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Thus, we obtain

u∗
(|x|)= u%(cn|x|n)� v

(|x|),
where

v(|x|)= 1

n2c
2/n
n

∫ |Ω|

cn|x|n
r−2+2/n dr

∫ r

0
f %(s) ds

is actually the solution to (3.34).
We can show also∫

Ω∗
|∇v|2 dx �

∫
Ω

n∑
i,j=1

aij (x)uxi uxj dx

under the same assumption of the above theorem.

3.2.3. Singular set. Theorem 3.13 is thus proven by the isoperimetric inequality and the
co-area formula. These inequalities are described by perimeters in the irregular case. First,
if E ⊂Rn is a measurable set, then its perimeter relative to Ω is defined by

P(E,Ω)= sup

{∫
E

∇ ·ψ
∣∣∣ψ ∈ C∞0 (Ω)n, ‖ψ‖∞ � 1

}
,

where ‖ψ‖∞ = max{∑n
k=1ψ

2
k }1/2 for ψ = (ψ1, . . . ,ψn). The measurable set E ⊂ Rn

is called a Caccioppoli set if P(E) < +∞, where P(E) = P(E,Rn). Then, DeGiorgi’s
isoperimetric inequality and Fleming–Rishel’s co-area formula [53] guarantee

P(E)� nc
1/n
n |E|1−1/n

and ∫
|u|>t

|Du| =
∫ ∞

t

P
({
x
∣∣ ∣∣u(x)∣∣> s},Ω)ds,

respectively, where u = u(x) is a function of bounded variation [59] and E ⊂ Rn is a
Caccioppoli set. The irregular case of Theorem 3.13 is proven by these inequalities, and
this argument is useful to derive a dimension estimate of the singular set.

In more precise, if Ω ⊂ Rn is a bounded open set and Σ ⊂ Ω is compact, then the
s-capacity of Σ (1 � s < n) is defined by

Caps(Σ)= inf

{∫
Rn
|∇f |s dx

∣∣∣ f � 0, f ∈C∞0 (Rn), f � 1 on Σ

}
.

Given a harmonic function u= u(x) in Ω \Σ , next, we say that Σ is removable if there
is a harmonic function ũ= ũ(x) in Ω such that ũ|Ω\Σ = u. Then, Carleson’ theorem says
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that Σ is removable for any harmonic function in Ω \ Σ which belongs to L∞loc(Ω) if
and only if Cap2(Σ) = 0 [26]. In the other criterion of Serrin [110], Σ is removable if
u ∈ Lq(Ω \Σ) and Caps(Σ)= 0, where 2< s � n and q > s

s−2 .
There are several generalizations [111,65], but if |u| = +∞ on Σ , on the contrary, then

it follows that Cap2(Σ)= 0 and u ∈ L
n
n−2
w (Ω). Here, Lpw(Ω) denotes the weak Lp space

on Ω (1<p <∞) defined by

Lpw(Ω)=
{
v ∈ L1

loc(Ω)
∣∣ ‖v‖p,w <+∞},

‖v‖p,w = sup

{
|K|−1+1/p

∫
K

|v|dx
∣∣∣K ⊂Ω is a compact set

}
.

This result also has several generalizations including the parabolic case [105], and here we
show the following version. We note that u= u(x) discussed here is Hölder continuous in
Ω \Σ by Nash–Moser’s theorem [57].

THEOREM 3.14. (See [107].) Let Ω ⊂ Rn (n � 3) be a bounded open set, Σ ⊂ Ω be
compact, and L be a differential operator defined by (3.32) with the coefficients aij , c ∈
L∞loc(Ω \Σ) satisfying c= c(x)� 0 and∑

i,j

aij (x)ξiξj � |ξ |2 (
x ∈Ω \Σ, ξ = (ξ1, . . . , ξn) ∈Rn

)
.

We assume the existence of u= u(x) ∈H 1
loc(Ω \Σ) and s0 � 0 such that

Lu= 0 in Ω \Σ,

Ωs0 �Ω with the Lipschitz boundary Γ0 = ∂Ωs0 , and Ωs is open for any s � s0, where

Ωs =
{
x ∈Ω \Σ ∣∣ ∣∣u(x)∣∣> s}∪Σ.

Then, it holds that Cap2(Σ)= 0 and u ∈L
n
n−2
w (Ω).

PROOF. Putting Ω0 =Ωs0 , we obtain u ∈H 1
loc(Ω0 \Σ) and

Lu= 0, |u|> s0 in Ω0 \Σ, |u| = s0 on ∂Ω0. (3.36)

For s > s0, it holds that Σ �Ωs and therefore,

ϕs = (sgnu) ·max
{
s − |u|,0} ∈H 1

loc(Ω0 \Σ)

satisfies

ϕs |∂Ω0 = (sgnu) · (s − s0), ϕs = 0 (Ωs \Σ)
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and

∇ϕs =
{−∇u (Ω0 \Ωs),

0 (Ωs \Σ).

Testing this to (3.36), we obtain∫
Ω0\Ωs

aijDjuDiudx = (s − s0)K +
∫
Ω0\Ωs

c|u|(s − |u|)dx, (3.37)

where K =−〈 ∂u
∂νL
, sgnu〉H−1/2(Γ0),H

1/2(Γ0)
and ∂

∂νL
=∑i,j νiaijDj . This implies

∫
Ω0\Ωs

|∇u|2 dx � (s − s0)K = o
(
s2)

by c� 0.
Here, we take s1 > s0 and prescribe χ = χ(x) ∈ C∞0 (Rn) such that 0 � χ � 1, supported

in Ω0, and χ = 1 on Ωs1 . Then,

fs = 1

s
min

{|u|, s}χ ∈H 1(Rn)=W 1,2(Rn)

satisfies Σ ⊂ {x ∈Ω0 | fs(x)= 1}◦ and

∇fs =
{ 1
s
∇(|u|χ) (|u|� s),

∇χ (|u|> s),
and therefore, it holds that

Cap2(Σ)�
∫

Rn
|∇fs |2 dx = 1

s2

∫
Ω0\Ωs

∣∣∇(|u|χ)∣∣2 dx = o(1)
as s→+∞.

Now, we show u ∈ L
n
n−2
w (Ω). In fact, the mapping s �→ ∫

Ω0\Ωs c|u|(s − |u|) dx is de-
creasing and it holds that

d

ds

∫
Ω0\Ωs

aijDjuDiudx =− d

ds

∫
Ωs\Ωs′

aijDiuDiudx �K (3.38)

by (3.37) for a.e. s ∈ (s0, s′), where s′ > s0. Now, we shall show

− d

ds

∫
Ωs\Ωs′

|∇u|dx �
(−μ′(s))1/2{− d

ds

∫
Ωs\Ωs′

aijDjuDiudx

}1/2

(3.39)
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a.e. s ∈ (s0, s′), where μ(s) = |Ωs |. In fact, s ∈ (s0, s′) �→
∫
Ωs\Ωs′

|∇u|dx is nonincreas-
ing, and it holds that

1

h

[∫
Ωs\Ωs′

−
∫
Ωs+h\Ωs′

]
|∇u|dx

= 1

h

∫
Ωs\Ωs+h

|∇u|dx

�
{
μ(s)−μ(s + h)

h

}1/2{1

h

∫
Ωs\Ωs+h

|∇u|2 dx
}1/2

�
{
μ(s)−μ(s + h)

h

}1/2{1

h

∫
Ωs\Ωs+h

aijDjuDiudx

}1/2

= {−μ′(s)}1/2
{
− d

ds

∫
Ωs\Ωs′

aijDjuDiudx

}1/2

+ o(1)

as h ↓ 0. Then, (3.39) follows.
It holds that

nc
1/n
n μ(s)1−1/n � P(Ωs)=− d

ds

∫
Ωs\Ωs′

|∇u|dx (3.40)

for a.e. s ∈ (s0, s′) by DeGiorgi’s isoperimetric inequality and Fleming–Rishel’s co-area
formula. Inequalities (3.38)–(3.40) now guarantee

n2c
2/n
n �−Kμ(s)−2(1−1/n)μ′(s),

or equivalently,

c≡ n2c
2/n
n K−1 � d

ds
φ
(
μ(s)

)
a.e. s ∈ (s0, s′), where φ(μ)= n

n−2μ
− n−2

n . This implies

μ(s)�
{

n

(n− 2)(c(s − s0)+ φ(μ(s0)))
}n/(n−2)

for s > s0, and therefore, μ(s)sn/(n−2) = O(1) as s→+∞. Then u ∈ L
n
n−2
w (Ω) follows

[137,149]. �

If c= 0, then u /∈H 1
loc(Ω) by (3.37). The crucial assumption of the above theorem which

induces this is Σs0 �Ω . We note also that H 1(Ω \Σ)=H 1(Ω) holds by Cap2(Σ)= 0
([65]). See [130] for the parabolic case.
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3.2.4. Bandle’s rearrangement. As is described in Section 2.2, Bol’s inequality holds
on surfaces with bounded Gaussian curvature, and then Bandle’s spherically decreasing
rearrangement is defined. In more precise, we obtain

"(∂ω)2 � 1

2
m(ω)

(
8π −m(ω))

for

"(∂ω)=
∫
∂ω

p1/2 ds, m(ω)=
∫
ω

p dx,

if p = p(x) > 0 is a C2 function defined on the domain Ω ⊂ R2 of which boundary is
composed of a finite number of Jordan curves,

−� logp � p in Ω, (3.41)

and ω �Ω is a sub-domain with the boundary ∂ω locally homeomorphic to a line. Both
geometric and analytic proofs are known for this fact. Here, we emphasize that the simply-
connectedness of Ω is not necessary ([8], p. 38, [Topping]).

Let Ω and p = p(x) be such a domain and a function satisfying p ∈C(Ω) and

λ=
∫
Ω

p(x)dx < 8π.

Putting Ω∗ = B(0,1)⊂R2, then we obtain a unique v∗ = v∗(x) satisfying

−�v∗ = λev
∗∫

Ω∗ e
v∗ in Ω∗, v∗ = 0 on ∂Ω∗.

In this case, it holds that

−� logp∗ = p∗ in Ω∗ for p∗ = λev
∗∫

Ω∗ e
v∗ ,

and also

"(∂ω∗)= 1

2
m(ω∗)

(
8π −m(ω∗))

if ω∗ ⊂Ω∗ is a concentric disc.
Now, given a measurable function ϕ :Ω→ R and t > 0, we define the concentric disc

Ω∗
t of Ω∗ by∫

Ω∗t
p∗ dx =

∫
Ωt

p dx ≡ a(t) and Ωt =
{
x ∈Ω ∣∣ ∣∣ϕ(x)∣∣> t}, (3.42)
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and put

v∗(x)= sup
{
t | x ∈Ω∗

t

}
.

This operation v �→ v∗ is an equi-measurable rearrangement, and it holds that∫
Ω

ϕ2p dx =
∫ ∞

0
t2 d

(−a(t))= ∫
Ω∗
ϕ∗2p∗ dx,

while ϕ∗ = ϕ∗(x) is a nonnegative, radially symmetric, and nonincreasing function of
r = |x|. Thus, Theorem 2.2 is reduced to the decrease of the Dirichlet integral (2.27). Since

ν1(p,Ω)= inf

{∫
Ω

|∇v|2 dx
∣∣∣ v ∈H 1

0 (Ω),

∫
Ω

v2p dx = 1

}
is attained by ϕ ∈H 1

0 (Ω) smooth and positive in Ω , the following fact is sufficient for this
purpose.

THEOREM 3.15. Let Ω ⊂ R2 be a bounded open set contained in a bounded domain
Ω̂ ⊂R2 of which boundary is composed of finitely many Jordan curves and p = p(x) is a
positive C2 function in Ω̂ , continuous on Ω , and satisfies

−� logp � p in Ω̂. (3.43)

Then it holds that∫
Ω

|∇ϕ|2 dx �
∫
Ω∗
|∇ϕ∗|2 dx, (3.44)

provided that ϕ ∈H 1
0 (Ω) is a nonnegative C2 function inΩ . If the equality holds in (3.44),

thenΩ is a disc, ϕ = ϕ(x) and p = p(x) are radially symmetric functions, and−� logp =
p in Ω .

PROOF. The function a = a(t) defined by (3.42) is right-continuous and increasing in
t > 0. Since ϕ ∈H 1

0 (Ω) is C2 and nonnegative in Ω , it holds that

−a′(t)=
∫
ϕ=t

p ds

|∇ϕ| and − d

dt

∫
Ωt

|∇ϕ|2 dx =
∫
ϕ=t

|∇ϕ|ds

for a.e. t > 0 by co-area formula and Sard’s lemma. We obtain also

− d

dt

∫
Ωt

|∇ϕ|2 dx �
{∫

ϕ=t
p1/2 ds

}2/∫
ϕ=t

p ds

|∇ϕ|
= "({ϕ = t})2/− a′(t)
� 1

2

(
8π − a(t))a(t)/− a′(t) (3.45)
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for a.e. t ∈ (0,M) by Schwarz’ and Bol’s inequalities, whereM = ‖ϕ‖∞. The nondecreas-
ing function

j (t)=−
∫
Ωt

|∇ϕ|2 dx

is continuous by

j (t)− j (t − 0)=
∫
ϕ=t

|∇ϕ|2 dx = 0.

Thus, it is absolutely continuous, and it holds that∫
Ω

|∇ϕ|2 dx =
∫ ∞

0

(
− d

dt

∫
Ωt

|∇ϕ|2 dx
)
dt

� 1

2

∫ ∞

0

(8π − a(t))a(t)
−a′(t) dt. (3.46)

Since ϕ∗ = ϕ∗(x) is a nonincreasing function of r = |x|, we obtain the equality at each
step of (3.45) for Ω =Ω∗, p = p∗, and ϕ = ϕ∗. This implies∫

Ω∗
|∇ϕ∗|2 dx =

∫ ∞

0

(
− d

dt

∫
Ω∗
|∇ϕ∗|2 dx

)
dt

= 1

2

∫ ∞

0

(8π − a(t))a(t)
−a′(t) dt,

and hence (3.44). Here, the final assertion concerning the equality of (3.44) follows also. �

3.3. Spectral analysis

As is described in Section 2.2, Bandle’s symmetrization is reformulated as the Schwarz
symmetrization on sphere. In more precise, if S2 ⊂ R3 denotes a round sphere with total
area 8π and the area element dv, and ω ⊂ S2 is a geodesic disc, we define ϕ∗ = ϕ∗(x)
by (2.41), where ωt denotes the concentric disc of ω satisfying (2.42). If ϕ ∈H 1

0 (Ω) is a
nonnegative C2 function in Ω , then it holds that (2.43).

The reference problem (2.34), on the other hand, is equivalent to

−�S2ϕ = νϕ in ω, ϕ = 0 on ∂ω (3.47)

by the stereographic projection τ̂ : S2 →C∪ {∞}, where the north pole of S2 corresponds
to ∞ and the south pole (0,0,0) ∈ S2 coincides with the center of ω. In this case, λ =∫
Ω
p dx = ∫

Ω∗ p
∗ dx indicates the area of ω⊂ S2: λ= ∫

ω
dv.



358 T. Suzuki and F. Takahashi

Now, we apply the method of separation of variables to (3.47) using three dimensional
polar coordinate because ω⊂ S2 is a geodesic disc, which results in the associated Legen-
dre equation,[(

1− ξ2)Φξ ]ξ + [2ν −m2/
(
1− ξ2)]Φ = 0 (ξλ < ξ < 1),

Φ(1)= 1, Φ(ξλ)= 0, (3.48)

where m= 0,1, . . . describes the argument mode of ϕ and Φ(μλ)= 0 is derived from the
boundary condition ϕ|∂ω = 0. More precisely, ξλ ∈ (−1,1) is a decreasing function of λ ∈
(0,8π), and λ= 0,4π,8π correspond to ξλ = 1,0,−1, respectively. Thus, ν1(p

∗,Ω∗) > 1
means Φ(ξ) > 0 for ξ ∈ (ξλ,1), where Φ =Φ(ξ) denotes the solution to (3.48) for ν = 1
and m= 0.

Since Φ(ξ) = ξ in this case, it is equivalent to λ ∈ (0,4π). Thus, we obtain (2.38) if
Ω ⊂R2 is a bounded open set contained in a bounded domain Ω̂ ⊂R2 of which boundary
is composed of finitely many Jordan curves, p = p(x) is a positive C2 function in Ω̂ ,
continuous on Ω , satisfies (3.43), and

∫
Ω
p dx = λ.

3.3.1. Mean field equation. If ∂Ω is sufficiently smooth, say C2, then the Lp estimate is
valid to −� with the Dirichlet boundary condition. Then, the solution v = v(x) ∈H 1

0 (Ω)

to the mean field equation (2.33),

−�v = λev∫
Ω
ev

in Ω, v = 0 on ∂Ω (3.49)

is continuous on Ω . In this case, its linearized operator is defined by

Lψ =−�ψ − λ
(
evψ∫
Ω
ev
−
∫
Ω
evψ

(
∫
Ω
ev)2

· ev
)
.

More precisely, this L is realized as a self-adjoint operator in L2(Ω) with the domain
L= (H 2 ∩H 1

0 )(Ω).
If this L is degenerate, then

−�ϕ = νpϕ in Ω, ϕ = constant on ∂Ω,
∫
∂Ω

∂ϕ

∂ν
= 0 (3.50)

has the eigenvalue ν = 1 for

p = λev∫
Ω
ev
.

In fact, if ψ ∈ (H 2 ∩H 1
0 )(Ω) \ {0} satisfies Lψ = 0, then it holds that

−
∫
∂Ω

∂ψ

∂ν
=−

∫
Ω

�ψ = 0
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and therefore,

ϕ =ψ −
∫
Ω
evψ∫
Ω
ev

satisfies (3.50) for ν = 1. If ϕ = 0, then ψ = constant, which contradicts to ψ ∈H 1
0 (Ω) \{0}. Thus, (3.50) has the eigenvalue ν = 1. The converse is also true [124,146].

The eigenvalue problem (3.50) is formulated by (3.3), using

X = L2(Ω),

V =H 1
c (Ω)≡

{
v ∈H 1(Ω)

∣∣ v = constant on ∂Ω
}
,

a(ϕ,ψ)= (∇ϕ,∇ψ),
b(ϕ,ψ)=

∫
Ω

ϕ(x)ψ(x)p(x)dx.

This p = p(x) > 0 is continuous on Ω , C2 in Ω , and satisfies (3.41) because v = v(x) is
a solution to (3.49). We obtain

∫
Ω
pϕ dx = 0 in the above transformation ψ ∈H 1

0 (Ω) �→
ϕ ∈H 1

c (Ω), and actually, the first eigenvalue of (3.50) is ν1 = 0 associated with the con-
stant eigenfunction ϕ1 = λ−1/2 under the normalization b(ϕi, ϕj )= δij . Thus, the second
eigenvalue is described by

ν2(p,Ω)= inf

{∫
Ω

|∇v|2 dx
∣∣∣ v ∈H 1

c (Ω),

∫
Ω

vp dx = 0,
∫
Ω

v2p dx = 1

}
.

(3.51)

This value is attained by the second eigenfunction of (3.50), denoted by ϕ = ϕ2. Then,
N(ϕ) ∩K is composed of a finite number of smooth curves for any compact set K ⊂Ω ,
where N(ϕ)= {x ∈Ω | ϕ(x)= 0}. If N(ϕ)∩ ∂Ω �= ∅, then ϕ|∂Ω = 0, and therefore, N(ϕ)
itself is composed of a finite number of smooth curves, provided that ∂Ω is smooth. This
fact holds obviously in the other case of N(ϕ) ∩ ∂Ω = ∅, and we can show the following
theorem by the method of [124].

THEOREM 3.16. If Ω ⊂R2 is a bounded domain with C2 boundary ∂Ω and p = p(x) ∈
C(Ω) is C2 in Ω and satisfies (3.41), then it holds that

0< λ=
∫
Ω

pdx � 8π ⇒ ν2(p,Ω) > 1. (3.52)

PROOF. Putting Ω± = {x ∈Ω | ±ϕ(x) > 0}, we obtain Ω =Ω+ ∪Ω− and Ω+ ∩Ω− =
N(ϕ)∪ ∂Ω . Obviously, p = p(x) satisfies (3.41) forΩ =Ω±, and it holds also thatΩ± �=
∅ by

∫
Ω
ϕp dx = 0. We obtain, furthermore, λ= λ+ + λ− � 8π for

λ± =
∫
Ω±
p dx.
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If c≡ ϕ|∂Ω = 0, then ϕ ∈H 1
0 (Ω), and therefore

ν2(p,Ω)= ν1(p,Ω±)

follows, where ν1(p,Ω) is the first eigenvalue of (2.25) formulated by (2.23). Since λ± <
4π and λ± � 4π imply ν1(p,Ω±) > 1 and ν1(p,Ω±)� 1, respectively, ν2(p,Ω)= 1 can
occur only in the case of λ± = 4π and ν1(p,Ω±) = 1. This implies, however, that both
Ω± are discs, a contradiction.

In the other case of c ≡ ϕ|∂Ω �= 0, it follows that N(ϕ) ∩ ∂Ω = ∅. Without loss of
generality, we assume c > 0, and then it holds that ∂Ω ⊂ ∂Ω+. Here, we note that any
nodal domain ω of ϕ = ϕ(x) takes the boundary ∂ω composed of some portions of N(ϕ)∪
∂Ω , and zero-extension of ϕ|ω belongs to H 1

c (Ω). We obtain, on the other hand,∫
∂Ωi−

∂ϕ

∂ν
ϕ ds = 0,

where Ωi− (i ∈ I ) are nodal domains of ϕ|Ω− and these structures assure that ϕ|Ω− has ex-
actly one nodal domain. In other words,Ω− is a domain satisfyingΩ− �Ω , and therefore,
it holds that ν2(p,Ω)= ν1(p,Ω−). Thus, we have only to consider the case of λ− � 4π ,
and then, it holds that λ+ � 4π .

The set Ω1 = {x ∈Ω+ | ϕ(x) > c} may be empty, but otherwise we take Bandle’s re-
arrangement to ψ1 = ϕ|Ω1 . More precisely, we take a geodesic disc B ⊂ S2 satisfying∫

B

dv =
∫
Ω1

p dx,

and define ψ∗1 =ψ∗1 (x) on B by

ψ∗1 (x)= sup{t | x ∈ ωt },

where ωt is the open concentric disc of B such that∫
ωt

dv =
∫
ψ1>t

p dx.

From the co-area formula and Bol’s inequality, it follows that∫
Ω1

ψ2
1p dx =

∫
B

ψ∗2
1 dv and

∫
Ω1

|∇ψ1|2 dx �
∫
B

∣∣∇ψ∗1 ∣∣2 dv.
To treat the main part Ω2 =Ω+ \ω, we take open concentric discs B0 ⊂ B1 ⊂ S2 satis-

fying ∫
B0

dv =
∫
Ω−
p dx = λ− and

∫
B1

dv =
∫
Ω+\ω

p dx
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and define ψ2∗ =ψ2∗(x) on A≡ B1 \B0 by

ψ∗2 (x)= inf{t | x ∈At },

where At is the closed concentric annulus of A such that At ∪B0 ⊂ S2 is a closed disc and∫
At∪B0

dv =
∫
ψ2�t

p dx

for t ∈ (0, c). For this equi-measurable rearrangement it holds that∫
Ω2

ψ2
2p dx =

∫
A

ψ2
2∗ dv and

∫
Ω2

|∇ψ2|2 dx �
∫
A

|∇ψ2∗|2 dv

similarly. In fact, the methods of co-area formula and isoperimetric inequality are valid by
0 �ψ2 � c in Ω2, ψ2|∂Ω− = 0, and ψ2|∂Ω1 = c.

These procedures guarantee

ν2(p,Ω) � ν∗

= inf

{∫
A∪B

|∇ψ |2
∣∣∣ψ ∈H 1(B ∪A), ψ |∂B0 = 0,

ψ |∂B1 =ψ |∂B = constant,
∫
A∪B

ψ2 dv = 1

}
.

Since λ+ � 4π � λ− and λ+ + λ− � 8π , we can put B0 so that its center is the north pole
n, it occupies the closed hemisphere S+ with the center n, and A, B are concentric with
the center south pole and A∪B ⊂ S− = S2 \ S+. Then, ν = ν∗ is the first eigenvalue of

−�S2ψ = νψ in A∪B, ψ |∂B0 = 0,

ψ |∂B1 =ψ |∂B = constant,
∫
∂B1

∂ψ

∂ν
ds +

∫
∂B

∂ψ

∂ν
ds = 0

if B �= ∅, and

−�S2ψ = νψ in A, ψ |∂B0 = 0,

ψ |∂B1 = constant,
∫
∂B1

∂ψ

∂ν
ds = 0

if B = ∅. In the polar coordinate, this induces the associated Legendre equation (3.48), i.e.,[(
1− ξ2)Φξ ]ξ + 2νΦ = 0, Φ > 0 (b0 < ξ < b1, b < ξ < 1)

Φ(b0)= 0, Φ(b1)=Φ(b), Φ ′(b1)=Φ ′(b), Φ(1)= 1
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or

[(
1− ξ2)Φξ ]ξ + 2νΦ = 0, Φ > 0 (b0 < ξ < b1)

Φ(b0)= 0, Φ ′(b1)= 0,

where

0 � b0 < b1 � b� 1.

Thus, ν = ν∗ > 1 is equivalent to

Φ̂(ξ) > 0 (b0 < ξ < b1, b < ξ < 1)

in the case of B �= ∅, where Φ̂ = Φ̂(ξ) is the solution to

[(
1− ξ2)Φ̂ξ ]ξ + 2Φ̂ = 0 (−1< ξ < 1) (3.53)

satisfying Φ̂(1)= 1, Φ̂(b)= Φ̂(b1), and Φ̂ ′(b)= Φ̂ ′(b1), and

Φ̂(ξ) > 0 (b0 < ξ < b1)

in the case of B = ∅, where Φ̂ = Φ̂(ξ) is the solution to (3.53) satisfying Φ̂(b1) = 1
and Φ̂ ′(b1)= 0. These elementary inequalities are assured using a fundamental system of
solutions to (3.53), say,

P1(ξ)= ξ and Q1(ξ)=−1+ ξ

2
log

1+ ξ
1− ξ . �

3.3.2. Global analysis. Theorem 2.7 guarantees that each 0< ε# 1 takes Cε > 0 such
that any solution v = v(x) to (3.49) with 0< λ < 8π − ε satisfies ‖v‖∞ � Cε . Using this
and Theorem 3.16, we can show that the solution to (3.49) with 0< λ< 8π is unique, and
if it is denoted by vλ = vλ(x), then C = {(λ, vλ) | 0 < λ < 8π} forms a one-dimensional
manifold in R+×C(Ω) [124]. This vλ ∈H 1

0 (Ω) attains infH 1
0 (Ω)

Jλ, because it is actually
attained for 0< λ< 8π , where Jλ = Jλ(v) is the Trudinger–Moser functional defined by
(2.45). The solution to λ = 8π is also unique if it exists, and therefore, infH 1

0 (Ω)
J8π is

attained if and only if C does not blowup as λ ↑ 8π .
Blowup profile of the solution sequence, on the other hand, is obtained in detail using

(2.57) and its refinement [33]. Thus, if {(λk, vk)}k is a solution sequence to (3.49) satisfying
λk→ 8π and ‖vk‖∞→+∞, then, passing to a subsequence it has a unique blowup point
denoted by x0 (Theorem 2.7). It is a critical point of the Robin function R = R(x), and
if Ω is simply-connected, then we take a conformal mapping g :B(0,1)→Ω satisfying
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g(0)= x0. In this case it holds that g′′(0)= 0, and according to [129,126] we put

D(x0)=
∞∑
k=3

k2

k − 2
|ak|2 − |a1|2, (3.54)

where g(z)=∑∞
k=0 akz

k . Then, it holds that

λk = 8π + π(D(x0)+ o(1)
)
σk (3.55)

for σk = λk/
∫
Ω
evk [33,28].

From (3.55), if there is a critical point x0 of R such that D(x0) < 0, then
limλ↑8π ‖vλ‖∞ = +∞. Since vλ is a minimizer of Jλ for 0 < λ < 8π , this x0 must be
a maximizer of R. If D(x0) > 0 holds for any critical point x0 of R, conversely, then C
does not blowup as λ ↑ 8π , and therefore, J8π is attained by a unique solution to (3.49)
for λ= 8π .

We obtain limλ↑8π ‖vλ‖∞ = +∞ even if there is a critical point x0 of R such that
D(x0) = 0 [28]. In fact, in this case we can take a family of conformal mappings {gk}
satisfying gk→ g uniformly on B(0,1), g′′k (0)= 0, and Dk(x0) < 0, where Dk(x0) is the
value defined by (3.54) for g = gk . Putting Ωk = gk(B(0,1)), we apply the above result
to this domain. Thus, the minimizer vkλ of the Trudinger–Moser functional Jλ defined on
H 1

0 (Ωk) blows-up as λ ↑ 8π , and therefore, any c$ 1 admits λk(c) ∈ (0,8π) such that∥∥vkλk(c)∥∥∞ = c.
Making k→∞ and passing through a subsequence, we obtain λk(c)→ λ(c) ∈ (0,8π]

and a solution vc = vc(x) to (3.49) in Ω for λ = λ(c) satisfying ‖vc‖∞ = c. Since the
solution to (3.49) is unique for λ = 8π , the case λ(c) = 8π is admitted at most once as
c ↑ +∞, and therefore, it holds that λ(c) < 8π for c$ 1. This means that vc = vλ(c) and
hence C blows-up as λ ↑ 8π . Furthermore, x0 is a maximizer of R in this case also because
it is a maximizer of the Robin function Rk on Ωk for k$ 1. Using the uniqueness of the
solution to 0< λ� 8π , thus we obtain the following.

THEOREM 3.17. (See [28].) IfΩ is simply-connected, then I8π = infH 1
0 (Ω)

J8π is attained

if and only if there is a maximizer x0 of R satisfying D(x0) > 0. If this is the case, then
D(x0) > 0 for any critical point of x0 of R. If there is a critical point x0 of R such that
D(x0)� 0, on the contrary, then it is a unique maximizer of R and C blows-up as λ ↑ 8π .

PROOF. Let S ⊂Ω be the set of critical points of R and S0 ⊂Ω be that of maximizers
of R. It holds that S0 �= ∅. From the above consideration, if there is x0 ∈ S such that
D(x0)� 0, then x0 ∈ S0 and it follows that limλ↑8π ‖vλ‖∞ =+∞. Thus, if D(x0) > 0 for
some x0 ∈ S0, then D(x0) > 0 for any x0 ∈ S , which guarantees

lim sup
λ↑8π

‖vλ‖∞ <+∞ (3.56)
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as is described. Here, (3.56) means that I8π is attained, and it is equivalent to D(x0) >

0 for some x0 ∈ S0. Finally, each x0 ∈ S0 with D(x0) � 0 corresponds to the singular
limit v0(x) = 8πG(·, x0) of C as λ ↑ 8π , and therefore, D(x0),D(x

′
0) � 0 with different

x0, x
′
0 ∈ S0 is impossible. �

An immediate consequence is that if #S0 � 2, then I8π is attained. It is also shown that
I8π is attained if and only if the criterion of [24] holds, i.e.,

I8π (Ω) > 1+ 4π sup
Ω

R + log
π

|Ω| .

See [28].

3.3.3. Neumann problem. The Neumann problem

−�v = λ
(

ev∫
Ω
ev
− 1

|Ω|
)

in Ω,
∫
Ω

v = 0,
∂v

∂ν
= 0 on ∂Ω

(3.57)

arises as a stationary state of the simplified system of chemotaxis obtained by Jäger and
Luckhaus [69], and is regarded as a special case of the mean field equation

−�v = λ
(

ev∫
M
ev
− 1

|M|
)

in M,
∫
M

v = 0, (3.58)

where M is a compact Riemannian surface [127]. Blowup of the solution sequence occurs
only to λ ∈ 8πN in (3.58), while these quantized values are reduced to 4πN in (3.57) [108,
91,92]. See [76,77,31,39,29] for the uniqueness of the solution to (3.58).

If v = v(x) is a solution to (3.57) and its linearized operator is degenerate, then

−�ψ = λ
(
evψ∫
Ω
ev
−
∫
Ω
evψ

(
∫
Ω
ev)2

· ev
)

in Ω,
∂ψ

∂ν
= 0 on ∂Ω

has a nontrivial solution. Using

p = λev∫
Ω
ev

and ϕ =ψ −
∫
Ω
evψ∫
Ω
ev

, (3.59)

this implies that

−�ϕ = νpϕ in Ω,
∂ϕ

∂ν
= 0 on ∂Ω (3.60)

has the eigenvalue ν = 1 with the nonconstant eigenfunction. Actually, the first eigenvalue
of (3.60) is ν = 0 with the constant eigenfunction, and the other eigenvalue ν > 0 does not
take the constant eigenfunction.
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Here, we note that the method of symmetrization does not work to evaluate μ2(Ω) in
Theorem 3.11. In more precise, [142] adopts a direct calculation, while [131] uses the
method of conformal transplantation. The latter is valid only to the case that Ω ⊂ R2 is
simply-connected, but is applicable to (3.60). Using Theorem 2.4, we obtain the following.

THEOREM 3.18. (See [8].) IfΩ ⊂R2 is a bounded simply-connected domain with smooth
boundary ∂Ω , p = p(x) > 0 is continuous onΩ , C2 inΩ , satisfies (3.41) and λ= ∫

Ω
p �

4π , then it holds that

1

ν2
+ 1

ν3
� λ

2π
, (3.61)

where νi (i = 2,3) denotes the ith eigenvalue of (3.60).

Since we obtain −� logp < p in Ω for p = p(x) defined by (3.59), the equality is
excluded in (3.61), and therefore, ν2 = ν2(v, λ) < 1 for any solution v = v(x) to (3.57) with
λ= 4π . Since v = 0 is a trivial solution, an immediate consequence is that ν2(0, λ1)= 0
for some λ1 < 4π . If this ν2 = ν2(0, λ1) is simple, then we obtain the bifurcated branch C
[42,43]. This C can reach λ= 4π only if it loses stability caused by secondary bifurcation,
bending, and so forth. Thus, in contrast with (3.49), we obtain generic multiple existence
of the solution to (3.57) in 0< λ< 4π if Ω is simply-connected.
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1. Introduction

1.1. Overview

It is well known that the Boltzmann equation has a special stationary solution called the
Maxwellian. In physics, the Maxwellian is a universal distribution function which appears
when the gas attains an equilibrium state. However, if an external forcing is exerted on
the gas, the non-Maxwellian steady state may persist. This external forcing may be caused
through the boundary of the vessel containing the gas, the external force field, the external
gas source, and others. The aim of this chapter is to discuss the stationary problem of the
Boltzmann equation in these situations.

The mathematical and physical significance of the non-Maxwellian steady states will be
better understood on the emphasis of the fundamental roles that the Maxwellian and the
Boltzmann equation play in the kinetic theory of the gas. The Maxwellian is a velocity dis-
tribution function of the gas in the equilibrium state while the Boltzmann equation is the
most fundamental kinetic equation designed to describe the motion of the nonequilibrium
gas in the phase space. They are two keystones of the kinetic theory but were established
independently and on different physical principles: J.C. Maxwell [47] discovered his dis-
tribution function in 1857 based on the statistical argument on the equi-partition of the
kinetic energy of gas particles, while it is in 1872 when L. Boltzmann [14] established his
equation based on the Newtonian mechanics.

In [14], Boltzmann showed that the Maxwellian is a special stationary solution of his
equation. More precisely, he deduced from his equation the celebrated H-theorem which
suggests, among others, that any solution of the Boltzmann equation, if it exists globally
in time and has some nice properties, converges to a uniform Maxwellian as the time
goes on. In other words, the H-theorem implies that the Maxwellian is the only possible
asymptotically stable stationary solution of the Boltzmann equation. From the physical
view point, this may be rephrased as the equilibrium state of the gas is uniquely described
by the Maxwellian, not by any other distribution functions.1

Despite of its significant implications to physics, the mathematical justification of this
statement had not been known until 1932 when T. Carleman [16,17] proved that the Cauchy
problem for the spatially homogeneous Boltzmann equation has solutions globally in time
and that any of the solutions converges to a Maxwellian specified by the initial data as
the time goes to infinity. Roughly, the Maxwellian is asymptotically stable for any initial
perturbation (global asymptotic stability).

The spatially inhomogeneous Boltzmann equation, which is physically more realistic
model, was solved much later. The first solution was constructed, locally in time by H. Grad
[33] in 1965, and globally in time by one of the authors [58] in 1974. In [58], the Cauchy
problem of the Boltzmann equation is solved on the torus, i.e. under the space-periodic
boundary condition, globally in time for initial data close to a uniform Maxwellian and

1It is a famous episode of the history of science that the H-theorem raised a long and serious controversy
between Boltzmann and his contemporaries. However, it is Boltzmann who was endorsed finally, though more
than 100 years later, by Lanford [39] who established the convergence of the Newton equation to the Boltzmann
equation and by many people mentioned below who proved the existence of the global solutions. See also [19]
for a detail of the controversy.
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also is established the exponential convergence of the solution to the relevant Maxwellian.
Since then, this result has been extended to the Cauchy problem in the whole space and
various initial boundary value problems. We mention, Guo [35], Liu and Yu [44], Liu, Yang
and Yu [42], Nishida and Imai [49], Palczewski [50], Shizuta [52], Shizuta and Asano [53],
Strain and Guo [57], Ukai [59,61], and references therein. They show, among others, the
asymptotic stability of the uniform Maxwellian for initial perturbation close to the same
Maxwellian (local asymptotic stability).

For general initial data, the renormalized solutions, initiated by Diperna and Lions [24]
for the whole space case, have been constructed also on the torus and in a bounded domain
under some physical boundary conditions by Hamdache [36], Arkeryd and Cercignani [4],
and others. Moreover, it has been shown that there is a time sequence along which the
solution converges to a uniform Maxwellian in a weak topology, see [18,22] for details.
However, the uniqueness of the renormalized solutions and hence the uniqueness of the
limit Maxwellians are still open and the renormalized solutions in a domain with boundary
are known only to satisfy the boundary condition in inequality.

A recent result presented by Desvillettes and Villani [23] suggests that the global asymp-
totic stability of the uniform Maxwellian holds in a much stronger sense: They discussed
both the torus case and the boundary value problem in a bounded domain with the specular
or reverse (bounce-back) reflection boundary condition and showed that any sufficiently
smooth global solution converges almost exponentially to a uniform Maxwellian at time
infinity. This is a remarkable result because no smallness conditions are imposed, although
the existence of such smooth solutions is a big open problem in the present mathematical
theory of the Boltzmann equation.

Thus, all the results mentioned above lead to the conclusion that the uniform Maxwellian
has a kind of universality in the theory of the Boltzmann equation. However, it should be
stressed that both the Maxwellian and H-theorem were originally developed in the force-
free space.

Suppose that the gas is exerted by an external forcing through the boundary of the vessel
of the gas, by the force field, gas source or others. Then, the stationary state of the gas, if
sustained, may be different from the uniform Maxwellian. Mathematically, this raises the
stationary problems for the Boltzmann equation in a domain with boundary, in the external
force field, with the inhomogeneous term, or others. Among typical examples are the half-
space problem with the Dirichlet boundary condition, the exterior problem for the flow
past an obstacle, and the interior problem with forcing. The half-space problem with the
Dirichlet boundary condition describes complex behaviors of the gas near the wall such as
the development of the boundary layer, the evaporation-condensation phenomenon, and so
on. The classical Milne and Kramer problems are also to be mentioned which are the linear
half-space problems with the Dirichlet boundary condition supplemented with the flux con-
ditions that arise from the albedo problem for neutrons or photons. The exterior problem
arising in the study of the flow past an obstacle is one of the most classical and important
subjects in gas dynamics and fluid mechanics. The point of this problem is to assign the
bulk velocity at infinity, which is not a trivial driving force on the flow. The interior problem
in the external force field or under inhomogeneous or nonisothermal boundary conditions
is also of great importance, describing the forced flows including the Couette and Benard
flows. Furthermore, the time-periodic flow induced by the time-periodic external forcing
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can be viewed as another kind of stationary problems, a boundary value problem with the
time-periodic boundary condition.

In this chapter, we will discuss the three of these stationary problems, the half-space
problem, the exterior problem and the time-periodic flow problem. Our plan is as follows.
Section 2 is devoted to the study of the half-space problem under the Dirichlet boundary
condition, which arises, as mentioned above, in the analysis of the complex interaction
of the gas and the solid wall of the vessel, see, e.g., [12,54] for the physical background.
The main feature of this problem is that it is not a unconditionally solvable problem, and
the number of the solvability conditions to be imposed on the Dirichlet data varies with
the Mach number of the far field. The stability of the stationary solution is also discussed,
though only for restricted Mach numbers.

In Section 3, we study the exterior problem for the flow past an obstacle. For the phys-
ical background, see, e.g., [41]. Whereas many important mathematical results have been
established for fluid dynamical equations including the Euler and Navier–Stokes equa-
tions, little is known for the Boltzmann equation. Here, following [64,65], we construct the
Boltzmann flow under the smallness assumption on the Mach number of the far field. The
Boltzmann shock profile of transonic and supersonic flows induced by the obstacle is one
of the challenging open problems in the mathematical theory of the Boltzmann equation.
Most of this section is a reproduction of [64] but a part of the proof is renewed by explicitly
using the “velocity averaging” argument, resulting in the relaxation to some extent of the
restriction introduced in [64] on the boundary conditions on the boundary of the obstacle.

Finally in Section 4, we will study the inhomogeneous Boltzmann equation with a time-
periodic source term. This is a simplest model problem for the generation and propagation
of the sound wave in the gas, [41]. Under some smallness condition on the source term, the
time-periodic solution with the same period as the source term will be constructed and is
proved to be asymptotically stable.

There are two important kinds of stationary problems which are not covered by this
chapter. One is concerned with the shock profile solution. This is a traveling wave problem
and can be formulated as the stationary problem for the one-dimensional wave pattern con-
necting two different assigned far fields. The typical wave patterns known in fluid mechan-
ics are the shock, rarefaction, and contact discontinuity waves. The shock wave solution
of the Boltzmann equation was constructed in [15] and its stability was studied in [44].
For the other two wave patterns, unlike the shock pattern, only the time-asymptotic wave
profiles can be constructed for the Boltzmann equation, which is just the same situation as
for the compressible Navier–Stokes equations. The stability of such time-asymptotic wave
profiles for the Boltzmann equation were also studied in [38,43]. See also [67] for a review
on this subject.

The interior problem, i.e. the boundary value problem in a bounded domain with bound-
ary, is another important stationary problem. However, most of works done so far are de-
voted to the case where the boundary condition preserves a uniform Maxwellian so that
the same Maxwellian is the only possible stable stationary solution, see, e.g., [9,50,53].
If this condition is violated, the non-Maxwellian stationary solution may appear. This is
indeed the case which was demonstrated by Sone [54] in a subtle experiment for detecting
the “ghost effect” in which the steady flow of a highly rarefied gas is realized by the high
gradient of the wall temperature. This is not a fluid dynamical phenomenon in the clas-
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sical sense and can be explained only by the Boltzmann equation with the nonisothermal
boundary conditions. This is another challenging open problem of the mathematical theory
of the Boltzmann equation.

We also note a series of works in progress by Arkeryd and Nouri in [5,6,8,7] and oth-
ers on various stationary problems including the slab case and the Couette flow. Their
results are remarkable and the methods are promising because no smallness conditions
are introduced. At the present, however, they need some artificial cutoff assumptions on
the collision operator (see [7], however) and the uniqueness is still uncertain in various
contexts.

The rest of this introduction is devoted to some preliminaries needed for the later sec-
tions. In the next subsections, after introducing the Boltzmann equation, we summarize
some properties and estimates of the collision operator under the celebrated Grad’s cut-
off assumption which will be adapted throughout this chapter. Finally in Section 1.3, we
present some classical examples of the boundary conditions which are widely accepted for
the Boltzmann equation.

1.2. Boltzmann equation

In this chapter, we discuss the Boltzmann equation for the mono-atomic gas. The reader
is referred to [19] for the physical background and derivation of the Boltzmann equation.
Thus, the Boltzmann equation we study is

∂f

∂t
+ ξ · ∇xf + 1

m
F · ∇ξ f = 1

κ
Q(f,f )+ S,

(t, x, ξ) ∈R×Ω ×Rn. (1.1)

Here, Ω ⊂ Rn is the domain of the vessel containing the gas and f = f (t, x, ξ) is the
unknown function representing the probability (mass, number) density of gas particles
around position x = (x1, . . . , xn) ∈Ω with velocity ξ = (ξ1, . . . , ξn) ∈ Rn at time t ∈ R.
(1.1) is a balance law. The linear term −ξ · ∇xf − F · ∇ξ f , the transport term, gives
the rate of change of f due to the motion of gas particles in the external force field
F = F(t, x, ξ) = (F1, . . . ,Fn), m being the mass of the gas particle. The last term on
the right-hand side is the rate of change of f due to the external source of gas particles of
intensity S = S(t, x, ξ). The term κ−1Q gives the rate of change of f due to binary elastic
collision of gas particles, where Q is the nonlinear collision operator

Q(f,f )=
∫

Rn×Sn−1
q(v, θ)

(
f ′f ′∗ − ff∗

)
dξ∗ dω, (1.2)

where

f = f (t, x, ξ), f ′ = f (t, x, ξ ′), f ′∗ = f
(
t, x, ξ ′∗

)
, f∗ = f (t, x, ξ∗),
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with

ξ ′ = ξ − ((ξ − ξ∗) ·ω)ω, ξ ′∗ = ξ∗ +
(
(ξ − ξ∗) ·ω

)
ω,

ω ∈ Sn−1, v = |ξ − ξ∗|, cos θ = ξ − ξ∗
|ξ − ξ∗| ·ω. (1.3)

Here, ξ, ξ∗ can be thought of as the velocities of gas particles before collision and ξ ′, ξ ′∗ as
those after collision, respectively, and (1.3) describes the laws of the elastic collision. Thus,
the conservation laws of momentum and kinetic energy hold in the course of the collision:

ξ + ξ∗ = ξ ′ + ξ ′∗, |ξ |2 + |ξ∗|2 = |ξ ′|2 +
∣∣ξ ′∗∣∣2. (1.4)

(1.3) may be taken to be a set of solutions of equation (1.4) parameterized by ω.
The collision cross section q(v, θ) is determined by the interaction law between two

colliding particles. A classical example is the hard sphere gas for which, [34],

q(v, θ)= q0v| cos θ |, cos θ = (ξ − ξ∗) ·ω/v, (1.5)

where q0 is the surface area of a hard sphere, and another well-known example is the
inverse power law potential r−s for which [34]

q(v, θ)= vγ | cos θ |−γ ′q0(θ), γ = 1− 2(n− 1)

s
, γ ′ = 1+ n− 1

s
, (1.6)

where q0(θ) is a bounded nonnegative function which does not vanish near θ = π/2. The
interaction potential is said hard if s � 2(n− 1) and soft if 0< s < 2(n− 1).

Finally, κ is the Knudsen number (the ratio of the mean free path of the gas particle
and the characteristic length of the domain of the vessel containing the gas) which plays
an important roll in the study of asymptotic relations between the Boltzmann equation and
the fluid dynamical equations such as the Euler and Navier–Stokes equations. Since this
chapter deals only with the stationary problem of the Boltzmann equation, however, we
will fix simply κ = 1 as well as m= 1, without loss of generality.

1.2.1. Collision operator Q. Roughly speaking, the mathematical study of the Boltz-
mann equation is aimed at revealing various interplays between the linear transport term
−ξ · ∇xf − F · ∇ξ f and the nonlinear collision term Q(f,f ). We summarize here three
main properties of the operator Q deduced by Boltzmann himself. The reader is referred
to e.g. [19,34] for details.

Define the inner product

〈f,g〉 =
∫

Rn

f (ξ)g(ξ) dξ. (1.7)

A function φ(ξ) is called a collision invariant if〈
φ,Q(f,f )

〉= 0
(∀f ∈ C∞0 (Rnξ ,R+)). (1.8)
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The first property of Q is
[Q1] Q has n+ 2 collision invariants,

φ0(ξ)= 1, φi(ξ)= ξi (i = 1,2, . . . , n), φn+1(ξ)= 1

2
|ξ |2. (1.9)

The proof comes via the integral identity

〈
φ,Q(f,f )

〉= 1

2

∫
Rn×Rn×Sn−1

q(v, θ)ff∗(φ′ + φ′∗ − φ − φ∗) dξξ∗ dω, (1.10)

which can be obtained by means of several changes of variables [16,19]. Then, this integral
is zero independently of the particular function f if and only if

φ′ + φ′∗ − φ − φ∗ = 0. (1.11)

Boltzmann is the first who solved this equation, showing that within the space of twice
differentiable functions, the most general solution is a linear combination of the collision
invariants (1.9). Later, this result was extended to more general function spaces including
the spaces of continuous and L1

loc functions, see [19].
A significant consequence of [Q1] is the conservation laws of the Boltzmann equation,

which connects the microscopic description due to the kinetic theory of the gas and the
macroscopic description due to fluid mechanics. Since f (t, x, ξ) is the mass density in
the (x, ξ)-space, that is, the microscopic mass density in the one-particle phase space, its
moments with respect to ξ are macroscopic quantities in the usual physical space. The first
few moments are

ρ = 〈φ0, f (t, x, ·)
〉
,

ρui =
〈
φi, f (t, x, ·)

〉
(i = 1,2, . . . , n),

ρE = 〈φn+1, f (t, x, ·)
〉
. (1.12)

Here, ρ is the macroscopic mass density, u = (u1, u2, . . . , un) is the macroscopic (bulk)
velocity, andE is the average energy density per unit mass, of the gas around space position
x ∈Rn at time t . The temperature T and the pressure p are related to E by

E = 1

2
|u|2 + n

2
T , p =RρT, (1.13)

where R is the gas constant (the Boltzmann constant divided by the mass of the gas parti-
cle). The last equation in (1.13) is called the equation of state for the ideal gas.

Consider the case Ω =Rn and F = 0, S = 0. Let f be a smooth solution to (1.1) which
vanishes sufficiently rapidly with (x, ξ). Multiply (1.1) by φj and integrate it over Rnx×Rnξ .
By virtue of (1.9) and by integration by parts, we have

d

dt

∫
Rn

〈
φi, f (t, x, ·)

〉
dx = 0, i = 0,1, . . . , n+ 1, (1.14)
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which are, in view of (1.12), the conservation laws of total mass (i = 0), total momenta
(i = 1,2, . . . , n) and total energy (i = n+ 1), of the gas.

It is seen that similar conservation laws can hold for the case Ω �=R3 and F �= 0 if some
appropriate assumptions are imposed on the boundary conditions on the boundary ∂Ω and
on the external force F .

The second property of Q to be mentioned is

[Q2] 〈
logf,Q(f,f )

〉
� 0

(∀f ∈ C∞0 (Rnξ ,R+)).
First, we observe [19] that putting φ = logf in (1.10) and a simple change of variable give
the identity

−〈Q(f,f ), logf
〉 = ∫

Rn×Rn×Sn−1
q
(|ξ − ξ∗|,ω)(f ′f ′∗ − ff∗)

× log
f ′f ′∗
ff∗

dξ dξ∗ dω. (1.15)

Now [Q2] follows in view of the elementary inequality

(a − b)(loga − logb)� 0 (a, b > 0).

Notice that here the equality holds if and only if a = b, which then implies the following.

[Q3] Q(f,f )= 0 ⇔ 〈
logf,Q(f,f )

〉= 0 ⇔ f =M(ξ) where

M(ξ)=M[ρ,u,T ](ξ)= ρ

(2πRT )3/2
exp

(
−|ξ − u|

2

2RT

)
. (1.16)

M is the Maxwellian, and according to Maxwell, it represents the velocity distribu-
tion of the gas in an equilibrium state with the mass density ρ > 0, bulk velocity u =
(u1, u2, . . . , un) ∈Rn, and temperature T > 0. Maxwell derived M on physical arguments
but [Q3] implies that it is built-in for the Boltzmann equation. Notice that [Q3] is equiva-
lent to solving the equation

f ′f ′∗ − ff∗ = 0,

and this is reduced to equation (1.11) after plugging φ = logf . If (ρ,u,T ) are constants,
M is called a uniform (global, absolute) Maxwellian while if they are functions of (x, t),
M is called a local Maxwellian. An immediate consequence of [Q3] is that the uniform
Maxwellian is a stationary solution of (1.1) if the external force and source are absent.

We now recall Boltzmann’s H theorem mentioned in Section 1.1, which is the most
significant consequence of the properties [Q1]–[Q3]. Let f be a density function of a gas.
Since it is nonnegative, we may define the H-function,

H(t)=
∫

Rn×Rn

f logf dx dξ, (1.17)
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which gives, according to Boltzmann [14], the negative of the entropy of the gas. Consider
again the case Ω = Rn, F = 0, S = 0, and let f be a nonnegative smooth solution to
(1.1) with rapid decay properties in (x, ξ). Multiply (1.1) by logf and integrate in (x, y).
Integration by parts, together with [Q1], yields,

dH(t)

dt
+D(t)= 0, (1.18)

where

D(t)=−
∫

Rn

〈
Q(f,f ), logf

〉
dx (1.19)

is called the entropy dissipation integral. Since D(t) is nonnegative by virtue of [Q2], we
conclude that

dH

dt
� 0. (1.20)

This implies that the entropy is increasing with time. Moreover, by virtue of [Q3], the
equality in (1.20) holds only when f is a Maxwellian, so that f converges to a Maxwellian
as t goes on. This is the celebrated H-theorem.

The nonnegativity of the integral D in (1.19) indicates that the Boltzmann equation is
a dissipative equation. This fact is essentially used in the L1 theory of the Boltzmann
equation, [24]. On the other hand, its linearized version results in the nonpositivity of the
linearized operator ofQ at the uniform Maxwellian M, and is a key ingredient in the theory
of the Boltzmann equation near the Maxwellian.

This nonpositivity is formulated as follows. Introduce the bilinear symmetric operator
associated with the quadratic operator Q:

Q(f,g)= 1

2

∫
Rn×Sn−1

q(v, θ)
(
f ′g′∗ + g′f ′∗ − fg∗ + g′f ′∗

)
dξ∗ dω. (1.21)

Let f be a function near M in the form

f =M+ εM1/2u, (1.22)

for small ε ∈ R and some function u= u(ξ). Then, by virtue of [Q1,3] and the bilinearity
of Q, we get〈

logf,Q(f,f )
〉= 〈log

(
1+ εM−1/2u

)
, εM1/2(Lu+ εΓ (u,u))〉

where

Lu= 2M−1/2Q
(
M,M1/2u

)
, Γ (u, v)=M−1/2Q

(
M1/2u,M1/2v

)
. (1.23)
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Here, L, the linearized collision operator, is a linearized operator of Q around M while
Γ , being its remainder, is a bilinear symmetric operator. Now, we see at least formally that

1

ε2

〈
logf,Q(f,f )

〉→〈u,Lu〉 (ε→ 0),

concluding, by the aid of [Q2], that

〈u,Lu〉� 0. (1.24)

1.2.2. Grad’s angular cutoff. Needless to say that all the properties ofQ in the preceding
subsection are substantiated only when the relevant integrals are convergent.

The collision kernel q in Q has no singularity for the hard sphere gas (1.5). However,
(1.6) for the inverse power law potential has a strong singularity at θ = π/2 which corre-
sponds to the grazing collision, and as a consequence, the integral over Sn−1 in (1.2) does
not converge under a mild assumption on f,g such that they are bounded. Actually, it is
well known that Q(f,g) is well defined only for sufficiently smooth f,g as a nonlinear
pseudo-differential operator, see, e.g., [2,23,60]. However, this is a too strong restriction
to solve the Boltzmann equation in full generality. In order to avoid this difficulty, Grad
[34] introduced an idea to cut off the singularity at θ = π/2 so that q0(θ) ∈ L1(Sn−1). This
assumption has been widely accepted and is now called Grad’s angular cutoff assumption.

In the following discussion, we assume that q(v, θ) is a nonnegative measurable function
satisfying∫

Sn−1
q(v, θ) dω� q0v

γ , q(v, θ)� q1
(
1+ vγ + v−η)| cos θ |, (1.25)

for some constants q0, q1 > 0 and γ,η ∈ [0,1] Clearly, this is satisfied by the hard sphere
gas (1.5) with γ = 1 and by the inverse power law potential case (1.6) under the Grad’s
cutoff with γ = 1 − 2(n − 1)/s for s � 2(n − 1). Thus, (1.25) is a slightly generalized
version of Grad’s cutoff hard potential.

Under this assumption, Q becomes well defined for integrable functions. Let us show
this for a modified collision operator Γ introduced in (1.23). To this end, with the same
Maxwellian M used there, we define the function

ν(ξ)=
∫

Rn

q
(|ξ − ξ∗|, θ)M1/2(ξ∗) dξ∗ dω, (1.26)

which satisfies under the assumption (1.25),

ν0
(
1+ |ξ |)γ � ν(ξ)� ν̄0

(
1+ |ξ |)γ , (1.27)

for some positive constants ν0, ν̄0.

THEOREM 1.1. For any p ∈ [1,∞] and δ ∈ [0,1], there exists a constant C > 0 such that
the operator Γ defined by (1.23) satisfies
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p

� C
(∥∥ν1−δu

∥∥
p
‖v‖p + ‖u‖p

∥∥ν1−δv
∥∥
p

)
, (1.28)

where ‖ · ‖p is the norm of the space Lp(Rnξ ).

PROOF. Recall (1.21) and write

Γ (u, v)= 1

2

{
Γ1(u, v)+ Γ1(v,u)− Γ2(u, v)− Γ2(v,u)

}
, (1.29)

with

Γ1(u, v)=
∫

Rn×Sn−1
q
(|ξ − ξ∗|, θ)u(ξ ′)v(ξ ′∗)M(ξ∗)1/2 dξ∗ dω,

Γ2(u, v)=
∫

Rn×Sn−1
q
(|ξ − ξ∗|, θ)u(ξ)v(ξ∗)M(ξ∗)1/2 dξ∗ dω,

(1.30)

where we have used that

M(ξ ′)M
(
ξ ′∗
)=M(ξ)M(ξ∗)

which comes from the conservation laws (1.4).
First, we consider Γ1. The Hölder inequality gives

∣∣Γ1(u, v)
∣∣ � (∫

Rn

q
(|ξ − ξ∗|, θ)qM(ξ∗)q/2 dξ∗ dω

)1/q

×
(∫

Rn

∣∣u(ξ ′)∣∣p∣∣v(ξ ′∗)∣∣p dξ∗ dω)1/p

� Cν(ξ)

(∫
Rn

∣∣u(ξ ′)∣∣p∣∣v(ξ ′∗)∣∣p dξ∗ dω)1/p

with p ∈ [1,∞),1/p+ 1/q = 1. The last line comes from∫
Rn

q
(|ξ − ξ∗|, θ)qM(ξ∗)q/2 dξ∗ dω� C

(
1+ |ξ |)γ q � Cν(ξ)q,

which holds by virtue of (1.25) and (1.27). Consequently,∫
Rn

∣∣ν(ξ)−δΓ1(u, v)(ξ)
∣∣p dξ

� C

∫
Rn×RnSn−1

ν(ξ)(1−δ)p
∣∣u(ξ ′)∣∣p∣∣v(ξ ′∗)∣∣p dξ dξ∗ dω.
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By virtue of (1.3) and (1.27),

ν(ξ) � C
(
1+ |ξ |)γ = C(1+ ∣∣ξ ′ − {(ξ ′ − ξ ′∗) ·ω}ω∣∣)γ

� C
(
2+ |ξ ′| + ∣∣ξ ′∗∣∣)γ �C

(
ν(ξ ′)+ ν(ξ ′∗)).

Since the Jacobian of the change of variable (ξ, ξ∗,ω)↔ (ξ ′, ξ ′∗,−ω) is unity, we finally
have ∫

Rn

∣∣ν(ξ)−δΓ1(u, v)(ξ)
∣∣p dξ

� C

∫
Rn×Rn×Sn−1

(
ν(ξ ′)(1−δ)p + ν(ξ ′∗)(1−δ)p)∣∣u(ξ ′)∣∣p∣∣v(ξ ′∗)∣∣p dξ ′ dξ ′∗ dω.

This proves (1.28) for Γ1 for the case p ∈ [1,∞). The case p =∞ can be proved similarly,
and the proof for Γ2 is also similar but much simpler. Now, the proof of the theorem is
complete. �

The function ν(ξ), the collision frequency, is bounded if γ = 0 and unbounded of order
O(|ξ |γ ) if γ > 0. As a consequence, Theorem 1.1 asserts that Q is a bounded operator if
γ = 0 whereas it is well defined but unbounded with the weigh loss of order O(|ξ |γ ) if
γ > 0.

REMARK 1.2. Theorem 1.1 was first proved in [34] for the case p =∞, δ = 1 and will be
used in the sequel, while the case p = 2, δ = 1/2 is due to [31] and was used successfully
in conjunction with the L2 energy method for the Boltzmann equation initiated by [44] and
developed in [35,42] and others.

1.2.3. Linearized collision operator L. Theorem 1.1 ensures also the well-definedness of
the linearized collision operator L in (1.23). Here, we shall summarize its properties which
will be used in essential ways throughout this chapter. Most of them go back to Grad [34].
All the results below hold for any choice of the Maxwellian M in (1.23), but they are
equivalent to each other by a simple scaling and translation of the velocity variables. This
can be seen from the definition of Q in (1.2). In particular, Q is translation invariant: With
the translation τcu= u(ξ − c), c ∈Rn, it holds that

τcQ(f,g)=Q(τcf, τcg). (1.31)

Thus, in the sequel, we fix M to be the standard Maxwellian M[1,0,1], without loss of
generality.

PROPOSITION 1.3. (See [34].) Under the assumption (1.25), the linearized collision op-
erator L defined by (1.23) has the decomposition

Lu=−ν(ξ)u+Ku, (1.32)
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where ν(ξ) is just the function in (1.26) while K is a linear integral operator in ξ ;

Ku=
∫

Rn

K(ξ, ξ∗)u(ξ∗) dξ∗, (1.33)

whose kernel is real symmetric and enjoys the estimates∫
Rn

∣∣K(ξ, ξ∗)∣∣2 dξ∗ � C, (1.34)∫
Rn

∣∣K(ξ, ξ∗)∣∣(1+ |ξ∗|)−β dξ∗ � Cβ
(
1+ |ξ |)−β−1

, β � 0, (1.35)

for some constants C,Cβ independent of ξ .

In fact, the estimate

∣∣K(ξ, ξ∗)∣∣ � k0

{(
v + v−η) exp

(
−1

4

(|ξ |2 + |ξ∗|2))
+ (v−1 + v−(n−2)) exp

(
−1

8

(
v2 + |ζ |2))} (1.36)

holds for k0 > 0 and η ∈ [0,1), where v = |ξ − ξ∗|, ζ = (|ξ |2 − |ξ∗|2)/v. This was proved
for n = 3 in [34] and for n � 4 in [52]. Then, (1.34) for n = 3 and (1.35) follow. (1.34)
should be modified for the other cases but is assumed here for the sake of simplicity.

For the hard sphere gas (1.5), the explicit expressions for n = 3 and for the standard
Maxwellian M=M[1,0,1] are found in [34,19]:

ν(ξ)= (2π)1/2
{(|ξ | + |ξ |−1)∫ |ξ |

0
exp

(−u2/2
)
du+ exp

(−|ξ |2/2)},
K(ξ, ξ∗)= (2π)1/2v−1 exp

(
−1

8

(
v2 + |ζ |2))− 1

2
v exp

(
−1

4

(|ξ |2 + |ξ∗|2)).
The operator K is to be considered in various function spaces such as

Lp = Lp(Rnξ ), p ∈ [1,∞], (1.37)

L∞β = L∞
(
Rnξ ;

(
1+ |ξ |)β dξ), β ∈R.

Note that L∞0 = L∞. The following lemma is partly from [19,34,61].

LEMMA 1.4. (a) Let 2 � p � r �∞. Then, the operator

K :Lp→ Lr (1.38)

is bounded.
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(b) Let β � 0. Then, the operator

K :L∞β →L∞β+1 (1.39)

is bounded.

PROOF. We first prove the part (a) for the case p = r ∈ [2,∞]. The case p = r =∞ comes
from (1.35):

∣∣Ku(ξ)∣∣� ∫
Rn

∣∣K(ξ, ξ∗)∣∣dξ∗‖u‖L∞ .
Let p <∞. Again by (1.35) and the Hölder inequality,

∣∣Ku(ξ)∣∣p �
(∫

Rn

∣∣K(ξ, ξ∗)∣∣dξ∗)p−1 ∫
Rn

∣∣K(ξ, ξ∗)∣∣∣∣u(ξ∗)∣∣p dξ∗,
whence follows

‖Ku‖pLp � C
p−1
0 Cp−1

∫
Rn

(
1+ |ξ∗|

)−p∣∣u(ξ∗)∣∣p dξ∗. (1.40)

Thus,

K :Lp→Lp, (1.41)

is bounded for any p ∈ [2,∞].
Next, we prove the lemma for the case with p = 2 and r =∞. (1.34) and the Schwarz

inequality give

∣∣Ku(ξ)∣∣2 �
∫

Rn

∣∣K(ξ, ξ∗)∣∣2 dξ∗ ∫
Rn

∣∣u(ξ∗)∣∣2 dξ∗ � C‖u‖2
L2,

which indicates that

K :L2 → L∞ (1.42)

is bounded.
Finally, the usual interpolation (see, e.g., [13]) between (1.41) for p =∞ and (1.42)

proves (1.38) for the case p ∈ [2,∞] and r =∞, and then the interpolation between this
result and (1.41) for p ∈ [2,∞] proves (1.38) for p � r for any r ∈ [p,∞], proving (a).

For the proof of (b), use again (1.35) to compute

∣∣Ku(ξ)∣∣� ∫
Rn

∣∣K(ξ, ξ∗)∣∣(1+ |ξ |)−β dξ∗‖u‖L∞β � Cβ
(
1+ |ξ |)−β−1‖u‖L∞β .

Thus the proof of the lemma is complete. �
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The following lemma is classical, [34].

LEMMA 1.5. K is a self-adjoint compact operator on L2.

PROOF. K is a bounded operator on L2 according to (a) of the previous lemma and it
is self-adjoint since the integral kernel is real symmetric according to Proposition 1.3. To
prove that it is compact, for R > 0, let χR(ξ) be a characteristic function for |ξ |< R and
put χ̄R = 1− χR . By (1.40) for p = 2, we get

‖Kχ̄Ru‖2
L2 � C0C1

∫
Rn

(
1+ |ξ∗|

)−2
χ̄R(ξ∗)

∣∣u(ξ∗)∣∣2 dξ∗
� C0C1(1+R)−2‖u‖2

L2,

which indicates that

‖Kχ̄R‖→ 0 (R→∞),
in the operator norm of L2. The same is true for χ̄RK by the direct calculation or via the
adjointness argument. On the other hand, the operator χRKχR is a compact operator on
L2, or more precisely, it is of Hilbert–Schmidt type as (1.34) implies that its integral kernel
is in L2(Rnξ ×Rnξ∗). Now, the proof is completed by [40, Theorem III.4.7]. �

Fundamental properties of the operator L are now summarized in

PROPOSITION 1.6. Assume (1.25) with γ ∈ [0,1] and consider the operator L defined by
(1.23) with the domain of definition

D(L)= {u ∈L2
∣∣ ν(ξ)u ∈L2}.

Then, the following holds.
(1) L is a linear densely defined closed operator in L2.
(2) L is self-adjoint and nonpositive in L2.
(3) Its spectrum σ(L) satisfies the following.

(a) σ(L)⊂ (−∞,0].
(b) The set σ(L) ∩ (−ν∗,0] consists only of discrete semi-simple eigenvalues and

its only possible accumulation point is −ν∗ where

ν∗ ≡ inf
ξ∈Rn

ν(ξ). (1.43)

Note from (1.27) that ν∗ � ν0.
(c) 0 is a semi-simple eigenvalue of L. Its eigenspace, which is the null space of

L, denoted by N , is (n+ 2)-dimensional and spanned by collision invariants
weighted by M1/2,

N = span

{
M1/2, ξiM1/2 (i = 1,2, . . . , n),

1

2
|ξ |2M1/2

}
. (1.44)
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(4) Let

P :L2 →N (1.45)

be the orthogonal projection. It is a bounded operator from L2 into L∞β , β ∈ R, as

well as from L2 into itself. Further,

PLu= 0, PΓ (u, v)= 0, (1.46)

for any u,v.

PROOF. (i) is true for the multiplication operator ν defined by

νu= ν(ξ)u(ξ), D(ν)= {u ∈L2
∣∣ ν(ξ)u ∈L2}, (1.47)

where ν(ξ) is the function in (1.26). Since K is bounded owing to Lemma 1.4(a), L is a
bounded perturbation of −ν, and (i) follows from [40].

It is easy to see that ν is self-adjoint, and consequently, so is L since K is self-adjoint
bounded, owing to Lemma 1.4(a). Now, it is clear that (1.24) is valid for any u ∈ D(L),
hence the nonpositivity. This proves (2) and (3)(a) is a simple consequence of (2).

On the other hand, (3)(b) follows from Weyl’s theorem on the compact perturbation, [40,
Theorem IV.5.35], since σ(ν) ⊂ (−∞,−ν∗] due to (1.27) and since K is compact. And,
(4) is a direct consequence of [Q1], see [19,34]. Thus, the proposition is proved. �

Note that (3)(b,c) in the above proposition imply the spectral gap: There exists a constant
μ1 > 0 such that

〈u,Lu〉�−μ1
∥∥(I − P)u

∥∥2
L2 , ∀u ∈D(L) (1.48)

holds. Actually, −μ1 is the first largest nonzero eigenvalue of L in (−ν∗,0) or if it does
not exist, μ1 = ν∗. This can be strengthened as

LEMMA 1.7. There is a constant μ∗ > 0 such that

〈u,Lu〉�−μ∗
∥∥ν1/2(I − P)u

∥∥2
L2 , ∀u ∈D(L),

where ν1/2 is the multiplication operator by the function ν1/2(ξ).

This lemma is due to [31] and comes from the decomposition (1.32) and the spectral gap
(1.48).

Finally, we note

LEMMA 1.8. The operator Kν is a bounded operator on L2.
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PROOF. Use again (1.40) for p = 2 and recall (1.27). Then,

‖Kνu‖2
L2 � C0C1

∫
Rn

(
1+ |ξ∗|

)−2
ν(ξ∗)2

∣∣u(ξ∗)∣∣2 dξ∗ � C‖u‖L2,

whence the lemma follows. �

1.3. Boundary condition

Physically plausible boundary conditions for the Boltzmann equation are those which de-
scribe the interaction of gas particles with the wall of the vessel. Although the physical in-
vestigation of this interaction has a long history, as is seen from an example of the boundary
condition given below which has the name after Maxwell, there are still difficulties to write
down the correct boundary conditions, due to the lack of knowledge of the fine structure of
the solid surface and hence of the effective interaction potential of the gas particle with the
wall. Thus, most of the boundary conditions proposed so far for the Boltzmann equation
are heuristic models. Here, we present some examples which are now widely accepted for
the Boltzmann equation. In this chapter, especially in Section 3, however, we do not spec-
ify the boundary condition but work only under rather general and mild restrictions on the
boundary condition.

Recall that Ω ⊂Rn denotes the domain of the vessel. Let ∂Ω be its boundary and n(x)
the outward normal to ∂Ω at point x. Set

S+ = {(x, ξ) ∈ ∂Ω ×R3
∣∣ n(x) · ξ > 0

}
,

S− = {(x, ξ) ∈ ∂Ω ×R3
∣∣ n(x) · ξ < 0

}
.

(1.49)

According to the choice of the direction of n(x) (outward), a gas particle having the po-
sition x and velocity ξ in S+ is a particle just striking the wall and a particle with those
in S− is a particle just emerging from the wall. In the sequel, we will call the striking
and emerging particles simply outgoing and incoming particles respectively. Notice that in
some literature, the inner normal is used with the reverse usage of the words “outgoing”
and “incoming.” Here, the outward direction is chosen as in the presentation of Green’s for-
mula in usual textbooks of vector analysis. This formula plays a central role when carrying
out the energy method for PDE’s, and this is the case also in this chapter.

Write the restrictions of the density distribution function f = f (t, x, ξ) to S± as

γ±f = f |S± (same signs throughout). (1.50)

They are the boundary values or traces of f and γ± are called the trace operators. Clearly,
γ+f (respectively γ−f ) represents the density of outgoing (respectively incoming) parti-
cles. The well-definedness of the trace operators γ± will be discussed in Section 3.2.2.
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Note that the incoming particles are those either reflected by the wall or emitted from
the source installed on or inside the wall. This means that the natural boundary condition
to the Boltzmann equation should take the form

γ−f = Bγ+f + h on S−, (1.51)

where B, being an operator which maps functions on S+ to those on S−, describes the
reflection law of gas particles by the wall, and h= h(x, ξ) is a given function on S− which
stands for the intensity of emitted particles from the source.

It is worth noting that, unlike (1.51), the boundary condition of the type

γ+f = Bγ−f + h on S+ (1.52)

does not make sense for the Boltzmann equation. Indeed, from the mathematical view
point, the (initial) boundary value problem can be well-posed with the boundary condition
of the type (1.51) but becomes ill-posed with (1.52), as will be seen from the energy esti-
mates established in the following sections. This is plausible also from the physical view
point because the incoming density γ−f can be controlled by the external source installed
inside or on the wall while the outgoing density γ+f cannot be controlled by any external
force or source.

Now, we present some typical examples of the reflection operators B.

(1) Perfect absorption, Dirichlet boundary condition. Suppose that outgoing particles
are all absorbed by the solid wall and never return to the vessel. Thus, B= 0, or

γ−f = h on S−. (1.53)

This is the Dirichlet boundary condition to the Boltzmann equation.

(2) Specular reflection. Suppose that outgoing particles are all reflected specularly by
the wall. Let ξ ′ and ξ be the velocities of a particle at x ∈ ∂Ω before and after reflection
respectively. Clearly, (x, ξ ′) ∈ S+, (x, ξ) ∈ S−, and ξ ′ = ξ − 2(ξ · n(x))n(x), and thereby,
the reflection law is described by the operator

Bγ+f = (γ+f )(t, x, ξ − 2
(
ξ · n(x))n(x)), t ∈R, (x, ξ) ∈ S−. (1.54)

(3) Reverse reflection. If outgoing particles are all bounced back in the reverse direction
by the wall, the boundary condition is described by the operator

Bγ+f = (γ+f )(t, x,−ξ), t ∈R, (x, ξ) ∈ S−. (1.55)

(4) Diffuse reflection. If the reflection is random, that is, if the velocity of a particle after
reflection is not deterministic, the boundary condition may be described by the integral
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operator

Bγ+f =
∫
n(x)·ξ ′>0

m(t, x, ξ, ξ ′)(γ+f )(t, x, ξ ′) dξ ′,

t ∈R, (x, ξ) ∈ S−, (1.56)

where the integral kernelm(t, x, ξ, ξ ′) determines the velocity distribution of particles after
reflection.

The diffuse reflection refers to the case where the distribution is specified by the
Maxwellian associated with the wall, which is given, for the wall at rest, by

m(x, ξ, ξ ′)= (2π)1/2M[1,0,Tw(x)](ξ)
(
n(x) · ξ ′), (1.57)

Tw(x) being a given function on ∂Ω representing the wall temperature.
Note that all of the above boundary conditions conserve the number of particles during

the reflection:∫
n(x)·ξ<0

(Bγ+f )(t, x, ξ)
∣∣n(x) · ξ ∣∣dξ = ∫

n(x)·ξ>0
(γ+f )(t, x, ξ)

∣∣n(x) · ξ ∣∣dξ.
The boundary condition (2)–(3) can be generalized as

Bγ+f = (γ+f )(t,m(x, ξ)), t ∈R, (x, ξ) ∈ S−, (1.58)

with a suitable map m :S− → S+, and (4) as

Bγ+f =
∫
S+
m(t, x, x′, ξ, ξ ′)(γ+f )(t, x′, ξ ′) dσx′ dξ ′,

t ∈R, (x, ξ) ∈ S−, (1.59)

dσx′ being the measure on ∂Ω , and so on. Further, more general boundary conditions
are any (convex) linear combination of different reflection laws. For example, write B for
(1)–(4) by Bi , i = 1,2,3,4, and define

B=
4∑
i=1

κiBi , κi ∈ [0,1],
4∑
i=0

κi = 1. (1.60)

For the case κ4 �= 0 with (1.57), this is the (generalized) Maxwell (or accommodation)
boundary condition, [19].
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2. Half-space problem—nonlinear boundary layer

2.1. Mathematical formulation

Most of the physical models have boundaries so that the study on the boundary effects
has its importance both in mathematics and physics. For the Boltzmann equation, it is
well known that when the Knudsen number tends to zero, the Hilbert expansion and
the Chapman–Enskog expansion give the Euler and Navier–Stokes equations respectively.
This implies that at least smooth solutions to the Boltzmann equation can be well described
by the classical fluid dynamical systems when the Knudsen number is sufficiently small.
However, this is not true in the appearance of the boundary layer, shock layer or initial
layer. In this section, we will consider the boundary layer for the Boltzmann equation in
the simplest setting. The presentation follows closely from the recent works [20,68,69,71]
on the existence and stability of the boundary layers to the Boltzmann equation. For the
half space problem for the Boltzmann equation, please also refer to the recent survey paper
[12]. And the dimension of the velocity space is set to be three in this section.

Recall the Boltzmann equation (1.1) in the form

ft + ξ · ∇xf = 1

κ
Q(f,f ), (2.1)

where κ is the Knudsen number. Assume that the boundary is a flat plane and the particle
distribution function depends only on time t , velocity ξ and the distance of the particle
from the boundary still denoted by x for simplicity of notations. Let ξ1 be the component
of the velocity in the direction of x, by using the scaling x → x

κ
, the leading term in

equation (2.1) gives the stationary equation

ξ1Fx =Q(F,F ), (2.2)

which is the equation for the boundary layer.
The main purpose of this section is then to study the half-space (initial) boundary value

problem of the nonlinear Boltzmann equation by assigning the Dirichlet data for the in-
coming particles at the boundary (see Section 1.3 for the incoming and outgoing particles)
and a Maxwellian in the far field. This type of (initial) boundary value problems arise in
the analysis of the kinetic boundary layer, the condensation–evaporation problem and other
problems related to the kinetic behavior of the gas near the wall, [12,54].

An interesting feature of this problem is that not all Dirichlet data are admissible and
the number of admissible conditions changes with the Mach number of the far field
Maxwellian. This has been shown for the linear case by many authors [10,18,21,32],
mainly in the context of the classical Milne and Kramer problems. A nonlinear admissible
condition was derived for the discrete velocity model in [62] and the stability of steady
solutions was proven in [48]. The full nonlinear problem was solved on the existence of
solutions in [31] for the case of the specular reflection boundary condition, whose proof,
however, does not work for the Dirichlet boundary condition, and in [5] for this case, but
with the ambiguity that the far field Maxwellian cannot be fixed a priorly.
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It should be mentioned that in [3,54,55] and references therein, an extensive numerical
computation is made on the nonlinear problem. And the theoretical analysis so far has
justified part of their numerical results.

The problem considered can be formulated as follows. Consider the boundary value
problem for the stationary Boltzmann equation:⎧⎪⎨⎪⎩

ξ1Fx =Q(F,F ), x > 0, ξ ∈R3,

F |x=0 = Fb(ξ), ξ1 > 0, (ξ2, ξ3) ∈R2,

F →M∞(ξ) (x→∞), ξ ∈R3.

(2.3)

Here, Q is as in (1.2), and throughout this section, we assume Grad’s cutoff hard potential
(1.25). The second equation in (2.3) is the Dirichlet boundary condition (1.53). The Dirich-
let data Fb(ξ) can be assigned only for incoming particles (ξ1 > 0), but not for outgoing
ones (ξ1 < 0) because, then, the problem becomes ill-posed as will be seen from the a pri-
ori estimate stated in the following discussion. This corresponds to the physical situation
that one can control the incoming distribution but not the outgoing one, on the wall.

It is clear that the far field M∞(ξ) in the third equation of (2.3) cannot be assigned
arbitrarily but must be a zero of Q, and hence a Maxwellian. Thus, we must take

M∞ =M[ρ∞,u∞,T∞], (2.4)

where the constants ρ∞ > 0, u∞ = (u∞,1, u∞,2, u∞,3) ∈ R3, and T∞ > 0 are the only
quantities that we can control. By a shift of the variable ξ in the direction orthogonal to
the x-axis, we can assume without loss of generality that u∞,2 = u∞,3 = 0, and then, the
sound speed and Mach number with sign of this equilibrium state are given by

c∞ =
√

5

3
T∞, M∞ = u∞,1

c∞
, (2.5)

respectively, see [19]. Note that the flow at infinity is incoming (respectively outgoing) if
M∞ < 0 (respectively > 0) and supersonic (respectively subsonic) if |M∞|> 1 (respec-
tively < 1).

We will see that the Mach number M∞ determines the structure of the solvability con-
dition for the problem (2.3). Indeed, since M∞(ξ) is the “Dirichlet data” at x =∞ and is
imposed for all ξ1 ∈ R, it is over-determined (ill-posed), and as a consequence, (2.3) may
not be solvable unconditionally. Actually, we will show that the co-dimension of the man-
ifold made of the admissible boundary data changes with the Mach number M∞. More
precisely, set

n+ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, M∞ ∈ (−∞,−1),

1, M∞ ∈ (−1,0),

4, M∞ ∈ (0,1),
5, M∞ ∈ (1,∞).

(2.6)
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The forthcoming existence theorems show that the problem (2.3) is solvable uncondi-
tionally for any Fb sufficiently close to M∞ if M∞ < −1 but otherwise not. A physical
explanation of this is that if M∞ <−1, any information near the boundary cannot affect
the far field while if M∞ >−1, a part of it propagates to infinity and affect the far field.

In the numerical works of [3,54,55] and references therein, the Dirichlet data Fb is
fixed to be the standard Maxwellian M[1,0,1](ξ) for ξ1 > 0, and values of five parame-
ters (ρ∞,M∞, u2,∞, u3,∞, T∞) of the far field Maxwellian (2.4) are sought numerically
which admit “smooth” solutions connecting Fb and M∞. The conclusion is that the set
of such admissible values is, in the parameter space R5, a union of a 5-dimensional sub-
domain in the region M∞ < −1, a 4-dimensional surface when −1 <M∞ < 0 and a
1-dimensional curve when 0<M∞ < 1 whereas no solutions are found if M∞ > 1. The
existence theorems of this section agree with this for the case M∞ < 1 in the sense that
the above mentioned regions of admissible values have the co-dimension just equal to n+
of (2.6) in R5. For the case M∞ > 1, Fb =M[1,0,1] may not be on the manifold defined
by the solvability condition and hence, no solutions.

In the second part of this section, we will study the asymptotic stability of the boundary
layer solutions for the case of incoming and supersonic far filed by a combination of the
energy method and a bootstrap argument.

Notice that the following analysis which relies on a detailed study on the corresponding
linearized problem at M∞ provides a new aspect of the linear problems discussed in [10,
18,21,32]. To present this, define a weight function:

Wβ(ξ)=
(
1+ |ξ |)−β(M[1,u∞,T∞](ξ)

)1/2
, (2.7)

with β ∈R. Set

F(x, ξ)=M∞(ξ)+W 0(ξ)f (x, ξ), (2.8)

where W 0 is the weight of (2.7) with β = 0. Then, the problem (2.3) reduces to⎧⎪⎨⎪⎩
ξ1fx −Lf = Γ (f ), x > 0, ξ ∈R3,

f |x=0 = a0(ξ), ξ ∈R3+ =R+ ×R2,

f → 0 (x→∞), ξ ∈R3,

(2.9)

where L are Γ are as in (1.23). for the sake of convenience, they are reproduced here:

Lf =W−1
0

{
Q(M∞,W 0f )+Q(W 0f,M∞)

}
,

Γ (f )=W−1
0 Q(W 0f,W 0f ),

a0 =W−1
0 (Fb −M∞).

The linear operator L and the quadratic operator Γ are those in (1.23) associated with the
Maxwellian M∞.
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Now, the linearized problem of (2.3) at M∞ is just (2.9) with the term Γ (f ) dropped:⎧⎪⎨⎪⎩
ξ1fx −Lf = 0, x > 0, ξ ∈R3,

f |x=0 = a0(ξ), ξ ∈R3+,

f → 0 (x→∞), ξ ∈R3.

(2.10)

One of the consequences of the existence theorem given in this section implies that when
M∞ �= 0,±1, there exist n+ functions ri, 1 � i � n+, of L2(R3+, ξ1 dξ) such that for any
a0 ∈R⊥ with

R = span{r1, r2, . . . , rn+},
the linearized problem (2.10) has a unique solution.

To compare with the previous existence results for the linearized problem given in [21],
let N = kerL be as in (1.44). As was stated in Proposition 1.6,

N = span{ψα}α=0,1,...,4 = span
{
W 0(ξ)φi(ξ)

}
i=0,1,...,4, (2.11)

where φi is a collision invariant as in (1.9) and thus N is a 5-dimensional subspace of
L2(R3). Let N⊥ be the orthogonal complement of N and let

P 0 :L2(R3)→N , P 1 :L2(R3)→N⊥,

be the orthogonal projections. Define the operator

A= P 0ξ1P 0,

which is the 5-dimensional linear bounded self-adjoint operator. By assuming that the
Mach number M∞ �= ±1, or 0, we know that the matrix for A = P 0ξ1P 0 is invertible
on the Range(P 0) and is given by⎛⎜⎜⎜⎜⎜⎜⎝

u1∞
√

3
5c∞ 0 0 0√

3
5c∞ u1∞ 0 0

√
2
5c∞

0 0 u1∞ 0 0
0 0 0 u1∞ 0

0
√

2
5c∞ 0 0 u1∞

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where the entries are calculated by (χα, ξ1χβ), α,β = 0, . . . ,4, with {χα,α = 0, . . . ,4}
being an orthonormal basis of {ψα,α = 0, . . . ,4}. The eigenvalues of the above matrix are

λ1 = u∞,1 − c∞, λi = u∞,1, i = 2,3,4, λ5 = u∞,1 + c∞. (2.12)

Define

I+ = {j | λj > 0}, I− = {j | λj < 0}.
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Note that n+ of (2.6) is nothing but #I+. Let χj be the eigenfunction corresponding to the
eigenvalue λj . In [21], it is shown that for any a0 ∈ L2(R3+, ξ1 dξ) and for any constants
cj , j ∈ I−, there exists a unique L2 solution f satisfying the first two equations of (2.10)
and instead of the last one, the auxiliary condition〈

χj ,f (x, ·)
〉= cj , x > 0, j ∈ I−. (2.13)

Moreover, there exists an element q∞ ∈N such that

f → q∞ (x→∞) in L2(R3).
To determine the limit q∞, we only need to notice that (2.10) is linear and that q∞ ∈
N = kerL. Thus, f̃ = f − q∞ solves all of three equations in (2.10) with a0 replaced by
a0 − q∞. That is, a0 − q∞ ∈R⊥ which determines q∞ uniquely together with (2.13).

Finally in the introduction, we want to point out some interesting mathematical problems
on the boundary layers which remain unsolved. Firstly, the existence theorem presented
here apply only to the case when the Mach number of the far field Maxwellian is not ±1
or 0. The case with M∞ =±1 corresponds to the transonic problem while the case with
M∞ = 0 corresponds to the transition between incoming and outgoing boundary condi-
tions. Therefore, the phenomena of the boundary layer in these cases are richer and the
analysis should be more difficult, cf. [56]. Recently, this issue is addressed in [29]. Sec-
ondly, the stability given in this section is only for the case when M∞ <−1. For the case
when M∞ > 1, similar analysis combining the energy method and the Green function can
be applied. However, for other cases, more detailed information on the wave propagation
is needed, for example, from the study of the Green function given in [45]. Thirdly, for the
time evolutionary problem, it is natural to consider the pattern of the superposition of the
boundary layer and the macroscopic waves. For this kind of problems, even though there
are stability results on the boundary layer and the wave patterns separately, the combina-
tion of the analysis on these two topics is not clear because of the different mathematical
settings. The last but not least, we only consider the one-dimensional boundary layer prob-
lems with Dirichlet type condition. In practice, the shape of the boundary and the form
of the boundary condition can be various. Therefore, there are many unsolved problems
such as those in multi-dimensional space and those with different boundary conditions.
And we expect the analysis in this section shed some light on future investigation on these
problems.

2.2. Existence

In this subsection, we will present the existence theory for the half-space boundary value
problem (2.3). It will be shown that the solvability of the problem changes with the Mach
number M∞ of the far field Maxwellian. If M∞ < −1, there exists a unique smooth
solution connecting the Dirichlet data and the far field Maxwellian as long as they are
sufficiently close. Otherwise, such a solution exists only for the Dirichlet data satisfying
certain admissible conditions. The set of admissible Dirichlet data form a smooth manifold
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of co-dimension 1 for the case −1 <M∞ < 0, 4 for 0 <M∞ < 1 and 5 for M∞ > 1,
respectively. The same is also true for the linearized problem at the far field Maxwellian,
and the manifold is, then, a hyperplane.

There are two ingredients in the proof of the existence theorem. One is to add an artificial
“damping” term and the other is to introduce some weight functions which are different
for the hard sphere model and the cutoff hard potentials. The artificial “damping” term
which vanishes under the solvability condition is used to control the incoming macroscopic
information, while the weight function is used to capture the dissipation on the outgoing
macroscopic information through the convection term.

To construct the damping term, we decompose the operator A on N into the positive and
negative parts A+,A−, and denote the corresponding eigenprojections by P+

0 ,P
−
0 . Note

that if M∞ �= 0,±1, then A has no zero eigenvalues (see (2.12)), so that

A=A+ +A−, P 0 = P+
0 +P−

0 .

We modify the equation in (2.9) by adding to its right hand side a damping term

−γK(x)P+
0 ξ1f, γ > 0,

and then put f = e−εσ g, to deduce⎧⎪⎪⎪⎨⎪⎪⎪⎩
ξ1gx − εσxξ1g −Lεg = h− γK(x)eεσP+

0 ξ1e
−εσ g,

x > 0, ξ ∈R3,

g|x=0 = b0(ξ)= a0(ξ)e
−εσ |x=0, ξ ∈R3+,

g→ 0 (x→∞), ξ ∈R3,

(2.14)

where ε > 0 is a small constant, σ may be a function of both x and ξ , K(x) is a function
of x defined later and

Lε = eεσLe−εσ , h= eεσΓ (e−εσ g, e−εσ g). (2.15)

Note that for the case M∞ < −1, we have n+ = 0 and P+
0 = 0, and hence no damping

term is needed. The problem for the hard sphere model and the hard potentials with angular
cutoff will be discussed separately as follows.

2.2.1. Hard sphere model. For the hard sphere model, we can choose the weight function
σ = x and K(x)= 1 so that a0 = b0, cf. [68].

As the first step, we consider the corresponding linear problem (2.14) by viewing h as a
given source satisfying

P 0h= 0, ‖h‖ = ‖h‖L2
x,ξ (R

+×R3) <∞. (2.16)

The idea of proving global existence of solutions to the linear problem is to introduce a
linear functional on a subspace of L2

x,ξ . Then, we will show, using the energy estimates,
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that the linear functional is bounded. Finally, the existence of the weak solution is obtained
by the Riesz representation theory. The linear functional is defined on a linear space W as
follows:

"(χ)= (h,φ)+ 〈ξ1a0, φ
0〉
+, (2.17)

where ( , ) is the inner product in L2
x,ξ (R

+ ×R3) and 〈 , 〉± is the inner product in L2
ξ (R

3±),
and {

V ≡ {φ ∈ C∞0 ([0,∞)×R3) | φ0 = φ|x=0 = 0 for ξ1 < 0},
W≡ {χ | χ =−ξ1φx − εξ1φ + γP+0 ξ1φ −Lφ, φ ∈ V }. (2.18)

Here, V is the space of test functions for defining the weak solutions and W is the base set
on which the functional " is defined.

First, we shall show that " is well defined on W. To this end, recall from Lemma 1.7 that
for the hard sphere model, the H-theorem implies that

−〈f,Lf 〉� ν1
〈
f,
(
1+ |ξ |)f 〉,

for some constant ν1 > 0 and f ∈N⊥.
To prove the linear functional " is well defined and bounded on W when γ > ε > 0 are

sufficiently small, consider the inner product of χ ∈W and φ ∈ V :

(χ,φ)= 〈ξ1φ
0, φ0〉

+ − ε(ξ1φ,φ)+ γ
(
P+

0 ξ1φ,φ
)− (Lφ,φ). (2.19)

Notice that none of the eigenvalues of A is zero when M∞ �= ±1 or 0. Thus,

−ε(ξ1φ,φ)+ γ
(
P+

0 ξ1φ,φ
)

= ε[(−P 0ξ1P 0φ0, φ0)− 2(P 0ξ1φ1, φ0)+ (ξ1φ1, φ1)
]

+ γ [(A+φ0, φ0)+
(
P+

0 ξ1φ1, φ0
)]

= ε(−A−φ0, φ0)+ (γ − ε)(A+φ0, φ0)− 2ε(P 0ξ1φ1, φ0)

+ γ (P+
0 ξ1φ1, φ0

)+ ε(ξ1φ1, φ1)

� cε‖φ0‖2 − c−1ε‖φ1‖2 + ε(ξ1φ1, φ1), (2.20)

where we have used the assumption that γ = 0(1)ε for some positive constant 0(1) > 1.
Here, φi = P iφ, i = 0,1, and from now on c denotes a generic constant.

Since (Lφ,φ)= (Lφ1, φ1), for sufficiently small ε > 0, we have

(χ,φ)� c
(‖φ‖2 + 〈ξ1φ

0, φ0〉
+
)
.

Therefore, we have

‖φ‖ + 〈ξ1φ
0, φ0〉 1

2+ � c‖χ‖,



Stationary problem of Boltzmann equation 397

which implies, firstly, that for any given χ ∈W, there exists a unique φ ∈ V such that

χ =−εξ1φ + γP+0 ξ1φ − ξ1φx −Lφ,

so that " make sense on W, and, secondly, that∣∣"(χ)∣∣� ∣∣(h,φ)∣∣+ 〈ξ1a0, φ
0〉
+ � c

(‖h‖ + 〈ξ1a0, a0〉+
)‖χ‖,

for any χ ∈W, (2.21)

showing that " is bounded on W and the bound depends on the boundary data and the given
function h.

Now, the linear functional " can be defined on the L2
x,ξ closure of W with the same

bound, and hence, by the Hahn–Banach theorem, there is an extension "̄ of " to the space
L2
x,ξ such that∣∣"̄(χ)∣∣� c

(‖h‖ + 〈ξ1a0, a0〉+
)‖χ‖, for any χ ∈ L2

x,ξ ,

with the bound unchanged. For this functional "̄ on L2, we can apply the Riesz represen-
tation theorem so that there exists a unique g ∈ L2

x,ξ such that

"̄(χ)= (g,χ), for any χ ∈L2
x,ξ . (2.22)

And this implies that g is a weak solution to the linear equation (2.14). To prove both
gx for almost all (x, ξ) and the trace of g at x = 0 are well defined, choose a family of
particular test functions:

φ =
∫ ∞

x

η(x′, ξ) dx′,

where η satisfies
∫∞

0 η(x′, ξ) dx′ = 0 for any ξ . Applying this test function to (2.14) yields(∫ x

0

(−εξ1g+ γP+0 ξ1g −Lg− h)dx′ + ξ1g,η

)
= 0,

which gives∫ x

0

(−εξ1g + γP+0 ξ1g−Lg − h)dx′ + ξ1g = b(ξ),

for almost all (x, ξ), where b(ξ) is a function of ξ only. Therefore, the trace of g at x = 0
is well defined and we have (2.14) for almost all (x, ξ).

In order to prove the uniqueness of g, we need to show that |ξ1| 1
2 g ∈ L2, cf. [10,21] for

similar discussion. So far we know that g ∈ L2
x,ξ . To obtain the uniform boundedness on

(|ξ1|g,g), choose a smooth cut-off function θ(ξ) satisfying that

θ(ξ)= 0, for |ξ |>M, θ(ξ)= 1, for |ξ |<M − 1,
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and is monotone when M − 1 � |ξ |�M .
Applying θg to equation (2.14) and then integrating over (x, ξ) give,

−ε(θξ1g,g)+ γ
(
θP+0 ξ1g,g

)− 〈θξ1g,g〉|x=0 − (θLg,g)= (θh,g). (2.23)

Since

−(θLg,g)= (θνg, g)− (θKg,g),

we have for sufficiently small ε,(
θ |ξ1|g,g

)+ 〈θ |ξ1|g,g
〉
x=0,ξ1<0 � c

(‖h‖2 + ‖g‖2 + 〈ξ1a0, a0〉+
)
. (2.24)

By letting M →∞, the above inequality implies that (|ξ1|g,g) is uniformly bounded.
Therefore, the energy estimate similar to the one given above gives the uniqueness of the
solution g to (2.14).

Finally, we will show that the solution obtained indeed satisfies the given boundary
condition. In fact, if we take the inner product of equation (2.14) with φ ∈ V , we have after
integration by parts(

g,−ξ1φx − εξ1φ + γP+0 ξ1φ −Lφ
)= (h,φ)+ 〈ξ1g0, φ

0〉
+. (2.25)

By the definition of χ , (2.17) and (2.22), we have

(h,φ)+ 〈ξ1g
0, φ0〉

+ = (h,φ)+
〈
ξ1a0, φ

0〉
+,

which gives

g0 = a0, for ξ1 > 0, a.e.

In summary, we have the following existence theorem for the linear equation with damp-
ing (2.14).

THEOREM 2.1. Consider the linear problem (2.14), if the boundary condition a0 and the
source term h satisfy

〈ξ1a0, a0〉
1
2+ + (h,h)

1
2 <∞,

then there exists a unique solution g ∈ L2
x,ξ with

〈|ξ1|g0, g0〉 1
2− +

∥∥(1+ |ξ |) 1
2 g
∥∥+ ∥∥|ξ1|

(
1+ |ξ |)− 1

2 gx
∥∥� c0

(∣∣|ξ1| 1
2 a0

∣∣+ + ‖h‖).
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Now we turn to study the nonlinear Boltzmann equation with damping, i.e. problem
(2.14) and (2.15). As for the discussion on the Cauchy problem, we use the weighted
norm:

‖f ‖β =
∥∥(1+ |ξ |)βf ∥∥

L∞x,ξ
= sup
x>0, ξ∈R3

(
1+ |ξ |)β ∣∣f (x, ξ)∣∣.

Notice that the norm used here is consistent with weighted function Wβ . In order to obtain
the estimate on ‖g‖β , we will use the following weight w−α in the analysis from the L2

estimates of the solution for the linearized problem to the ‖ · ‖β estimates of the solution
for the nonlinear problem. Set

w−α =
{ |ξ1|−α, |ξ1|< 1,

1, |ξ1|� 1.
(2.26)

Precisely, we will prove the following lemma.

LEMMA 2.2. For 0< α < 1
2 , β > 3

2 , the solution to the problem (2.14) satisfies

‖g‖β � c
(∥∥ν−1h

∥∥
β
+ ‖h‖ + ‖w−αh‖ + |a0|+,β

)
, (2.27)

where

|a0|+,β = sup
ξ∈R3,ξ1>0

(
1+ |ξ |)β ∣∣a0(ξ)

∣∣. (2.28)

PROOF. Rewrite (2.14) as

gx =
(
ε − ν(ξ)

ξ1

)
g + 1

ξ1
(K̄g + h),

where

K̄ =K − γP+
0 ξ1.

Notice that K is a compact operator and is bounded from the space L∞β to L∞β+1, and from

L2
ξ to L∞ξ , see Section 1.2.3. Since the operator P+

0 ξ is a mapping to the macroscopic
subspace which is of finite dimension, it has the same properties as K stated above. Let

κ(x, ξ)=
(
−ε + ν(ξ)

ξ1

)
x.

We have κ(x, ξ) > 0 both for x > 0, ξ1 > 0 and x < 0, ξ1 < 0 when ε > 0 is sufficiently
small. Therefore, the solution g can be formally written as

g = ã +U(K̄g + h), (2.29)
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where

ã =
{

exp(−κ(x, ξ))a0(ξ), ξ1 > 0,

0, ξ1 < 0,
(2.30)

and

U(h)=
{∫ x

0 exp(−κ(x − x′, ξ)) 1
ξ1
h(x′, ξ) dx′, ξ1 > 0,

− ∫∞
x

exp(−κ(x − x′, ξ)) 1
ξ1
h(x′, ξ) dx′, ξ1 < 0.

(2.31)

We first show that the operator U has the following two properties:∥∥U(h)(·, ξ)∥∥
L
p
x

� cν(ξ)−1
∥∥h(·, ξ)∥∥

L
p
x
,∥∥U(h)∥∥

Lrξ (L
p
x )

� c
∥∥ν−1h

∥∥
Lrξ (L

p
x )
, (2.32)

where 1 � p, r �∞. To prove (2.32), rewrite U(h) as:

U(h)=
∫
Iξ1

S(x − x′, ξ)h(x′, ξ) dx′,

where

Iξ1 =
{ [0, x], for ξ1 > 0,

[x,∞), for ξ1 < 0,

and

S(x′′, ξ)=
⎧⎨⎩ exp(−(−ε + ν(ξ)

ξ1
)x′′) 1

ξ1
, for x′′ > 0, ξ1 > 0,

− exp(−(−ε + ν(ξ)
ξ1
)x′′) 1

ξ1
, for x′′ < 0, ξ1 < 0.

Thus, ∫
Iξ1

∣∣S(x − x′, ξ)∣∣dx′
=
⎧⎨⎩
∫ x

0 exp(−(−ε + ν(ξ)
ξ1
x′′) 1

ξ1
dx′′ � 1

ν(ξ)−εξ1
, ξ1 > 0,∫∞

0 exp(−(−ε + ν(ξ)
ξ1
)x′′) 1

|ξ1| dx
′′ = 1

ν(ξ)+ε|ξ1| , ξ1 < 0.
(2.33)

Hence for sufficiently small ε, we have∫
Iξ1

∣∣S(x − x′, ξ)∣∣dx′ � c

ν(ξ)
.



Stationary problem of Boltzmann equation 401

Therefore, for positive integers p, q � 1 with 1
p
+ 1

q
= 1, we have

∣∣U(h)(x, ξ)∣∣ � (∫
Iξ1

∣∣S(x − x′, ξ)∣∣dx′) 1
q

×
(∫

Iξ1

∣∣S(x − x′, ξ)∣∣∣∣h(x′, ξ)∣∣p dx′) 1
p

.

Thus, ∫ ∞

0

∣∣U(h)(x, ξ)∣∣p dx � cν(ξ)
− p
q

∫ ∞

0

∫
Iξ1

∣∣S(x − x′, ξ)∣∣∣∣h(x′, ξ)∣∣p dx′ dx
� cν(ξ)

− p
q

∫ ∞

0

∫
I ′ξ1

∣∣S(x − x′, ξ)∣∣∣∣h(x′, ξ)∣∣p dx dx′
� cν

− p
q
−1
(ξ)

∫ ∞

0

∣∣h(x′, ξ)∣∣p dx′,
where

I ′ξ1
=
{ [x′,∞), ξ1 > 0,

[0, x′], ξ1 < 0.
(2.34)

And this gives (2.32).
By using the properties of the operators U and K̄ , we have

‖g‖β � |a0|+,β + c
(∥∥ν−1K̄g

∥∥
β
+ ∥∥ν−1h

∥∥
β

)
� |a0|+,β + c

(‖g‖β−1 +
∥∥ν−1h

∥∥
β

)
. (2.35)

Iterating (2.35) gives for β � 1,

‖g‖β � c
(|a0|+,β + ‖g‖0 +

∥∥ν−1h
∥∥
β

)
. (2.36)

It remains to estimate ‖g‖0 = ‖g‖L∞x,ξ . By the energy estimate applied to the linear equa-
tion (2.14), we have

‖g‖2 � c
(‖h‖2 + 〈ξ1a0, a0〉+

)≡E2
2 . (2.37)

The estimate on ‖g‖0 will be obtained by using the properties of the collision kernel and
the properties of the operators U and K̄ .

Let θ be the cutoff function in ξ used above and w = w(ξ) � 0 be a weight function.
Applying θ2w2g to (2.14) and integrating it over x and ξ give〈|ξ1|θ2w2g,g

〉
− − ε

(
ξ1θ

2w2g,g
)+ (νθ2w2g,g

)
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= (K̄g, θ2w2g
)+ (h, θ2w2g

)+ 〈ξ1θ
2w2a0, a0

〉
+,

which implies∣∣ξ1| 1
2 θwg

∣∣2− + ∥∥ν 1
2 θwg

∥∥2

� c
(‖θwK̄g‖‖θwg‖ + ‖θwh‖‖θwg‖+ ∣∣|ξ1| 1

2 θwa0
∣∣2+). (2.38)

If wK̄ is bounded from L2
x,ξ to itself, wh ∈ L2

x,ξ and |ξ1| 1
2wa0 ∈ L2

ξ,+, then by letting
θ(ξ)→ 1, we have∥∥ν 1

2wg
∥∥� c

(
E2 + ‖wh‖ +

∥∥|ξ1| 1
2wa0

∥∥−). (2.39)

Thus, if w(ξ)≡ 1, then∥∥ν 1
2 g
∥∥
L2
x,ξ

� cE2. (2.40)

Notice that for α < 1,∫
K̄(ξ, ξ ′)w−α(ξ ′) dξ ′ � c.

We have both operators w−αK̄ and K̄w−α are bounded from L2
ξ to L2

ξ when α < 1
2 . Hence

they are bounded from L2
ξ (L

∞
x ) to L2

ξ (L
∞
x ). Therefore, if we choose w =w−α(ξ) in (2.39)

for 0< α < 1
2 ,

‖w−αg‖� c
(
E2 + ‖w−αh‖ +

∥∥|ξ1| 1
2w−αa0

∥∥)= cE′2. (2.41)

By using equation (2.14) and (2.40), we have

‖w1gx‖� cE2. (2.42)

Let 1
4 < β <

1
2 , i.e., 0< 1− 2β < 1

2 , we have

‖wβg‖2
L∞x (L2

ξ )
� ‖wβg‖2

L2
ξ (L

∞
x )

� 2
∫ {

w2
βw

−1
1

∥∥g(·, ξ)∥∥
L2
x

}{
w1
∥∥g(·, ξ)∥∥

L2
x

}
dξ � cE′2E2. (2.43)

Now by the expression (2.29) of g and using (2.43), we have

‖g‖L2
ξ (L

∞
x )

� ‖a0‖+ + c
(∥∥ν−1K̄w−βwβg

∥∥
L2
ξ (L

∞
x )
+ ∥∥ν−1h

∥∥
L2
ξ (L

∞
x )

)
� ‖a0‖+ + c

(‖wβg‖L2
ξ (L

∞
x )
+ ∥∥ν−1h

∥∥
L2
ξ (L

∞
x )

)
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� ‖a0‖+ + c
(
E2 +E′2 +

∥∥ν−1h
∥∥
L2
ξ (L

∞
x )

)
. (2.44)

By using the expression of g again and noticing that K̄ is a bounded operator from L2
ξ (L

∞
x )

to L∞x,ξ , we have

‖g‖L∞x,ξ � ‖a0‖+,L∞ξ +
∥∥U(K̄g + h)∥∥

L∞x,ξ

� ‖a0‖+,L∞ξ + c
(‖K̄g‖L∞x,ξ + ∥∥ν−1h

∥∥
L∞x,ξ

)
� ‖a0‖+,L∞ξ + c

(‖g‖L2
ξ (L

∞
x )
+ ∥∥ν−1(ξ)h

∥∥
L∞x,ξ

)
� |a0|+,L∞ξ + c

(
E2 +E′2 +

∥∥ν−1h
∥∥
L2
ξ (L

∞
x )
+ ∥∥ν−1h

∥∥
L∞x,ξ

)
. (2.45)

For β − 1> 3
2 , by using (2.45), we have

‖g‖β � c
(|a0|+,β +E2 +E′2 +

∥∥ν−1h
∥∥
β
+ ∥∥ν−1h

∥∥
L2
ξ (L

∞
x )∩L∞x,ξ

)
� c

(|a0|+,β + ‖h‖L2
x,ξ
+ ‖w−αh‖ +

∥∥ν−1h
∥∥
β
+ ∥∥ν−1h

∥∥
L2
ξ (L

∞
x )∩L∞x,ξ

)
� c

(|a0|+,β +
∥∥ν−1h

∥∥
β
+ ‖h‖ + ‖w−αh‖

)
. (2.46)

This completes the proof of the lemma. �

Now we are ready to prove the existence of solutions to the nonlinear Boltzmann equa-
tion with damping (2.14) and (2.15). For this, we need the following property of Γ (g,h)
which corresponds to Theorem 1.1 when δ = 1 and p =∞.

LEMMA 2.3. The projection of Γ (g,h) on the null space of L vanishes and there exists a
positive constant c such that∥∥ν−1Γ (g,h)

∥∥
β

� c‖h‖β‖g‖β, (2.47)

for any β > 0.

Therefore, for β > 5/2, we have∥∥exp(−εx)ν−1Γ (g)
∥∥
β

� c‖g‖2
β,

∥∥exp(−εx)ν−1Γ (g)
∥∥� c‖g‖2

β.

Moreover, for 0< α < 1
2 , we have∥∥w−α exp(−εx)Γ (g)∥∥� c‖g‖2

β.

In summary, (2.27) gives

‖g‖β � c
(‖g‖2

β + |a0|+,β
)
. (2.48)
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When |a0|+,β is sufficiently small, the contraction mapping theorem and (2.48) give the
following existence theorem for the problem (2.14) and (2.15).

THEOREM 2.4. When the boundary data a0 is sufficiently small in the norm | · |+,β given
in (2.28), the nonlinear Boltzmann equation with damping (2.14) and (2.15) has a unique
solution g which is bounded in the norm ‖ · ‖β when β > 5

2 .

In what follows, we will show that under some solvability condition, the solution to the
Boltzmann equation with damping is in fact the solution to the Boltzmann equation itself.
That is, we will prove the following theorem.

THEOREM 2.5. For hard sphere model, let M∞ be given as in (2.4) with M∞ �= 0,±1,
and let β > 5/2. Then, there exist positive numbers ε0, ε,C0, and a C1 map

Ψ :L2(R3+, ξ1 dξ
)→Rn+, Ψ (0)= 0, (2.49)

such that the following holds.
(i) For any Fb satisfying∣∣Fb(ξ)−M∞(ξ)

∣∣� ε0Wβ(ξ), ξ ∈R3+, (2.50)

and

Ψ
(
W−1

0 (Fb −M∞)
)= 0, (2.51)

the problem (2.3) has a unique solution F(x, ξ) satisfying∣∣F(x, ξ)−M∞(ξ)
∣∣+ ∣∣ξ1

(
1+ |ξ |)−1/2

Fx(x, ξ)
∣∣

�C0e
−εxWβ(ξ), x > 0, ξ ∈R3. (2.52)

(ii) The set of Fb satisfying (2.50) and (2.51) forms a (local) C1 manifold of co-
dimension n+.

To prove Theorem 2.5, we denote by Iγ the linear solution operator as follows:

Iγ (a0)≡ f (0, ·), (2.53)

where f (x, ξ) is given by{
ξ1fx =Lf − γP+

0 ξ1f,

f (0, ξ)= a0(ξ), for ξ1 > 0.

Similarly, let Iγ be a nonlinear solution operator

Iγ (a0)≡ f (0, ·), (2.54)
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where f (x, ξ) is given by{
ξ1fx =Lf − γP+

0 ξ1f + Γ (f,f ),
f (0, ξ)= a0(ξ), for ξ1 > 0.

(2.55)

For these two operators Iγ and Iγ , we first have the following lemma.

LEMMA 2.6. The solution operators Iγ and Iγ have the following property.{
Iγ :a0 ∈ L2

ξ1,+ �→ Iγ (a0) ∈L2|ξ1| is bounded,

Iγ :a0 ∈ L2
ξ1,+ �→ Iγ (a0) ∈L2|ξ1| is bounded, when a0 is sufficiently small.

This lemma is a direct consequence of the energy estimates for the linear and nonlinear
equation based on the estimates obtained above, cf. Theorem 2.1. Therefore, we omit its
proof for brevity.

The following theorem gives an implicit condition on the boundary data which guar-
antees the solution obtained for the Boltzmann equation with damping is exactly the one
without damping. That is, it gives the solvability condition of the boundary layer problem
for the Boltzmann equation.

Note that the function Ψ in Theorem 2.5 is defined by

Ψ ≡ P+
0 ξ1Iγ .

THEOREM 2.7. For a given γ > 0, suppose that

P+
0 ξ1Iγ (a0)≡ 0. (2.56)

Then, the solution of (2.14) and (2.15) is a solution when γ = 0.

PROOF. For a given γ > 0 when 〈a0, ξ1a0〉+ is sufficiently small, (2.55) has a unique
solution f (x, ξ). We project the problem (2.55) to its macroscopic component, then we
have

∂xP
+
0 P 0ξ1f =−γP+

0 P 0P
+
0 ξ1f =−γP+

0 ξ1f.

If the boundary condition satisfies P+
0 ξ1f |x=0 = 0, then we immediately have

P+
0 ξ1f ≡ 0, for x � 0.

That is, under the condition (2.56), the damping term added in (2.14) vanishes identi-
cally. �

Similar to Theorem 2.7, we have the following theorem on the homogeneous linearized
equation.
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THEOREM 2.8. For a given γ > 0, suppose that

P+
0 ξ1Iγ (a0)≡ 0. (2.57)

Then, the problem⎧⎨⎩
ξ1∂xf =Lf,

f (0, ξ)= a0(ξ), for ξ1 > 0,

limx→∞ f (x, ξ)= 0

has a unique solution.

Finally, we will classify the boundary data by analyzing the solvability condition (2.57)
for the linearized equation, and (2.56) for the nonlinear equation respectively.

Firstly, consider

P+
0 ξ1Iγ (a0)= 0.

Since Iγ defines a bounded linear operator, the function P+
0 ξ1Iγ (a0) defines a bounded

linear map from L2
ξ1,+ to a finite dimensional space. According to the Mach number of the

far field Maxwellian, we have the following theorem on the co-dimension of the boundary
data satisfying (2.57).

THEOREM 2.9. The classification of the boundary data satisfying the solvability condition
(2.57) can be summarized in the following table.

M∞ <−1 Codim({a0 ∈L2
ξ1,+ | P+

0 ξ1Iγ (a0)= 0})= 0

−1<M∞ < 0 Codim({a0 ∈L2
ξ1,+ | P+

0 ξ1Iγ (a0)= 0})= 1

0<M∞ < 1 Codim({a0 ∈L2
ξ1,+ | P+

0 ξ1Iγ (a0)= 0})= 4

M∞ > 1 Codim({a0 ∈L2
ξ1,+ | P+

0 ξ1Iγ (a0)= 0})= 5

PROOF. Denote pi the eigenvector of the operator A= P 0ξ1P 0 on N by{
Api = λipi ,
λ1 < λ2 = λ3 = λ4 < λ5.

We want to show that dimension of the nontrivial solution a0 to

P+
0 ξ1Iγ (a0) �= 0, (2.58)

is exactly n+. Since P+
0 ξ1Iγ is a bounded linear operator from L2

ξ1,+ to Rn
+

, the dimen-
sion of the nontrivial solutions is at most n+. It suffices to find n+ linearly independent
nontrivial solutions to (2.58).
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For this, we introduce auxiliary functions

j
γ

j (x, ξ)≡ e−γ xpj (ξ), j = 1,2,3,4,5.

The case for M∞ < −1 is obvious. When M∞ ∈ (−1,0), the range P+
0 is spanned

by p5. Therefore,

dim
(
P+

0

)= n+ = 1.

It is straightforward to check that the function j
γ

5 satisfies

ξ1∂xj
γ

5 −Lj
γ

5 + γP+
0 ξ1j

γ

5 =−γ e−γ xP 1ξ1p5(ξ).

Let J
γ

5 ≡ j
γ

5 + k
γ

5 (x, ξ) be a solution of{
ξ1∂xJ

γ

5 −LJ
γ

5 + γP+
0 ξ1J

γ

5 = 0,

J
γ

5 (0, ξ)= j
γ

5 (0, ξ), for ξ1 > 0.

The equation for k
γ

5 is{
ξ1∂xk

γ

5 −Lk
γ

5 + γP
γ

0 ξ1k
γ

5 = γ e−γ xP 1ξ1p5(ξ),

k
γ

5 (0, ξ)= 0, for ξ1 > 0.
(2.59)

Notice that this equation for k
γ

5 is just the equation for g in (2.14) by letting h =
γ e−γ xP 1ξ1p5(ξ).

By choosing ε and γ satisfying

|ε| # 1,

∣∣∣∣γε
∣∣∣∣=O(1), and ε − γ < 0,

the estimates from Theorem 2.1 with k
γ

5 (0, ξ)|ξ1>0 = 0 yields that∥∥P+
0 ξ1J

γ

5

∥∥∣∣
x=0 =

∥∥P+
0 ξ1

(
j
γ

5 + k
γ

5

)∥∥∣∣
x=0

= ∥∥P+
0 ξ1j

γ

5

∣∣
x=0

∥∥+O(1)(γ ) 1
2 �= 0. (2.60)

Here we have used the fact that γ can be arbitrarily small. Therefore, if we choose a0(ξ)=
p5(ξ) for ξ1 > 0, then (2.60) implies that for sufficient small γ ,

P+
0 ξ1Iγ (a0) �= 0.

Then, 〈p5,P
+
0 ξ1Iγ (a0)〉 defines a nontrivial bounded functional from L2

ξ1,+ to R. Then,

by Riesz representation theorem there exists r5 ∈ L2
ξ1,+ such that〈

p5,P
+
0 ξ1Iγ (a0)

〉= 〈r5, ξ1a0〉+ . (2.61)
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This shows that

codim
{
a0 ∈ L2

ξ1,+: P+
0 ξ1I(a0)= 0

}= 1.

When 0<M∞ < 1, dim(P+
0 )= 4. The range of P+

0 is spanned by p2, p3, p4, and p5.
The bounded linear functional P+

0 ξ1Iγ (a0) can be written as

P+
0 ξ1Iγ (a0)=

5∑
i=2

〈pi ,P+
0 ξ1Iγ (a0)〉
〈pi ,pi〉

pi .

Similar to the construction of r5 in the case M∞ ∈ (−1,0), we can use j
γ

i for i = 2, . . . ,5
to obtain four linearly independent r i , i = 2, . . . ,5, so that〈

pi ,P
+
0 ξ1Iγ (a0)

〉= 〈r i , ξ1a0〉+ for i = 2, . . . ,5.

This gives the theorem for the case 0<M∞ < 1. Similar to the above argument, one can
show the theorem holds also for M∞ > 1.

To classify P
γ

0 ξ1Iγ (a0) = 0, based on the classification of P+
0 ξ1Iγ (a0) = 0, we can

consider the Fréchet derivative of P+
0 ξ1Iγ (a0) and show that it is nontrivial in a space

of dimension n+. For this, we normalize the vectors r i obtained for the linear operator
P+

0 ξ1Iγ (a0) in the direction pi such that

〈r i , ξ1r i〉+ = 1, for i = 1, . . . ,5,

if they exist. From the above analysis, the boundary data a0 can be decomposed as follows:

−1<M∞ < 0 a0 = 〈r5, ξ1a0〉+r5 + c 〈c, ξ1r5〉+ = 0

0<M∞ < 1 a0 =
5∑
i=2

〈r i , ξ1a0〉+r i + c 〈c, ξ1r i〉+ = 0 for i = 2, . . . ,5

M∞ > 1 a0 =
5∑
i=1

〈r i , ξ1a0〉+r i + c 〈c, ξ1r i〉+ = 0 for i = 1, . . . ,5

From the decomposition in the above table, we can parameterize Iγ (a0) as follows.

−1<M∞ < 0 Iγ (a0)≡ Īγ (b5, c) b5 ∈R, c ∈ {r5}⊥
0<M∞ < 1 Iγ (a0)≡ Īγ (b2, . . . , b5, c) b2, . . . , b5 ∈R, c ∈⋂5

i=2{r i}⊥
M∞ > 1 Iγ (a0)≡ Īγ (b1, . . . , b5, c) b1, . . . , b5 ∈R, c ∈⋂5

i=1{r i}⊥

(2.62)
where the orthogonal relation is with respect to the inner product 〈ξ1 · ,·〉+.

Under this parameterization, we have the following lemma on the Fréchet derivative of
P+

0 ξ1Iγ (a0). �
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LEMMA 2.10. Referring to the table (2.62), suppose that P+
0 ξ1Iγ (a0) = 0, then a0 is a

function of c when 〈a0, ξ1a0〉+ is sufficiently small.

PROOF. It is obvious that Iγ (0)= 0, and

d

dε
Iγ (εa0)

∣∣
ε=0 = Iγ (a0).

From this, we have

d

dε
P+

0 ξ1Iγ (εa0)
∣∣
ε=0 = P+

0 ξ1Iγ (a0). (2.63)

Now, we consider the case of −1 <M∞ < 0 for illustration. For this case, from (2.63),
we have

d

dε

〈
p5,P

+
0 ξ1Iγ (εa0)

〉∣∣
ε=0 = 〈r5, ξa0〉+.

Take a0 = r5, then we have

d

dε

〈
p5,P

+
0 ξ1Iγ (εr5)

〉∣∣
ε=0 = ∂b5

〈
p5,P

+
0 ξ1Īγ (b5, c)

〉∣∣
(0,0) = 〈r5, ξr5〉 = 1.

Then, by the implicit function theorem 〈p5,P
+
0 ξ1Īγ (b5, c)〉 = 0 defines b5 = b5(c). This

shows the theorem holds for −1<M∞ < 0.
Similar argument applies to the cases 0<M∞ < 1 and M∞ > 1. �

Theorem 2.9 and Lemma 2.10 give (ii) of Theorem 2.5.

2.2.2. Cutoff hard potentials. In this subsection, we will study the existence of boundary
layer solutions for the cutoff hard potentials. The main difficulty comes from the sub-linear
growth of the collision frequency in ξ . This requires a complicated weight function of both
space and velocity variables.

Throughout this subsection, the cross section q(v, θ) is assumed to satisfy (1.21) with
0< γ < 1. To distinct the notation from the damping coefficient, we denote the parameter
γ in the cross section by γ0 in the following.

The weight function σ can be defined as follows. Let η : [0,∞)→ R be a smooth non-
increasing function, η(s) = 1 for s � 1, η(s) = 0 for s � 2, and 0 � η � 1. For x � 0,
set

σ(x, ξ) = 5(δx + l) 2
3−γ0

(
1− η

(
δx + l

(1+ |ξ − u∞|)3−γ0

))
+
(

δx + l
(1+ |ξ − u∞|)1−γ0

+ 3|ξ − u∞|2
)
η

×
(

δx + l
(1+ |ξ − u∞|)3−γ0

)
. (2.64)
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Note that this weight function also works for soft potentials which needs more subtle cal-
culations and we will not discuss it in this chapter.

The existence theorem for cutoff hard potentials can be stated as follows.

THEOREM 2.11. Let M∞ �= 0,±1 and β >max{ 3
2 + γ0,3− 2γ0}. Then, there exist pos-

itive numbers ε, ε0, ε1, and a C1 map

Ψ :L2(R3+, ξ1 dξ
)→Rn+, Ψ (0)= 0, (2.65)

such that the following holds.
(i) Suppose that the boundary data Fb satisfies

∣∣Fb(ξ)−M∞(ξ)
∣∣� ε0σ

− 1
2

x (0, ξ)e−εσ (0,ξ)Wβ(ξ), ξ ∈R3+, (2.66)

where l > 0 is a large constant and δ > 0 is a small constant. Then, the problem
(2.3) admits a unique solution F satisfying

∣∣F(x, ξ)−M∞(ξ)
∣∣+ ∣∣ξ1ν

−1Fx(x, ξ)
∣∣� ε1σ

− 1
2

x (x, ξ)e−εσ (x,ξ)Wβ(ξ),

x > 0, ξ ∈R3, (2.67)

if and only if Fb satisfies

Ψ
(
eεσ(0,ξ)W−1

0 (Fb −M∞)
)= 0. (2.68)

(ii) The set of Fb satisfying (2.66) and (2.68) forms a (local) C1 manifold of co-dimen-
sion n+.

REMARK 2.12. It is straightforward to check that the weight function σ(x, ξ) satisfies

σ(x, ξ)� c(δx + l) 2
3−γ0 ,

c1 min
{
(δx + l)−

1−γ0
3−γ0 ,

(
1+ |ξ − u∞|

)−1+γ0
}

� σx � c2(δx + l)−
1−γ0
3−γ0 ,

for some constants c1, c2 > 0 when the constant l is large and δ > 0 is small. Hence,

F(x, ξ) tends to M∞(ξ) as x tends to infinity by (2.67) exponentially like e−cx
2

3−γ0 , while
the convergence rate for the hard sphere model is like e−cx corresponding to γ0 = 1.

To apply the weight function σ(x, ξ) in the existence analysis, we need the following
lemmas. Recall that 〈·,·〉 is the inner product in L2

ξ . For simplicity of notations, we denote

ξ̃ = ξ − u∞.
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LEMMA 2.13. There are constants ε2 > 0 and ν2 > 0 such that if 0 � ε � ε2 and g ∈N⊥,
then

−〈g, eε|ξ̃ |2Le−ε|ξ̃ |2g〉� ν2
〈
ν(ξ)g, g

〉
,

where ν2 > 0 depends on ε2.

PROOF. Since ν(ξ) is commutative with eε|ξ̃ |2 and e−ε|ξ̃ |2 , it suffices to show∥∥eε|ξ̃ |2Ke−ε|ξ̃ |2 −K∥∥
L2
ξ
→ 0, (2.69)

as ε→ 0. Notice that here K is given by (1.29) with a slight modification because the
background Maxwellian is now M∞.

By the Schwarz inequality, we have

(|ξ̃∗|2 − |ξ̃ |2)2
|ξ∗ − ξ |2 + |ξ∗ − ξ |2 � 2

∣∣|ξ̃∗|2 − |ξ̃ |2∣∣. (2.70)

Rewrite

eε|ξ̃ |2K(ξ, ξ∗)e−ε|ξ̃∗|
2 −K(ξ, ξ∗)

=
{
K(ξ, ξ∗) exp

(
1

16T∞

[
(|ξ̃∗|2 − |ξ̃ |2)2
|ξ∗ − ξ |2 + |ξ∗ − ξ |2

])}

×
{

exp

( −1

16T∞

[
(|ξ̃∗|2 − |ξ̃ |2)2
|ξ∗ − ξ |2 + |ξ∗ − ξ |2

])
× (exp

{
ε
(|ξ̃ |2 − |ξ̃∗|2)}− 1

)}
≡ p(ξ, ξ∗)× s(ε, ξ, ξ∗). (2.71)

By (2.70),

sup
ξ,ξ∗

∣∣s(ε, ξ, ξ∗)∣∣→ 0, as ε→ 0.

Since p(ξ, ξ∗) is also a kernel of a bounded operator on L2
ξ by Proposition 1.3 and

Lemma 1.4, we have (2.69) and this completes the proof of the lemma. �

Notice that we choose l > 0 as a large constant and δ as a small constant to have

∂xσ ∼ ∂x(δx + l)
2

3−γ0 ,

for |ξ | being large. The factors 5 and 3 in the definition of σ(x, ξ) are for σx(x, ξ) > 0.
The following lemma shows that the linearized collision operator with some variation still
keeps the dissipative effect on the microscopic components.
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LEMMA 2.14. There are constants ε3 > 0 and ν3 > 0 such that if 0 � ε � ε3 and g ∈N⊥,
then

−〈g, eεσ(x,ξ)Le−εσ (x,ξ)g〉� ν3
〈
ν(ξ)g, g

〉
.

PROOF. The proof is similar to the one for Lemma 2.13. Let

s̄(ε, ξ, ξ∗) ≡ exp

( −1

16T∞

[
(|ξ̃∗|2 − |ξ̃ |2)2
|ξ∗ − ξ |2 + |ξ∗ − ξ |2

])
× (exp

{
ε
(
σ(x, ξ)− σ(x, ξ∗)

)}− 1
)
.

We only need to show

sup
ξ,ξ∗

∣∣s̄(ε, ξ, ξ∗)∣∣→ 0, as ε→ 0, (2.72)

by discussing cases according to the values of |ξ̃ |, |ξ̃∗| and x. For illustration, we check
only two of them as follows.
• When (1+ |ξ̃ |)3−γ0 � (1+ |ξ̃∗|)3−γ0 � 2(δx + l):

∣∣σ(x, ξ)− σ(x, ξ∗)∣∣ � ∣∣∣∣ δx + l
(1+ |ξ̃ |)1−γ0

− δx + l
(1+ |ξ̃∗|)1−γ0

∣∣∣∣+ 3
∣∣|ξ̃ |2 − |ξ̃∗|2∣∣

� c1
δx + l

(1+ |ξ̃∗|)2−γ0

∣∣|ξ̃ | − |ξ̃∗|∣∣+3
∣∣|ξ̃ |2 − |ξ̃∗|2∣∣

� c
∣∣|ξ̃ |2 − |ξ̃∗|2∣∣. (2.73)

This is dominated by the left hand side of (2.70) when ε is sufficiently small.
• When (1+ |ξ̃ |)3−γ0 � 2(δx + l), δx + l � (1+ |ξ̃∗|)3−γ0 :

∣∣σ(x, ξ)− σ(x, ξ∗)∣∣ � c1
δx + l

(1+ |ξ̃ |)1−γ0
+ (δx + l) 2

3−γ0 + |ξ̃ |2

� c
∣∣|ξ̃ |2 − |ξ̃∗|2∣∣. (2.74)

Again, this term is dominated by the left hand side of (2.70). All the other cases can be
checked similarly to have (2.72) and this completes the proof of the lemma. �

REMARK 2.15. Let the cutoff function in (2.64) be in the form of η( δx+l
(1+|ξ̃ |)γ̄ ). The reason

to choose γ̄ = 3− γ0 is that (2.74) requires that γ̄ � 3− γ0, and

|ξ1|
∣∣∂xσ (x, ξ)∣∣� c

(
1+ |ξ |)γ0, (2.75)

is needed for the following energy estimate which requires γ̄ � 3 − γ0. Therefore, the
decay rate of the boundary layer solution at x =∞ stated in Remark 2.12 is canonical for
the cutoff hard potentials.
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Similar to the hard sphere model, the existence to the linearized problem with an artifi-
cial damping term can be proved by energy estimate. Precisely, by using σ(x, ξ) defined
in (2.64) and choosing K(x)= (δx + l)−Θ with Θ = 1−γ0

3−γ0
, (2.14) becomes⎧⎪⎨⎪⎩

ξ1gx − εσxξ1g−Lεg = h−Dεg, x > 0, ξ ∈R3,

g|x=0 = b0(ξ)= a0(ξ)e
εσ(0,ξ), ξ ∈R3+,

g→ 0(x→∞), ξ ∈R3,

(2.76)

where

Dε = γ (δx + l)−ΘeεσP+
0 ξ1e

−εσ .

Let D∗ε be the adjoint operator of Dε , and set

V = {χ ∣∣ χ =−ξ1φx − εσxξ1φ −L−εφ +D∗ε φ, φ ∈ C∞0 ,
φ0 ≡ φ|x=0 = 0 for ξ1 < 0

}
.

Consider

(χ,φ) =
∫

R

∫
R3

[−εξ1σxφ
2 + φLεφ + φDεφ

]
dξ dx

+ 1

2

∫
ξ1>0

ξ1
(
φ0)2 dξ. (2.77)

LEMMA 2.16. Let l in (2.64) be large enough. Then there is ν4 > 0 such that when γ =
O(1)ε# 1,∫

|ξ̃ |3−γ0� l
2

φ
(
γP+

0 ξ1P 0 − εP 0ξ1P 0
)
φ dξ � ν4ε

∫
R3
φ2

0 dξ, (2.78)

where φ0 = P 0φ.

PROOF. Notice that the macroscopic component φ is exponential decay in ξ like e−c|ξ |2 .
Then for l large enough, the integral

∫
|ξ̃ |3−γ0 � l

2
φ(γP+

0 ξ1P 0 − εP 0ξ1P 0)φ dξ has the

same order as
∫

R3 φ(γP+
0 ξ1P 0 − εP 0ξ1P 0)φ dξ . On the other hand, we know that the

operator γP+
0 ξ1P 0 − εP 0ξ1P 0 is positive definite on the space N when γ > ε. Hence,

we have the estimate (2.78). �

We now estimate the terms in (2.77) as follows. Recall the notations φ1 = P 1φ and
φ0 = P 0φ =∑4

α=0 bαψα . By using Lemma 2.16 and the fact ψα decays like e−c|ξ |2 , we
have ∫

R3

(
φDεφ − εξ1σxφ

2)dξ � cν4ε

4
(δx + l)−Θ‖φ0‖2

L2
ξ
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− cε
∫

R3
ν(ξ)φ2

1 dξ, (2.79)

which gives the dissipation estimate on the macroscopic component. Here we have used

|σxξ1|� c
(
1+ |ξ |)γ0 � cν(ξ).

The dissipation on the microscopic component comes from φLεφ which can be esti-
mated as follows. By using the exponential decay of ψα , we have∣∣Lεφ0(ξ)

∣∣ � |Lφ0| +
∣∣(Kε −K)φ0(ξ)

∣∣
� c5 exp

[−c(δx + l) 2
3−γ0

]( 4∑
j=0

b2
j

) 1
2

,

where Kε = eσKe−σ .
Similarly, we have

|L−εφ0|� c exp
[−c(δx + l) 2

3−γ0
]( 4∑

j=0

b2
j

) 1
2

. (2.80)

It then follows∣∣∣∣ ∫
R3
φ0Lεφ0 dξ

∣∣∣∣� c exp
[−c(δx + l) 2

3−γ0
] 4∑
j=0

b2
j . (2.81)

Lemma 2.14 and (2.79)–(2.81) imply

−
∫

R3
φLεφ dξ = −

∫
R3
φ0Lεφ0 −

∫
R3
φ1Lεφ0 −

∫
R3
φ0Lεφ1 −

∫
R3
φ1Lεφ1

� −cε2(δx + l)−Θ‖φ0‖2
L2
ξ

+ c−1〈νφ1, φ1〉. (2.82)

By choosing l large enough, say l$ ε−1 when ε is sufficiently small, we have

(χ,φ)� c6
{
ε
∥∥(δx + l)−Θ

2 φ0
∥∥2 + ∥∥ν 1

2φ1
∥∥2 + 〈ξ1φ0, φ0〉

+
}
. (2.83)

Denote ∣∣[h]∣∣= ∥∥(δx + l) Θ2 h0
∥∥+ ‖h1‖. (2.84)

Thus, (2.83) implies that∣∣[χ]∣∣� cε
(∥∥(δx + l)−Θ

2 φ0
∥∥+ ‖φ1‖

)
. (2.85)
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In summary, an argument similar to the one for the hard sphere model gives the following
theorem.

THEOREM 2.17. Consider the linearized Boltzmann equation with damping (2.76). If
|[h̄]|<∞ then (2.76) has a unique solution satisfying∥∥(δx + l)−Θ

2 g0
∥∥2 + ∥∥ν 1

2 g1
∥∥2 + ∣∣〈ξ1g0, g0〉

−
∣∣

� c(ε, b0)
(∣∣|ξ1| 1

2 a0
∣∣+ + ∣∣[h]∣∣), (2.86)

where g0 = g|x=0.

REMARK 2.18. Since σx ∼ (δx + l)−
1−γ0
3−γ0 for 2(1 + |ξ̃ |)3−γ0 � δx + l, when l is large

enough, (2.86) implies

∥∥σ 1
2
x g0

∥∥2 + ∥∥ν 1
2 g1

∥∥2 + ∣∣〈ξ1g0, g0〉
−
∣∣� c(ε, a0)

(∣∣|ξ1| 1
2 a0

∣∣+ + ∣∣[h]∣∣). (2.87)

Based on the estimates on the solution to the linearized problem (2.76), we now prove
the existence for the nonlinear problem again by fixed point theorem and then discuss the
solvability condition on the boundary data.

Define a weighted norm:

�h�β =
∥∥σ 1

2
x

(
1+ |ξ |)βh∥∥

L∞x,ξ
= sup
x>0,ξ∈R3

σ
1
2
x

(
1+ |ξ |)β ∣∣h(x, ξ)∣∣,

for any function h(x, ξ) such that the above norm is finite.
Rewrite (2.76) as

gx =
(
εσx − ν

ξ1

)
g+ 1

ξ1
(K̄g+ h),

where

K̄ = eεσ(x,ξ)Ke−εσ (x,ξ) − γ (δx + l)−Θeεσ(x,ξ)P+
0 ξ1e

−εσ (x,ξ).

Notice that K is a compact operator on L2
ξ , and is bounded from the space L∞β to L∞β+1,

and from L2
ξ to L∞ξ , see Lemmas 1.4 and 1.5. Following the proofs for Lemmas 2.13

and 2.14, we now prove that K̄ has the same properties as K in the following lemma.

LEMMA 2.19. When ε is sufficiently small, K̄ satisfies:

(1) σ
1
2
x K̄σ

− 1
2

x is a bounded operator from L2
ξ to itself.

(2) σ
1
2
x K̄σ

− 1
2

x is a bounded operator from L2
ξ to L∞ξ .

(3) �K̄h�β � c�h�β−1, for β ∈R.
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PROOF. By the definition of σ(x, ξ), we have the following expression for σx .

σx =

⎧⎪⎨⎪⎩
δ(1+ |ξ̃ |)−1+γ0 , (x, ξ) ∈Ω1,

δ(c1(1+ |ξ̃ |)−1+γ0 + c2(x + l)−Θ), (x, ξ) ∈Ω2,
10δ

3−γ0
(δx + l)−Θ, (x, ξ) ∈Ω3,

(2.88)

where c1 and c2 are positive functions depending on (x, ξ) and η with c1 + c2 having a
uniform positive lower bound. Here

Ω1 =
{
(x, ξ): δx + l � (

1+ |ξ̃ |)3−γ0
}
,

Ω2 =
{
(x, ξ):

(
1+ |ξ̃ |)3−γ0 < δx + l < 2

(
1+ |ξ̃ |)3−γ0

}
,

Ω3 =
{
(x, ξ): δx + l � 2

(
1+ |ξ̃ |)3−γ0

}
. (2.89)

Notice that K̄ has two parts, and the one coming from the artificial damping is simpler
because the operator P+

0 ξ1e
−εσ maps a function to the macroscopic subspace which is

of finite dimension and has exponential decay like e−c|ξ |2 . Consider the operator B1 =
γ σ

1
2
x e

εσP+
0 ξ1e

−εσ σ−
1
2

x and B̃1 = γ eεσP+
0 ξ1e

−εσ . By noticing that σ(x, ξ) is bounded by
c|ξ |2, it is straightforward to check that B̃1 has the following three properties:∫

R3
|B̃1h|2 dξ � c

∫
R3
h2 dξ, ‖B̃1h‖L∞ξ � c‖h‖L2

ξ
,∥∥B̃1

(
1+ |ξ |)−β∥∥

L∞ξ
� ce−c1|ξ |2 � c

(
1+ |ξ |)−β−1

. (2.90)

With (2.90), the property of the operator B1 can be discussed as follows. If the σ
− 1

2
x (x, ξ)

in P+
0 is of the order (1+|ξ̃ |)1−γ0 , then it can be absorbed by the exponential decay factor

from the projection on macroscopic component. Otherwise, it is of the order (δx + l)Θ . In

this case, if the σ
1
2
x (x, ξ) has the same order, then they cancel. If not, then we have a factor

of the order (δx+l) Θ2
(1+|ξ̃ |)

1−γ0
2

when (δx + l)� 2(1+ |ξ̃ |)3−γ0 which is bounded. Therefore, B1

has the same properties as B̃1 stated in (2.90).

Denote the first part in σ
1
2
x K̄σ

− 1
2

x by B2. Its kernel is given by

b2(ξ, ξ∗)= σ
1
2
x (x, ξ)e

εσ (x, ξ)K(ξ, ξ∗)e−εσ (x, ξ∗)σ
− 1

2
x (x, ξ∗).

We will illustrate the following three cases to show that the operator B2 keeps the main
structure as K .

CASE 1. When (x, ξ), (x, ξ∗) ∈Ω3, we have b2(ξ, ξ∗)= k(ξ, ξ∗).
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CASE 2. When (x, ξ), (x, ξ∗) ∈Ω1, we have

b2(ξ, ξ∗) � K(ξ, ξ∗)
(

1+ |ξ̃∗|
1+ |ξ̃ |

) 1−γ0
2

× exp

{
ε

(
δx + l

(1+ |ξ̃ |)1−γ0
+ 3|ξ̃ |2 − δx + l

(1+ |ξ̃∗|)1−γ0
− 3|ξ̃∗|2

)}
� cK(ξ, ξ∗) exp

{
cε
∣∣|ξ̃ |2 − |ξ̃∗|2∣∣}. (2.91)

By the discussion for Lemmas 2.13 and 2.14, (2.91) implies that b2 has the same properties
as K(ξ, ξ∗) when ε is sufficiently small.

CASE 3. When (x, ξ) ∈Ω1, (x, ξ∗) ∈Ω3, we have

b2(ξ, ξ∗) � cK(ξ, ξ∗)
(δx + l)Θ2
(1+ |ξ |) 1−γ0

2

× exp

{
ε

(
−5(δx + l) 2

3−β + δx + l
(1+ |ξ̃ |)1−γ0

+ 3|ξ̃ |2
)}

� cK(ξ, ξ∗) exp
{
cε
∣∣|ξ̃ |2 − |ξ̃∗|2∣∣}, (2.92)

where we have used δx + l � (1 + |ξ̃ |)3−γ0 for (x, ξ) ∈ Ω1, and ||ξ̃ |2 − |ξ̃∗|2| �
c(δx + l) 2

3−γ0 because (x, ξ∗) ∈Ω3.

In summary, b2(ξ, ξ∗) also has the same properties as K(ξ, ξ∗). This together with the
property of B1 complete the proof of the lemma.

To have a shorter expression for g, let

κ(x, x′; ξ)=−ε
∫ x

x′
σx(y, ξ) dy + ν

ξ1
(x − x′).

Since κ(x, x′; ξ) > 0 both for x − x′ > 0, ξ1 > 0 and x − x′ < 0, ξ1 < 0 when ε > 0 is
sufficiently small, the solution g can be formally written as

g = b̃+U(K̄g + h), (2.93)

where

b̃=
{

exp(−κ(x,0; ξ))b0, ξ1 > 0,

0, ξ1 < 0,
(2.94)

and

U(h)=
{∫ x

0 exp(−κ(x, x′; ξ)) 1
ξ1
h(x′, ξ) dx′, ξ1 > 0,

− ∫∞
x

exp(−κ(x, x′; ξ)) 1
ξ1
h(x′, ξ) dx′, ξ1 < 0.

(2.95)
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Similar to the hard sphere model, the operator U here also has the following properties.
The proof is omitted for brevity. �

LEMMA 2.20. The operator U satisfies, for 1 � p, r �∞,∥∥U(h)(·, ξ)∥∥
L
p
x

� cν−1(ξ)
∥∥h(·, ξ)∥∥

L
p
x
,∥∥U(h)∥∥

Lrξ (L
p
x )

� c
∥∥ν−1h

∥∥
Lrξ (L

p
x )
. (2.96)

And for β ∈R,[[
U(h)

]]
β

� c
[[
ν−1h

]]
β
. (2.97)

Now in order to obtain the weightedL∞x,ξ estimate on g, similar to the hard sphere model,
we prove the following lemma based on the energy estimate on the linear Boltzmann equa-
tion with damping (2.76). Again, the proof is omitted for brevity.

LEMMA 2.21. The solution to the linear Boltzmann equation with damping (2.76) satisfies
for 0 � α < 1

2 ,

∥∥σ 1
2
x w−αν

1
2 g
∥∥+ ∥∥σ 1

2
x w1ν

− 1
2 gx

∥∥� cE0, (2.98)

where

E0 =
∥∥|ξ1| 1

2w−αb0
∥∥+ + ∣∣[h]∣∣+ ∥∥w−ασ 1

2
x (x, ξ)h

∥∥.
By Lemma 2.20 and 2.21, we have the following lemma on the �·�β norm of g.

LEMMA 2.22. For 0< α < 1
2 , β > 3

2 , the solution to the problem (2.76) satisfies

�g�β � c
(�ν−1h�β +

∣∣[h]∣∣+ ∥∥w−ασ 1
2
x h̄
∥∥+ |b0|∗

)
, (2.99)

where

|b0|∗ = |b0|+,β +
∥∥|ξ | 1

2w−αb0
∥∥+,

|b0|+,β = sup
ξ∈R3,ξ1>0

(
1+ |ξ |)β |b0|. (2.100)

PROOF. By using the property of the operators U in (2.97) and noticing that the operator
K̄ is a bounded operator from �·�β−1 to �·�β , we have

�g�β � c|b0|+,β + c
(�
ν−1K̄g

�
β
+ �

ν−1h
�
β

)
� c|b0|+,β + c

(�g�β−1 +
�
ν−1h̄

�
β

)
. (2.101)
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Iterating (2.101) gives

�g�β � c
(|b0|+,β + �g�0 +

�
ν−1h

�
β

)
, (2.102)

where we have used for β � 1,

�
ν−1h

�
β
+ · · · + �

ν−1h
�

2 +
�
ν−1h

�
1 � c

�
ν−1h

�
β
. (2.103)

In order to obtain (2.99), we need to estimate ‖g‖0 = ‖σ
1
2
x g‖L∞x,ξ .

By using (2.98), we have for 1
4 < β <

1
2 , i.e., 0< 1− 2β < 1

2 ,

∥∥σ 1
2
x wβg

∥∥2
L∞x (L2

ξ )
�
∥∥σ 1

2
x wβg

∥∥2
L2
ξ (L

∞
x )

� c

∫ {
w2
βw

−1
1 ν

1
2 (ξ)

∥∥σ 1
2
x g(·, ξ)

∥∥
L2
x

}{
w1ν

− 1
2 (ξ)

∥∥σ 1
2
x gx(·, ξ)

∥∥
L2
x

}
dξ

� cE2
0 . (2.104)

Here we have used |σxx | � cδσx to absorb some terms from differentiation by

‖σ
1
2
x wβg‖2

L2
ξ (L

∞
x )

when δ is sufficiently small.

By the expression (2.93) of g, we have

σ
1
2
x g = σ

1
2
x b̃+ σ

1
2
x Uσ

− 1
2

x

(
σ

1
2
x K̄g + σ

1
2
x h
)
. (2.105)

Similar to the proof for (2.96), we can show that σ
1
2
x Uσ

− 1
2

x shares the same property of U
in (2.96). Hence,∥∥σ 1

2
x g
∥∥
L2
ξ (L

∞
x )

� c
(‖b0‖+ +

∥∥σ 1
2
x K̄σ

− 1
2

x w−βσ
1
2
x wβg

∥∥
L2
ξ (L

∞
x )
+ ∥∥ν−1σ

1
2
x h
∥∥
L2
ξ (L

∞
x )

)
� c

(‖b0‖+ +
∥∥σ 1

2
x wβg

∥∥
L2
ξ (L

∞
x )
+ ∥∥ν−1σ

1
2
x h
∥∥
L2
ξ (L

∞
x )

)
� c

(‖b0‖+ +E0 +
∥∥ν−1σ

1
2
x h
∥∥
L2
ξ (L

∞
x )

)
, (2.106)

because σ
1
2
x K̄σ

− 1
2

x w−β is bounded from L2
ξ to itself.

By (2.106), and using the expression of g again and noticing that σ
1
2
x K̄σ

− 1
2

x is a bounded
operator from L2

ξ (L
∞
x ) to L∞x,ξ , we have

�g�0 � c‖b0‖+,0 +
∥∥σ 1

2
x U(K̄g+ h)

∥∥
L∞x,ξ
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� c
(‖b0‖+,0 +

∥∥σ 1
2
x K̄σ

− 1
2

x σ
1
2
x g
∥∥
L∞x,ξ

+ ∥∥ν−1σ
1
2
x h
∥∥
L∞x,ξ

)
� c

(‖b0‖+,0 +
∥∥σ 1

2
x g
∥∥
L2
ξ (L

∞
x )
+ ∥∥ν−1σ

1
2
x h
∥∥
L∞x,ξ

)
� c

(‖b0‖+,0 +E0 +
∥∥ν−1σ

1
2
x h
∥∥
L2
ξ (L

∞
x )
+ �

ν−1h
�

0

)
. (2.107)

By using (2.107), when β > 3
2 , we have

�g�β � c
(‖b0‖+,β +E0 +

�
ν−1h

�
β
+ ∥∥ν−1σ

1
2
x h
∥∥
L2
ξ (L

∞
x )∩L∞x,ξ

)
� c

(|b0|∗ +
∣∣[h]∣∣+ ∥∥w−ασ 1

2
x h
∥∥+ �

ν−1h
�
β
+ ∥∥ν−1σ

1
2
x h
∥∥
L2
ξ (L

∞
x )∩L∞x,ξ

)
� c

(|b0|∗ +
�
ν−1h

�
β
+ ∣∣[h]∣∣+ ∥∥w−ασ 1

2
x h
∥∥), (2.108)

because ‖ν−1σ
1
2
x h‖L2

ξ (L
∞
x )

� c�ν−1h�β when β > 3
2 . This completes the proof of the

lemma. �

Now we are ready to prove existence of solution to the nonlinear Boltzmann equation
with damping (2.14) and (2.15). Before that, we prove the following lemma on the property
on Γ (g,g) in the norm �·�β which is similar to the one in the norm ‖ · ‖β used for the hard
sphere model.

LEMMA 2.23. The projection of Γ (g,g) on the null space of L vanishes and there exists
a positive constant c such that for all (x, ξ),

∣∣ν−1(ξ)σ
1
2
x e

εσ
(
1+ |ξ |)βΓ (e−εσ g, e−εσ h)∣∣

� c(δx + l)−
2β+γ0−1
2(3−γ0) �g�β�h�β, (2.109)

for any β > 1−γ0
2 and sufficiently small constant ε > 0.

PROOF. By the definition of �·�β , we have

∣∣ν−1(ξ)σ
1
2
x

(
1+ |ξ |)βeεσΓ (e−εσ g, e−εσ g)∣∣� sup

x,ξ

∣∣H(x, ξ)∣∣�g�β�h�β,
where

H(x, ξ) = ν−1(ξ)W−1
0

(
1+ |ξ |)βσ 1

2
x e

εσ

×Q(e−εσW 0σ
− 1

2
x

(
1+ |ξ |)−β, e−εσW 0σ

− 1
2

x

(
1+ |ξ |)−β).



Stationary problem of Boltzmann equation 421

All we need to prove is that supx,ξ H(x, ξ) is uniformly bounded by c(δx + l)−
2β+γ0−1
2(3−γ0)

when ε is sufficiently small.
According to the definition of Q(·, ·), there are two terms representing the gain and loss

respectively. Hence, we have

H = ν−1(ξ)W−1
0

(
1+ |ξ |)βσ 1

2
x e

εσ

∫ ∫
W 0

(
ξ ′∗
)
W 0(ξ

′)
(
1+ ∣∣ξ ′∗∣∣)−β(1+ |ξ ′|)−β

× σ−
1
2

x

(
x, ξ ′∗

)
σ
− 1

2
x (x, ξ ′)e−εσ ′∗−εσ ′q(v, θ) dξ∗ dw

− ν−1(ξ)

∫ ∫
W 0(ξ∗)

(
1+ |ξ∗|

)−β
σ
− 1

2
x (x, ξ∗)e−εσ∗q(v, θ) dξ∗ dw

= H1 −H2. (2.110)

Notice that W 0W 0(ξ∗)=W 0(ξ
′)W 0(ξ

′∗). By using σ∗ � c(δx + l) 2
3−γ0 , we have

H2 � cν−1(ξ)

×
∫ ∫

R3
W 0(ξ∗)q(ξ − ξ∗, θ)e−εσ∗ max

{
(δx + l)Θ2 , (1+ |ξ̃∗|) 1−γ0

2
}
dξ∗ dω

� ce−ε2(δx+l)
2

3−γ0
. (2.111)

The estimation on H1 is more complicated. Firstly, notice that for any positive constant
α, (

1+ |ξ ′|)−α(1+ |ξ ′∗|)−α � c
(
1+ |ξ |)−α. (2.112)

Depending the locations of (x, ξ), (x, ξ ′) and (x, ξ ′∗), there are different cases. For illus-
tration, we consider the following two cases. The other cases can be proved similarly.

CASE 1. When (x, ξ), (x, ξ ′), (x, ξ ′∗) ∈Ω1, we have when β > 1−γ0
2 ,

H1 � cν−1(ξ)

∫ ∫
R3

W 0(ξ∗)q(ξ − ξ∗, θ) (1+ |ξ |)β− 1−γ0
2

(1+ |ξ ′|)β− 1−γ0
2 (1+ |ξ ′∗|)β−

1−γ0
2

× exp

{
ε

(
δx + l

(1+ |ξ̃ |)1−γ0
+ 3|ξ̃ |2 − δx + l

(1+ |ξ̃ ′|)1−γ0

− 3|ξ̃ ′|2 − δx + l
(1+ |ξ̃ ′∗|)1−γ0

− 3
∣∣ξ̃ ′∗∣∣2)}dξ∗ dω

� cν−1(ξ)

∫ ∫
R3

W 0(ξ∗)q(ξ − ξ∗, θ) exp
{
εΔ1 − 3ε|ξ̃∗|2

}
dξ∗ dω, (2.113)
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where

Δ1 = δx + l
(1+ |ξ̃ |)1−γ0

− δx + l
(1+ |ξ̃ ′|)1−γ0

− δx + l
(1+ |ξ̃ ′∗|)1−γ0

.

If Δ1 � 0, then (2.113) yields

H1 � c1ν
−1(ξ)

∫ ∫
R3

W 0(ξ∗)q(ξ − ξ∗, θ)(δx + l)−
2β+γ0−1
2(3−γ0) dξ∗ dω

� c(δx + l)−
2β+γ0−1
2(3−γ0) .

Otherwise, we have |ξ̃ |� min{|ξ̃ ′|, |ξ̃ ′∗|}. In this case, since

|ξ̃ |2 + |ξ̃∗|2 = |ξ̃ ′|2 +
∣∣ξ̃ ′∗∣∣2,

we have |ξ̃ |� |ξ̃∗| and thus δx+l
(1+|ξ̃ |)1−γ0

� |ξ̃ |2 � |ξ̃∗|2. Hence, when ε is sufficiently small,

exp{εΔ1} can be absorbed by W 0(ξ∗) so that H1 is bounded by c exp{−ε2(δx + l) 2
3−γ0 }.

CASE 2. When (x, ξ) ∈Ω3 and (x, ξ ′), (x, ξ ′∗) ∈Ω1, H1 can be estimated as follows

H1 � cν−1(ξ)

∫ ∫
R3

W 0(ξ∗)q(ξ − ξ∗, θ)
(
1+ |ξ̃ ′|) 1−γ0

2
(
1+ ∣∣ξ̃ ′∗∣∣) 1−γ0

2

× (δx + l)−Θ
2 exp

{
ε

(
5(x + l) 2

3−γ0 − δx + l
(1+ |ξ̃ ′|)1−γ0

− δx + l
(1+ |ξ̃ ′∗|)1−γ0

− 3|ξ̃ ′|2 − 3
∣∣ξ̃ ′∗∣∣2)}dξ∗ dω

� cν−1(ξ)

∫ ∫
R3

W 0(ξ∗)q(ξ − ξ∗, θ) exp
{−ε2(δx + l) 2

3−γ0
}
dξ∗ dω

� c exp
{−ε2(δx + l) 2

3−γ0
}
, (2.114)

where we have used

|ξ̃ ′|2 + ∣∣ξ̃ ′∗∣∣2 � 9

5
(δx + l) 2

3−γ0 ,

when l is sufficiently large because (x, ξ ′) and (x, ξ ′∗) ∈Ω1.

Therefore, combining the estimates on H1 and H2 gives the estimate (2.109). �
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We are now ready to prove the global existence for the nonlinear Boltzmann equation
with damping. For β >max{ 3

2+γ0,3−2γ0}, by (2.109), straightforward calculation yields

�
ν−1eεσΓ (e−εσ g, e−εσ g)

�
β

� c�g�2
β,∥∥σ− 1

2
x eεσΓ (e−εσ g, e−εσ g)

∥∥� c�g�2
β, (2.115)∣∣[eεσΓ (e−εσ g, e−εσ g)]∣∣

� c
(∥∥σ− 1

2
x eεσΓ (e−εσ g, e−εσ g)

∥∥+ ∥∥eεσΓ (e−εσ g, e−εσ g)∥∥)� c�g�2
β,

and for 0< α < 1
2 , we have

∥∥w−ασ 1
2
x e

εσΓ (e−εσ g, e−εσ g)
∥∥� c�g�2

β.

By noticing that h= eεσΓ (e−εσ g, e−εσ g), in summary, (2.99) gives

�g�β � c
(�g�2

β + |b0|∗
)
. (2.116)

When |b0|∗ is sufficiently small, the contraction mapping theorem and (2.116) give the
following existence theorem for the problem (2.14) and (2.15).

THEOREM 2.24. When the boundary data Fb satisfies that eεσ(0,ξ)W−1
0 [Fb − M∞] is

sufficiently small in the norm | · |∗ given in (2.100), the nonlinear Boltzmann equation
with damping (2.14) and (2.15) has a unique solution F such that eεσW−1

0 [F −M∞] is
bounded in the norm �·�β when β >max{ 3

2 + γ0,3− 2γ0}.
Similar to the argument for the hard sphere model, the solvability condition on the

boundary data can be obtained by considering the corresponding solution operators to en-
sure the vanishing of the artificial damping. And the co-dimension on the boundary data
follows from the same argument.

2.3. Stability for M∞ <−1

In this section, we will apply the energy method and a bootstrap argument to prove the
stability of the boundary layer obtained in the previous subsections. Besides its mathemat-
ical importance, the stability yields that the nonnegativity of the boundary layer solution
obtained in the previous subsections. Again, because of the intrinsic difference between
the hard sphere model and the cutoff hard potentials, the convergence rates of the solutions
for the initial boundary value problems to the boundary layers are different. Precisely, it is
of exponential order for the hard sphere model while it is of only algebraic order for the
cutoff hard potentials. Here we only consider the case when the far field is incoming and
supersonic. This case is easier than other cases because all the information from infinity
goes into the boundary layer and in macroscopic level, no wave propagates to infinity as
time tends to infinity.
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2.3.1. Hard sphere model. Let F̄ = F̄ (x, ξ) be the stationary solution to the problem
(2.3). Consider the initial boundary value problem,⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ft + ξ1Fx =Q(F,F ), t > 0, x > 0, ξ ∈R3,

F |t=0 = F0(x, ξ), x > 0, ξ ∈R3,

F |x=0 = Fb(ξ), t > 0, ξ1 > 0, (ξ2, ξ3) ∈R2,

F →M∞(ξ) (x→∞), t > 0, ξ ∈R3.

(2.117)

The stability of the boundary layer when the Mach number of the far field is less than
−1 can be stated as follows for the hard sphere model.

THEOREM 2.25. When M∞ <−1, under the assumption that∣∣Fb(ξ)−M∞(ξ)
∣∣� ε0Wβ(ξ), ξ ∈R3+, β > 5/2,

for a sufficiently small positive constant ε0, let F̄ (x, ξ) be the boundary layer solution to
(2.3) given in Theorem 2.5. For the problem (2.117), when the initial data satisfies[[

W−1
0 eεσ(0,ξ)

(
F0(x, ξ)− F̄ (x, ξ)

)]]
β
< ε1, β > 5/2,

where ε1 > 0 is a sufficiently small constant, there exists a unique solution F(t, x, ξ) which
decays exponentially in time to F̄ (x, ξ). In other words, the boundary layer solution is
nonlinearly stable.

To prove the stability result, we will first consider two semi-groups associated with
two linearized problems of (2.117) and show that they both have exponential decay prop-
erty. Then by applying the bootstrap argument and using the smallness assumption on the
strength of the boundary layer, we will have the nonlinear stability result stated in The-
orem 2.25. This will be done in two steps. The first step is to consider the corresponding
linearized problem by energy method forL2

x,ξ estimate and the bootstrap argument for L∞x,ξ
estimate. The exponential decay in time estimate obtained in the first step can be used in
the second step for the nonlinear stability by using the Grad’s estimate on nonlinear Boltz-
mann collision operator to obtain an a priori estimate on the solution for the application of
fixed point theorem.

Again, write the solution of (2.117) in the form

F(t, x, ξ)=M∞(ξ)+W 0(ξ)f (t, x, ξ). (2.118)

Then, the problem (2.117) reduces to⎧⎪⎪⎪⎨⎪⎪⎪⎩
ft + ξ1fx −Lf = Γ (f ), t > 0, x > 0, ξ ∈R3,

f |t=0 = f0(x, ξ), x > 0, ξ ∈R3,

f |x=0 = a0(ξ)=W−1
0 (Fb −M∞), t > 0, ξ1 > 0, (ξ2, ξ3) ∈R2,

f → 0 (x→∞), t > 0, ξ ∈R3.

(2.119)
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Let f = e−εxg in (2.119) to have⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

gt + ξ1gx − εξ1g −Lg = e−εxΓ (g),
t > 0, x > 0, ξ ∈R3,

g|t=0 = g0(x, ξ), x > 0, ξ ∈R3,

g|x=0 = a0(ξ), t > 0, ξ1 > 0, (ξ2, ξ3) ∈R2,

g→ 0 (x→∞), t > 0, ξ ∈R3.

(2.120)

Now, denote the stationary boundary layer solution to (2.120) by ḡ and let the initial
data g0 be a small perturbation of ḡ. Then the stability problem can be formulated as:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

g̃t + ξ1g̃x − εξ1g̃ −Lg̃ = e−εx{L̄g̃ + Γ (g̃)},
t > 0, x > 0, ξ ∈R3,

g̃|t=0 = g̃0(x, ξ), x > 0, ξ ∈R3,

g̃|x=0 = 0, t > 0, ξ1 > 0, (ξ2, ξ3) ∈R2,

g̃→ 0 (x→∞), t > 0, ξ ∈R3,

(2.121)

where g̃ = g − ḡ, g̃0 = g0 − ḡ and L̄g̃ = 2Γ (ḡ, g̃).
Let S(t) be the solution operator (semi-group) of the linear problem⎧⎪⎨⎪⎩

ht + ξ1hx − εξ1h−Lh= 0, t > 0, x > 0, ξ ∈R3,

h|x=0 = 0 (ξ1 > 0), h→ 0 (x→∞), t > 0, ξ ∈R3,

h|t=0 = h0(x, ξ), x > 0, ξ ∈R3.

(2.122)

Then we have h= S(t)h0.
For the case M∞ <−1, L2 decay estimate for (2.122) is easy to establish. Recall that

in this case, the operator A= P 0ξ1P 0 is negative definite on N . Now for a small ε > 0, a
straightforward energy estimation gives

1

2

d

dt

∥∥h(t)∥∥2 + 〈|ξ1|h0, h0〉
− +

ν1

2

∥∥(1+ |ξ |)1/2h(t)∥∥2 � 0,

where h0 = h|x=0. This implies that

d

dt

(
e
ν1
2 t
∥∥h(t)∥∥2)+ e ν12 t{2

〈|ξ1|h0(t), h0(t)
〉
− +

ν1

2

∥∥(1+ |ξ |)1/2h(t)∥∥2
}

� 0.

Thus,

e
ν1
2 t
∥∥h(t)∥∥2 +

∫ t

0
e
ν1
2 t

{
2
〈|ξ1|h0(t), h0(t)

〉
− +

ν1

2

∥∥(1+ |ξ |)1/2h(t)∥∥2
}
dt

� ‖h0‖2, (2.123)
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and ∥∥S(t)h0
∥∥� e−κt‖h0‖, κ = ν1

4
. (2.124)

As for the existence analysis, we want to prove the following estimate which is needed
for the application of the fixed point theorem to get the global existence of solution to the
nonlinear problem (2.121). For β � 0,∥∥S(t)h0

∥∥
β

� ce−κt
{‖h0‖β + ‖h0‖L2

x,ξ

}
. (2.125)

In order to prove (2.125), we first consider another simpler linear solution operator. Let
S0(t) be the solution operator (semi-group) of⎧⎪⎨⎪⎩

ht + ξ1hx − εξ1h+ ν(ξ)h= 0, t > 0, x > 0, ξ ∈R3,

h|x=0 = 0 (ξ1 > 0), h→ 0 (x→∞), t > 0, ξ ∈R3,

h|t=0 = h0(x, ξ), x > 0, ξ ∈R3.

(2.126)

The solution to the above linear initial boundary value problem has the following explicit
expression.

h= S0(t)h0 = e−(ν(ξ)−εξ1)tχ(x − ξ1t)h0(x − ξ1t, ξ), (2.127)

where χ(y) is the usual characteristic function for y > 0. Based on this expression and
with the lower bound ν(ξ) � ν0 > 0, a simple calculation yields the following estimate
on S0. ∥∥S0(t)h0

∥∥
X

� ce−(2κ−ε)t‖h0‖X, (2.128)

with κ chosen to be min( ν0
2 ,

ν1
4 ), for some small constant ε > 0. Here, the space X can be

either L∞β or L2
x,ξ .

From (2.122) and (2.126), we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

S(t)h0 = S0(t)h0 +
∫ t

0 S0(t − s)KS(s)h0 ds

=∑m−1
j=0 Ij (t)+ Jm(t),

I0(t)= S0(t)h0,

Ij (t)=
∫ t

0 S0(t − s)KIj−1(s) ds = (S0K) ∗ Ij−1,

Jm(t)= (S0K) ∗ (S0K) ∗ · · · ∗ (S0K)︸ ︷︷ ︸
m

∗h,

(2.129)

with h = S(t)h0. Here and hereafter, “∗” stands for the convolution in t . By using the
estimate (2.128) and the regularizing property of the compact operator K , we have for
β � j � 0,∥∥Ij (t)∥∥β � cj e

(−2κ+ε)t‖h0‖β−j . (2.130)
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The estimate on Jm is more complicated and can be stated in the following bootstrap
lemma.

LEMMA 2.26. For β � 0, we have∥∥Jβ+3(t)
∥∥
β

� ce−κt‖h0‖L2
x,ξ
.

PROOF. Firstly, again by the regularizing property of K , we have

∥∥Jβ+3(t)
∥∥
β

� C

β!
∫ t

0
(t − τ)βe−(2κ−ε)(t−τ)‖J2‖L∞x (L2

ξ )
(τ ) dτ, (2.131)

where

J2(t)= (S0K) ∗ (S0K) ∗ h= S0 ∗ J̄ , (2.132)

with

J̄ =KS0K ∗ h=
∫ t

0
KS0(t − s)Kh(s) ds =

∫ t

0
J̄0(t − s, s) ds. (2.133)

We now estimate J̄0(t, s) as follows by using the integrability property of the compact
operator K . By definition, we have

J̄0(t, s) = KS0(t)Kh(s)

=
∫

R3×R3
K(ξ, ξ ′)K(ξ ′, ξ ′′)e−(ν(ξ ′)−εξ ′1)tχ(y)

× h(s, y, ξ ′′) dξ ′ dξ ′′, (2.134)

where y = x − ξ ′1t . Hence,

∣∣J̄0(t, s)
∣∣� e−(ν0−ε)t

∫
R×R3

K0
(
ξ, ξ ′1, ξ ′′

)
χ(y)

∣∣h(s, y, ξ ′′)∣∣dξ ′1 dξ ′′, (2.135)

where

K0
(
ξ, ξ ′1, ξ ′′

)≡ ∫
R2

∣∣K(ξ, ξ ′)∣∣∣∣K(ξ ′, ξ ′′)∣∣dξ ′2 dξ ′3,
with ξ ′ = (ξ ′1, ξ ′2, ξ ′3).

Notice that the estimate of the kernel K(ξ, ξ ′) satisfies∫
R3

∣∣K(ξ, ξ ′)∣∣dξ ′ = ∫
R3

∣∣K(ξ ′, ξ)∣∣dξ ′ � C0,∫
R2

∣∣K(ξ, ξ ′)∣∣dξ ′2 dξ ′3 � C1,
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where C0 and C1 are some positive constants depending only on the parameters ρ∞, u∞,
T∞. Thus, we have∫

R×R3
K0
(
ξ, ξ ′1, ξ ′′

)
dξ ′1 dξ ′′ =

∫
R3×R3

∣∣K(ξ, ξ ′)∣∣∣∣K(ξ ′, ξ ′′)∣∣dξ ′ dξ ′′ � C2
0 ,∫

R3
K0
(
ξ, ξ ′1, ξ ′′

)
dξ � C0

∫
R2

∣∣K(ξ ′, ξ ′′)∣∣dξ ′2 dξ ′′3 � C0C1.

By (2.135) and Schwarz inequality,

∣∣J̄0(t, s)
∣∣2 � e−2(2κ−ε)t

[∫
R2×R3

K0
(
ξ, ξ ′1, ξ ′′

)
dξ ′1 dξ ′′

]
×
[∫

R2×R3
K0
(
ξ, ξ ′1, ξ ′′

)
χ(y)

∣∣h(s, y, ξ ′′)∣∣2 dξ ′1 dξ ′′]
� C2

0e
−2(2κ−ε)t

∫
R2×R3

K0
(
ξ, ξ ′1, ξ ′′

)
χ(y)

∣∣h(s, y, ξ ′′)∣∣2 dξ ′1 dξ ′′.
(2.136)

Therefore, we have∥∥J̄0(t, s)
∥∥2
L∞x (L2

ξ )
= sup
x>0

∫
R3

∣∣J̄0(t, s)
∣∣2 dξ

� C2
0C0C1e

−2(2κ−ε)t
∫

R×R3
χ(y)

∣∣h(s, y, ξ ′′)∣∣2 dξ ′1 dξ ′′
= c

t
e−2(2k−ε)t

∫ ∞

0
dy

∫
R3
dξ ′′

∣∣h(s, y, ξ ′′)∣∣2
� c

t
e−2(2k−ε)t e−2ks‖h0‖2

L2
x,ξ

. (2.137)

Here, we have used the L2 decay estimate (2.124). Hence (2.133) and (2.137) give

∥∥J̄ (t)∥∥
L∞x (L2

ξ )
�
∫ t

0

∥∥J̄0(t − s, s)
∥∥
L∞x (L2

ξ )
ds

� c

∫ t

0

e−(2κ−ε)(t−s)√
t − s e−κs‖h0‖L2

x,ξ
ds

� ce−kt
∫ t

0

e−(κ−ε)(t−s)√
t − s ds ‖h0‖� ce−κt‖h0‖. (2.138)

This together with (2.128) and (2.132) give

∥∥J2(t)
∥∥
L∞x (L2

ξ )
= ‖S0 ∗ J̄‖�

∫ t

0
e−(2κ−ε)(t−s)

∥∥J̄ (s)∥∥
L∞x (L2

ξ )
ds
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� c

∫ t

0
e−(2κ−ε)(t−s)e−κs ds ‖h0‖L2

x,ξ
� ce−κt‖h0‖L2

x,ξ
. (2.139)

Plug this into (2.131) yields

∥∥Jβ+3(t)
∥∥
β

� e−κt c
β!
∫ t

0
(t − τ)βe−(κ−ε)(t−τ) dτ ‖h0‖L2

x,ξ

� ce−κt‖h0‖L2
x,ξ
. (2.140)

And this completes the proof of the lemma. �

This lemma and (2.130) complete the proof of the L∞β decay estimate (2.125).

In order to estimate the nonlinear term Γ (g̃) and the coupling term L̄g̃ in (2.121), we
need the following lemma.

LEMMA 2.27. When β � 0, for the two semi-groups S0 and S, we have

‖S0 ∗ νh‖β(t)� ce−κt sup
0�τ�t

{
eκτ‖h‖β(τ )

}
,

‖S ∗ νh‖β(t)� ce−κ/2t
{

sup
0�τ�t

(
eκ/2τ‖h‖β(τ )

)+ sup
0�τ�t

(
eκ/2τ‖νh‖L2

x,ξ
(τ )
)}
,

both for every function h(t, x, ξ) with the relevant norm bounded.

PROOF. Firstly, by the expression of the semi-group S0 and the linear growth rate of ν(ξ),
we have

‖S0 ∗ νh‖β � sup
x,ξ

∫ t

0

(
1+ |ξ |β)e−(ν−εξ1)(t−s)χ(x − ξ1s)ν

∣∣h(s, x − ξ1s, ξ)
∣∣ds

� e−κt sup
0�τ�t

{
eκτ‖h‖β(τ )

}
sup
ξ

{∫ t

0
e−(ν(ξ)−κ−εξ1)(t−s)ν(ξ) ds

}
� ce−κt sup

0�τ�t

{
eκτ‖h‖β(τ )

}
.

To give the estimate on S, we use the relation between S and S0,

S = S0 + S0 ∗KS.

Write (2.125) as∥∥S(t)h0
∥∥
β

� ce−κt {{h0}}β, (2.141)
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with

{{·}}β = ‖ · ‖β + ‖ · ‖L2
x,ξ
. (2.142)

We assume β � 1 but the proof is similar for other β . By the regularizing property of the
operator K again and (2.141), we have

‖S0 ∗KS ∗ νh‖β � c

∫ t

0
e−κ(t−s)‖S ∗ νh‖β−1(s) ds

� c

∫ t

0
e−κ(t−s)

∫ s

0
e−κ(s−τ){{νh}}β−1(τ ) dτ ds

� c sup
0�τ�t

{
eκ/2τ {{νh}}β−1(τ )

}∫ t

0
e−κ(t−s)e−κ/2ss ds

� ce−κ/2t sup
0�τ�t

{
eκ/2τ {{νh}}β−1(τ )

}
.

Combining this with the estimate for S0, we have∥∥S ∗ ν(ξ)h∥∥
β
(t)

� ce−κ/2t
{

sup
0�τ�t

(
eκ/2τ‖h‖β(τ )

)+ sup
0�τ�t

(
eκ/2τ {{νh}}β−1(τ )

)}
.

Recalling the linear growth of ν(ξ) and the definition (2.142), this completes the proof of
the lemma. �

By using the estimates in the above lemmas and (2.141), we can now construct a global
solution to the nonlinear problem (2.121). The definition of the semi-group implies that

g̃ = S(t)g̃0 + S ∗
{
e−εx

(
L̄g̃ + Γ (g̃))}. (2.143)

Write the right hand side by Φ[g̃]. We have∥∥Φ[g̃]∥∥
β

�
∥∥S(t)g̃0

∥∥
β
+ ∥∥S ∗ {νν−1e−εx

(
L̄g̃ + Γ (g̃))}∥∥

β

� ce−κ/2t
{
{{g̃0}}β + sup

τ�0

(
eκ/2τ

∥∥e−εxν−1(L̄g̃+ Γ (g̃))∥∥
β
(τ )
)

+ sup
τ�0

(
eκ/2τ

∥∥e−εx(L̄g̃+ Γ (g̃))∥∥
L2
x,ξ
(τ )
)}

� ce−κ/2t
{{{g̃0}}β + ‖ḡ‖β |||g̃||| + |||g̃|||2

}
,

where

|||h||| = sup
t�0

{
eκ/2t‖h‖β(t)

}
. (2.144)
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In the above, we have used for β > 5
2 to obtain

∥∥e−εxνh∥∥2
L2
x,ξ

�
(∫ ∞

0
e−2εx dx

∫
R3
ν2(ξ)

(
1+ |ξ |)−2β

dξ

)
‖h‖2

β = c‖h‖2
β.

Consequently,∣∣∣∣∣∣Φ[g̃]∣∣∣∣∣∣
β

� c
({{g̃0}}β + ‖ḡ‖β |||g̃||| + |||g̃|||2

)
.

Similarly,∣∣∣∣∣∣Φ[g̃] −Φ[h̃]∣∣∣∣∣∣
β

� c
(‖ḡ‖β |||g̃ − h̃||| + |||g̃ + h̃||| |||g̃ − h̃|||),

with some constant c.
The smallness assumption on {{ḡ0}}β and that on ‖ḡ‖β which follows from the smallness

assumption on the boundary data a0 in (2.120) now guarantee that the nonlinear map Φ
is contractive in a small ball in the Banach space defined with the norm (2.144) so that a
unique fixed point exists. This implies, taken into account the choice of the norm (2.144),
that (2.121) has a unique global in time solution converging exponentially to 0 as t→∞.
Thus Theorem 2.25 follows.

2.3.2. Cutoff hard potentials. We now turn to study the stability of the boundary layer
to the Boltzmann equation for the cutoff hard potentials. As for the existence theory, the
sub-linear growth in the collision frequency creates some difficulty in the analysis. For
the stability, an exponential decay in the form of e−ct can not be expected. However, the
following analysis gives an algebraic decay rate which may not be optimal.

To formulate the problem on the nonlinear stability of the boundary layers for the cutoff
hard potentials, set F̄ = F̄ (x, ξ) again to be the boundary layer solution. Consider the
initial boundary value problem (2.117) and the stability theorem when M∞ <−1 can be
stated as follows.

THEOREM 2.28. When the Mach number M∞ <−1, and the boundary data satisfy

∣∣Fb(ξ)−M∞(ξ)
∣∣� ε0σ

− 1
2

x e−εσ (0, ξ)Wβ(ξ),

ξ ∈R3+, β >max

{
3

2
+ γ0,3− 2γ0

}
,

where ε0 is a sufficiently small positive constant, let F̄ (x, ξ) be the boundary layer solution
to (2.3) given in Theorem 2.11. For the initial boundary value problem (2.117), if the initial
data satisfy for β >max{3− γ0

2 ,
7
2 − 5

2γ0},∥∥σ−1
x W−1

0 eεσ
(
F0(x, ξ)− F̄ (x, ξ)

)∥∥
L2
x,ξ

+ [[W−1
0 eεσ

(
F0(x, ξ)− F̄ (x, ξ)

)]]
β
< ε1, (2.145)
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where ε1 > 0 is a sufficiently small constant, and l � ε−3+γ0 in (2.64), then there exists a
unique solution F(t, x, ξ) such that

[[
W−1

0 eεσ (F − F̄ )]]
β

� Cε1(1+ t)− 3
2 .

This implies that the perturbation of the boundary layer converges to zero in time with an

algebraic rate (1+ t)− 3
2 , that is, the boundary layer solution is nonlinearly stable.

REMARK 2.29. If we impose faster spatial decay on the initial data, then faster time decay
in the perturbation can be obtained. More precisely, for m� 2, if we replace (2.145) by

∥∥σ−m
2

x W−1
0 eεσ

(
F0(x, ξ)− F̄ (x, ξ)

)∥∥
L2
x,ξ

+ �
W−1

0 eεσ
(
F0(x, ξ)− F̄ (x, ξ)

)�
β
< εm,

for β >max{m+4
2 − m−1

2 γ0,
m+5

2 − m+3
2 γ0}, then similar analysis gives that the decay rate

as (1+ t)−m+1
2 . However, εm→ 0 as m→∞.

For later use, notice that the weight function σ(x, ξ) satisfies

∣∣σxx(x, ξ)∣∣� {
0, (x, ξ) ∈Ω1,

c(δx + l)−Θ−1, (x, ξ) ∈Ω2 ∪Ω3,

where Ωi , i = 1,2,3, are defined in (2.89).
The dissipation of the modified linearized collision operator on N⊥ will be given as

follows. Since the proof is similar to the corresponding lemma for the hard sphere model,
we omit it for brevity.

LEMMA 2.30. There is constant ε2 > 0 such that for 0< ε < ε2 and g ∈N⊥

〈
g,σ

−m
2

x eεσLe−εσ σ
m
2
x g

〉
�−ν5

〈
ν
(|ξ |)g,g〉, m=−1,0,1,2,

for some positive constant ν5.

Moreover, by the dissipation of the convection term on the macroscopic components
given in the previous subsection:∫

|ξ̃ |3−γ0 � l
2

φP0ξ1P0φ dξ �−ν6

∫
R3
φ2

0 dξ,

we have the following lemma for Lε = eεσLe−εσ .
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LEMMA 2.31. Assume that M∞ < −1, ε is sufficiently small and l � ε−1. Then there
exists a constant c > 0 such that

−〈σxξ1φ,φ〉� cν6

4

〈
(δx + l)−Θ

2 φ0, (δx + l)−Θ
2 φ0

〉− c〈ν(ξ)φ1, φ1
〉
,

−〈Lεφ,φ〉�−cε2〈(δx + l)−Θ
2 φ0, (δx + l)−Θ

2 φ0
〉+ cν6

〈
ν(ξ)φ1, φ1

〉
.

Furthermore,

−ε〈σxξ1φ,φ〉 − 〈Lεφ,φ〉� cν6ε

8

〈
(δx + l)−Θ

2 φ, (δx + l)−Θ
2 φ
〉
.

The following lemma comes directly from the definition of σ(x, ξ) so that we omit its
proof for brevity.

LEMMA 2.32. When M∞ < −1, ε is sufficiently small and l � ε−3+γ0 , there exists a
constant c > 0 such that for any φ,∣∣∣∣ ∫

R3

σxx

σx
ξ1φ

2 dξ

∣∣∣∣� cε2(δx + l)−Θ 〈φ0, φ0〉 + cε 4
3
〈
ν
(|ξ |)φ1, φ1

〉
.

The next lemma is about how to transfer the decay in space to the decay in time through
some recursive relations in terms of energy inequalities. This lemma is crucially used to
obtain the time convergence of the solution for the initial boundary value problem to the
boundary layer.

LEMMA 2.33. Suppose that y and Ξ(t, x, ξ)� 1 are functions of (t, x, ξ). Define

Im(t)=
∫

R×R3
Ξ(t, x, ξ)my(t, x, ξ)2 dx dξ, for m�−1.

If there exists a positive constant ε such that

d

dt
I−1 � 0, . . . ,

d

dt
Im−1 + εIm−2 � 0,

d

dt
Im + εIm−1 � 0, (2.146)

then for −1 � n�m, there exists constant cm,ε such that

(1+ t)m−nIn(t)� cm,εIm(0). (2.147)

PROOF. By definition, notice that I−1(t) � I0(t) � · · · � Im(t) f or all t � 0 because
Ξ � 1. Define

F(t) = m!ε
(m+ 1)! (1+ t)

m+1I−1 + m!
m! (1+ t)

mI0 + · · · + m!
1! ε

−m+1(1+ t)Im−1

+ m!
0! ε

−mIm.
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From (2.146), it is straightforward to obtain

d

dt
F (t) = (1+ t)m+1ε

m+ 1

d

dt
I−1 + (1+ t)m

[
d

dt
I0 + εI−1

]
+ · · · +m!ε−m

[
d

dt
Im + εIm−1

]
� 0.

Thus, F(t)� F(0) which implies that there exists a constant cm,ε such that

(1+ t)m−nIn(t)� cm,εIm(0), for − 1 � n�m.

The proof of the lemma is then completed. �

With the above preparation, we are now ready to prove the stability for incoming and
supersonic case. Again, let f = e−εσ (x,ξ)g in (2.14). Then the problem for f is reduced to:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

gt + ξ1gx − εσxξ1g −Lεg

= eεσΓ (e−εσ g, e−εσ g), t > 0, x > 0, ξ ∈R3,

g|t=0 = g0(x, ξ)= eεσM
1
2∞(F0 −M∞), x > 0, ξ ∈R3,

g|x=0 = b0(ξ)= eεσ(0,ξ)a0(ξ) (ξ1 > 0), t > 0, (ξ2, ξ3) ∈R2,

g→ 0 (x→∞), t > 0, ξ ∈R3.

(2.148)

Denote the corresponding stationary boundary layer solution to (2.3) by ḡ and let the initial
g0 be a small perturbation of ḡ. Then the stability problem can be formulated as:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

g̃t + ξ1g̃x − εσxξ1g̃ −Lε g̃

= eεσ {L̄ε g̃ + Γ (e−εσ g̃, e−εσ g̃)}, t > 0, x > 0, ξ ∈R3,

g̃|t=0 = eεσM
1
2∞(F0 − F̄ ), x > 0, ξ ∈R3,

g̃|x=0 = 0 (ξ1 > 0), t > 0, (ξ2, ξ3) ∈R2,

g̃→ 0 (x→∞) t > 0, ξ ∈R3,

(2.149)

where g̃ = g− ḡ, g̃0 = g0 − ḡ and L̄ε = 2Γ (e−εσ ḡ, e−εσ g̃).
We first derive some energy estimates on the solution to the linearized equation using

several weight functions. Let S(t) be the solution operator of the linear problem:⎧⎪⎪⎪⎨⎪⎪⎪⎩
ht + ξ1hx − εσxξ1h−Lεh= 0, t > 0, x > 0, ξ ∈R3,

h|x=0 = 0 (ξ1 > 0),

h→ 0 (x→∞), t > 0, ξ ∈R3,

h|t=0 = h0(x, ξ), x > 0, ξ ∈R3.

(2.150)

For the hard sphere model, the solution operator S(t) has exponential decay property
when the Mach number is less then −1. For the cutoff hard potentials, we will use the
spatial-temporal estimates in Lemma 2.33 to derive an algebraic decay.
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Set

ρ−1 = σ
1
2
x h, ρ0 = h, ρ1 = σ−

1
2

x h, ρ2 = σ−1
x h.

It is straightforward to derive the following equations for ρi , i =−1, . . . ,2:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρ−1
t + ξ1ρ

−1
x − σxx

2σx
ξ1ρ

−1 − εσxξ1ρ
−1 − σ

1
2
x Lεσ

− 1
2

x ρ−1 = 0,

ρ0
t + ξ1ρ

0
x − εσxξ1ρ

0 −Lερ
0 = 0,

ρ1
t + ξ1ρ

1
x + σxx

2σx
ξ1ρ

1 − εσxξ1ρ
1 − σ−

1
2

x Lεσ
1
2
x ρ

1 = 0,

ρ2
t + ξ1j

2
x + σxx

σx
ξ1ρ

2 − εσxξ1ρ
2 − σ−1

x Lεσxρ
2 = 0.

(2.151)

By multiplying (2.151)1 by ρ−1 and integrating it over R+ × R3, when ε is sufficiently
small, Lemma 2.30 and Lemma 2.31 give(

ρ−1, ρ−1)
t
+ 〈|ξ1|ρ−1, ρ−1〉

−

+ cε((δx + l)−Θ
2 ρ−1, (δx + l)−Θ

2 ρ−1)� 0. (2.152)

Similarly, for sufficiently small ε, for i = 0,1,2, we have,(
ρi, ρi

)
t
+ 〈|ξ1|ρi, ρi

〉
− + cε

(
(δx + l)−Θ

2 ρi, (δx + l)−Θ
2 ρi

)
� 0.

Since σx(x, ξ)−1 � c(δx + l)Θ and 〈|ξ1|ρi, ρi〉− � 0, for i =−1, . . . ,2, we have(
ρ−1, ρ−1)

t
� 0,

(
ρ0, ρ0)

t
+ cε(ρ−1, ρ−1)� 0,(

ρ1, ρ1)
t
+ cε(ρ0, ρ0)� 0,

(
ρ2, ρ2)

t
+ cε(ρ1, ρ1)� 0.

Corresponding to Lemma 2.33, if we choose y = ρ−1, Ξ = σ−
1
2

x � 1 and m= 2, n=−1,
(2.147) gives(

ρ−1, ρ−1)(t)� cε(1+ t)−3(ρ2, ρ2)(0),
that is,

∥∥σ 1
2
x S(t)h0

∥∥
L2
x,ξ

� cε(1+ t)− 3
2
∥∥σ−1

x h0
∥∥
L2
x,ξ
. (2.153)

The following decay estimate on the solution operator S(t) is essential to obtain the
global existence and convergence rate for the nonlinear problem through the fixed point
theorem:

�
S(t)h0

�
β

� c(1+ t)− 3
2
{�h0�β +

∥∥σ−1
x h0

∥∥
L2
x,ξ

}
, (2.154)
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for some β > 0 , where �·�β is the norm defined in the subsection for existence. To prove
(2.154), consider a simpler linear solution operator. Let S0(t) be the solution operator of⎧⎪⎪⎪⎨⎪⎪⎪⎩

ht + ξ1hx − εσxξ1h+ ν(ξ)h= 0, t > 0, x > 0, ξ ∈R3,

h|t=0 = h0(x, ξ), x > 0, ξ ∈R3,

h|x=0 = 0, x > 0, ξ1 > 0, (ξ2, ξ3) ∈R2,

h→ 0 (x→∞), t > 0, ξ ∈R3.

(2.155)

It is straightforward to check that the solution to the above linear initial boundary value
problem has the following explicit expression:

h(t) = S0(t)h0

= h0(x − ξ1t, ξ)χ(x − ξ1t)e
− ∫ t0 [ν(ξ)−εσx(x−ξ1(t−s),ξ)ξ1]ds .

By using this expression and the positive lower bound for ν(ξ) � ν0 > 0, the following
lemma gives the exponential decay estimate on the operator S0(t). We omit its proof for
brevity.

LEMMA 2.34. For S0(t) defined above, there exist positive constants c and κ such that∥∥S0(t)h0
∥∥
X

� Ce−κt‖h0‖X, κ > 0, X = �·�β or ‖ · ‖L2
x,ξ
. (2.156)

Similar to the discussion for the hard sphere model, we can rewrite S(t) in terms of S0(t)

and K̃ = eεσKe−εσ :

S(t)h0 = S0(t)h0 +
∫ t

o

S0(t − s)K̃S(s)h0 ds

=
m−1∑
j=0

Ij (t)+ Jm(t),

where h = S(t)h0 and Ij and Jm are defined as in (2.129) with K replaced by K̃ . By
using the estimate (2.156) and the regularizing property of the compact operator K̃ given
in Lemma 2.19, we have for β � j � 0,

�
Ij (t)

�
β

� ce−κt�h0�β.

The estimate on Jm can be obtained by a bootstrap argument as for the hard sphere model.
The following proof mainly follows from the one of Lemma 2.26 where we replace K by

σ
1
2
x K̃σ

− 1
2

x and the norm ‖ · ‖β by �·�β . Moreover, the exponential decay for the hard sphere
model now becomes the algebraic decay from the energy estimate given in (2.153). Thus,
we omit its proof.
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LEMMA 2.35. For β � 0, there exists a constant c > 0 such that[[
Jβ+3(t)

]]
β

� c(1+ t)− 3
2
∥∥σ−1

x h0
∥∥
L∞x (L2

ξ )
.

In order to estimate the nonlinear term and the coupling term with the boundary layer,
the following lemma is needed which is similar to the one for the hard sphere model. The
main difference is that here only algebraic decay is involved.

LEMMA 2.36. When β > 0, for the two semi-groups S0 and S, we have

�S0 ∗ νh�β(t)�C(1+ t)− 3
2 sup

0�τ�t

{
(1+ τ) 3

2 �h�β(τ )},
�S ∗ νh�β(t)� C(1+ t)− 3

2 sup
0�τ�t

{
(1+ τ) 3

2 �h�β(τ )

+ (1+ τ) 3
2
∥∥νσ−1

x h
∥∥
L2
x,ξ
(τ )
}
,

for any function h(t, x, ξ) with the corresponding norms bounded.

With the above estimates, the global solution to the nonlinear problem (2.149) can be
proved as follows. Note that

g̃ = S(t)g̃0 + S ∗
{
eεσ

(
L̄ε g̃ + Γ (e−εσ g̃, e−εσ g̃)

)}
.

By denoting the right-hand side of the above equation by T [g̃], we have

�
T [g̃]�

β
�

�
S(t)g̃0

�
β
+ �

S ∗ νν−1eεσ
(
L̄ε g̃+ Γ (e−εσ g̃, e−εσ g̃)

)�
β

� C(1+ t)− 3
2

{
{{{σ−1

x g̃0}}}β + sup
0�τ�t

(
(1+ τ) 3

2

× �
ν−1eεσ

(
L̄ε g̃ + Γ (e−εσ g̃, e−εσ g̃)

)�
β

)
+ sup

0�τ�t

(
(1+ τ) 3

2
∥∥σ−1

x νν−1eεσ
(
L̄ε g̃+ Γ (e−εσ g̃, e−εσ g̃)

)∥∥
L2
x,ξ

)}
� c(1+ t)− 3

2
{{{{g̃0}}}β + �ḡ�β |||g̃||| + |||g̃|||2},

where

{{{h}}} = ∥∥σ−1
x h

∥∥
L2
x,ξ
+ �h�β, [[[h]]] = sup

t�0

{
(1+ t) 3

2 �h�β(t)}.
Here, we have used for β >max{3− γ0

2 ,
7
2 − 5

2γ0},
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∥∥σ−1
x eεσΓ (e−εσ g, e−εσ h)

∥∥2
L2
x,ξ

�
∫ ∞

0
dx

∫
R3

∣∣σ−3
x ν(ξ)2

∣∣∣∣ν(ξ)−1σ
1
2
x e

εσΓ (e−εσ g, e−εσ h)
∣∣2 dξ

� c

∫ ∞

0
dx

∫
R3

∣∣σ−3
x ν(ξ)2

∣∣(δx + l)− 2β+γ0−1
3−γ0

(
1+ |ξ |)−2β

dξ �g�2
β�h�2

β

� c

∫ ∞

0
dx

∫
R3

(
(δx + l)3Θ + (1+ |ξ̃ |)3(1−γ0)

)
(δx + l)−

2β+γ0−1
3−γ0

× (1+ |ξ |)−2(β−γ0) dξ �g�2
β�h�2

β

� c�g�2
β�h�2

β.

Consequently,[[[
T [g̃]]]]� c

({{{g̃0}}}β + �ḡ�β [[[g̃]]] + [[[g̃]]]2).
Similar argument gives[[[

T [g̃] − T [h̃]]]]� c
(�ḡ�β [[[g̃ − h̃]]] + [[[g̃ + h̃]]][[[g̃ − h̃]]]),

for some constant c.
Finally, the smallness assumptions on {{{g̃0}}}β and �ḡ�β coming from the smallness

assumption on the boundary data b0 guarantee that the nonlinear map T is contractive in
a small neighborhood of the original in the Banach space with the norm [[[·]]]. Therefore,
there is a unique fixed point which implies that (2.149) has a unique global in time solution

converging to 0 with the algebraic rate (1+ t)− 3
2 as t→∞. This completes the proof of

Theorem 2.28.

3. Exterior problem—flow past an obstacle

3.1. Formulation of problem

The flow past an obstacle is one of the classical problems in gas dynamics and fluid me-
chanics. In the context of the Boltzmann equation, this problem is formulated as follows.
Denote the domain occupied by the obstacle by O ⊂Rn, its exterior domain Rn \O by Ω ,
and the boundary by ∂Ω = ∂O. We consider a gas flow in the domain Ω which is in an
equilibrium state at infinity with a prescribed nonzero bulk velocity c ∈Rn. Moreover, we
assume that there is no external force nor source. Then, the problem is,

∂tf + ξ · ∇xf =Q(f,f ), t > 0, x ∈Ω, ξ ∈Rn,

f →Mc(ξ) (|x| →∞), t > 0, ξ ∈Rn,

f |t=0 = f0, x ∈Ω, ξ ∈Rn,

γ−f = Bγ+f, t > 0, x ∈ ∂Ω, ξ ∈Rn, n(x) · ξ < 0.

(3.1)
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Here, Mc is the Maxwellian for the far field. By suitable scalings of f and velocity vari-
ables, we can take

Mc(ξ)=M[1,c,1](ξ), (3.2)

without loss of generality. The third equation in the above is the initial condition and the
last equation is the boundary condition on the boundary ∂Ω . B is the boundary operator
and γ± are trace operators, both introduced in Section 1.3 with n(x) being the outward
normal to the boundary ∂Ω at point x ∈ ∂Ω (inward with respect to O).

The aim of this section is to present the existence theorem of the stationary solutions to
(3.1) for sufficiently small c. The presentation follows [64], with a part of proof renewed.
As for the stability of the stationary solutions, we refer the reader to [65]. The case where
the bulk velocity c at infinity is large, especially, close to the Mach number 1, is a physically
interesting problem in connection with the transonic flow with a shock waves emanating
from the surface of the obstacle. This is a big open problem for the Boltzmann equation,
however.

Thus, the stationary problem we shall solve is

ξ · ∇xf =Q(f,f ), x ∈Ω, ξ ∈Rn,

f →Mc(ξ)
(|x| →∞), ξ ∈Rn,

γ−f = Bγ+f, x ∈ ∂Ω, ξ ∈Rn, n(x) · ξ < 0,

(3.3)

where f = f (x, ξ). In the below, we assume that the Maxwellian Mc is not a stationary
solution except c = 0. Since Mc satisfies the first and second equations of (3.3) for any
c, this is equivalent to assuming that the boundary operator B preserves the Maxwellian
Mc for c= 0 but not for c �= 0. All the examples of boundary conditions presented in Sec-
tion 1.3 satisfy this assumption. Then, we can expect that the non-Maxwellian stationary
solution exists at least for nonzero but small bulk velocity c.

The strategy of proof is as follows. Write M0 = Mc=0. We look for a solution in the
form,

f =Mc +M1/2
0 u, (3.4)

which reduces (3.3) to

ξ · ∇xu= Lcu+ Γ (u,u), x ∈Ω, ξ ∈Rn,

u→ 0 (x→∞), ξ ∈Rn,

γ−u= B0γ
+u+ hc, x ∈ ∂Ω, ξ ∈Rn, n(x) · ξ < 0,

(3.5)

where

Lcu= 2M−1/2
0 Q

(
Mc,M

1/2
0 u

)
, Γ (u, v)= 2M−1/2

0 Q
(
M1/2

0 u,M1/2
0 v

)
,

B0 =M−1/2
0 BM1/2

0 , (3.6)
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hc =M−1/2
0 (Bγ+Mc − γ−Mc).

Here, Lc is not the same operator as the linearized collision operator L in (1.23) but Γ is
the same as in (1.23).

One might expect that the setting f =Mc +M1/2
c u is another choice that seems more

convenient in analysis of the problem because, then, Lc becomes self-adjoint. However, in
this setting, the boundary operator B0 turns out to be unbounded and hence the problem
(3.5) becomes ill-posed.

Let Bc be the linearized operator,

Bc =−ξ · ∇x +Lc, (3.7)

coupled with the boundary condition γ−u = B0γ
+u and suppose that it has an inverse

B−1
c . Then, (3.5) can be reduced to

u+B−1
c Γ (u,u)= φc, (3.8)

where φc is a solution to the linear stationary problem

ξ · ∇xφc = Lcφc, x ∈Ω, ξ ∈Rn,

φc→ 0 (x→∞), ξ ∈Rn,

γ−φc = B0γ
+φc + hc, x ∈ ∂Ω, ξ ∈Rn, n(x) · ξ < 0.

(3.9)

Once the existence of B−1
c and φc is established, (3.8) can be solved by the implicit func-

tion theorem.
A delicate problem is the construction of the inverse operator B−1

c . Indeed, the point 0
is in the continuous spectrum of Bc. However, Bc can have a bounded inverse by a suitable
choice of function spaces for the domain of definition and range of it. This argument is in
the same spirit as in the principle of limiting absorption which is familiar in the scattering
theory. Actually, we will do this on the operator B∞c introduced as the extension of Bc to
the whole space by ignoring the boundary condition. The limiting absorption principle is
carried out using a semi-explicit formula of the inverse operator of B∞c which is obtained
based on the spectral analysis of the operator B∞0 (c = 0) developed in [58,59,61]. Then,
the inverse of Bc will be constructed as a compact perturbation of B∞c . The compactness
property is based on the “velocity averaging” which was used in [58] and has been gener-
alized later extensively, see, e.g., [30,51].

This section is a close reproduction of the results from the paper [64]. There, a detailed
argument was developed on the continuity property of various operators and resolvents
with respect to the spectral parameter λ as well as the flow parameter c. However, they will
be skipped here because, as far as the stationary problem is concerned, the estimates of the
resolvent are needed only for λ = 0 while the continuity properties in c can be checked
with somewhat straightforward modification of the computation in estimating norms of
various operators for each fixed c.
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On the other hand, in this section, the key compactness argument is revised by the aid
of the “velocity averaging” property. This compactness property is essential in the con-
struction of the inverse B−1

c . In [64,65], this was established by using a compact integral
operator whose integral kernel can be visualized only by a rather complicated change of
variables specific to the particular reflection law of particles on the wall, so that rather re-
strictive conditions were required on the reflection boundary conditions. These conditions
will be somewhat relaxed in this section.

As is noted in [9,50], the velocity averaging argument for the interior problem has a
difficulty arising from the fact that even in the force-free field, particles can be reflected by
the wall infinitely many times for a finite time. On the other hand, in the exterior problem,
there is no such difficulty if the obstacle is a convex domain: The particle in the force-free
field is reflected by the wall at most once, that is, a reflected particle does never return to
the obstacle.

The plan of this section is as follows. After a brief description on the property of the
linearized collision operator Lc and the trace operators γ± in the next subsections, we
will study, in Section 3.3, the linearized Boltzmann operator in the whole space. Denote
this operator by B∞c . First, based on the spectral analysis, a semi-explicit formula of its
resolvent is derived. This formula shows that 0 is a spectral point of the operator B∞c
but an unbounded inverse operator (B∞c )−1 exists, say, in the L2 space. Fortunately, this
formula provides a far-reaching information on the spectral singularity at 0, ensuring that
the inverse operator turns out to be a bounded operator if the domain of definition and range
space are appropriately chosen. This is exactly in the same spirit as the limiting absorption
principle for the resolvent operator in the scattering theory.

Starting from the bounded operator B∞c thus established, in Section 3.4, the inverse B−1
c

will be constructed by the perturbation argument. Since our obstacle is “compact,” the
perturbation can be expected “compact”. In fact, we will derive a semi-explicit expression
of B−1

c in terms of B∞c and a related compact operator. It is at this stage that the “velocity
averaging” argument is used. Finally in Section 3.5, the nonlinear problem (3.8) is solved
by the aid of the contraction mapping principle.

3.2. Preliminaries

3.2.1. Properties of Lc. Although the operator Lc in (3.6) and L in (1.23) are not the
same operators, since Lc is defined with the normalized Maxwellian M[1,c,1], and owing
to the translation invariance property (1.31) of Q, the relation

Lc = θ−1
c Lθc, θcu(ξ)= e−(ξ+c)·c/2u(ξ + c) (3.10)

holds for all c ∈ Rn. This and Proposition 1.3, then, imply that Lc has the decomposition
of the form

Lcu=−νc(ξ)u+
∫

Rn

Kc(ξ, ξ∗)u(ξ∗) dξ∗,

νc(ξ)= ν(ξ − c), Kc(ξ, ξ∗)=K(ξ, ξ∗) exp

{
−1

2
c · (ξ − ξ∗)

}
. (3.11)
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With an evident modification, the function νc(ξ) enjoys the estimate (1.26) with the same
constants ν0, ν1, while the kernel Kc(ξ, ξ∗) enjoys the estimates (1.34) and (1.35), because
the estimates (1.36) can absorb the quantity exp{ 1

2c · (ξ − ξ∗)} with the factors 1/4,1/8
replaced by smaller ones in the exponents in (1.36).

This indicates that Lemmas 1.4, 1.5, and 1.8 are valid for Kc except for the self-
adjointness. Moreover, it is seen that Kc is continuous in c in relevant operator norms.
Also, observe that since as before, the quantity exp{α(|ξ | − |ξ∗|)} is absorbed by K , the
proof of Lemma 1.4 works to prove that

Kc :Lpα→ Lqα (3.12)

is bounded for any α ∈R and 1 � p � q �∞, where

Lpα =
{
u
∣∣ eα|ξ |u ∈ Lp(Rnξ )}.

Although the operator Lc is no longer self-adjoint, it still enjoys Proposition 1.6 ex-
cept (2).

PROPOSITION 3.1. Define Lc with the domain of definition

D(Lc)=
{
u ∈ L2

∣∣ νc(ξ)u ∈L2(Rnξ )}.
Then,

(i) The spectrum σ(Lc) outside (−∞,−ν∗) consists of discrete eigenvalues which are
invariant in c.

(ii) The null space Nc of Lc is invariant in c and hence the corresponding eigenprojec-
tion Pc is just P of Proposition 1.6.

PROOF. Since Kc is a compact operator (Lemma 1.5), the spectrum outside (−∞,−ν∗)
consists of only discrete eigenvalues. Let u ∈ L2 be an eigenfunction of Lc corresponding
to such an eigenvalue λ: λu= Lcu. Rewrite this as

u=Hu, H = (λ+ νc)−1Kc.

Owing to (1.26) and (3.12), H is bounded on L2
α and so is H1 = χ(|ξ | > a)H for any

a > 0. Moreover, the norm of H1 can be made smaller than 1 if a is chosen sufficiently
large, so that the inverse (I − H1)

−1 exists and is bounded on L2
α . On the other hand,

H2 = χ(|ξ | < a)H : L2 → L2
α is bounded. Noting that u satisfies u = (I − H1)

−1H2u,
we conclude u ∈ L2

α for α > 0. Therefore, v = θcu ∈ L2 and in view of (3.10), v satisfies
λv = Lv. The converse is also true, so the proof of (i) is complete. The proof of (ii) follows
if we note that

Nc = θ−1
c N =N . �
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3.2.2. Trace theorem. The boundary values, or traces, can be defined only for functions
having some regularity. Here, we shall establish the trace theorem for functions having the
regularity associated with the differential operator Bc. Throughout this section, we assume
that

O is a bounded convex domain of Rn

and the boundary ∂O is piecewise C1.
(3.13)

Recall Ω =Rn \O, ∂Ω = ∂O and set

D =Ω ×Rn, (3.14)

and introduce the linear operators

Λ±u= ξ · ∇xu± h(ξ)u, (x, ξ) ∈D (same sign throughout), (3.15)

for functions h= h(ξ) satisfying

h ∈L∞loc

(
Rn
)
, h0 = inf

ξ
Reh(ξ) > 0. (3.16)

Our trace spaces are

Wp,± = {u ∈ Lp(D) ∣∣Λ±u ∈Lp(D)},
Y p,± = Lp(S±, ρ(x, ξ) dσx dξ), (3.17)

for p ∈ [1,∞], where S± are defined by (1.49), ρ is a weight function defined by

ρ(x, ξ)= ∣∣n(x) · ξ ∣∣,
and σx is the Lebesgue measure on ∂Ω . These spaces are all Banach spaces endowed with
obvious norms. The main result of this subsection reads as follows.

THEOREM 3.2. Assume (3.13) and (3.16). Then, for any p ∈ [1,∞], there exist operators
γ± satisfying

(i) γ± :Wp,± → Yp,± are linear bounded operators,

(ii) γ±f = f |S±
(∀f ∈ C1

0(D̄)
)
.

They are unique extensions of the operators defined by (ii), for the case p <∞.
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PROOF. We will present the proof for the case ‘+’ only, because the proof for ‘−’ is the
same. Let (x, ξ) ∈ S+. Then, the point x − tξ is in Ω for any t � 0, and it holds that for
any function u ∈C1

0(D̄),

∂

∂t

(
e−h(ξ)tu(x − tξ ))=−e−h(ξ)t (Λ+u)(x − tξ ).

Integrate this over t ∈ [0,∞) to deduce

u(x, ξ)=
∫ ∞

0
e−h(ξ)t (Λ+u)(x − tξ ) dt. (3.18)

By the Hölder inequality, we get for p ∈ [0,∞), 1/p+ 1/q = 1,

∣∣u(x, ξ)∣∣p � (qh0)
p/q

∫ ∞

0

∣∣(Λ+u)(x − tξ )∣∣p dt.
Set for each ξ ∈Rn,

∂Ω±(ξ)= {x ∈ ∂Ω ∣∣ n(x) · ξ ≷ 0
}
,

Ω±(ξ)= {x ∓ tξ ∣∣ x ∈ ∂Ω±(ξ), t � 0
}
,

and compute∫
Rn

(∫
∂Ω+(ξ)

∣∣u(x, ξ)∣∣pρ(x, ξ) dσx)dξ
� (qh0)

p/q

∫
Rn

(∫
∂Ω+(ξ)

∫ ∞

0

∣∣(Λ+u)(x − tξ )∣∣p dt ρ(x, ξ) dσx)dξ
= (qh0)

p/q

∫
Rn

(∫
Ω+(ξ)

∣∣(Λ+u)(x)∣∣p dx)dξ,
which yields

‖γ+u‖Yp,+ � (qh0)
−1/q‖Λ+u‖Lp(D). (3.19)

Here, we have used Fubini’s theorem,∫
Ω±(ξ)

w(x)dx =
∫
∂Ω±(ξ)

∫ ∞

0
w(x ∓ tξ )ρ(x, ξ) dt dσx dξ. (3.20)

So far, u ∈ C1
0(D̄) has been assumed, but it is seen from density argument that (3.19) still

holds for u ∈Wp,+ if p ∈ [1,∞), whence follows the theorem for γ+, and also for γ− in
exactly the same way.
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Actually, the above argument implies more: u ∈Wp,+ is absolute continuous on the line
{x − tξ, t > 0} for almost all (x, ξ) ∈ S+, on which holds

(γ+u)(x, ξ)=− lim
t→0+

∫ ∞

t

e−h(ξ)s(Λ+u)(x − sξ) ds,

a.a. (x, ξ) ∈ S+. (3.21)

See (3.18).
Now, consider the case u ∈ W∞,+. Its cutoff χu with a smooth cutoff function χ of

support in {|x|< R1, |ξ |< R2} is in Wp,+ for any p ∈ [1,∞) if R1 is fixed so large that
the ball {|x| < R1} can contain O. Then, (3.21) applies to χu, which gives, after letting
R2 →∞,

‖γ+u‖Y∞,+ � h−1
0 ‖Λ+u‖L∞(D) + c0‖u‖L∞(D), (3.22)

where c0 > 0 is a constant depending only on ∇xχ and R1. This proves the theorem for
the case p =∞.

Observe that u ∈Wp,+ does not imply u ∈Wp,− unless hu ∈ Lp(D), so that it may not
have the trace γ−u ∈ Yp,−. However, it has a trace γ−u ∈ Yp,−loc as seen by the truncation
with respect to ξ .

The situation differs for the functions defined on the whole space D∞ =Rn ×Rn. �

PROPOSITION 3.3. Let p ∈ [1,∞] and u ∈ Lp(D∞). If u satisfies eitherΛ+u ∈ Lp(D∞)
or Λ−u ∈ Lp(D∞), then, u has both the traces γ+u ∈ Yp,+ and γ−u ∈ Yp,−.

PROOF. Notice that for u ∈ C1
0(D

∞), (3.18) holds for (x, ξ) ∈ S− as well as for
(x, ξ) ∈ S+. This is not possible for the exterior domain case because (x, ξ) ∈ S− results
in x − tξ /∈Ω for t > 0 small. Instead of (3.19), we now have

‖γ±u‖Yp,± �
(
p− 1

ph0

)−(p−1)/p

‖Λ+u‖Lp(D∞).

The rest of the proof is similar to that of Theorem 3.2. �

Another difference is in the

PROPOSITION 3.4. Assume Imh(ξ) ∈ L∞(Rn). Then

W 2,+(D∞)=W 2,−(D∞)= {u ∈L2(D∞)
∣∣ ξ · ∇xu, h(ξ)u ∈ L2(D∞)

}
.

PROOF. The function u(x, ξ) ∈ L2(D∞) has a Fourier transform û(k, ξ) ∈ L2(D∞) (k ∈
Rn) with respect x, and the Parseval relation gives

‖Λ±u‖L2(D∞) =
∥∥(ik · ξ ± h(ξ))û∥∥

L2(D∞).
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Now, the equality |ik · ξ ± h(ξ)|2 = |Reh(ξ)|2 + |(k · ξ ± Imh(ξ)|2 proves the proposi-
tion. �

The following Green’s formula will be used to prove the dissipativity of the operator Bc .

LEMMA 3.5. Let u ∈W 2,+ be such that hu ∈L2(D) and γ−u ∈ Y 2,−. Then,

Re(Λ+u,u)L2(D) =
1

2

(‖γ+u‖2
Y 2,+ − ‖γ−u‖2

Y 2,−
)+Re(hu,u)L2(D).

PROOF. This is immediate for u ∈ C1
0(D̄) by integration by parts and the general case

follows by density argument. �

3.3. Operator B∞c

As stated in the introduction, we will construct the inverse of the operator Bc as a per-
turbation of the whole space case. If this operator is defined, say, in the space L2(D∞),
its spectrum contains the point 0, which means that either the inverse does not exist, or
if exists, it is unbounded. Actually, the latter case occurs. This will be shown, in the next
subsection, by constructing a semi-explicit expression based on the spectral analysis de-
veloped in [58,59,61].

Fortunately, this expression tells us much more. In Section 3.3.2, it will be shown, with
the help of some additional boundedness properties obtained by a bootstrap argument based
on the smoothing effect of a related transport operator, that the inverse can be viewed as a
bounded operator if an appropriate choice of functions spaces is made for the domain of
definition and for the range space. This procedure is called the limiting absorption principle
in the scattering theory.

3.3.1. Spectral analysis of B∞c . The operator we consider is

B∞c u=−ξ · ∇xu+Lcu, (x, ξ) ∈D∞. (3.23)

Proposition 3.4 says that it is well defined in the space L2(D∞) endowed with the domain
of definition

D
(
B∞c

)= {u ∈ L2(D∞)
∣∣ ξ · ∇xu, νc(ξ)u ∈ L2(D∞)

}
. (3.24)

As is easily seen, this is a densely defined closed operator, and its spectral property can be
best studied by the Fourier transformation with respect to x since the coefficients in this
operator are all constant in x. Let

û(k, ξ)=F(u)= (2π)−n/2
∫

Rn

e−ik·xu(x, ξ) dx, k ∈Rn, i =√−1, (3.25)
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be the Fourier transform of the function u= u(x, ξ) with respect to x. Formally, we have,

F
(
B∞c u

)= (−iξ · k +Lc)û. (3.26)

This suggests the study of the operator

B̂∞c (k)w = (−iξ · k+Lc)w (3.27)

acting on functions w =w(ξ) of the variables ξ only, with k ∈Rn fixed.
In the sequel, we consider this operator in the space L2 = L2(Rnξ ) with the domain of

definition,

D
(
B̂∞c (k)

)= {w ∈L2
∣∣ (k · ξ)w, ν(ξ)w ∈L2}, (3.28)

and construct its resolvent

Φ(λ, k, c)= (λ− B̂∞c (k))−1
. (3.29)

Actually, we can have its semi-implicit expression based on the spectral analysis which has
been carried out for the case c= 0 in [58,59,61].

THEOREM 3.6. Assume (1.25). Then, there exist positive numbers c0, κ0, σ0, σ1 such that
σ0 � σ1, and the following holds for each c ∈Rn, |c|� c0.

(1) The spectrum of the operator B̂∞c (k) is empty in the half-plane {Reλ > −σ0} if
|k| � κ0 while it consists only of n + 2 discrete semi-simple eigenvalues λj (k, c),
j = 0, . . . , n+ 1, in the half-plane {Reλ >−σ1} if |k|� κ0.

(2) The asymptotic expansion

λj (k, c)= ik · c+ iλj,1|k| − λj,2|k|2 +O
(|k|3), (3.30)

holds for |k|� κ0 uniformly in |c|� c0, with some constants

λj,1 ∈R, λj,2 > 0.

The corresponding eigenprojection, denoted by Pj (k, c), has an asymptotic expan-
sion,

Pj (k, c)= Pj,0(k̃)+ |k|Pj,1(k, c), k̃ = k/|k| ∈ Sn−1, (3.31)

with orthogonal projections Pj,0(k̃) on L2 which are orthogonal to each other and
satisfy

4∑
j=0

Pj,0(k̃)= P
(
k̃ ∈ Sn−1), (3.32)
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where P is the orthogonal projection (1.45) onto the null space N of L. Moreover,
the operator

Pj,1(k, c) :L2 →L∞β (3.33)

is a bounded operator for any β � 0 and a continuous function of (k, c) in the region
|k|� κ0, |c|� c0. Here, L∞β = L∞(Rnξ ; (1+ |ξ |)βdξ).

(3) The formula

Φ(λ, k, c)=
n+2∑
j=0

Φj(λ, k, c), Reλ >−ν∗, k ∈Rn, |c|� c0, (3.34)

holds where
(a) for j = 0, . . . , n+ 1,

Φj(t, k, c)= 1

λ− λj (k, c)Pj (k, c)χ(k), (3.35)

χ(k) being the characteristic function for |k|� κ0, and
(b) Φn+2(λ, k, c) is a linear bounded operator on L2 whose operator norm enjoys

the estimate∥∥Φn+2(λ, k, c)
∥∥� b0, Reλ�−σ0, k ∈R3, |c|� c0, (3.36)

for some constants b0 independent of λ, k, and c.

REMARK 3.7. The coefficients λj,m in the asymptotic expansion (3.30) have well-known
physical meanings. Under a suitable numbering of j , they are characterized as follows.

(a) λ0,1 =−λ0,n+1 = cs �= 0 (sound speed), λ1,1 = λ1,n+1 = κ (heat diffusivity).
(b) λ0,j = 0, λ1,j = ν (viscosity coefficient), j = 1, . . . , n.

These physical constants are for the gas in the equilibrium state specified by M[1,0,1]. See,
e.g., [11,67].

PROOF OF THEOREM 3.6. This will be given in four steps.
Step 1. We shall show that the spectrum of B̂∞c (k) in the right half plane {Reλ >−ν∗}

consists only of discrete eigenvalues with possible accumulation points on the line {Reλ=
−ν∗} or at infinity. To this end, introduce an auxiliary operator

Â∞c (k)w =
(−iξ · k− νc(ξ))w, D

(
Â∞c (k)

)=D(B̂∞c (k)). (3.37)

Since this is a multiplication operator in L2, its spectrum consists of an essential spectrum
given by

σ
(
Â∞c (k)

)= {−iξ · k − νc(ξ) ∣∣ ξ ∈Rn
}⊂ {λ ∈C | Reλ�−ν∗} (3.38)
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and the resolvent has an explicit expression

(
λ− Â∞c (k)

)−1
w = 1

λ+ iξ · k + νc(ξ)w, λ /∈ σ (Â∞c (k)), (3.39)

which implies that its L2 operator norm satisfies

∥∥(λ− Â∞c (k))−1∥∥� 1

Reλ+ ν∗ (3.40)

for Re λ >−ν∗.
Since B̂∞c (k)= Â∞c (k)+Kc and Kc is a compact operator, owing to Weyl’s lemma on

the compact perturbation of the spectrum, [40], B̂∞c (k) has the same essential spectrum and
its spectrum in the solvent set of Â∞c (k), in particular in the region {λ ∈ C | Reλ >−ν∗},
consists only of discrete eigenvalues with possible accumulation points on the boundary of
the resolvent set of Â∞c (k). This proves the claim.

Step 2. Let (λ,φ) be a pair of an eigenvalue and eigenfunction of B̂∞c (k) for Re λ >−ν∗.
By virtue of (3.10) it holds that

(λ+ ic · k)ψ = B̂∞0 (k)ψ, ψ = θ−1
c φ.

Repeat the proof of Proposition 3.1 with (λ + ic · k + νc)−1 in place of (λ + νc)−1, to
conclude ψ ∈D(B̂∞0 (k)). Thus, λ+ ic · k is an eigenvalue of B̂∞0 (k).

Step 3. On the other hand, the spectrum of B̂∞0 (k) in {Reλ > −ν∗} has been studied
extensively in [27,58,59,61], which leads to the following lemma, whose proof will be
given at the end of this section.

LEMMA 3.8. There are positive numbers c0, κ0, σ0, σ1, σ∗ such that σ0 � σ1, and the fol-
lowing holds if |c|� c0.

(1) If |k|� κ0, then, B̂∞c (k) has no eigenvalues in the half-plane {Reλ�−σ0} and∥∥Φ(λ, k, c)w∥∥
L2 � b1‖w‖L2, Reλ�−σ0, w ∈ L2, (3.41)

holds for a constant b1 > 0 independent of c, k,λ,w.
(2) If |k| � κ0, then, λj (k, c), j = 0, . . . , n + 1, given in Theorem 3.6(1) are the only

eigenvalues of B̂∞c (k) lying in the half-plane {Reλ�−σ1} and satisfying

Reλj (k, c)�−σ1/2, j = 0, . . . , n+ 1, |k|� κ0, |c|� c0.

Further, put

τ0 =max
{∣∣Imλj (k, c)∣∣ ∣∣ j = 0, . . . , n+ 1, |c|� c0, |k|� κ0

}
,

which is a finite number by virtue of Theorem 3.6(2). Then,∥∥Φ(λ, k, c)w∥∥
L2 � b1‖w‖L2, λ ∈Σ∗, w ∈L2, (3.42)
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holds for a constant b1 > 0 independent of c, k,λ,w and

Σ∗ = {Reλ > σ∗} ∪
{
Reλ >−σ1, |Imλ|� 2τ0

}
.

Admit this for a while to conclude the proof of Theorem 3.6. The statement (1) in it
is now evident from the above lemma, while the asymptotic expansions of λj (k,0) and
Pj (k,0) for the case c= 0 have been discussed in [27], whence (2) of Theorem 3.6 follows.

Step 4. It remains to prove the statement (3). Recall that we are considering λ with
Reλ >−σ0. The proof is carried out separately for |k|> κ0 and |k|� κ0. For the former,
Lemma 3.8 (1) indicates that Φn+2 = Φ and therefore, gives (3.36). For the latter, owing
to the second part of (2) in Lemma 3.8, this is the same also when λ ∈Σ∗.

Now, it remains to check the case where |k| � κ0 and |Imλ| � 2τ0. (3.34) is then the
Laurant expansion of Φ: The principal term is given by (3.35) because λj (k, c) are seen to
be semi-simple, and the remainder is given by the contour integral

Φn+2(λ, k, c)= 1

2πi

∫
C

Φ(ζ, k, c)

ζ − λ dζ,

where C is a simple closed rectifiable curve enclosing the points λ and λj , j = 0, . . . , n+1,
but no other points in the spectrum of B̂∞c (k) are inside nor on C. In view of Lemma 3.8(2),
C can be chosen in the domain, say, {ζ ∈C | −σ1 � Re ζ � σ∗, |Im ζ |� 3τ0} so that all of
the points λ and λj (k, c) can stay away from C uniformly for k, c. Then, (3.36) follows
if we note that Φ(ζ, k, c) is analytic in ζ on C and hence its operator norm is uniformly
bounded in ζ, k, c. This completes the proof of the theorem. �

The rest of this section is devoted to the proof of Lemma 3.8. The following proposition,
implying the “velocity averaging,” was originally proved in [58] for the case c = 0. In the
sequel, we write λ= σ + iτ .

PROPOSITION 3.9. There are positive numbers C,c0 such that the following estimates
hold whenever |c|� c0, δ > 0 and σ >−ν∗ + δ.

(1) For any k ∈Rn and τ ∈R, it holds that

∥∥(λ− Â∞c (k))−1
Kc
∥∥� Cδ−1+2/(3n+4)|k|−2/(3n+4).

(2) For any κ0 > 0, there is a constant τ0 such that

∥∥(λ− Â∞c (k))−1
Kc
∥∥� Cδ−1+2/(n+2)|τ |−2/(n+2),

holds for any |k|� κ0, |τ |� τ0.

Here, ‖ ‖ stands for the operator norm in L2
ξ .
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PROOF. Fix c and put G(λ, k)= (λ− Â∞c (k))−1Kc . Let χ(D) be the characteristic func-
tion of the domain D ⊂Rn. By virtue of Lemma 1.4(a) with p = 2, r =∞, we get

∥∥χ(|ξ |<R)G(λ, k)∥∥�C

(∫
|ξ |<R

∣∣λ+ ik · ξ + νc(ξ)∣∣−2
dξ

)1/2

.

Denote the last integral by J . Set λ= σ + iτ and

Σ1 =
{
ξ ∈Rn

∣∣ |ξ |<R, |τ + k · ξ |� ε|k|},
Σ2 =

{
ξ ∈Rn

∣∣ |ξ |<R} \Σ1, (3.43)

for any ε > 0. It is easy to see that there is a constant C > 0 independent of k,R, ε, τ such
that

mesΣ1 � CεRn−1, mesΣ2 � CRn,

hold, mes being the Lebesgue measure in Rn. Let σ �−ν0 + δ. Then, we get,

J =
∫
Σ1

+
∫
Σ2

� C
(
δ−2εRn−1 + (ε|k|)−2

Rn
)
.

Choose ε =R1/3(δ/|k|)2/3 to deduce∥∥χ(|ξ |<R)G(λ, k)∥∥�Cδ−2/3R(3n−2)/6|k|−1/3.

On the other hand, by virtue of (1.34),∥∥χ(|ξ |>R)G(λ, k)∥∥�Cδ−1R−1.

Choosing R = (|k|/δ)2/(3n+4) leads to (1) of the proposition.
To prove (2), let |τ |> 2κ0R for which

|τ + k · ξ |� |τ | − |k‖ξ |� |τ | − κ0R � |τ |/2,

whenever |k|� κ0 and |ξ |�R, whence

J � C
(
δ2 + |τ |2)−1

Rn.

Choosing R = (|τ |/δ)2/(n+2) leads to (2) with the choice τ0 = (2κ0)
1+2/nδ−2/n. This com-

pletes the proof of the proposition. �

Notice that although the estimates in (1) and (2) make no sense if k = 0 and τ = 0, G is
still uniformly bounded owing to (3.40).



452 S. Ukai and T. Yang

REMARK 3.10. Introduce the transport operator

A∞c =−ξ · ∇x +Lc. (3.44)

The estimate (1) in Proposition 3.9 states that for a given f ∈ L2(D∞), the function
u = (λ− A∞c )−1Kcf gains a regularity in x in such a way that u ∈ L2(Rnξ ,H

"
x ), " = 2/

(3n+ 4) > 0, where H"
x is the usual Sobolev space. Notice that u is a unique solution of

the transport equation(
λ−A∞c

)
u=Kcf, f ∈L2

x,ξ . (3.45)

This property has been extended extensively and is now called the “velocity averaging”,
see, e.g., [30,51]. A significant consequence of this is that the operator(

λ−A∞c
)−1

Kc :L2(D∞)→L2(D′ ×Rn
)

is a compact operator for any compact domain D′ ⊂ Rn. Roughly, this is seen from Rel-
lich’s theorem [40] that a bounded set ofH"

x is locally compact in L2 and from Lemma 1.5
that Kc is a compact operator on L2

ξ . See Lemma 3.22 in Section 3.4.

Now, we are ready to give the

PROOF OF LEMMA 3.8. First, we consider the eigenvalues of B̂∞c (k). Let |c|� c0 with c0
of Proposition 3.9. Let (λ,ϕ) be an eigenpair in the plane {Reλ >−ν∗ + δ}, δ > 0. Then,
the eigenvalue problem(

λ− B̂∞c (k)
)
ϕ = 0, ϕ ∈D(B̂∞c (k)), ϕ �= 0, (3.46)

can be rewritten as

ϕ =G(λ, k)ϕ

which, in turn, gives rise to∥∥G(λ, k)∥∥� 1.

However, this is violated, that is, ‖G(λ, k)‖< 1, for the following three cases.
(a) Reλ > ν∗∗ and k ∈Rn with some constant ν∗∗ > 0 (by (3.40)),
(b) Reλ >−ν∗ + δ and |k|� κ1 with some constant κ1 > 0 (by Proposition 3.9(1)),
(c) Reλ >−ν∗ + δ, |k|� κ1, and |τ |> τ1 with κ1 of (b) and some constant τ1 > 0 (by

Proposition 3.9(2)).
In other words, such eigenvalues can exist only when |k| � κ1 and lie exclusively in the
region

Σ∗ = {λ= σ + iτ ∈C
∣∣−ν∗ + δ � σ � ν∗∗, |τ |� τ1

}
.
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The number of such eigenvalues is uniformly bounded for |k|� κ1.
We can show ν∗∗ = 0. For this, it suffices to consider the case c = 0 as seen from the

proof of Theorem 3.6: The eigenvalue for the case c �= 0 is given by the shift by ic · k of
an eigenvalue for the case c = 0. Recalling that L is nonpositive self-adjoint, we compute
the inner product of (3.46)c=0 and ϕ,

0= Re
((
λ− B̂∞0 (k)

)
ϕ,ϕ

)
L2 = σ‖ϕ‖2 − (Lϕ,ϕ)� σ‖ϕ‖2, λ= σ + iτ,

which is a contradiction if σ > 0, proving ν∗∗ = 0.
Furthermore, this computation shows that
(i) no eigenvalues exist on the imaginary axis when k �= 0 and

(ii) the point 0 is the only eigenvalue on the imaginary axis when k = 0.
In fact, if we set σ = 0 in the above computation, we get (Lϕ,ϕ)L2 = 0, and hence by
virtue of Proposition 1.6, ϕ ∈N . Then, the eigenvalue equation (3.46) is reduced to

(τ + k · ξ)ϕ = 0,

which is impossible, however, for ϕ �= 0 unless τ = 0 and k = 0.
It can be also shown that
(iii) as k→ 0, the eigenvalue in Σ∗ either goes out of the region Σ∗ or approaches one

of the eigenvalues μ ∈ [−ν∗ + δ,0] of B̂∞c (0) = L0 = L, and λj (k, c) in Theo-
rem 3.6(2) are the only eigenvalues which tend to 0.

The first half is easy to prove, see Proposition 1.6(3)(b)(c), while the second half is due
to [27]. Let μ∗ < 0 be the largest eigenvalue of L other than 0, and set σ1 = |μ∗|/2.
Evidently, then, there is a number κ0 > 0 such that for all |k| � κ0, the only eigenvalues
lying in Σ∗ ∩ {Reλ�−σ1} are λj (k, c), j = 0, . . . , n+ 1, given in Theorem 3.6(2), with
Reλj (k, c)�−σ1/2.

Now, with this κ0 chosen smaller if necessary so that κ0 ∈ (0, κ1], let Λ∗ denote the
totality of the eigenvalues in Σ∗ for |k| ∈ [κ0, κ1], and put

σ0 = 1

2
inf{−Reλ | λ ∈Λ∗}.

A consequence of the above (i) is that σ0 > 0. This proves the first halves of both (1) and
(2) of Lemma 3.8.

It remains to evaluate ‖Φ(λ.k, c)‖. First, the second resolvent equation can be written
in the form

Φ(λ, k, c)= (I −G(λ, k))−1(
λ− Â∞c (k)

)−1
,

which implies that if both inverses on the right hand side exist, then, the resolvent
Φ(λ, k, c) exists and is given by the above formula.

In view of (3.40), (λ − Â∞c (k))−1 exists and uniformly bounded for all λ with Re
λ � −σ1 since σ1 < ν∗. In the regions (a), (b), (c) in the above, ‖G‖ < 1, so the inverse
(I −G)−1 exists as seen by the aid of the Neumann series. Further, in these regions, we can
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have, say, ‖G‖ � 1/2 and hence ‖(I −G)−1‖ � 2, uniformly in λ, k, c if ν∗∗, κ1, τ1 are
chosen sufficiently large, which comes from (3.40) and thanks to Proposition 3.9. Thus,
we proved (3.41) for |k| � κ1 and (3.42) for |k| � κ1 and λ ∈ Σ∗ with σ∗,2τ0 replaced
by ν∗∗, τ1 respectively. The rest of relevant values of λ, k forms a bounded set on which
there are no eigenvalues belonging to Σ∗, so Φ(λ, k, c) is uniformly bounded there. This
completes the estimates (3.41) and (3.42), and hence the proof of Lemma 3.8. �

3.3.2. Limiting absorption principle. The inverse Fourier transform of Φ(λ, k, c) is the
resolvent (λ−B∞c )−1. Thus, the inverse of the operator B∞c , which we denote by U∞(c)
in the sequel, is given by

U∞(c)≡ (B∞c )−1 =
n+2∑
j=0

U∞j (c),

U∞j (c)=−F−1{Φj(0, k, c)}F . (3.47)

Actually, U∞j (c) is not a bounded operators for j = 0, . . . , n+ 1: Φj(0, k, c) behaves like
1/λj (k, c) near k = 0 and λj (0, c) = 0, as seen from (3.30). That is, Φj(0, k, c) has a
singularity at k = 0 and therefore, is not a Fourier multiplier in L2(D∞).

The singularity behaves differently according to the classification of λj (k, c) given in
Remark 3.7, but it is integrable near k = 0. Consequently, U∞(c) can be extended as a
bounded operator by modifying the spaces of its domain and range appropriately. This is
in the spirit of the limiting absorption principle.

To be precise, introduce the function space,

L
p,r
β = {u= u(x, ξ) ∣∣ 〈ξ 〉βu ∈ Lr(Rnξ ;Lp(Rnx))}, Lp,r = Lp,r0 . (3.48)

PROPOSITION 3.11. There is a positive number c0 such that for each |c|� c0, j = 0, . . . ,
n+ 1, and m= 0,1, the operators

|c|γ θU∞j (c)(1− P)m :Lq,20 → L
p,∞
β

are all bounded operators and their operator norms are uniformly bounded in c, whenever

n� 3, β � 0, m= 0,1, 1 � q � 2 � p �∞,
γ ≡ 1/q − 1/p > (l −m)/(n+ θ),

where

l = 1, θ = 0 for the case (a) of Remark 3.7,

l = 2, θ ∈ [0,1) for the case (b) of Remark 3.7.

Here P= Pc is the projection in Proposition 3.1.
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PROOF. The proof relies on the following property of the Fourier transformation:

F,F−1 :Lq(Rn)→Lp(Rn) (3.49)

is a bounded operator whenever 1 � q � 2 � p �∞ and 1/q + 1/p = 1.
First, we prove the case m= 0. Let p � 2, s � 1 and 1/p+ 1/p′ = 1. We have∥∥U∞j (c)u(·, ξ)∥∥Lp(Rnx) �

∥∥Ψj (0, k, c)û(·, ξ)∥∥Lp′ (Rnk ) (by (3.49))

=
(∫

|k|�κ0

∣∣(λj (k, c)∣∣−p′ ∣∣Pj (k, c)û(k, ξ)∣∣p′ dk)1/p′

(by Theorem 3.6 (3a))

� J γ
(∫

|k|�κ0

∣∣Pj (k, c)û(k, ξ)∣∣p′s dk)1/p′s

(by Hölder)

� CJγ
(∫

|k|�κ0

〈ξ 〉−p′sβ∥∥û(k, ·)∥∥p′s
L2
ξ

dk

)1/(p′s)

(by Theorem 3.6(2))

� C〈ξ 〉−βJ γ ‖u‖Lq,2 , 1/q = 1− 1/(p′s) (by (3.49))

where J is the integral

J =
∫
|k|�κ0

∣∣λj (k, c)∣∣−1/γ
dk, γ = 1/(p′r)= 1/q − 1/p (1/s + 1/r = 1).

Consider the case (b) of Remark 3.7, that is, the case where λj,0 = 0 in the asymp-
totic expansion (3.30) of Theorem 3.6. Its higher order term O(|k|3) may be ignored by
choosing κ0 smaller if necessary, and we compute the integral

J0 =
∫
|k|�κ0

∣∣ic · k+ a|k|2∣∣−1/γ
dk

for, say, a = λj,2/2> 0. Use the spherical coordinates of k ∈Rn to deduce

J0 = C
∫ κ0

0
J1
(
κ, |c|)κn−1 dκ,

where

J1
(
κ, |c|)= ∫ 1

0

(1−μ2)(n−3)/2

(|c|2κ2μ2 + a2κ4)1/(2γ )
dμ.
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The change of variable μ= (κ/c)y and the Hölder inequality yield

J1 � |c|−1κ1−2/γ
∫ |c|/κ

0

(
y2 + a2)−1/(2γ )

dy

� |c|−1κ1−2/γ
(∫ |c|/κ

0
dy

)1/r ′(∫ |c|/κ

0

(
y2 + a2)−s′/(2γ ) dy)1/s′

,

1/r ′ + 1/s′ = 1

� C|c|−1+1/r ′κ1−2/γ−1/r ′ , if s′/γ > 1.

Put θ = 1− 1/r ′. Then, s′/γ > 1 means γ θ < 1 and

J0 � C|c|−θ
∫ κ0

0
κn−2/γ−1/r ′ dκ � C|c|−θ .

The last inequality follows if n− 2/γ − 1/r ′ > −1 or γ > 2/(n+ θ), which proves the
proposition for the case l = 2 and m= 0.

In the computation for the case m = 1, û is replaced by (I − P)û. Then, since Theo-
rem 3.6(2) gives

Pj (k, c)(I − P)= |k|Pj,1(k, c)(I − P),

it suffices to compute the integral

J0 =
∫
|k|�κ0

|k|1/γ ∣∣λj (k, c)∣∣−1/γ
dk,

γ = 1/(p′r)= 1/q − 1/p (1/s + 1/r = 1).

Now, still in the case (b) of Remark 3.7, the preceding computation leads to

J0 � C|c|−θ
∫ κ0

0
κn−1/γ−1/r ′ dκ � C|c|−θ .

The last inequality holds if n − /γ − 1/r ′ > −1 or γ > 1/(n + θ), which proves the
proposition for the case l = 2 and m= 1.

Consider the case (a) of Remark 3.7. Then, since λj,0 �= 0 and if c0 > 0 is chosen smaller
if necessary, λj (k, c) behaves like ib|k|+a|k|2 with a > 0, b �= 0 for |k|� κ0 and |c|� c0.
Then, the integral J0 takes the form, in the spherical coordinates,

J0 = C
∫ κ0

0
κ−(1−m)/γ+n−1(b2 + κ2)−1/(2γ )

dκ

which is bounded if γ > (1−m)/n, proving the proposition for the case l = 1 andm= 0,1.
This completes the proof of the lemma. �
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REMARK 3.12. The operator U∞j (c) has a singularity |c|−γ θ if θ > 0. The freedom of
choice of p,q is the most restrictive in the case l = 2,m= 0.

The remainder termU∞n+2(c) is easy to evaluate: Theorem 3.6(3b) and Parseval’s relation
lead to

LEMMA 3.13. U∞n+2(c) is a bounded operator on L2 = L2,2 for each |c| � c0 with uni-
formly bounded operator norm.

We can now deduce the main result of this subsection.

THEOREM 3.14. There are positive numbers C,c0 such that for each |c| � c0, it holds
that ∥∥U∞(c)(1− P)mναc u

∥∥
L
p,r
β

� C
(‖u‖Lp,rβ + ∥∥ναc u∥∥L2 + |c|−γ θ

∥∥ναc u∥∥Lq,2) (3.50)

whenever

n� 3, β � 0, m= 0,1, 1 � q � 2 � p, r �∞,
α ∈ [0,1], θ ∈ [0,1),
γ ≡ 1/q − 1/p > (2−m)/(n+ θ).

PROOF. To simplify the notation, put

R =U∞(c)= (B∞c )−1
, R′ = (A∞c )−1

, G=R′Kc,

where A∞c is as in (3.44). An argument similar to that in Section 3.2.2 yields an explicit
expression of R′:

R′u=
∫ ∞

0
e−νc(ξ)tu(x − tξ, ξ) dt, (x, ξ) ∈D∞. (3.51)

We need the following lemma.

LEMMA 3.15. Let c0 > 0, p, r ∈ [1,∞], and β � 0. Then, the following operators are all
bounded with uniform bounds of operator norms for |c|� c0.

(1) R′ναc :Lp,rβ → L
p,r
β

(∀α ∈ [0,1]),
(2) G" :Lp,rβ → L

p,r
β (∀" ∈N),

(3) G" :Lq→L
p,r
β

(∀q ∈ [1,p), ∃" ∈N
)
.
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Admit this for a while to complete the proof of the theorem. Write the second resolvent
equation, [40], as R =R′ +GR. Iterating this gives

R =
"∑
h=0

GhR′ +G"R

and hence

R(I − P)mναc =
"∑
h=0

GhR′(I − P)mναc +G"R(I − P)mναc ≡H1 +H2.

Apply (1), (2) of the above lemma to H1, which gives the first term on the right hand
side of (3.50). Its second term is a contribution from G"U∞n+2(c) to H2 evaluated by using
Lemma 3.13 and (3) of the above lemma. Finally, The contribution from G"U∞j (c) for
other j is just the third term in view of Proposition 3.11 and (2) of the above lemma. Here,
we are forced to use the worst case "= 2. This completes the proof of the theorem. �

We shall also discuss the boundary operators γ±U∞(c) which are well-defined in Yp,±
as seen in Proposition 3.3. We need them in different boundary spaces. Define

Y
p,r,±
β , u ⇔∫

Rn

{(
1+ |ξ |)β(∫

Ω±(ξ)

∣∣u(x, ξ)∣∣pρ(x, ξ) dσx)1/p}r
dξ <∞. (3.52)

Notice Yp,± = Yp,p,±0 . See (3.17).

THEOREM 3.16. There are positive numbers C,c0 such that for each |c| � c0, it holds
that

∥∥γ±U∞(c)(1− P)mναc u
∥∥
Y
p,r,±
β

� C
(∥∥να/pc u

∥∥
L
p,r
β
+ ∥∥ναc u∥∥L2 + |c|−γ θ

∥∥ναc u∥∥Lq,2) (3.53)

whenever

n� 3, β � 0, m= 0,1, 1 � q � 2 � p, r �∞,
α ∈ [0,1], θ ∈ [0,1),
γ ≡ 1/q − 1/p > (2−m)/(n+ θ).
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PROOF. We use again the second resolvent equation, but now in the form

γ±R(I − P)mναc = γ±R′
"∑
h=0

(G′)h(I − P)mναc + γ±G"R(I − P)mναc

≡ H±
1 +H±

2 ,

where G′ =KcR′. The first term H±
1 gives the first term on the right hand side of (3.53) if

we note that Lemma 3.15(2) is valid also for G′ and if we admit∥∥γ±R′ναu∥∥
Y
p,r,±
β

� C
∥∥να/pc u

∥∥
L
p,r
β
. (3.54)

This will be proved later, together with Lemma 3.15.
The second term on the right hand side of (3.53) is a contribution from the part v =

G"U∞n+2(c)(I − P)mναc contained in H±
2 . In fact, it comes from Lemma 3.13 combined

with Lemma 3.15(3) for " large enough to realize p = r =∞ and the elementary inequality

‖γ±v‖
Y
p,r,±
β

� C‖v‖L∞
β′ , β ′ � β + 1/p+ 1/r (since ρ(x, ξ)� |ξ |).

The third term is obtained similarly by Proposition (3.11) for U∞j (c) for j = 0, . . . , n+ 1.
This completes the proof of the theorem. �

The rest of this section is devoted to the proof of Lemma 3.15 and the claim (3.54).

PROOF OF LEMMA 3.15. Taking the Lpx norm of the formula (3.51) yields

∥∥R′ναc u(·, ξ)∥∥Lpx �
∫ ∞

0
e−νc(ξ)t νc(ξ)α

∥∥u(·, ξ)∥∥
L
p
x
dt � ν−1+α∗

∥∥u(·, ξ)∥∥
L
p
x
,

whence Lemma 3.15(1) follows, and also (2) exactly in the same way, combined with
Lemma 1.4.

To prove (3), we again start from the formula (3.51) but take its Lqξ norm. Let p,q ∈
[1,∞] be such that

q � p, γ ≡ 1

q
− 1

p
<

1

n
.

Then,

∥∥R′u(x, ξ)∥∥
L
q
ξ
�
∫ ∞

0
e−ν∗t

∥∥u(x − tξ, ξ)∥∥
L
q
ξ
dt.

By the change of variables ξ→ y = x − tξ , we get∥∥u(x − tξ, ξ)∥∥
L
q
ξ
= t−n/q∥∥u(y, (y − x)/t)∥∥

L
q
y
.
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Write the last norm as w(t, x). Put r = p/q > 1. Then, again by the change of variables
x→ ξ = (x − y)/t ,

∥∥w(t, x)∥∥q
L
p
x
= ∥∥w(t, x)q∥∥

Lrx
�
∫

Rn

∥∥∣∣u(y, (y − x)/t)∣∣q∥∥
Lrx
dy = tn/r‖u‖Lqx(Lpξ ).

Combining these estimates yields

‖R′u‖Lpx (Lqξ ) �
∫ ∞

0
e−ν∗t t−nγ ‖u‖Lqx(Lpξ ) dt = C‖u‖Lqx(Lpξ ).

Now, the bootstrap argument based on this and Lemma 1.4(1) proves Lemma 3.15(3). �

PROOF OF (3.54). Put w =R′ναc u. Then, by Hölder inequality and (3.51),

∣∣w(x, ξ)∣∣p �
∫ ∞

0

∣∣νc(ξ)α+1/p−1u(x − tξ, ξ)∣∣p dt.
Multiply this by ρ(x, ξ) and integrate over S±. Then, we get the desired estimate (3.54). �

3.4. Operator Bc

Since the obstacle O is “compact,” the operator Bc may be expected to be a compact pertur-
bation of B∞c . Actually, we will derive a semi-explicit formula of the inverse operator B−1

c

in terms of the inverse U∞(c)= (B∞c )−1 and related operators, in which the compactness
argument based on the “velocity averaging” plays a key role.

Our working hypotheses are (1.25) for the collision operator Q, (3.13) for the domain
Ω , and the one for the boundary operator B0 is stated as

(1) B0γ
+M1/2

0 = γ−M1/2
0 , ∀(x, ξ) ∈ S−,

[B] (2) ‖B0u‖Y 2,− � ‖u‖Y 2,+ , ∀u ∈ Y 2,+,

(3) B0 :Yp,+β → Y
p,−
β bounded ∀p ∈ [2,∞], β � 0.

(3.55)

[B](1) requires that B preserves the standard Maxwellian (c= 0) and (2) that the boundary
condition is conservative or dissipative in L2 sense. It is easy to check that any convex
linear combination of the examples (2), (3), and (4) with Tw = 1 in (1.57) introduced in
Section 1.3 fulfill [B].

For simplicity of notation, throughout this section, the inverse B−1
c will be denoted by

U(c). Thus, U(c) is a solution operator of the boundary value problem⎧⎨⎩
−ξ · ∇xu+Lcu= f, x ∈Ω, ξ ∈Rn,

Mu= 0, (x, ξ) ∈ S−,

u→ 0 (|x| →∞), ξ ∈Rn,

(3.56)
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where M is the boundary operator

Mu= γ−u−B0γ
+. (3.57)

Let r denote the restriction operator from D∞ to D, and e the extension operator from
D to D∞ by 0. U(c) will be constructed in the following steps. Suppose, first, that U(c)
exists. Then, u1 = U(c)f − rU∞(c)ef must solve the inhomogeneous boundary value
problem ⎧⎨⎩

−ξ · ∇xu1 +Lcu1 = 0, x ∈Ω, ξ ∈Rn,

Mu=H, (x, ξ) ∈ S−,

u1 → 0 (|x| →∞), ξ ∈Rn,

(3.58)

where

H =MrU∞(λ, c)ef. (3.59)

Introduce an auxiliary problem⎧⎨⎩
−ξ · ∇xu2 − νc(ξ)u2 = 0, x ∈Ω, ξ ∈Rn,

γ−u2 =H, (x, ξ) ∈ S−,

u2 → 0 (x→∞), ξ ∈Rn.

(3.60)

This can be solved explicitly as u2 =R(c)H with the solution operator R(c) given by

R(c)h=
{
e−νc(ξ)t−(x,ξ)h(x − t−(x, ξ)ξ), t−(x, ξ) <∞,

0, t−(x, ξ)=∞,
(3.61)

where t− is the “backward exit time”

t−(x, ξ)= inf{t � 0 | x − tξ ∈O}, (x, ξ) ∈D.

The operator R(c) will be studied later in Lemma 3.21, which shows, among others,
that γ+R(c) = 0. Admitting this for a while, we now see that u3 = u1 − u2 solves the
inhomogeneous problem⎧⎨⎩

−ξ · ∇xu3 +Lcu3 =Kcu2, x ∈Ω, ξ ∈Rn,

Mu3 = 0, (x, ξ) ∈ S−,

u3 → 0 (|x| →∞), ξ ∈Rn.

(3.62)

Thus, u3 =U(c)Kcu2 if U(c) exists.
Now, gathering all the above quantities, we arrive at the operator identity

U(c)= S0 +R(c)S1 +U(c)S2S1 (3.63)
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with

S0 = rU∞(c)e, S1 =MS0, S2 =KcR(c).

Define the operator

T = T (c)= S1S2 =MrU∞(c)eKcR(c). (3.64)

Then, if the operator I − T (c) has an inverse, (3.63) gives a semi-explicit expression of
U(c):

U(c) = S0 +R(c)S1 +
(
S0S2 +R(c)T

)
(1− T )−1S1

= S0 +
(
S0S2 +R(c)

)
(1− T )−1S1

= S0 +
(
γ−rU∞(c)e

)†
(1− T )−1S1, (3.65)

where † means the adjoint operator. Notice that if we put T (c) = S2S1, we have another
expression. However, the present one has an advantage that Theorem 3.14 can be used
with m= 1 which gives the best possible estimate when combined with the nonlinear term
Γ (u,u).

Although the derivation given above is formal, it is clear that if all the operators ap-
pearing on its right hand side are well-defined, the expression (3.65) is substantiated and
provides the desired inverse operator U(c).

Thus, our task is now to establish estimates of those operators. The operator U∞(c)
has been already studied extensively and R(c) is given explicitly. A crucial point is the
invertibility of the operator 1− T . Write Yp,−β = Yp,p,−β in (3.52):

Y
p,−
β = {u ∣∣ 〈ξ 〉βu ∈ Yp,−}.

The following theorem is a key theorem to our theory, whose proof will be given at the end
of this section.

THEOREM 3.17. For n� 3, there exist positive numbers p0 � 2 and c0 such that for any

p ∈ [p0,∞], β > n(1/2− 1/p), |c|� c0, (3.66)

the following holds for the operator

T (c) :Yp,−β → Y
p,−
β .

(1) T (c) is a bounded operator whose operator norm is uniformly bounded in c.
(2) T (c) is a compact operator for p ∈ [p0,∞) and so is T (c)3 for p =∞.
(3) For p ∈ [p0,∞], the inverse (I − T (c))−1 exists and its operator norm is uniformly

bounded in c.
We can have p0 = 2 when n� 5.
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REMARK 3.18. For p =∞, it is not yet known whether or not T (c) itself is compact.

Now, Theorems 3.14 and 3.17, together with Lemma 3.21 given below, can justify the
expression (3.65). To show this, put

L
p,r
β = Lp,rβ (D)= {u= u(x, ξ) ∣∣ 〈ξ 〉βu ∈ Lr(Rnξ ;Lp(Ωx)

)}
,

X
p
β = Lp,∞β ∩L∞β−1/p, Zq = L2,2

0 ∩Lq,20 . (3.67)

THEOREM 3.19. Let

n� 3, 1 � q � 2 � p �∞,
α ∈ [0,1], θ ∈ [0,1), m= 0,1, β > n/2,

1/q − 1/p > (2−m)/(n+ θ), 1/p < 1− 2/(n+ 2). (3.68)

Further, set γ = 1+ 1/p− 1/q . Then, there is a constant c0 such that∥∥U(c)(1− P)mναc u
∥∥
L
p,∞
β−1/p

� C|c|−θγ (‖u‖Xpβ + ‖ναc u‖Zq ) (3.69)

holds for |u|� c0.

REMARK 3.20. Compared with Theorem 3.14, U(c) behaves worse than U∞(c) near
c= 0.

In order to prove this theorem, first, we shall study the operator R(c) defined in (3.61).
The statement (2) of the following lemma has been used in the derivation of equa-
tion (3.60).

LEMMA 3.21. For any c ∈Rn, the following holds.
(1) Let p,q, r, s ∈ [1,∞] with r � p, s � q and β � 0. Put

γ0 = 1

r
− 1

p
+ n

(
1

s
− 1

q

)
.

The operators

R(c) :Yp,q,−β+γ → L
r,s
β (γ > γ0, or γ � γ0 if q = s),

KcR(c) :Yp,q,−β+γ → L
r,s
β (γ > γ0 − 1)

are bounded operators with operator norms locally uniformly bounded in c.
(2) γ+R(c)= 0.
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PROOF. Put u=R(c)h and set w = |u|r in (3.20) to reduce

∥∥u(·, ξ)∥∥r
Lrx
=
∫
Ω−(ξ)

∣∣u(x, ξ)∣∣rdx � 1

rν∗

∫
∂Ω−(ξ)

∣∣h(x, ξ)∣∣rρ(x, ξ) dσx
for each ξ . Then, (1) for the first operator follows for the case p = r , q = s, γ = 0. The
other cases come from this by a simple observation that ∂Ω is bounded, ρ(x, ξ)� |ξ |, and
the injection

Y
p,q,−
β+γ ⊂ Y r,s,−β is continuous if γ > γ0 (q �= s) or γ � γ0 (q = s). (3.70)

Use Lemma 1.4 for the second operator. To prove (2), let h ∈ Y 2,−. Then, u = R(c)h ∈
W 2,+ since u ∈ L2 as shown above and Λ+u = (ξ · ∇ + νc)u = 0 ∈ L2 by (3.60). Thus,
(3.19) implies γ+u= 0. This completes the proof of the lemma. �

Now we are in the position for the

PROOF OF THEOREM 3.19. We shall evaluate each term on the right hand side of (3.65).
Its first term S0 was already evaluated in Theorem 3.14, from which the first condition of
(3.68) comes.

To evaluate the second term, combine Theorem 3.14 for r =∞, q =∞, m0 = α = 0
with Lemma 3.21 for q = 1 to evaluate S0S2. Then, if the second condition of (3.68) is
satisfied, ∥∥(S0S2 +R(c)

)
h
∥∥
L
p,∞
β−1/p

� C
(‖h‖

Y
p,∞,−
β−1/p

+ ‖S2h‖L2 + |c|−θγ ′ ‖S2h‖L1,2

)
� C

(
1+ ‖c‖−θγ ′)‖h‖

Y
p,∞,−
β−1/p

holds with γ ′ = 1− 1/p. The estimate of R(c) is due to Lemma 3.21. Now, put h= (I −
T (c))−1h′. Notice that the injection Yp,∞,−β−1/p ⊂ Y∞,−β is continuous, and use Theorem 3.17
for p =∞, to get

‖h‖
Y
p,∞,−
β−1/p

� C‖h‖
Y
∞,−
β

� C‖h′‖
Y
∞,−
β

. (3.71)

Finally, put h′ =MrU∞(c)e(I−P)mναc u, and use Theorem 3.16, for p = r =∞ to obtain
estimates of h′ in Y∞,−β and Y 2,−. The restriction for q in Theorem 3.16 is absorbed in the
first condition of (3.68). This completes the proof of Theorem 3.19. �

The rest of this section is devoted to the proof of Theorem 3.17.

PROOF OF THEOREM 3.17(1). Choose p0 � 2 so that

p0 > n/(n− 2).

Put u = eKcR(c)h in Theorem 3.16 with p = r � p0, q = 1, α = θ = m = 0. Then, the
condition for p,q in the theorem is satisfied for n � 3 since 1/q − 1/p � 1 − 1/p0 >
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2/n. The three terms on the right hand side of (3.53) can be evaluated by means of
Lemma 3.21(1), which gives the desired estimate of T (c). proving Theorem 3.17(1).
Clearly, we can choose p0 = 2 for n� 5. �

The proof of Theorem 3.17(2) relies on the “velocity averaging” stated in Remark 3.10,
which is now stated as follows.

LEMMA 3.22. Let Re λ >−ν∗, β � 0 and c ∈Rn. The operator

γ±
(
λ−A∞c

)−1
Kc :Lp,pβ → Y

p,−
β

is bounded for p ∈ [2,∞] and compact for p ∈ [2,∞).

PROOF. Proposition 3.3 assures that the relevant operator is bounded for the case p ∈
[1,∞] and β = 0, but the same proof given there works also for the case β > 0.

For the compactness, therefore, it suffices to prove the case p = 2: Other cases come by
means of the interpolation [13]. Put W = (λ−A∞c )−1Kc . Proposition 3.3 gives the trace
estimates

‖γ±Wu‖Y 2,± �C‖Kcu‖L2(D∞).

On the other hand, the Fourier transform of W is the operator G = G(λ, k) = (λ −
Â∞c (k))−1Kc studied in Proposition 3.9 on the decay property in k. We decompose G
into three parts

G = χ(|ξ |>R)G+ χ(Σ1)χ
(|ξ |<R)G+ (1− χ(Σ1)

)
χ
(|ξ |<R)G

=G1 +G2 +G3,

where Σ1 =Σ1(ε,R) is given by (3.43) and R,ε > 0. Correspondingly, write W =W1 +
W2 +W3.

First, note that the computation in the proof of Proposition (3.9) can be rewritten as

‖G1‖� Cδ−1R−1, ‖G2‖� Cδ−1ε1/2R(n−1)/2,

‖G3‖� C
(
ε|k|)−1

Rn/2, (3.72)

which hold for any c, k ∈ Rn and Reλ�−ν∗ + δ, δ > 0, where ‖ ‖ is the operator norm
on L2

ξ and C > 0 is independent of c, k, δ, λ.
Now, it is important to observe that the same computation, combined with Proposi-

tion 3.3, yields

‖γ±W1u‖Y 2,± � C‖Θ1Kcu‖L2(D∞) � CR−1‖u‖L2(D∞),

‖γ±W2u‖Y 2,± � C‖Θ2Kcu‖L2(D∞) � Cδ−1ε1/2R(n−1)/2‖u‖L2(D∞),
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where Θ1 = χ(|ξ |>R) and Θ2 =F−1χ(Σ1)χ(|ξ |<R)F . Note that Θj , j = 1,2, com-
mutes with (λ−A∞c )−1. Take ε =R−n−1. Then,

‖γ±W − γ±W3‖� Cδ−1R−1 → 0 (R→∞),

in the relevant operator norm. Since the operator norm limit of compact operators is a
compact operator [40], it now suffices to prove the compactness of γ±W3.

For this, it is essential to observe that the estimate of G3 stated above implies that

W3 :L2(D∞)→L2(Rnξ ;H 1(Rnx))
is a bounded operator. According to the Sobolev–Rellich theorem [1], any bounded set of
H"(Rn), " > 1/2, is compactly embedded in L2(S) for any (n− 1)-dimensional compact
manifold S of Rn. Thus, we can conclude that

γ±W3 :L2(D∞)→ Y 2,±

has a compactness property with respect to x.
On the other hand, the compactness with respect to ξ is expected from the compact-

ness of Kc stated in Lemma 1.5. To see this, however, we need to do a little more. First,
decompose W3 as

W3 = χ
(|k|< κ0

)
W3 + χ

(|k|> κ0
)
W3 =W31 +W32

for κ0 > 0. The estimate of G3 gives

‖W32u‖L2(Rnξ ;H 1−η(Rnx)) �Cκ
−η
0 ‖u‖L2(D∞)

for any η ∈ [0,1]. This and the Sobolev–Rellich theorem indicate that the operator norm
of

γ±W32 :L2(D∞)→ Y 2,±

tends to 0 as κ0 →∞.
Thus, we shall consider W31. Its Fourier transform is given by

G31 = Ψ (k, ξ)Kc,
Ψ (k, ξ)= (λ+ ik · ξ + νc(ξ))−1(1− χ(Σ1)

)
χ
(|k|< κ0

)
χ
(|ξ |<R).

We claim that

sup
k∈Rn

∫
Rn

∣∣Ψ (k, ξ + h)−Ψ (k, ξ)∣∣2 dξ = o(|h|) (
h ∈Rn, |h| → 0

)
. (3.73)
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If this is valid, then, putting w =W31u and τhw =w(x, ξ + h), we have

∥∥(τh − I )w∥∥L2(Rnξ ;H"(Rnx))
� C

∥∥(τh − I )Kcu∥∥L2(D∞) + o
(|h|)‖u‖L2(D∞).

Here, " > 0 can be taken arbitrarily large because of the presence of the cutoff function
χ(|k| < κ0). As is well known [26], a bounded set of L2 is compact if and only if it is
uniformly bounded and equi-continuous. Apply this to Kcu and see that the first term on
the right hand side in the above tends to 0 as h→ 0 uniformly for u in any bounded set of
L2(D∞). Now, again by [26], we conclude the compactness of γ±W31 in ξ .

Finally, we see that the integral in (3.73) is bounded by

C|h|2 +C
∫
|ξ |<R

∣∣(I − τh)νc(ξ)∣∣2 dξ +C ∫
|ξ |<R

∣∣(I − τh)χ(Σ1)(k, ξ)
∣∣2 dξ.

The second term on the right hand side is evaluated by o(|h|) since νc(ξ) ∈ L2
loc(R

n) by
(1.27) while a simple geometric consideration gives

mes
{
ξ
∣∣ |ξ |<R, (I − τh)χ(Σ1)(k, ξ) �= 0

}
� 2 mes

{
ξ
∣∣ |ξ |<R, ∣∣k · (ξ + h)∣∣> ε|k|> |k · ξ |}� C|h|Rn−1,

which indicates that the third term is of O(|h|). This proves (3.73) and hence completes
the proof of the lemma. �

Now, we can finish the proof of Theorem 3.17.

PROOF OF THEOREM 3.17(2). We need five steps.

Step 1. We claim that T (c) is a compact operator for p <∞ sufficiently large. For
the proof, write V∞(c) = (A∞c )−1 and recall the second resolvent equation U∞(c) =
V∞(c)− V∞(c)KcU∞(c), [40], which yields

T (c) =MrV∞(c)eKcR(c)−MrV∞(c)KcU∞(c)eKcR(c)

= T1 + T2. (3.74)

By virtue of Lemma 3.22 combined with Lemma 3.21, T1 has the desired compactness
property for any p <∞. The compactness property for T2 comes again from Lemma 3.22
if the factor U∞(c)eKR(c) is a bounded operator from Y

p,−
β → L

p,p
β for some p <∞ and

β . This can be proved exactly in the same way as Theorem 3.17(1) by using the estimates
in Theorem 3.14 instead of those in Theorem 3.16. There, we should choose p0 = p so
large that 1− 1/p > 2/n. Clearly, p0 = 2 is possible for n� 5.
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Step 2. We have to show that T (c)3 is compact for p =∞. For this, consider various
cross products of T1 and T2. Lemmas 1.4 and 3.15 imply the smoothing effect that the
operator

T 2
1 :Ypβ → Y∞β

is bounded. Combining this with Lemma 3.22 and the first inequality of (3.71) implies that
T 3

1 has the desired property. The proof is similar for other products. The detail is omitted.

Step 3. Thus, if p ∈ [p0,∞), the spectrum of T (c) consists only of nonzero discrete
eigenvalues and the origin λ= 0, but this is also true for p =∞ since T (c)3 is a compact
operator though it is not clear whether T (c) itself is compact or not, see [26, p. 579].

Now, to establish the existence of the inverse (I − T (c))−1, we first prove that 1 is not
an eigenvalue of T (0). For this, suppose the contrary so that there exists an eigenfunction,

φ ∈ Yp,−β , φ �= 0, φ = T (0)φ.

Define w and u by

w =U∞(0)KeR(0)φ, u=w− eR(0)φ, (3.75)

where K is for K0 (c = 0). Notice from Step 1 and by the aid of Lemma 3.21 that u is in
Lp and solves the boundary value problem

B0u=−ξ · ∇xu+Lu= 0 in Ω, Mu= 0 on ∂Ω.

First, consider the case n� 5. Then, we can take p0 = 2 so that w, and hence u, are in
L2(D∞). Thus, Green’s formula (3.5) applies to this problem in Ω , to deduce, by virtue
of the assumption [B](1) and the nonpositivity of L stated in Proposition 1.6,

0= (B0u,u)= 1

2

(‖B0γ
+u‖Y 2,− − ‖γ+u‖Y 2,+

)+ (Lu,u)� 0,

where ( , ) is the inner product of L2(D). Now, we have obtained (Lu,u)= 0, and thereby
(I − P)u = 0. Then, the equation B0u = 0 reduces to ξ · ∇x(Pu) = 0 but this is possible
only when Pu= 0. Thus, u= 0 or w = R(0)φ in D. And this implies γ+w = 0, owing to
Lemma 3.21(2).

On the other hand, w in (3.75) is defined also in O×Rnξ and still satisfies the equation
B∞0 w = 0 because eR(0)φ = 0 there by definition of the extension operator e, and γ+w =
0 because w is absolutely continuous on the characteristic line x + tξ , see Section 3.2.2.
Since w ∈ L2(O×Rn), we can apply Green’s formula in O, to deduce

0 = (B∞0 w,w)= 1

2

(‖γ+w‖2
Y 2,+ − ‖γ−w‖2

Y 2,−
)+ (Lw,w)

= −‖γ−w‖2
Y 2,− + (Lw,w)� 0,
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where ( , ) is the inner product of L2(O × Rn), whence follows γ−w = 0. Note that the
direction of the outward unit normal to ∂O is inward to Ω . Summarizing, we reached the
contradiction φ = T (0)φ =Mw = γ−w−B0γ

+w = 0.
Now, we shall consider the case n= 3,4, for which w in (3.75) is not in L2: We know

only w ∈ Lpβ for p � p0 > 2. As a consequence, Green’s formula cannot be used directly.
Fortunately, however, w has a special structure,

w =w1 +w2, (3.76)

(a) JR ≡
∫
SR×Rn

(
ξ · x|x|

)∣∣w1(x, ξ)
∣∣2 dσx dξ = 0, Lw1 = 0,

(b)
∣∣w1(x, ξ)

∣∣� C
(
1+ |x|)n−2

, (x, ξ) ∈Rn ×Rn,

(c)
(
1+ |ξ |)∇xw1,

(
1+ |ξ |)w2 ∈ L2(D∞).

Here, SR is the sphere of radius R with center at origin which is assumed to be inside O
without loss of generality.

We will prove this at the end of this section and here proceed as follows. Let χR(x) be a
smooth cutoff function such that it is 1 for |x|�R − 1 and 0 for |x|�R, and put

u′ = u1 + χRu2, u1 =w1, u2 =w2 − eR(0)φ.
This is in L2(DR) for any R > 0 where DR = (Ω ∩BR)×Rn, BR being the ball of radius
R with center at origin. Note that

0= χR(B0u)= B0u
′ + J, J = (1− χR)ξ · ∇xu1 + (ξ · ∇xχR)u2,

Mu′ =Mu= 0.

By Green’s formula (3.5) in DR , the assumption [B](1) in (3.55), and Proposition 1.6, we
get

0 = (B0u
′ + J,u′)

= 1

2

(‖B0γ
+u‖Y 2,−

)− ‖γ+u‖Y 2,+ + (Lu′, u′)+ (J,u′)+ JR
�
∣∣(J,u′)∣∣+ JR.

Here, ( , ) is the inner product of L2(DR).
By virtue of (3.76)(a), JR = 0, while, with the norm ‖ ‖R ofL2({R−1< |x|<R}×Rn),

we have by (b) that

‖w1‖R � CR−(n−2)(mesSR)
1/2 � C0.

Also by (c), it holds that J,w2 ∈ L2, which yields, by the Schwarz inequality,∣∣(J,u′)∣∣� ‖J‖R(C0 + ‖w2‖R
)→ 0 (R→∞),



470 S. Ukai and T. Yang

for any n � 3. Now, we have obtained lim(Lu′, u′) = 0, and thereby (I − P)u = 0. This
leads to the contradiction φ = 0 by proceeding exactly in the same way as for the case
n� 5.

Step 4. By the Fredholm alternative, therefore, (I − T (0))−1 exists as a bounded op-
erator. This is valid also for (I − T (c))−1 for |c| � c0 with some small c0 > 0 because
T (c) is a continuous function of c in the relevant operator norm. Although the proof of this
continuity can be carried out by repeating almost the same computation as presented so
far for establishing boundedness of various operator norms, it is too lengthy to reproduce
here. The interested reader is referred to [64,65].

Step 5. It remains to prove (3.76). We recall the formula (3.47) and put

Wj(x, ξ)=Uj(0)eKR(0)φ, j = 0, . . . , n+ 2.

Notice that since eKR(0)φ ∈ L1 ∩ L2 by Lemma 3.21, and if we follow the numbering
j in Remark 3.7, W1, Wn+1 and Wn+2 are all in L2 by virtue of Proposition 3.11 for
q = 1, p = 2, l = 1, m= 0, θ = 0, and by Lemma 3.13. Moreover, by the bootstrap as in
Lemma 3.15(3), we see (1+ |ξ |)Wj ∈ L2. Therefore, they shall go to the component w2.

We shall extract L2 parts of other Wj , which also necessarily go to w2. First, compute,
by the aid of (3.20),

Θ(k, ξ)≡F
(
eR(c)φ

)= ∫
∂Ω−(ξ)

1

νc(ξ)+ iξ · k φ(x, ξ)e
ik·xρ(x, ξ) dσx.

Clearly, this is a smooth function of k so that for small |k|, it has an expansion,

Θ(k, ξ)=Θ(0, ξ)+ |k|Θ1(k, ξ).

Since we are now in the class (b) of Remark 3.7 and hence λj,1 = 0, recalling the asymp-
totic expansions of eigenvalues and eigenprojections in Theorem 3.6(2) and combining the
above expression, we make a new decomposition

Wj = F−1
(

1

λj,2|k|2Pj,0(k̃)(KΘ)(0, ξ)χ
(|k|� κ0

))
+F−1

(
1

|k|Ψ (k, c)χ
(|k|� κ0

))
≡ A1 +A2,

where all the terms having the factor |k| were gathered in the term A2, so that ‖Ψ (k, c)‖L2
ξ

is uniformly bounded for |k| � κ0 and |c| � c0. Observe that the singularity of A2 near
k = 0 is, therefore, of order |k|−2|k| = |k|−1, which is square integrable over |k|� κ0, and
hence, by Parseval’s relation, A2 ∈ L2(D∞), for n� 3. This, combined with the property
(3.33), shows that A2 goes to w2.
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On the other hand, ∇x gives rise to the factor |k| in A1 so that the singularity is of
order −1, which implies, by the aid of Proposition 1.6, (1 + |ξ |)∇xA1 ∈ L2(D∞) even
for n = 3,4, proving (3.76)(c). Now, for n = 3,4, w1 is the sum of A1 for j = 1, . . . , n.
Denote them by aj = aj (x, ξ). Since Pj,0(k̃) depends only on k̃, it has the form

aj (x, ξ)=
∫
|k|�κ0

|k|−2eik·xϑj (k̃, ξ) dk

with some function ϑj of k̃, ξ only. This implies that aj is rotation invariant with respect
to x, that is, it is a radial function aj = aj (|x|, ξ), and hence, so is w1 =w1(|x|, ξ), which
gives ∫

SR

(
ξ · x|x|

)∣∣w1(R, ξ)
∣∣2 dσx = 0,

whence JR = 0 and (3.76)(a) follows. Further, going to the spherical coordinates of k, we
see ∫ 1

−1

(
1−μ2)(n−3)/2

a(μ)

{∫ κ0

0
rn−3eir|x|μ dr

}
dμ

=O(|x|−(n−2)) (|x| →∞),
if a(μ) is a smooth function on [−1,1], which proves (3.76)(b). This completes the proof
of (3.76). �

3.5. Stationary solution

It is now easy to see that the solution of the inhomogeneous linear boundary value problem
(3.9) is obtained in the form

φc =R(c)hc −U(c)KcR(c)hc. (3.77)

Although U(c) may have a singularity as c→ 0, it is compensated by the fact that

‖hc‖ =O
(|c|) in Y∞,−β , β > n, (3.78)

which comes from the assumption [B](3) in (3.55). Theorem 3.19 and this prove the

THEOREM 3.23. Let

n� 3, p ∈ [2,∞], θ ∈ [0,1), 1/p < 1− 2/(n+ θ), β > n. (3.79)

Then, φc defined by (3.77) solves (3.9) with

‖φc‖ =O
(|c|1−θγ ) (c→ 0) in Lp,∞β , γ = 2− 1/p. (3.80)
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In order to solve the nonlinear problem (3.8), we use Theorems 1.1 and 3.19, to deduce

PROPOSITION 3.24. Let

n� 3, θ ∈ [0,1), β > n/2+ 1,

p ∈ [2,4] ∩ [(n+ 2)/(n+ θ − 2), n+ θ), (3.81)

and put γ = 1+ 2/p. Then, there are constants C0 > 0 and c0 > 0 such that for |c|� c0,∥∥U(c)Γ (u, v)∥∥� C0|c|−θγ ‖u‖‖v‖ in Xpβ . (3.82)

Notice that although the choice θ = 0 in the above is not possible in the physically
important case n = 3, the singularity in (3.82) as c→ 0 can be compensated by the nice
behavior of φc in Theorem 3.23. To see this, note that for θ ∈ [0,2/7) and p � 2, we can
find α such that

α1 = θ(1+ 1/p) < α < 1− θ(2− 1/p)= α2.

Put v = |c|αu and rewrite (3.5) as

v =Φ(v, c)≡−|c|αU(c)Γ (v, v)+ |c|−αφc.
By virtue of Theorems 3.23 and 3.24, we can have∥∥Φ(v, c)∥∥�C1|c|σ ‖v‖2 +C2|c|τ ,∥∥Φ(v, c)−Φ(w,c)∥∥� C1|c|σ

(‖v‖ + ‖w‖)‖v −w‖,
both in Xpβ , where σ = α− α1, τ = α2− α, and C1,C2 are positive constants independent
of c, v,w. This shows that if c is small, Φ(·, c) is contractive. To see this, choose c ∈ Rn

so small that

D ≡ 1− 4C1C2|c|σ+τ > 0,

and with a∗ = (1−
√
D)/(2C1|c|σ ), set

W∗ =
{
v ∈Xpβ

∣∣ ‖v‖� a∗
}
.

Notice that a∗ is the smaller positive root of the quadratic equationC1|c|σ a2−a+C2|c|τ =
0, and thatW∗ is a complete metric space with the distance function induced by the relevant
norm. Suppose now that v,w ∈W∗. Then,∥∥Φ(v, c)∥∥�C1|c|σ a2∗ +C2|c|τ = a∗,∥∥Φ(v, c)−Φ(w,c)∥∥� μ‖v−w‖, μ≡ 2C1a∗|c|σ = 1−√D < 1,

which shows that Φ is a contraction map. Thus, we proved the following theorem.
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THEOREM 3.25. Let

n� 3, θ ∈ [0,2/7), β > n/2+ 1,

and assume also (3.79) and (3.81). Then, there is a constant c0 > 0 such that for any
|c|� c0, (3.5) has a unique solution u= uc in Xpβ . It satisfies

‖uc‖ =O
(|c|α+τ ), α + τ = α1 = 1− θ(2− 1/p). (3.83)

Further, we can prove that uc is continuous in c in the space Xpβ and that uc is in the
trace space Wp,+ with γ±uc ∈ Yp,± so that uc solves (3.5) in Lp sense. See [64].

In [65], we have shown the asymptotic stability of uc for small perturbation. The proof
relies on the decay property in t of the semi-group etBc . First, etB

∞
c is constructed as the

inverse Laplace transform of the corresponding resolvent, i.e. (3.47), to which Theorem 3.6
applies to derive decay estimates of etB

∞
c . On the other hand, (3.65) gives, with due mod-

ification, a semi-explicit expression of the resolvent of Bc in terms of that of B∞c , and
hence, its inverse Laplace transform gives an expression of etBc in terms of etB

∞
c . The re-

sulting expression then enables us to derive the decay rate of etBc . The proof, however, is
too lengthy to reproduce here. In the next section, we will discuss the decay estimate of
etB

∞
c for the case c= 0 in a similar context.

4. Time-periodic solution

4.1. Problem and basic strategy

The purpose of this section is to study the Boltzmann equation (1.1) for the case where the
inhomogeneous term S is a time-periodic function. More precisely, we assume F = 0 and
look for a time-periodic solution near a uniform Maxwellian M. Thus, we put

f =M+M1/2u,

and consider the inhomogeneous equation

∂u

∂t
=−ξ · ∇xu+Lu+ Γ (u,u)+ S, (t, x, ξ) ∈R×Rn ×Rn, (4.1)

where L and Γ are those in (1.23). Here, we denote the modified inhomogeneous term by
the same symbol S as in (1.1), but no confusion will arise.

The inhomogeneous term S stands for the distributional density of the external source of
gas particles and in the case where S is time-periodic, (4.1) is the most basic model problem
in the study of the generation and propagation of sound waves in a gas with an oscillating
source. The existence and stability of the time-periodic solutions have been studied for var-
ious fluid dynamical equations including the Euler and Navier–Stokes equations, see, e.g.,
[28,46,70] and references therein, but only a little is known for the Boltzmann equation.
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The below is our recent result [63] for the case F = 0. A physically more interesting case
F �= 0, that is, the case where the gas is shaken by the time-periodic force, has been solved
for the space dimension n� 5 but is still open for n= 3,4, see [25].

The time-periodic solution is viewed as a stationary solution under the periodic boundary
condition in time. A variety of methods have been developed for solving the time-periodic
boundary value problem for nonlinear PDE’s. The strategy we adopt here is a combination
of the time-decay estimate of the relevant linearized problem and the contraction mapping
principle. The method developed here is applicable to a wide class of semi-linear evolution
equations.

In order to explain the strategy, consider the Cauchy problem for (4.1) in the form{
du
dt
= Bu+ Γ (u,u)+ S(t) (t > t0),

u(t0)= u0,
(4.2)

where B is the linearized Boltzmann operator,

B =−ξ · ∇x +L. (4.3)

Notice that we do not fix the initial time t0 but must consider arbitrary t0 ∈ R. Let etB

denote the semi-group generated by B and consider the Duhamel form of (4.2),

u(t)= e(t−t0)Bu0 +
∫ t

t0

e(t−τ)B
{
Γ
(
u(τ),u(τ)

)+ S(τ)}dτ, t � t0. (4.4)

As usual, the solution of the integral equation (4.4) is called a mild solution of (4.2).
Let T0 denote the period of the inhomogeneous term S = S(t, x, ξ). Suppose, first, that

(4.4) has a t -periodic solution uper with period T0. Thus, it solves (4.2), and hence (4.4),
with the particular initial data u0 = uper(t0) for each t0 ∈ R. Choose t0 =−kT0 for k ∈ N.
Since u0 = uper(−kT0)= uper(0), (4.4) is written as

uper(t)= e(t+kT0)Buper(0)+
∫ t

−kT0

e(t−τ)B
{
Γ
(
uper(τ ), uper(τ )

)+ S(τ)}dτ.
We shall now suppose that etB has a nice decay property as t →∞. Then, going to the
limit as k→∞ yields

uper(t)=
∫ t

−∞
e(t−τ)B

{
Γ
(
uper(τ ), uper(τ )

)+ S(τ)}dτ, (4.5)

provided that the last integral converges. Admit this for the time being and define the
nonlinear map,

Φ[u](t)=
∫ t

−∞
e(t−τ)B

{
Γ
(
u(τ),u(τ)

)+ S(τ)}dτ. (4.6)
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Then, (4.5) indicates that uper is a fixed point of Φ .
Conversely, suppose that Φ has a fixed point. It may not be time-periodic. But, let us

suppose that the fixed point of Φ is unique. Then, we can claim that if S is time-periodic
with period T0, so is this fixed point. For the proof, denote this unique fixed point by
ū= ū(t) and put v(t)= ū(t + T0). We have,

v(t) = Φ[ū](t + T0)=
∫ t+T0

−∞
e(t+T0−τ)B{Γ (ū(τ ), ū(τ ))+ S(τ)}dτ

=
∫ t

−∞
e(t−τ)B

{
Γ
(
ū(τ + T0), ū(τ + T0)

)+ S(τ + T0)
}
dτ

=
∫ t

−∞
e(t−τ)B

{
Γ
(
v(τ), v(τ )

)+ S(τ)}dτ (by periodicity of S)

= Φ[v](t).

Thus, v is another fixed point but then, the uniqueness assumption says v(t)= ū(t) for all
t ∈R, proving the periodicity of ū with the period T0. It is evident that if this unique fixed
point is differentiable with respect to t , it is a desired periodic solution to (4.2). Notice also
that the above method covers the special case where S is time-independent and provides
the existence of the stationary solution.

This section is organized as follows. The decay property of etB is established in Sec-
tion 4.2. In Section 4.3, it is shown that Φ is well defined and becomes a contraction map
if S is small. The stability of uper will be also discussed.

4.2. Semi-group etB

The convergence of the integral in (4.6) solely depends on the integrability of e(t−s)B over
s ∈ (−∞, t] or that of etB over t ∈ [0,∞) because we can not assume the integrability
of Γ (u,u) nor S: They are t -periodic functions in our setting. etB will be integrable if it
has a strong decay property. In order to establish such a decay property, we shall appeal
to the theory of semi-groups that the inverse Laplace transform of the resolvent gives the
corresponding semi-group, [37,40,72]. In our case, Theorem 3.6 provides informations of
the resolvent which are enough to derive the desired decay property in various function
spaces. Our function space, on the other hand, should be a Banach algebra which enables
us to manipulate the nonlinearity of Γ . Among possible function spaces, our choice here
is

Xβ = L2 ∩L∞β , (4.7)

where

L2 = L2(Rnx ×Rnx
)
, L∞β =

{
u
∣∣ (1+ |ξ |)βu ∈L∞(Rnx ×Rnξ

)}
.
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The norms are properly defined. This is a rather large space in the sense that no regularity
of functions are required. As for another possible choice, see [63,67].

In [66], we proved that B generates a C0 semi-group on L2 and its semi-group etB can
be well defined on the space Xβ with the following decay property. Introduce an auxiliary
space for initial data,

Zq = L2(Rnξ ;Lq(Rnx)), q ∈ [1,2]. (4.8)

Notice that Z2 = L2. The decay rate is characterized by the quantity

σq,k = n

2

(
1

q
− 1

2

)
+ k

2
. (4.9)

THEOREM 4.1. (See [66, Theorem 2.20].) Let q ∈ [1,2] and β � 0. Then, there is a posi-
tive constant c0 such that for any u ∈Xβ ∩Zq , it holds that

∥∥etBu∥∥
Xβ

� c0(1+ t)−σq,0
{‖u‖Xβ + ‖u‖Zq}, (4.10)∥∥etB(I − P)u

∥∥
Xβ

� c0(1+ t)−σq,1
{‖u‖Xβ + ‖u‖Zq}. (4.11)

Moreover, if u satisfies the condition

u ∈Xβ,
(
1+ |x|)u ∈Z1,

∫
R3

Pudx = 0, a.e. ξ ∈Rn, (4.12)

it holds that∥∥etBu∥∥
Xβ

� c0(1+ t)−σ1,1
{‖u‖Xβ + ∥∥(1+ |x|)u∥∥Z1

}
, (4.13)

while if u has the form u= ∂xũ for some function ũ ∈Zq , then,

∥∥etBu∥∥
Xβ

� c0(1+ t)−σq,1
{‖u‖Xβ + ‖ũ‖Zq}. (4.14)

The decay estimates (4.10) and (4.11) were first established in [58,59] in the space
L2(Rnξ ;H"(Rnx)) starting from the expression (3.34) for c = 0. More precisely, since the

operator B of (4.3) is nothing but the operator B∞0 (c = 0) of (3.23), the semi-group etB

is given by the inverse Laplace transform of Φ(λ, k,0). Thus, consider the inverse Laplace
transform of Φj in (3.34) for c= 0,

Ψj (t, k)= 1

2πi

∫ σ0+i∞

σ0−i∞
eλtΦj (λ, k,0) dλ,
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where σ0 > 0 is so chosen that the Bromwich integration path (σ0 − i∞, σ0 + i∞) lies in
the resolvent set of B . Now, we have the expression

etB =
n+2∑
j=0

Vj (t), Vj (t)=F−1{Ψj (t, k)}F . (4.15)

For j = 0, . . . , n+ 1, since Φj(λ, k,0) has a simple pole only, it holds that

Ψj (t, k)= eλj (k)tPj (k)χ
(|k|� κ0

)
. (4.16)

Similar to the proof of Proposition 3.11, we have, for example,

∥∥Vj (t)u∥∥Z2
� CJ 1/2‖u‖Z1, J =

∫
|k|�κ0

e−(λj,2/2)|k|2t dk

and J is easily seen to have the polynomial decay O(t−2σ1,0). A much more delicate
computation gives the exponential decay of Vn+2. Thus, (4.10) for q = 1 holds in the
space L2

x,ξ . In [66], the same decay property was established in the space Xβ by means
of a bootstrap argument similar to that for Lemma 3.15(3). The other estimates in Theo-
rem 4.1 can be derived similarly. as in [66].

According to (4.10), etB is integrable if σq,0 > 1 or n > 4q/(2− q). The best choice is
q = 1 and hence n � 5. For the nonlinear term Γ , we can use the estimate (4.11) due to
Proposition (1.6), which has the extra decay rate 1/2 so that σ1,1 > 1 for n � 3. For the
case n= 3,4, the source term S should be assumed to have a property required by one of
(4.11), (4.12), or (4.14).

The above estimates are not enough, however, to control the unbounded factor ν of the
nonlinear operator Γ , see Theorem 1.1. Fortunately, similar to the inverse operator B−1

c ,
the semi-group etB also has a smoothing effect if coupled with the t -integration. Thus,
consider the integral

Θ[h](t)=
∫ t

−∞
e(t−s)Bνh(s) ds. (4.17)

Write

Xβ = L∞(R;Xβ), Y β = L∞(R;L∞β ), Zq = L∞(R;Zq), (4.18)

and ||| · |||β = ||| · |||Xβ .

LEMMA 4.2. Let n � 3, β > n/2, and δ ∈ [0,1), and assume h ∈ Yβ ∩ Z1 and
ν(1−δ)h ∈ Z2. Further, assume one of the following four conditions.

(a) n� 5.
(b) P(νh)= 0 a.a. (t, x, ξ) ∈R+ ×Rn ×Rn.
(c) (1+ |x|)h ∈ Z1,

∫
Rn

P(νh)dx = 0 a.a. (t, ξ) ∈R+ ×Rn.
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(d) h= ∂xh̃, h̃ ∈ Z1.
Then, the integral (4.17) converges in the norm of Xβ and for a constant C0 > 0, the
following estimates hold depending on the cases in the above:

(a) and (b) |||Θ[h]|||β � C0(|||h|||β + ‖h‖Z1 + ‖ν(1−δ)h‖Z2),
(c) |||Θ[h]|||β � C0(|||h|||β + ‖(1+ |x|)h‖Z1 + ‖ν(1−δ)h‖Z2),
(d) |||Θ[h]|||β � C0(|||h|||β + ‖h̃‖Z1 + ‖ν(1−δ)h‖Z2).

This lemma was proved in [66], by using the decay estimates in Theorem 4.1 and a little
more precise structure of etB including ν, together with a bootstrap argument. The detail
is omitted.

4.3. Existence and stability

We now construct a fixed point of the mapΦ . First, notice that the map (4.6) can be written
as

Φ[u] =Θ[ν−1Γ (u,u)
]+Θ[ν−1S

]
. (4.19)

Also, we need the estimate suggested by Theorem 1.1 and stated explicitly in Lemma 2.6
of [66] that∥∥ν−1Γ (u, v)

∥∥
Xβ
+ ∥∥ν(1−δ)Γ (u, v)∥∥

Z2
+ ∥∥ν−1Γ (u, v)

∥∥
Z1

� C‖u‖Xβ‖v‖Xβ , (4.20)

for any δ ∈ [0,1] and β > n/2 + γ (1 − δ) where γ ∈ [0,1] is the index of the cutoff
potential in (1.25). Proposition 1.6(3) implies that νh= Γ (u, v) satisfies the condition (b)
in Lemma 4.2, so that we can have by the aid of (4.20),∣∣∣∣∣∣Θ[ν−1Γ (u, v)

]∣∣∣∣∣∣
β

�C1|||u|||β |||v|||β

for each β > n/2. The constant C1 > 0 is independent of u,v but depends on β in such a
way that C1 →∞ as β→ n/2+ 0. For, we must have δ < 1 in Lemma 4.2.

On the other hand, we shall suppose that the inhomogeneous term satisfies one of the
conditions (a)–(d) of Lemma 4.2 applied to h= ν−1S. That is, we assume∣∣∣∣∣∣Θ[ν−1S

]∣∣∣∣∣∣
β

�C0S0,

where C0 > 0 is a constant independent of S and

S0 =

⎧⎪⎨⎪⎩
|||S|||β + ‖S‖Z1, for the cases (a), (b),

|||S|||β + ‖(1+ |x|)S‖Z1 , for the cases (c),

|||S|||β + ‖S̃‖Z1, for the cases (d) where S = ∂xS̃.
(4.21)
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Now, combining these two estimates yields∣∣∣∣∣∣Φ[u]∣∣∣∣∣∣
β

� C0S0 +C1|||u|||2β,∣∣∣∣∣∣Φ[u] −Φ[v]∣∣∣∣∣∣
β

� C1|||u+ v|||β |||u− v|||β . (4.22)

The latter comes from the bilinear symmetry of Γ .
As before, these two estimates are enough to show that the map Φ becomes contractive

if S0 is chosen small: We choose S0 so small that

D ≡ 1− 4C0C1S0 > 0

and define the complete metric space

W∗ =
{
u ∈Xβ ∣∣ |||u|||β � a∗

}
, a∗ = 1

2C1
(1−√D),

a∗ being the smaller positive root of the quadratic equation C1a
2 − a + C0S0 = 0. Now,

for any u,v ∈W∗, it follows from (4.22) that∣∣∣∣∣∣Φ[u]∣∣∣∣∣∣
β

� C0S0 +C1a
2∗ = a∗,

∣∣∣∣∣∣Φ[u] −Φ[v]∣∣∣∣∣∣
β

� μ|||u− v|||β,

where μ= 2C1a∗ = 1−√D < 1, showing thatΦ is a contraction onW∗. Thus, we proved
the

THEOREM 4.3 (Existence of time-periodic solution). Let n� 3, β > n/2 and assume the
cutoff potential (1.25) for γ ∈ [0,1]. Then, there are two positive constants a0 and a1 such
that if S is a time-periodic function with period T0 and satisfies one of the conditions in
Lemma 4.2 for h= ν−1S with

S0 � a0,

where S0 is defined by (4.21), then, (4.1) has a time-periodic mild solution uper with the
same period T0 which is unique in the function class

uper ∈L∞(R;Xβ), sup
t∈R

∥∥uper(t)
∥∥
Xβ

� a1S0. (4.23)

Notice that a1 � S0/a∗ and can be chosen independently of S0.

As for the regularity of uper, we quote the result of [66] here without proof.

THEOREM 4.4. Under the same assumption as in Theorem 4.3,

uper ∈ C0(R;L2), (4.24)

and if ∂αx S ∈L∞(R,Xβ), |α|� " for some "� 2, then, uper is a classical solution.
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Finally, in order to discuss the asymptotic stability of uper, we should consider the
Cauchy problem (4.2) assuming that the initial data u0 is a small perturbation of uper.
Thus, put

v = u(t)− uper(t), v0 = u0 − uper(t0) (4.25)

and reduce (4.2) to{
dv
dt
= Bv +Lper(t)v + Γ (v, v) (t > t0),

v(t0)= v0.
(4.26)

Here the inhomogeneous term S is suppressed at the cost of the extra linear term

Lper(t)v = 2Γ
(
uper(t), v

)
.

Without loss of generality, we may put t0 = 0 and work on the Duhamel formula

v(t)= etBv0 +
∫ t

0
e(t−τ)B

{
Lper(τ )v(τ )+ Γ (v(τ), v(τ ))}dτ. (4.27)

We shall define the map Φ by this right hand side and establish the existence of its fixed
point. Again, this can be done by a combination of the decay estimates in Section 4.2
and the contraction mapping principle, though in a different context from the proof of
Theorem 4.3.

Similar to the map Θ in (4.17), define

Ψ (h)(t)=
∫ t

0
e(t−τ)Bνh(τ) dτ, (4.28)

for h= h(t, x, ξ). Then, (4.27) has the form

v(t)= etBv0 +Ψ
(
ν−1Lperv

)
(t)+Ψ (ν−1Γ (v, v)

)
(t). (4.29)

The function space and norm in our setting are

Wβ,σ =
{
u ∈ L∞(0,∞;Xβ)

∣∣ |||u|||β,σ <∞},
|||u|||β,σ = sup

t�0
(1+ t)σ ‖u(t)‖Xβ ,

for β,σ � 0.
The boundedness of the integral in Ψ as t→∞ is guaranteed by the decay property of

etB in Theorem 4.1 and the unbounded factor ν can be controlled as in Lemma 4.2, by the
smoothing effect of etB under the t -integration. The following lemma is a simple variant
of Lemma 3.1 of [66].
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LEMMA 4.5. Let n � 3, δ ∈ [0,1), β > n/2+ γ (1− δ), and σ > 0. Then, there exists a
constant C0 > 0 such that for any h ∈Xβ ∩Z1 satisfying Pνh= 0, it holds that∣∣∣∣∣∣Ψ (h)∣∣∣∣∣∣

β,σ∗ � C0�h�β,σ ,

where σ∗ =min(σ1,1, σ ) and

�h�β,σ = ‖h‖β,σ + sup
t�0
(1+ t)σ∥∥ν(1−δ)h∥∥

Z2 + sup
t�0
(1+ t)σ‖h‖Z1 .

Take this for granted and use (4.20) to deduce∣∣∣∣∣∣Ψ (ν−1Lperv
)∣∣∣∣∣∣

β,σ∗ � 2C1
∣∣∣∣∣∣uper

∣∣∣∣∣∣
β,0|||v|||β,σ �C2S0|||v|||β,σ ,

C2 = 2a1C1, σ∗ =min(σ1,1, σ ),∣∣∣∣∣∣Ψ (ν−1Γ (v, v)
)∣∣∣∣∣∣

β,σ∗∗ � C1|||u|||β,σ |||v|||β,σ , σ∗∗ =min(σ1,1,2σ),

where we used (4.23).
Choose σ = σq,0 in the above. It follows from (4.9) that σ∗ = σ∗∗ = σq,0 for q ∈ [1,2].

As a consequence, we get∣∣∣∣∣∣Φ[v]∣∣∣∣∣∣
β,σ

� C0V0 +C2S0|||v|||β,σ +C1|||v|||2β,σ ,∣∣∣∣∣∣Φ[u] −Φ[v]∣∣∣∣∣∣
",β,σ

� C2S0|||u− v|||β,σ +C1|||u+ v|||β,σ |||u− v|||β,σ ,

where

V0 = ‖v0‖Xβ + ‖v0‖Zq .

The remaining argument is almost the same as before: If S0 and then V0 are chosen suffi-
ciently small, it turns out that Φ is a contraction in a ball of the space Xβ . We summarize
the result as follows.

THEOREM 4.6 (Stability). Under the same situation as in Theorem 4.3, there are positive
constants a0, b0, b1 such that if S0 � a0 and if the initial data u0 satisfies

u0 ∈Xβ ∩Zq, U0 ≡
∥∥u0 − uper(t0)

∥∥
Xβ
+ ∥∥u0 − uper(t0)

∥∥
Zq

� b0, (4.30)

for some q ∈ [1,2], the Cauchy problem (4.2) has a global solution satisfying

u ∈ L∞(t0,∞;Xβ), (4.31)∥∥u(t)− uper(t)
∥∥
Xβ

� b1U0(1+ t − t0)−σq,0 , a.a. t � t0, (4.32)

where σq,0 is as in (4.9).
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REMARK 4.7. The above two theorems cover the case where S is t -independent, implying
the existence and stability of the stationary solutions.

REMARK 4.8. The existence and stability theorems can be also established on the
torus Tn. In this case, we have the exponential decay in (4.11) with the same function
spaces Xβ and Zq defined, of course, with Tnx replaced by Rnx . This is also established
based on the spectral analysis in Theorem 3.6, in which the Fourier variables k are to be in
Nn. Thus, for Vj (t) in (4.16), j = 0, . . . , n+ 1,

Vj (t,0)(I − P)= Pj,0(k̃)(I − P)= 0, Vj (t, k)=O(1)e−σ0t
(|k|� 1

)
,

with σ0 = λj,2/2> 0, see Theorem 3.6(2). Also, Vn+2(t, k) enjoys the exponential decay.
In conclusion, if S satisfies the condition

S ∈Xβ,
∫

Tn

(PS)(t, x, ·) dx = 0, a.a. t ∈R,

and if S is mall, then, the existence and stability of the unique periodic solution uper can
be concluded also on Tn, see [66].
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1. Introduction

It is a common belief that diffusion is a smoothing and trivializing process. Indeed, this is
the case for a single diffusion equation. Consider the heat equation⎧⎨⎩

ut =�u in Ω × (0,+∞),
u(x,0)= u0(x)� 0 in Ω,
∂u
∂ν
= 0 on ∂Ω × (0,+∞).

(1.1)

Assume that u0(x) is continuous. It is known that u(x, t) is smooth for t > 0 (smooth-
ing), and u(x, t)→ 1

|Ω|
∫
Ω
u0(x) dx as t→+∞ (trivializing). A similar result holds when

a source/sink term (or a reaction term) is present. Namely, for the problem⎧⎨⎩
ut =�u+ f (u) in Ω × (0,+∞),
u(x,0)= u0(x)� 0 in Ω ,
∂u
∂ν
= 0 on ∂Ω × (0,+∞),

(1.2)

it is known that when Ω is convex, the only stable solutions are constants [5,46]. Thus
there are only trivial patterns (constant solutions) for single reaction–diffusion equations
(on convex domains).

On the other hand, it is important to be able to use diffusion (and reaction) to model
pattern formations in various branches of science (e.g., biology and chemistry). One im-
portant question is: can we get nontrivial patterns (stable nontrivial solutions) for systems
of reaction–diffusion equations?

Let us consider the following system of reaction–diffusion equations:⎧⎪⎪⎨⎪⎪⎩
ut =Du�u+ f (u, v) in Ω × (0,+∞),
vt =Dv�v+ g(u, v) in Ω × (0,+∞),
u(x,0)= u0(x), v(x,0)= v0(x) in Ω ,
∂u
∂ν
= ∂v

∂ν
= 0 on ∂Ω × (0,+∞).

(1.3)

In 1957, Turing [68] proposed a mathematical model for morphogenesis, which de-
scribes the development of complex organisms from a single shell. He speculated that lo-
calized peaks in concentration of a chemical substance, known as an inducer or morphogen,
could be responsible for a group of cells developing differently from the surrounding cells.
He then demonstrated, with linear analysis, how a nonlinear reaction diffusion system like
(1.3) could possibly generate such isolated peaks. Later in 1972, Gierer and Meinhardt
[21] demonstrated the existence of such solution numerically for the following (so-called
Gierer–Meinhardt system)

(GM)

⎧⎪⎨⎪⎩
∂a
∂t
= ε2�a − a + ap

hq
, x ∈Ω, t > 0,

τ ∂h
∂t
=D�h− h+ ar

hs
, x ∈Ω, t > 0,

∂a
∂ν
= ∂h

∂ν
= 0, x ∈ ∂Ω .
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Here, the unknowns a = a(x, t) and h= h(x, t) represent the respective concentrations at
point x ∈Ω ⊂ RN and at time t of the biochemical called an activator and an inhibitor;

ε > 0, D > 0, τ > 0 are all positive constants; � =∑N
j=1

∂2

∂x2
j

is the Laplace operator in

RN ; Ω is a smooth bounded domain in RN ; ν(x) is the unit outer normal at x ∈ ∂Ω . The
exponents (p, q, r, s) are assumed to satisfy the condition

p > 1, q > 0, r > 0, s � 0, and γ := qr

(p− 1)(s + 1)
> 1.

Gierer–Meinhardt system was used in [21] to model head formation in the hydra. Hy-
dra, an animal of a few millimeters in length, is made up of approximately 100,000 cells
of about fifteen different types. It consists of a “head” region located at one end along
its length. Typical experiments on hydra involve removing part of the “head” region and
transplanting it to other parts of the body column. Then, a new “head” will form if and only
if the transplanted area is sufficiently far from the (old) head. These observations have led
to the assumption of the existence of two chemical substances—a slowly diffusing (i.e.,
ε# 1) activator a and a fast diffusing (i.e., D$ ε) inhibitor h.

To understand the dynamics of (GM), it is helpful to consider first its corresponding
“kinetic system”{

at =−a + ap/hq,
τht =−h+ ar/hs. (1.4)

This system has a unique constant steady state a ≡ 1, h≡ 1. For 0< τ < qr
(p−1)(s+1) it

is easy to see that the constant solution a ≡ 1, h≡ 1 is stable as a steady state of (ODE).
However, if ε√

D
is small, it is not hard to see that the constant steady state a ≡ 1, h ≡

1 of (GM) becomes unstable and bifurcation may occur. This phenomenon is generally
referred to as Turing’s diffusion-driven instability. (A general criteria for this can be found
in Murray’s book [47].)

There are many other reaction–diffusion systems which exhibit Turing’s diffusion-
driven instability: they include Gray–Scott model from chemical reactor theory, Schnaken-
berg model, Sel’kov model, Lengyl–Epstein model, Thomas model, Keener–Tyson model,
Brusselator, Oregonator, etc. For introduction and discussion on these general Turing mod-
els, we refer to the book [47]. A survey of mathematical modeling of biological and chem-
ical phenomena using reaction–diffusion systems is given in [38]. Mathematical modeling
of patterns in biological morphogenesis using extensions of GM model are discussed in
[36] and [48].

Several common characteristics of Turing type reaction–diffusion systems include: first,
they are nonvariational, i.e., they do not have Lyapunov or energy functional so standard
variational (or energy) method cannot be applied; second, they are noncooperative, i.e.,
they do not have Maximum Principles so sub-super-solution method cannot be applied;
third, they support finite-amplitude spatial-temporal patterns of remarkable diversity and
complexity, such as stable spikes, layers, stripes, spot-splitting, traveling waves, etc. (See
[63].) The study of these RD systems not only increases our knowledge on Turing patterns,
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but also induces new tools and techniques to deal with other problems which may share
similar characteristics.

The most interesting phenomena associated with (GM) is the existence of stable spikes
and stripes. The numerical studies of [21] and more recent those of [31] have revealed
that in the limit ε→ 0, the (GM) system seems to have stable stationary solutions with
the property that the activator concentration is localized around a finite number of points
in Ω̄ . Moreover, as ε→ 0, the pattern exhibits a “spike layer phenomenon” by which we
mean that the activator concentration is localized in narrower and narrower regions around
some points and eventually shrinks to a certain number of points as ε→ 0, whereas the
maximum value of the activator concentration diverges to +∞.

Such kind of point-condensation phenomena has generated a lot of interests both math-
ematically and biologically in recent years. The purpose of this chapter is to report on the
current trend and status of such studies (up to June, 2006). We shall not give most of proofs.
For more details, please see the references and therein.

In the study of spiky patterns (or concentration phenomena), two fundamental methods
emerge. The first one is the so-called “Localized Energy Method”, or LEM in short. LEM
is a combination of traditional Lyapunov–Schmidt reduction method with variational tech-
niques. This is a very useful tool to construct solutions with various concentration behavior,
such as spikes, layers, or vortices. The second method is the so-called “Nonlocal Eigen-
value Problem Method”, or NLEP in short. This deals with eigenvalue problems which
are nonselfadjoint. It plays fundamental role in the study of stability of spike patterns. In
this survey, I shall illustrate these two methods in details in the hope that they may find
applications in other problems.

Throughout this chapter, unless otherwise stated, we always assume that

ε# 1, D is finite, τ � 0. (1.5)

2. Steady states in shadow system case

2.1. Reduction to single equation

In general, the full (GM) system is very difficult to study. A very useful idea, which goes
back to Keener and Nishiura, is to consider the so-called shadow system. Namely, we let
D→+∞ first. Suppose that the quantity −h+ ap/hq remains bounded, then we obtain

�h→ 0,
∂h

∂ν
= 0 on ∂Ω. (2.1)

Thus h(x, t)→ ξ(t), a constant. To derive the equation for ξ(t), we integrate both sides
of the equation for h over Ω and then we obtain the following so-called shadow system⎧⎪⎨⎪⎩

at = ε2�a − a + ap/ξq in Ω,

τξt =−ξ + 1
|Ω|
∫
Ω
ar dx/ξs,

a > 0 in Ω and ∂a
∂ν
= 0 on ∂Ω.

(2.2)
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The advantage of shadow system is that by a simple scaling,

a = ξ q
p−1 u, ξ =

(
1

|Ω|
∫
Ω

ur
) p−1
(p−1)(s+1)−qr

, (2.3)

the stationary shadow system can be reduced to a single equation{
ε2�u− u+ up = 0 in Ω,

u > 0 in Ω and ∂u
∂ν
= 0 on ∂Ω

(2.4)

whose energy functional is given by

Jε[u] :=
∫
Ω

(
ε2

2
|∇u|2 + 1

2
u2 − 1

p+ 1
u
p+1
+

)
dx,

where u+ =max(u,0), (2.5)

for u ∈H 1(Ω).
First we give some definitions on solutions to (2.4). A family of solutions {uε} to (2.4)

are called concentrated solutions if there exists a subset Γ ⊂ Ω̄ such that uε → 0 in
C0
loc(Ω̄\Γ ) and maxx∈Γ uε(x) � c0 > 0. If Γ consists of only points in Ω̄ , these kind

solutions are called point condensations. Among point condensations, there are two kinds:
spikes and bubbles. Spikes are those concentrated solutions such that maxx∈Ω̄ uε � C,
while bubbles are those with maxx∈Ω̄ uε→+∞. If the dimension of Γ is positive, concen-
trated solutions are also called layers. (Similar definitions can also be given for solutions
of the full Gierer–Meinhardt system by considering the activator a only.)

In the following, we discuss the existence of all kinds of concentrated solutions to (2.4).

2.2. Subcritical case: spikes to (2.4)

Let us assume first that 1 < p < (N+2
N−2 )+ (= N+2

N−2 if N � 3; = +∞ when N = 1,2).
In this case, problem (2.4) can be studied by traditional variational methods, for example,
Mountain-Pass method, or Nehari’s solution manifold method. For Mountain-Pass method,
by taking a function e(x)≡ k for some constant k in Ω , and choosing k large enough, we
have Jε(e) < 0, for all ε ∈ (0,1). Then for each ε ∈ (0,1), we can define the so-called
mountain-pass value

cε = inf
h∈Γ max

0�t�1
Jε
[
h(t)

]
(2.6)

where Γ = {h: [0,1]→H 1(Ω) | |h(t) is continuous, h(0)= 0, h(1)= e}.
It is easy to see that (Lemma 2.1 of [57]), cε can be characterized by

cε = inf
u �≡0, u∈H 1(Ω)

sup
t>0

Jε[tu], (2.7)
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which can be shown to be the least among all nonzero critical values of Jε . (This formu-
lation (2.7) is sometimes referred to as the Nehari manifold technique.) Moreover, cε is
attained by some function uε which is then called a least-energy solution.

In a series of papers [57] and [58], Ni and Takagi studied the so-called least energy
solutions and proved the following theorem

THEOREM 2.1. (See [57,58].) For ε sufficiently small, there exists a mountain-pass solu-
tion uε which is also least-energy solution such that uε has only one local maximum point
Pε ∈ ∂Ω and uε→ 0 in C2

loc(Ω̄\{Pε}). Moreover, as ε→ 0,

H(Pε)→ max
P∈∂Ω H(P ),

where H(P ) is the mean curvature function for P ∈ ∂Ω , and uε(Pε + εy)→ w(y) uni-
formly in Ωε,Pε = {y | Pε + εy ∈Ω}, where w(y) is the unique solution of the following{

�w−w+wp = 0, w > 0 in RN ,

w(0)=maxy∈RN w(y), w→ 0 at∞.
(2.8)

REMARK 2.2.1. The existence of ground state to (2.8) is well known. The radial symmetry
of w follows from the famous Gidas–Ni–Nirenberg theorem [22]. The uniqueness of w is
proved in [39].

REMARK 2.2.2. The proof of Theorem 2.1 is by expansion of energy:

cε = εN
[

1

2
I [w] − c1εH(Pε)+ o(ε)

]
(2.9)

where

I [w] =
∫

RN

(
1

2

(|∇w|2 +w2)− 1

p+ 1
wp+1

)
is the energy of the ground state. A further expansion of cε up to the ε2 order is given by
[89]

cε = εN
[

1

2
I [w] − c1εH(Pε)+ ε2[c2

(
H(Pε)

)2 + c3R(Pε)
]+ o(ε2)] (2.10)

where c1, c2, c3 are generic constants and R(Pε) is the scalar curvature at Pε . In particular
c1, c3 > 0. (WhenN = 2, a further expansion to the order of ε3 is also given in [90].) Some
applications of the formula (2.10) are given in [89].

Since then there has been a lot of studies on problem (2.4). A general principle is
that boundary spike solutions are related to the boundary mean-curvature H(P ),P ∈ ∂Ω ,
while interior spike solutions are related to the distance function d(P, ∂Ω). Note also that
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for boundary spike the order is usually O(ε) while for interior spikes the order is O(e− d
ε )

for some d > 0.
Let me mention some results on multiple boundary and interior peaked solutions.
For single and multiple boundary spikes, Gui [26] first constructed multiple boundary

spike solutions at multiple local maximum points of H(P ), using variational method. Wei
[72], Wei and Winter [81,82] (independently by Bates, Dancer and Shi [4]) constructed
single and multiple boundary spike solutions at multiple nondegenerate critical points of
H(P ), using Lyapunov–Schmidt reduction method. Y.Y. Li [41], del Pino, Felmer and
Wei [16] constructed single and multiple boundary spikes in the degeneracy case. Using
Localized Energy method (LEM), a clustered solution is also constructed by Gui, Wei and
Winter [29] (independently by Dancer and Yan [9]).

THEOREM 2.2. (See [9,29].) Let Γ be a subset of ∂Ω , where it holds

min
∂Γ

H(P ) >min
Γ
H(P ). (2.11)

Then for any fixed positive integer k, there exists εk such that for ε < εk , problem (2.4) has
a solution uε with k boundary local maximum points Pj,ε ∈ Γ . Furthermore, H(Pj,ε)→
minΓ H(P ).

The energy expansion for K-boundary spikes is

Jε[uε] = εN
[
K

2
I [w] − c1ε

K∑
j=1

H(Pj,ε)

−
∑
i �=j

(
γ0 + o(1)

)
w

( |Pi,ε − Pj,ε |
ε

)]
. (2.12)

For single and multiple interior peaked solutions, the situation is quite different, as the
errors are exponentially small. Wei [78,73] first constructed single interior peak solution at
a strictly local maximum point of d(P, ∂Ω). Gui and Wei [27] proved the following

THEOREM 2.3. (See [27].) For any fixed positive integer k, there exists εk such that for
ε < εk , problem (2.4) has a solution uε with k interior local maximum points Pj,ε ∈ Ω .
Moreover, (P1,ε , . . . ,Pk,ε) approaches a limiting sphere-packing position, i.e.,

ϕk(P1,ε, . . . ,Pk,ε)→ max
(P1,...,Pk)∈Ωk

ϕk(P1, . . . ,Pk) (2.13)

where

ϕk(P1, . . . ,Pk)= min
i,j,l,i �=j

(|Pi − Pj |,2d(Pl, ∂Ω)). (2.14)
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The energy expansion for K-interior spikes is

Jε[uε] = εN
[
KI [w] − γ0

K∑
j=1

e−
2d(Pj,ε ,∂Ω)

ε

− γ1

∑
i �=j

w

( |Pi,ε − Pj,ε |
ε

)]
. (2.15)

Grossi, Pistoia and Wei [30] further showed that there is an one-to-one correspondence
between the (sub-differential) critical points of ϕk and k-interior peaked solutions.

Concerning the existence of mixed-boundary-interior-spikes, the following theorem
gives a complete answer.

THEOREM 2.4. (See [28].) For any two fixed positive integers k, l, there exists εk,l such
that for ε < εk,l , problem (2.4) has a solution uε with k interior local maximum points and
l boundary maximum points.

Theorems 2.2, 2.3 and 2.4 imply that the number of solutions to (2.4) goes to infinity as
ε→ 0. Recently, the following lower bound on number of solutions is obtained:

THEOREM 2.5. (See [44].) There exists an ε0 > 0 such that for 0 < ε < ε0 and for each
integer K bounded by

1 �K � αN,Ω,f

εN(| ln ε|)N

where αN,Ω,p is a constant depending on N,Ω and p only, there exists a solution with K
interior peaks. (An explicit formula for αN,Ω,p is also given.) As a consequence, we obtain
that for ε sufficiently small, there exists at least [ αN,Ω,p

εN (| ln ε|)N ] number of solutions. Moreover,

for each β ∈ (0,N) there exists solution with energy in the order of εN−β .

Theorems 2.2, 2.3, 2.4 and 2.5 can all be proved by the powerful method—Localized
Energy Method—which was first introduced in [27]. We shall discuss it next.

2.3. Localized energy method (LEM)

We illustrate a general method in finding solutions with concentrating behavior—the so-
called Localized Energy Method, or LEM in short. The advantage of such method is that
it can be applied to subcritical, critical or supercritical problems, as long as the limiting
solution is well analyzed. This method was introduced in Gui and Wei [27] in dealing with
spikes.

In the following, we show how to prove Theorem 2.5 by LEM. We need to introduce
some notation first.
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Theorem 2.5 actually holds for a slightly more general equation than (2.4), namely,⎧⎪⎨⎪⎩
ε2�u− u+ f (u)= 0 in Ω ,

u > 0 in Ω ,
∂u
∂ν
= 0 on ∂Ω .

(2.16)

We will always assume that f :R→R is of class C1+σ for some 0< σ � 1 and satisfies
the following conditions (f1)–(f2):

(f1) f (u)≡ 0 for u� 0, f (0)= f ′(0)= 0.
(f2) The following equation{

�w−w+ f (w)= 0, w > 0 in RN ,

w(0)=maxy∈RN w(y), w→ 0 at∞,
(2.17)

has a unique solution w(y) and w is nondegenerate, i.e.,

Kernel
(
�− 1+ f ′(w))= span

{
∂w

∂y1
, . . . ,

∂w

∂yN

}
. (2.18)

One typical example of f is: f (u)= up − auq , where a � 0, 1< q < p < (N+2
N−2 )+. For

the uniqueness of w, see [39] and [40]. The proof of nondegeneracy is given in [58].
Without loss of generality, we may assume that 0 ∈Ω . By the following rescaling:

x = εz, z ∈Ωε := {z | |εz ∈Ω}, (2.19)

equation (2.16) becomes{
�u− u+ f (u)= 0 in Ωε,

u > 0 in Ωε, and ∂u
∂ν
= 0 in ∂Ωε.

(2.20)

For u ∈H 2(Ωε), we put

Sε[u] =�u− u+ f (u). (2.21)

Then (2.20) is equivalent to

Sε[u] = 0, u ∈H 2(Ωε), u > 0 in Ωε,
∂u

∂ν
= 0 on ∂Ωε. (2.22)

Associated with problem (2.20) is the following energy functional

J̃ε[u] = 1

2

∫
Ωε

(|∇u|2 + u2)− ∫
Ωε

F (u), u ∈H 1(Ωε). (2.23)
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We define two inner products:

〈u,v〉ε =
∫
Ωε

uv, for u,v ∈L2(Ωε); (2.24)

(u, v)ε =
∫
Ωε

(∇u∇v+ uv), for u,v ∈H 1(Ωε). (2.25)

Let σ be the Hölder exponent of f ′ and

M >
6+ 2σ

σ
K (2.26)

be a fixed positive constant. Now we define a configuration space:

Λ := {(Q1, . . . ,QK) ∈ΩK
∣∣ ϕK(Q1, . . . ,QK)�Mε| ln ε|} (2.27)

where ϕK is defined at (2.14).
Let w be the unique solution of (2.17). By the well-known result of Gidas, Ni and Niren-

berg [22], w is radially symmetric: w(y) = w(|y|) and strictly decreasing: w′(r) < 0 for
r > 0, r = |y|. Moreover, we have the following asymptotic behavior of w:

w(r)=ANr−N−1
2 e−r

(
1+O

(
1

r

))
,

w′(r)=−ANr−N−1
2 e−r

(
1+O

(
1

r

))
, (2.28)

for r large, where AN > 0 is a constant. Let K(r) be the fundamental solution of −�+ 1
centered at 0. Then we have

w(r)=
(
A0 +O

(
1

r

))
K(r),

w′(r)=
(
−A0 +O

(
1

r

))
K(r), for r � 1, (2.29)

where A0 is a positive constant.
The idea of LEM is to look for solutions of (2.16) of the following type:

u=
K∑
j=1

w

(
z− Qj

ε

)
+ φ (2.30)

where φ is solved first by Lyapunov–Schmidt reduction process, and (Q1, . . . ,QK) are
adjusted so as to achieve a solution. LEM is a method of reducing the infinite-dimensional
problem of finding a critical point of J̃ε to a finite-dimensional problem of (Q1, . . . ,QK).
In general, it consists of the following five steps:
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STEP 1. Find out good approximate functions.

This step contains most of the important computations. The idea is to choose good ap-
proximate functions such that the error Sε is small.

For Q ∈Ω , we define wε,Q to be the unique solution of

�v− v + f
(
w

(
· − Q

ε

))
= 0 in Ωε,

∂v

∂ν
= 0 on ∂Ωε. (2.31)

Let Q= (Q1, . . . ,QK) ∈Λ. We then define the approximate solution as

wε,Q =
K∑
j=1

wε,Qj
. (2.32)

We first analyze wε,Q. To this end, set

ϕε,Q(x)=w
( |x −Q|

ε

)
−wε,Q

(
x

ε

)
.

We state the following useful lemmas on the properties of ϕε,Q, whose proof can be
found in [44].

LEMMA 2.6. Assume that M
2 ε| ln ε| � d(Q,∂Ω) � δ where δ is sufficiently small. We

have

ϕε,Q =−
(
A0 + o(1)

)
K

( |x −Q∗|
ε

)
+O(ε√2M+N+1) (2.33)

where K(r) is the (radially symmetric) fundamental solution of −� + 1 in RN , Q∗ =
Q + 2d(Q,∂Ω)νQ̄, νQ̄ denotes the unit outer normal at Q̄ ∈ ∂Ω and Q̄ is the unique

point on ∂Ω such that d(Q̄,Q)= d(Q,∂Ω).

The next lemma analyze wε,Q in Ωε . To this end, we divide Ωε into K + 1-parts:

Ωε,j =
{∣∣∣∣z− Qj

ε

∣∣∣∣� 1

2ε
ϕK(Q)

}
, j = 1, . . . ,K,

Ωε,K+1 =Ωε

∖ K⋃
j=1

Ωε,j . (2.34)

LEMMA 2.7. For z ∈Ωε,j , j = 1, . . . ,K , we have

wε,Q =wε,Qj
+O(Kε M2 )=w(z− Qj

ε

)
+O(Kε M2 ). (2.35)
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For z ∈Ωε,K+1, we have

wε,Q =O
(
Kε

M
2
)
. (2.36)

PROOF. For k �= j and z ∈Ωε,j , we have

wε,Qk
= w

(
z− Qk

ε

)
− ϕε,Qk

(εz)

= O(e−|z−Qk
ε
| + e−|z−

Q∗
k
ε
| + εM+N+1)=O(ε M2 )

and so ∑
k �=j

wε,Qk
=O(Kε M2 )

which proves (2.35). The proof of (2.36) is similar. �

Next we state a useful lemma about the interactions of two w’s.

LEMMA 2.8. For |Q1−Q2|
ε

large, it holds∫
RN

f

(
w

(
z− Q1

ε

))
w

(
z− Q2

ε

)
= (γ0 + o(1)

)
w

( |Q1 −Q2|
ε

)
(2.37)

where

γ0 =
∫

RN

f
(
w(y)

)
e−y1 dy. (2.38)

REMARK. Note that γ0 > 0. See Lemma 4.7 of [61].

PROOF. By (2.28), we have for |εy| # |Q1 −Q2|,

w

(
y + Q1 −Q2

ε

)
= (AN + o(1))( ε

|εy +Q1 −Q2|
)N−1

2

e−|y+
Q1−Q2

ε
|

= w
( |Q1 −Q2|

ε

)
e
−〈y, Q1−Q2|Q1−Q2| 〉+o(|y|).

Thus by Lebesgue’s Dominated Convergence Theorem∫
RN

f

(
w

(
z− Q1

ε

))
w

(
z− Q2

ε

)
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=
∫

RN

f
(
w(y)

)
w

(
y + Q1 −Q2

ε

)
= (1+ o(1))w( |Q1 −Q2|

ε

)∫
RN

f
(
w(y)

)
e
−〈y, Q1−Q2|Q1−Q2| 〉 dy

= (γ0 + o(1)
)
w

( |Q1 −Q2|
ε

)
. �

Let us define several quantities for later use:

Bε(Qj )=−
∫
Ωε

f (wj )ϕε,Qj
,Bε(Qi,Qj )=

∫
Ωε

f (wi)wj . (2.39)

Then we have

LEMMA 2.9. For Q= (Q1, . . . ,QK) ∈Λ, it holds

Bε(Qj )=
(
γ0 + o(1)

)
w

(
2d(Qj , ∂Ω)

ε

)
+ o(w(M| ln ε|)), (2.40)

Bε(Qi,Qj )=
(
γ0 + o(1)

)
w

( |Qi −Qj |
ε

)
+ o(w(M| ln ε|)). (2.41)

PROOF. Note that

A0K

( |x −Q∗|
ε

)
= (1+ o(1))w( |x −Q∗|

ε

)
and by Lemma 2.6

Bε(Qj ) =
(
1+ o(1))∫

Ωε

f (wj )w

(
z− Q∗j −Qj

ε

)
+O(ε√2M+N+1)

= (γ + o(1))w( |Qj −Q∗j |
ε

)
+ o(w(M| ln ε|))

= (γ + o(1))w(2d(Qj , ∂Ω)

ε

)
+ o(w(M| ln ε|)).

(2.40) follows from Lemma 2.6. To prove (2.41), we note that

Bε(Qi,Qj ) =
∫

RN

f (w)w

(
y − Qi −Qj

ε

)
−
∫

RN\Ωε,Qi
f (w)w

(
y − Qi −Qj

ε

)
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= (γ + o(1))w( |Qi −Qj |
ε

)
+O(e−(1+ σ

2 )
d(Qi ,∂Ω)

ε e−
d(Qj ,∂Ω)

ε
)

= (γ + o(1))w( |Qi −Qj |
ε

)
+ o(w(M| ln ε|)). �

We then have the following which provides the key estimates on the energy expansion
and error estimates.

LEMMA 2.10. For any Q= (Q1, . . . ,QK) ∈Λ and ε sufficiently small we have

J̃ε

[
K∑
i=1

wε,Qj

]
= KI [w] − 1

2

K∑
i=1

Bε(Qi)

− 1

2

∑
i,j=1,...,K, i �=j

Bε(Qi,Qj )+ o
(
w
(
M| ln ε|)), (2.42)

and

∥∥∥∥∥Sε
[
K∑
j=1

wε,Qj

]∥∥∥∥∥
Lq(Ωε)

� CK
q+1
q
+σ
ε
M(1+σ)

2 (2.43)

for any q > N
2 .

The proof of Lemma 2.10 is technical and tedious. We refer to [44] for the computations.

STEP 2. Obtain a priori estimates for a linear problem.

This is the fundamental step in reducing an infinite-dimensional problem to finite-
dimensional one. The key result we need here is the nondegeneracy assumption (f2).

Fix Q ∈Λ. We define the following functions

Zi,j = (�− 1)

[
∂wi

∂zj
χi(z)

]
, where χi(z)= χ

(
2|εz−Qi |

(M − 1)ε| ln ε|
)
,

i = 1, . . . ,K, j = 1, . . . ,N, (2.44)

where χ(t) is a smooth cut-off function such that χ(t) = 1 for |t | < 1 and χ(t) = 0 for
|t |> M2

M2−1
. Note that the support of Zi,j belongs to BM2−1

2M | ln ε|(
Qi

ε
).
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In this step, we consider the following linear problem: Given h ∈ L2(Ωε), find a function
φ satisfying⎧⎪⎨⎪⎩

Lε[φ] :=�φ − φ + f ′(wε,Q)φ = h+∑k,l ck,lZk,l;
〈φ,Zi,j 〉ε = 0, i = 1, . . . ,K, j = 1, . . . ,N, and
∂φ
∂ν
= 0 on ∂Ωε,

(2.45)

for some constants ck,l , k = 1, . . . ,K , l = 1, . . . ,N .
To this purpose, we define two norms

‖φ‖∗ = ‖φ‖W 2,q (Ωε)
, ‖f ‖∗∗ = ‖f ‖Lq(Ωε), (2.46)

where q > N
2 is a fixed number.

We have the following result:

PROPOSITION 2.11. Let φ satisfy (2.45). Then for ε sufficiently small and Q ∈Λ, we have

‖φ‖∗ � C‖h‖∗∗ (2.47)

where C is a positive constant independent of ε,K and Q ∈Λ.

PROOF. Arguing by contradiction, assume that

‖φ‖∗ = 1; ‖h‖∗∗ = o(1). (2.48)

We multiply (2.45) by ∂wi
∂zj
χi(z) and integrate over Ωε to obtain

∑
k,l

ck,l

〈
Zk,l,

∂wi

∂zj
χi(z)

〉
ε

=−
〈
h,
∂wi

∂zj
χi(z)

〉
ε

+
〈
�φ − φ + f ′(wε,Q)φ, ∂wi

∂zj
χi(z)

〉
ε

. (2.49)

From the exponential decay of w one finds〈
h,
∂wi

∂zj
χi(z)

〉
ε

= o(1).

Observe that ∂wi
∂zj
χi(z) satisfies

�

(
∂wi

∂zj
χi(z)

)
−
(
∂wi

∂zj
χi(z)

)
+ f ′(wi)

(
∂wi

∂zj
χi(z)

)
= 2∇z ∂wi

∂zj
∇zχi + (�χi)∂wi

∂zj
. (2.50)
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Integrating by parts and using Lemma 2.7, we deduce〈
�φ − φ + f ′(wε,Q)φ, ∂wi

∂zj
χi(z)

〉
ε

=
〈(
f ′(wε,Q)− f ′(wi)

)
∂wi

∂zj
χi(z),φ

〉
ε

+O(ε M−1
2 ‖φ‖∗

)
=O(Kσε

Mσ
2 ‖φ‖∗

)= o(‖φ‖∗)= o(1)
where we have used the fact that M > 6+2σ

σ
N and that∥∥∥∥(f ′(wε,Q)− f ′(wi))∂wi∂zj

χi

∥∥∥∥∗∗ � C

∥∥∥∥|wε,Q −wi |σ ∣∣∣∣∂wi∂zj
χi

∣∣∣∣∥∥∥∥∗ �Kσε
Mσ

2 .

It is easy to see that〈
Zi,j ,

∂wi

∂zj
χi(z)

〉
ε

=−
∫

RN

f ′(w)
(
∂w

∂yj

)2

dy + o(1). (2.51)

On the other hand, for k �= i we have〈
Zk,l,

∂wi

∂zj
χi(z)

〉
ε

= 0 (2.52)

and for k = i and l �= j , we have〈
Zi,l,

∂wi

∂zj
χi(z)

〉
ε

=O(εM). (2.53)

The left hand side of (2.49) becomes

ci,j +
∑
l �=j

O
(
εMci,l

)= o(1)
and hence

ci,j = o(1), i = 1, . . . ,K, j = 1, . . . ,N. (2.54)

To obtain a contradiction, we define the following cut-off functions:

φi = φχ ′i , where χ ′i = χ
(

2|εz−Qi |
(M −M−1)ε| ln ε|

)
, i = 1, . . . ,K. (2.55)

Note that χ ′i = 1 for z ∈ BM2−1
2M | ln ε|(

Qi

ε
) and the support of φ belongs to BM

2 | ln ε|(
Qi

ε
).
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Then the conditions 〈φ,Zi,j 〉ε = 0 is equivalent to

〈φi,Zi,j 〉ε = 0. (2.56)

The equation for φi becomes

�φi − φi + f ′(wε,Q)φi =
∑
j

ci,jZi,j + hχ ′i + 2∇φ∇χ ′i +
(
�χ ′i

)
φ. (2.57)

Lemma 2.7 yields

f ′(wε,Q)φi =
(
f (wi)+ o

(
εM/2−N

))
φi. (2.58)

Using (2.56) and (2.58), a contradiction argument similar to that of Proposition 3.2 of
[27] gives

‖φi‖qW 2,q (Ωε)
� C

∥∥hχ ′i∥∥qLq(Ωε) +C∥∥2∇φ∇χ ′i +
(
�χ ′i

)
φ
∥∥q
Lq(Ωε)

. (2.59)

Next, we decompose

φ =
K∑
i=1

φi +Φ (2.60)

where Φ = φ(1−∑K
i=1 χ

′
i ). Then the equation for Φ becomes

�Φ −Φ + f ′(wε,Q)Φ

= h
(

1−
K∑
i=1

χ ′i

)
− 2

K∑
i=1

∇φ∇χ ′i −
K∑
i=1

(
�χ ′i

)
φ. (2.61)

By Lemma 2.7, f ′(wε,Q)Φ = o(1)Φ . Standard regularity theorem gives

‖Φ‖q
W 2,q (Ωε)

� C

∥∥∥∥∥h
(

1−
K∑
i=1

χ ′i

)∥∥∥∥∥
q

Lq(Ωε)

+C
∥∥∥∥∥2

K∑
i=1

∇φ∇χ ′i +
K∑
i=1

(�χ ′i )φ
∥∥∥∥∥
q

Lq
(
Ωε

). (2.62)

(Observe that the constant C in the Lp-regularity is independent of ε < 1. The case of
Dirichlet boundary condition has been proved in Lemma 6.4 of [61]. The case of Neumann
boundary condition can be proved similarly.)
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Combining (2.60), (2.59) and (2.62), we obtain

‖φ‖q
W 2,q (Ωε)

� C

∥∥∥∥∥
K∑
i=1

φi

∥∥∥∥∥
q

W 2,q (Ωε)

+C‖Φ‖q
W 2,q (Ωε)

� C

K∑
i=1

‖φi‖qW 2,q (Ωε)
+C‖Φ‖q

W 2,q (Ωε)

� C

(
K∑
i=1

∥∥hχ ′i∥∥qLq(Ωε) +
∥∥∥∥∥h
(

1−
K∑
i=1

χ ′i

)∥∥∥∥∥
q

Lq(Ωε)

)

+C
K∑
i=1

∥∥2∇φ∇χ ′i + (�χ ′i )φ
∥∥q
Lq(Ωε)

� C‖h‖qLq(Ωε) +O
(| ln ε|−1)‖φ‖q

W 2,q (Ωε)

since

K∑
i=1

(
χ ′i
)q +(1−

K∑
i=1

χ ′i

)q
� 2, |∇χ ′| + |�χ ′|� C

(| ln ε|)−1
. (2.63)

This gives

‖φ‖W 2,q (Ωε)
= o(1). (2.64)

A contradiction to (2.48). �

From Proposition 2.11, we derive the following existence result:

PROPOSITION 2.12. There exists ε0 > 0 such that for any 0 < ε < ε0 the follow-
ing property holds true. Given h ∈ W 2,q (Ωε), there exist s a unique pair (φ, c) =
(φ, {ci,j }i=1,...,K,j=1,...,N ) such that

Lε[φ] = h+
∑
i,j

ci,jZi,j , (2.65)

〈φ,Zi,j 〉ε = 0, i = 1, . . . ,K, j = 1, . . . ,N,
∂φ

∂ν
= 0 on ∂Ωε. (2.66)

Moreover, we have

‖φ‖∗ �C‖h‖∗∗ (2.67)

for some positive constant C.
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PROOF. The bound in (2.67) follows from Proposition 2.11 and (2.54). Let us now prove
the existence part. Set

H= {u ∈H 1(Ωε)
∣∣ (u, (�− 1)−1Zi,j

)
ε
= 0

}
where we define the inner product on H 1(Ωε) as

(u, v)ε =
∫
Ωε

(∇u∇v+ uv).

Note that, integrating by parts, one has

ψ ∈H if and only if 〈ψ,Zi,j 〉ε = 0, i = 1, . . . ,K, j = 1, . . . ,N.

Observe that φ solves (2.65) and (2.66) if and only if φ ∈H satisfies∫
Ωε

(∇φ∇ψ + φψ)− 〈f ′(wε,Q)φ,ψ 〉ε = 〈h,ψ〉ε, ∀ψ ∈H.

This equation can be rewritten as

φ + S(φ)= h̄ in H, (2.68)

where h̄ is defined by duality and S :H→H is a linear compact operator.
Using Fredholm’s alternative, showing that equation (2.68) has a unique solution for

each h̄, is equivalent to showing that the equation has a unique solution for h̄= 0, which
in turn follows from Proposition 2.11 and our proof is complete. �

In the following, if φ is the unique solution given in Proposition 2.12, we set

φ =Aε(h). (2.69)

Note that (2.67) implies∥∥Aε(h)
∥∥∗ �C‖h‖∗∗. (2.70)

STEP 3. A nonlinear Lyapunov–Schmidt reduction.

For ε small and for Q ∈ Λ, we are going to find a function φε,Q such that for some
constants ci,j , j = 1, . . . ,N , the following equation holds true{

�(wε,Q + φ)− (wε,Q + φ)+ f (wε,Q + φ)=∑k,l ck,lZk,l in Ωε,

〈φ,Zi,j 〉ε = 0, j = 1, . . . ,N, ∂φ
∂ν
= 0 on ∂Ωε.

(2.71)
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The first equation in (2.71) can be written as

�φ − φ + f ′(wε,Q)φ =
(−Sε[wε,Q])+Nε[φ] +∑

i,j

ci,jZi,j ,

where

Nε[φ] = −
[
f (wε,Q + φ)− f (wε,Q)− f ′(wε,Q)φ

]
. (2.72)

LEMMA 2.13. For Q ∈Λ and ε sufficiently small, we have for ‖φ‖∗+‖φ1‖∗+‖φ2‖∗ � 1,∥∥Nε[φ]∥∥∗∗ � C‖φ‖1+σ∗ ; (2.73)∥∥Nε[φ1] −Nε[φ2]
∥∥∗∗ � C

(‖φ1‖σ∗ + ‖φ2‖σ∗
)‖φ1 − φ2‖∗. (2.74)

PROOF. Inequality (2.73) follows from the mean-value theorem. In fact, for all z ∈ Ωε

there holds

f (wε,Q + φ)− f (wε,Q)= f ′(wε,Q + θφ)φ.

Since f ′ is Hölder continuous with exponent σ , we deduce∣∣f (wε,Q + φ)− f (wε,Q)− f ′(wε,Q)φ|� C
∣∣φ|1+σ ,

which implies (2.73). The proof of (2.74) goes along the same way. �

PROPOSITION 2.14. For Q ∈ Λ and ε sufficiently small, there exists a unique φ = φε,Q
such that (2.71) holds. Moreover, Q �→ φε,Q is of class C1 as a map into W 2,q (Ωε) ∩H,
and we have

‖φε,Q‖∗ � rK
q+1
q
+σ
ε
M(1+σ)

2 (2.75)

for some constant r > 0.

PROOF. Let Aε be as defined in (2.69). Then (2.71) can be written as

φ =Aε

[(−Sε[wε,Q])+Nε[φ]]. (2.76)

Let r be a positive (large) number, and set

Fr =
{
φ ∈H ∩W 2,q(Ωε): ‖φ‖∗ < rK

q+1
q
+σ
ε
M(1+σ)

2
}
.

Define now the map Gε :Fr→H ∩W 2,q (Ωε) as

Gε[φ] =Aε

[(−Sε[wε,Q])+Nε[φ]].
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Solving (2.71) is equivalent to finding a fixed point for Gε . By Lemmas 2.10 and 2.13, for
ε sufficiently small and r large we have∥∥Gε[φ]∥∥∗ � C

∥∥Sε[wε,Q]∥∥∗∗ +C∥∥Nε[φ]∥∥∗∗ < rK q+1
q
+σ
ε
M(1+σ)

2 ,∥∥Gε[φ1] −Bε[φ2]
∥∥∗ � C

∥∥Nε[φ1] −Nε[φ2]
∥∥∗ < 1

2
‖φ1 − φ2‖∗,

which shows that Gε is a contraction mapping on Fr . Hence there exists a unique φ =
φε,Q ∈Fr such that (2.71) holds.

Now we come to the differentiability of φε,Q. Consider the following map Hε :Λ×H∩
W 2,q (Ωε)×RNK →H ∩W 2,q(Ωε)×RNK of class C1

Hε(Q, φ, c)=

⎛⎜⎜⎜⎜⎜⎜⎝

(�− 1)−1(Sε[wε,Q + φ])−∑i,j ci,j (�− 1)−1Zi,j

(φ, (�− 1)−1Z1,1)ε

...

(φ, (�− 1)−1ZK,N)ε

⎞⎟⎟⎟⎟⎟⎟⎠ .
(2.77)

Equation (2.71) is equivalent to Hε(Q, φ, c)= 0. We know that, given Q ∈Λ, there is
a unique local solution φε,Q, cε,Q obtained with the above procedure. We prove that the
linear operator

∂Hε(Q, φ, c)
∂(φ, c)

∣∣∣∣
(Q,φε,Q,cε,Q)

: H ∩W 2,q (Ωε)×RNK →H ∩W 2,q (Ωε)×RNK

is invertible for ε small. Then the C1-regularity of Q �→ (φε,Q, cε,Q) follows from the
Implicit Function Theorem. Indeed we have

∂Hε(Q, φ, c)
∂(φ, c)

∣∣∣∣
(Q,φε,Q,cε,Q)

[ψ,d]

=

⎛⎜⎜⎜⎜⎜⎜⎝

(�− 1)−1(S′[wε,Q + φε,Q](ψ))−∑i,j dij (�− 1)−1Zi,j

(ψ, (�− 1)−1Z1,1)ε

...

(ψ, (�− 1)−1ZK,N)ε

⎞⎟⎟⎟⎟⎟⎟⎠ .

Since ‖φε,Q‖∗ is small, the same proof as in that of Proposition 2.11 shows that

∂Hε(Q, φ, c)
∂(φ, c)

∣∣∣∣
(Q,φε,Q,cε,Q)
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is invertible for ε small.
This concludes the proof of Proposition 2.14. �

In some cases (e.g., critical or nearly critical exponent problems), we need to obtain
further differentiability of φε,Q (e.g., C2 in Q). This will be achieved by further reduction.
See [13,65] and [66] for such arguments.

STEP 4. A reduction lemma.

Fix Q ∈Λ. Let φε,Q be the solution given by Proposition 2.14. We define a new func-
tional

Mε(Q)= J̃ε[wε,Q + φε,Q] :Λ→R. (2.78)

Then we have the following reduction lemma

LEMMA 2.15. If Qε is critical point of Mε(Q) inΛ, then uε =wε,Qε
+φε,Qε

is a critical
point of J̃ε[u].

PROOF. By Proposition 2.14, there exists ε0 such that for 0 < ε < ε0 we have a C1 map
which, to any Q ∈Λ, associates φε,Q such that

Sε[wε,Q + φε,Q] =
∑

k=1,...,K; l=1,...,N

cklZk,l,

〈φε,Q,Zi,j 〉ε = 0 (2.79)

for some constants ckl ∈RKN .
Let Qε ∈Λ be a critical point of Mε . Set uε =wε,Qε + φε,Qε . Then we have

DQi,j
|Qi=QεiMε(Qε)= 0, i = 1, . . . ,K, j = 1, . . . ,N.

Hence we have∫
Ωε

[
∇uε∇ ∂(wε,Q + φε,Q)

∂Qi,j

∣∣∣∣
Qi=Qεi

+uε ∂(wε,Q + φε,Q)
∂Qi,j

∣∣∣∣
Qi=Qεi

− f (uε)∂(wε,Q + φε,Q)
∂Qi,j

∣∣∣∣
Qi=Qεi

]
= 0,

which gives

∑
k=1,...,K; l=1,...,N

ckl

∫
Ωε

Zk,l
∂(wε,Q + φε,Q)

∂Qi,j

∣∣∣∣
Qi=Qεi

= 0. (2.80)
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We claim that (2.80) is a diagonally dominant system. In fact, since 〈φε,Q,Zi,j 〉ε = 0,
we have that∫

Ωε

Zk,l
∂φε,Qε

∂Qε
i,j

=−
∫
Ωε

φε,Qε
∂Zk,l

∂Qε
i,j

= 0 if k �= i.

If k = i, we have∫
Ωε

Zk,l
∂φε,Qε

∂Qε
k,j

= −
∫
Ωε

∂Zk,l

∂Qε
k,j

φε,Qε =
∥∥∥∥ ∂Zk,l∂Qε

k,j

∥∥∥∥∗∗‖φε,Qε‖∗∗

= O(K q+1
q
+σ
ε
M(1+σ)

2 −1)=O(ε M(1+σ)2 −( q+1
q
+σ)N−1)

= O(ε M2 ).
For k �= i, we have∫

Ωε

Zk,l
∂wε,Qε

i

∂Qε
i,j

=
∫
Ωε∩BM

2 | ln ε|
(
Qε
k
ε
)

Zk,l
∂wε,Qε

i

∂Qε
i,j

=O(εM).
For k = i, we have∫

Ωε

Zk,l
∂wε,Qε

k

∂Qε
k,j

=
∫
Ωε∩BM

2 | ln ε|
(
Qε
k
ε
)

Zk,l
∂wε,Qε

k

∂Qε
k,j

= −ε−1δlj

∫
RN

f ′(w)
(
∂w

∂yj

)2

+O(1).

For each (k, l), the off-diagonal term gives

O
(
ε
M
2
)+∑

k �=i
εM +

∑
k=i,l �=j

O(ε)=O(ε M2 +KεM + ε)= o(1)
by our choice of M > 6+2σ

σ
N .

Thus equation (2.80) becomes a system of homogeneous equations for ckl and the matrix
of the system is nonsingular. So ckl ≡ 0, k = 1, . . . ,K, l = 1, . . . ,N .

Hence uε =∑K
i=1wε,Qε

i
+ φε,Qε

1,...,Q
ε
K

is a solution of (2.20). �

STEP 5. Using variational arguments to find critical points for the finite-dimensional re-
duced problem.

By Lemma 2.15, we just need to find a critical point for the reduced energy func-
tional Mε(Q). Depending on the asymptotic behavior of the reduced energy functional,
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one can use either local minimization, or local maximization [29], or saddle point tech-
niques [66]. Here there is no compactness problem since the reduced problem is already
finite-dimensional.

We first obtain an asymptotic formula for Mε(Q). In fact for any Q ∈Λ, we have

Mε(Q) = J̃ε[wε,Q] +
∫
Ωε

(∇wε,Q∇φε,Q +wε,Qφε,Q)

−
∫
Ωε

f (wε,Q)φε,Q +O
(‖φε,Q‖2∗

)
= J̃ε[wε,Q] +

∫
Ωε

(−Sε[wε,Q])φε,Q +O(‖φε,Q‖2∗
)

= J̃ε[wε,Q] +O
(∥∥Sε[wε,Q]∥∥∗∗‖φε,Q‖∗)+O(‖φε,Q‖2∗

)
= J̃ε[wε,Q] +O

(
K

2+ 2
q
+2σ

εM(1+σ)
)= J̃ε[wε,Q] + o(w(M| ln ε|))

by Lemma 2.10, Proposition 2.14 and the choice of M at (2.26).
By Lemma 2.10, we obtain

Mε(Q) = KI [w] − 1

2

(
γ0 + o(1)

) K∑
i=1

w

(
2d(Qi, ∂Ω)

ε

)

− 1

2

(
γ0 + o(1)

)∑
i �=j

w

( |Qi −Qj |
ε

)
+ o(w(M| ln ε|)). (2.81)

We shall prove

PROPOSITION 2.16. For ε small, the following maximization problem

max{Mε(Q): Q ∈Λ} (2.82)

has a solution Qε ∈Λ◦—the interior of Λ.

PROOF. First, we obtain a lower bound for Mε : Recall that KΩ(r) is the maximum num-
ber of nonoverlapping balls with equal radius r packed in Ω . Now we choose K such
that

1 �K �KΩ

(
M + 2N

2
ε| ln ε|

)
. (2.83)

Let Q0 = (Q0
1, . . . ,Q

0
K) be the centers of arbitrary K balls among those KΩ(M+2N

2 ×
ε| ln ε|) balls. Certainly Q0 ∈Λ. Then we have

w

(
2d(Q0

i , ∂Ω)

ε

)
� e−

2d(Q0
i
,∂Ω)

ε � εM+2N, w

( |Q0
i −Q0

j |
ε

)
� εM+2N
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and hence

Mε

(
Qε
)
� Mε

(
Q0)�KI [w] − K

2

(
γ0 + o(1)

)
εM+2N

− K2

2

(
γ0 + o(1)

)
εM+2N + o(w(M| ln ε|))

� KI [w] −K2(γ0 + o(1)
)
εM+2N + o(w(M| ln ε|)). (2.84)

On the other hand, if Qε ∈ ∂Λ, then either there exists (i, j) such that |Qε
i −Qε

j | =
Mε| ln ε|, or there exists a k such that d(Qε

k, ∂Ω)= M
2 ε| ln ε|. In both cases we have

Mε

(
Qε
)
�KI [w] − 1

2

(
γ0 + o(1)

)
w
(
M| ln ε|)+ o(w(M| ln ε|)). (2.85)

Combining (2.85) and (2.84), we obtain

w
(
M| ln ε|)� 2K2εM+2N � CεM

(| ln ε|)−2N (2.86)

which is impossible.
We conclude that Qε ∈Λ. This completes the proof of Proposition 2.16. �

COMPLETION OF PROOF OF THEOREM 2.5. Theorem 2.5 follows from Proposition 2.16
and the reduction Lemma 2.15. �

2.4. Bubbles to (2.4): the critical case

Let p = N+2
N−2 . By suitable scaling, (2.4) becomes the following problem

{
�u−μu+ uN+2

N−2 = 0 in Ω,

u > 0 in Ω and ∂u
∂ν
= 0 on ∂Ω

(2.87)

where μ= 1
ε2 is large.

It is well known that the solutions to

�U +U N+2
N−2 = 0 (2.88)

are given by the following

UΛ,ξ = cN
(

1

Λ2 + |x − ξ |2
)N−2

2

, where Λ> 0, ξ ∈RN. (2.89)
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A notable difference here is that the linearized operator �+ (N+2
N−2 )U

4
N−2
Λ,ξ has (N + 1)-

dimensional kernels. Namely,

Kernel

(
�+ N + 2

N − 2
U

4
N−2
Λ,ξ

)
= span

{
∂Uλ,ξ

∂Λ
,
∂UΛ,ξ

∂ξ1
, . . . ,

∂Uλ,ξ

∂ξN

}
. (2.90)

Thus when we apply LEM, we need also to take care of the scaling parameters. See
[13,43,65,66] and the references therein.

Concerning boundary bubbles, the existence of mountain-pass solutions was first proved
in Wang [69] and Adimurthi and Mancini [1]. Ni, Takagi and Pan [55] showed the least
energy solutions develop a bubble at the maximum point of the mean curvature (thereby
establishing results similar to Theorem 2.1). Local mountain-pass solutions concentrating
on one or separated boundary points are established in [23]. At nondegenerate critical
points of the positive mean curvature, single boundary bubbles exist [2]. Lin, Wang and Wei
[43] established results similar to Theorem 2.2 for dimension N � 7, at a nondegenerate
local minimum point of the mean curvature with positive value:

THEOREM 2.17. Suppose the following two assumptions hold:

(H1) N � 7,

(H2) Q0 = 0 is a nondegenerate minimum point of H(Q) and H(Q0) > 0.

Let K � 2 be a fixed integer. Then there exists a μK > 0 such that for μ>μK , problem
(2.87) has a nontrivial solution uμ with the following properties

(1)

u(x)=
K∑
j=1

U
1
μ
Λj ,Q0+μ

3−N
N Q̂

μ
j

+O(μN−4
2
)
,

where Λj →Λ0 :=A0H(Q0) > 0, j = 1, . . . ,K , and

(2) Q̂μ := (Q̂μ
1 , . . . , Q̂

μ
K) approach an optimal configuration in the following problem:

(∗) Find out the optimal configuration (Q̂1, . . . , Q̂K) that minimizes the functional
R[Q̂1, . . . , Q̂K ].

Here for Q̂= (Q̂1, . . . , Q̂K) ∈R(N−1)K , Q̂i �= Q̂j , we define

R[Q̂1, . . . , Q̂K ] := c1

K∑
j=1

ϕ(Q̂j )+ c2

∑
i �=j

1

|Q̂i − Q̂j |N−2
(2.91)

where ϕ(Q)=∑k,l ∂k∂lH(Q0)QkQl , c1 and c2 are two generic constants.

Theorem 2.17 is proved by LEM. Here the computation is more complicated, since the
interaction between bubbles is very involved.
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Concerning interior bubbles, under some assumptions, it is proved in [24] and [64] that
there are no interior bubble solutions. However interior bubble solutions can be recovered if
one add the boundary layers. (The boundary layer solution has been constructed in [50] (see
Section 2.6).) The following result establishes the existence of multiple interior bubbles in
dimension N = 3,4,5.

THEOREM 2.18. (See [71,91].) Let N = 3,4,5. For any fixed integer k, then problem
(2.87) has a solution (at least along a subsequence εk → 0) with k interior bubbles and
one boundary layer.

2.5. Bubbles to (2.4): slightly supercritical case

In the slightly supercritical case, we let p = N+2
N−2 + δ where δ > 0. Consider{

�u−μu+ up = 0 in Ω,

u > 0 in Ω and ∂u
∂ν
= 0 on ∂Ω.

(2.92)

The following result was proved by [66] and [14] through the use of LEM.

THEOREM 2.19. LetN � 3. Then δ > 0 sufficiently small, problem (2.92) admits a bound-
ary bubble solution.

In fact, in the slightly supercritical case, there is also the phenomena of bubble-towers.
A bubble-tower is a sum of bubbles centered at the same point

K∑
j=1

UΛj ,ξ , where Λ1,
Λj+1

Λj
→+∞, j = 1, . . . ,K − 1. (2.93)

This has been discussed in [15] and [25].
It is completely open whether or not point condensation solutions exist for (2.92) when

p > N+2
N−2 + δ. In fact, let Ω be the unit ball. Using Pohozaev’s identity, it is not difficult to

show that there exists a positive constant c0, independent of ε � 1, such that

inf
Ω
u� c0 (2.94)

for all radial solution u of (2.4). This marks a basic difference between the behavior of
solutions of these two cases p � N+2

N−2 and p > N+2
N−2 . It eliminates the possibility of the

existence of a radial spiky solution which approaches zero in measure as ε approaches
zero in the supercritical case p > N+2

N−2 .

2.6. Concentration on higher-dimensional sets

The following conjecture has been made by Ni [53,54].
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CONJECTURE. Given any integer 0 � k � n − 1, there exists pk ∈ (1,∞) such that for
1<p < pk , (2.4) possesses a solution with k-dimensional concentration set, provided that
ε is sufficiently small.

Progress in this direction has only been made very recently. In [49] and [50], Malchiodi
and Montenegro proved that for N � 2, there exists a sequence of numbers εk → 0 such
that problem (2.4) has a solution uεk which concentrates at boundary of ∂Ω (or any com-
ponent of ∂Ω). Such a solution has the following energy bound

Jεk [uεk ] ∼ εN−1
k . (2.95)

In [48], Malchiodi showed the concentration phenomena for (2.4) along a closed nondegen-
erate geodesic of ∂Ω in three-dimensional smooth bounded domain Ω . F. Mahmoudi and
A. Malchiodi in [51] prove a full general concentration of solutions along k-dimensional
(1 � k � n − 1) nondegenerate minimal sub-manifolds of the boundary for n � 3 and
1< p < n−k+2

n−k−2 . When Ω = B1(0), there are also multiple (radially symmetric) clustered
interfaces near the boundary [52].

For concentrations on lines intersecting with the boundary, Wei and Yang [92] made
the first attempt in the two-dimensional case. Let Γ ⊂Ω ⊂ R2 be a curve satisfying the
following assumptions: The curvature of Γ is zero and Γ intersects ∂Ω at exactly two
points, saying, γ1, γ0 and at these points Γ⊥∂Ω . Let −k1 and k0 are the curvatures of the
boundary ∂Ω at the points γ1 and γ0 respectively. A picture of Γ and Ω is as in Figure 1.

We define a geometric eigenvalue problem

−f ′′(θ)= λf (θ), 0< θ < 1,

f ′(1)+ k1f (1)= 0,

f ′(0)+ k0f (0)= 0. (2.96)

We say that Γ is nondegenerate if (2.96) does not have a zero eigenvalue. This is equivalent
to the following condition:

k0 − k1 + k0k1|Γ | �= 0, (2.97)

Fig. 1. Lines intersecting with ∂Ω orthogonally.
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where |Γ | denotes the length of Γ .
Moreover, we set up the gap condition that there exists a small constant c > 0∣∣∣∣λ0 − k2π2

|Γ |2 ε
2
∣∣∣∣� cε, ∀k ∈N. (2.98)

In [92], the following result was proved

THEOREM 2.20. We assume that the line segment Γ satisfies the nondegenerate condition
(2.97). Given a small constant c, there exists ε0 such that for all ε < ε0 satisfying the gap
condition (2.98), problem (2.4) has a positive solution uε concentrating along a curve Γε
near Γ . Moreover, there exists some number c0 such that uε satisfies globally,

uε(x)� exp
[−c0ε

−1 dist(x,Γε)
]

and the curve Γε will collapse to Γ as ε→ 0.

REMARK 2.6.1. The geometric eigenvalue problem (2.96) was first introduced by M.
Kowalczyk in [37] where he constructed layered solution concentrating on a line for the
Allen–Cahn equation.

REMARK 2.6.2. Theorem 2.20 is proved using the infinite-dimensional Lyapunov–
Schmidt reduction technique introduced in [18].

REMARK 2.6.3. One can also construct multiple clustered line concentrating solutions,
using the Toda system. See [93]. This follows from earlier work in [19], where multiple
clustered interfaces are constructed at nonminimizing lines for the Allen–Cahn equation.
It is quite interesting to see the connection between Toda system

q ′′j + eqj−qj+1 − eqj−1−qj = 0 (2.99)

and clustered interfaces.

REMARK 2.6.4. It will be interesting to construct solutions concentrating on surfaces
which intersect with ∂Ω orthogonally.

2.7. Robin boundary condition

Robin boundary conditions are particularly interesting in biological models where they
often arise. We refer the reader to [10] for this aspect.

In [3], Berestycki and Wei discussed the existence and asymptotic behavior of least en-
ergy solution for following singularly perturbed problem with Robin boundary condition:{

ε2�u− u+ up = 0, u > 0 in Ω ,

ε ∂u
∂ν
+ λu= 0 on ∂Ω ,

(2.100)
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where λ > 0. Similar to [57], we can define the following energy functional associated with
(2.100):

Jε[u] := ε2

2

∫
Ω

|∇u|2 + 1

2

∫
Ω

u2 −
∫
Ω

F(u)+ ελ

2

∫
∂Ω

u2, (2.101)

where F(u)= ∫ u0 f (s) ds, f (s)= sp,u ∈H 1(Ω).
Similarly, for ε ∈ (0,1), we can define the so-called mountain-pass value

cε,λ = inf
h∈Γ max

0�t�1
Jε
[
h(t)

]
(2.102)

where Γ = {h: [0,1]→H 1(Ω) | h(t) is continuous, h(0)= 0, h(1)= e}.
For fixed ε small, as λmoves from 0 (which is Neumann BC) to+∞ (which is Dirichlet

BC), by the results of [57,58] and [61], the asymptotic behavior of uε,λ changes dramat-
ically: a boundary spike is displaced to become an interior spike. The question we shall
answer is: where is the borderline of λ for spikes to move inwards?

Note that when N = 1, by ODE analysis, it is easy to see that the borderline is exactly
at λ= 1. In fact, we may assume that Ω = (0,1), and a s ε→ 0, the least energy solution
converges to a homoclinic solution of the following ODE:

w′′ −w+wp = 0 in R1, w(y)→ 0 as |y| →+∞. (2.103)

Then it follows that

(w′)2 =w2 − 2

p+ 1
wp+1, |w′|<w. (2.104)

As ε→ 0, the limiting boundary condition (2.100) becomes w′(0)− λw(0) = 0. We see
from (2.104) that this is possible if and only if λ < 1.

WhenN = 2, the situation changes dramatically. To understand the location of the spikes
at the boundary, an essential role is played by the analogous problem in a half space with
Robin boundary condition on the boundary. Thus we first consider{

�u− u+ f (u)= 0, u > 0 in RN+ ,
u ∈H 1(RN+), ∂u

∂ν
+ λu= 0 on ∂RN+

(2.105)

where RN+ = {(y′, yN) | yN > 0} and ν is the outer normal on ∂RN+ .
Let

Iλ[u] =
∫

R
+
N

(
1

2
|∇u|2 + 1

2
u2
)
−
∫

R
+
N

F (u)+ λ

2

∫
∂R+N

u2. (2.106)

As before, we define a mountain-pass vale for Iλ:

cλ = inf
v �≡0, v∈H 1(R+N)

sup
t>0

Iλ[tv]. (2.107)
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Our first result deals with the half space problem:

THEOREM 2.21.
(1) For λ� 1, cλ is achieved by some function wλ, which is a solution of (2.105).
(2) For λ large enough, cλ is never achieved.
(3) Set

λ∗ = inf{λ | cλ is achieved}. (2.108)

Then λ∗ > 1 and for λ� λ∗, cλ is achieved, and for λ > λ∗, cλ is not achieved.

The proof of Theorem 2.21 is by the method of concentration-compactness, and the
method of vanishing viscosity.

Now consider the problem in a bounded domain.

THEOREM 2.22. Let λ � λ∗ and uε,λ be a least energy solution of (2.100). Let xε ∈Ω
be a point where uε,λ reaches its maximum value. Then after passing to a subsequence,
xε→ x0 ∈ ∂Ω and

(1) d(xε, ∂Ω)/ε→ d0, for some d0 > 0,
(2) vε,λ(y)= uε,λ(xε+εy)→wλ(y) in C1 locally, wherewλ attains cλ of (2.107) (and

thus is a solution of (2.105)),
(3) the associated critical value can be estimated as follows:

cε,λ = εN
{
cλ − εH̄ (x0)+ o(ε)

}
(2.109)

where cλ is given by (2.107), and H̄ (x0) is given by the following

H̄ (x0)= max
wλ∈Sλ

[
−
∫

R
+
N

y′ · ∇′wλ ∂wλ
∂yN

H(x0)

]
(2.110)

where Sλ is the set of all solutions of (2.105) attaining cλ, and y′ = (y1, . . . , yN−1),
∇′ = ( ∂

∂y1
, . . . , ∂

∂yN−1
),

(4) H̄ (x0)=maxx∈∂Ω H̄ (x).

On the other hand, when λ > λ∗, a different asymptotic behavior appears.

THEOREM 2.23. Let λ > λ∗ and uε,λ be a least energy solution of (2.100). Let xε ∈Ω
be a point where uε,λ reaches its maximum value. Then after passing a subsequence, we
have

(1) d(xε, ∂Ω)→maxx∈Ω d(x, ∂Ω),
(2) vε,λ(y) := uε,λ(xε + εy)→ w(y) in C1 locally, where w is the unique solution of

(2.8),
(3) the associated critical value can be estimated as follows:

cε,λ = εN
[
I [w] + exp

(
−2d(xε, ∂Ω)

ε

(
1+ o(1)))]. (2.111)
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3. Stability and instability in the shadow system case

As we have already seen in Section 2 that there are many single and multiple spike solutions
for the shadow system (2.2). The question is: are they all stable with respect to the shadow
system (2.2)? Unfortunately, as we will show below, only one of them is stable.

Let uε be a (boundary or interior) spike solution. Then it is easy to see that (aε, ξε)
defined by the following

aε = ξq/(p−1)
ε uε, ξε =

(
1

|Ω|
∫
Ω

urε dx

)−(p−1)/(qr−(p−1)(s+1))

(3.1)

is a solution pair of the stationary problem to the shadow system (2.2).
In this section, we analyze the following linearized eigenvalue problem⎧⎪⎨⎪⎩

ε2�φε − φε + p a
p−1
ε

ξ
q
ε
φε − q a

p
ε

ξ
q+1
ε

η= αεφε, ∂φε
∂ν
= 0 on ∂Ω,

r
τ |Ω|

∫
Ω

ar−1
ε φε
ξ sε

dx − 1+s
τ
η= αεη.

(3.2)

By using (3.1), it is easy to see that the eigenvalues of problem (3.2) inH 2(Ω)×L∞(Ω)
are the same as the eigenvalues of the following eigenvalue problem

ε2�φ − φ + pup−1
ε φ − qr

s + 1+ ταε

∫
Ω
ur−1
ε φ∫

Ω
urε

upε = αεφ,

φ ∈H 2(Ω). (3.3)

A simple argument [8] shows that

THEOREM 3.1. Any multiple-spike solution is linearly unstable for the shadow system
(2.2).

Let

Lε(φ)= ε2�φ − φ + pup−1
ε φ,

Lε(φ)= Lε(φ)− qr

s + 1+ τλ
∫
Ω
ur−1
ε φ∫

Ω
urε

upε . (3.4)

Thus we can only concentrate on the study of stability for single-spike solutions. The
study of stability and instability of single spike solutions can be divided into two parts:
small eigenvalues and large eigenvalues.

3.1. Small eigenvalues for Lε

In [72], it was proved that single boundary spike must concentrate at a critical point of
the mean curvature function H(P ). On the other hand, at a nondegenerate critical point
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of H(P ), there is also a single boundary spike. Furthermore, in [75], it is proved that the
single boundary spike at a nondegenerate critical point of H(P ) is actually nondegenerate.

Next we study the eigenvalue estimates associated with the linearized operator at uε :
Lε = ε2�− 1+ pup−1

ε . (Here the domain of Lε is H 2(Ω).) We first note the following
result.

LEMMA 3.2. The following eigenvalue problem

�φ − φ + pwp−1φ = μφ in RN, φ ∈H 1(RN ) (3.5)

admits the following set of eigenvalues:

μ1 > 0, μ2 = · · · = μN+1 = 0, μN+2 < 0, . . . . (3.6)

Moreover, the eigenfunction corresponding to μ1 is radial and of constant sign.

PROOF. This follows from Theorem 2.12 of [42] and Lemma 4.2 of [58]. �

The small eigenvalues for Lε were characterized completely in [75].

THEOREM 3.3. (See [75].) For ε sufficiently small, the following eigenvalue problem{
ε2�φε − φε + pup−1

ε φε = τεφε in Ω ,
∂φε
∂ν
= 0 on ∂Ω

(3.7)

admits exactly (N−1) eigenvalues τ 1
ε � τ 2

ε � · · ·� τN−1
ε in the interval [μN+1

2 ,
μ1
2 ], where

μ1 and μN+1 are given by Lemma 3.2.
Moreover, we have the following asymptotic behavior of τ jε :

τ
j
ε

ε2
→ η0λj , j = 1, . . . ,N − 1, (3.8)

where λ1 � λ2 � · · · � λN−1 are the eigenvalues of the matrix Gb(P0) := (∂i∂jH(P0)),
and

η0 = N − 1

N + 1

∫
RN+ (w

′(|z|))2zN dz∫
RN+ (

∂w
∂z1
)2 dz

> 0. (3.9)

(Here w′(|z|) denotes the radial derivative of w with respect to |z|.)
Furthermore the eigenfunction corresponding to τ jε , j = 1, . . . ,N − 1, is given by the

following:

φεj =
N−1∑
i=1

(
aij + o(1)

) ∂wε,Pε
∂τi(Pε)

(3.10)
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where Pε is the local maximum point of uε , �aj = (a1j , . . . , a(N−1)j )
T is the eigenvector

corresponding to λj , namely

Gb(P0)�aj = λj �aj , j = 1, . . . ,N − 1. (3.11)

For single interior spikes, we obtain similar results. But it becomes more involved since
now the error is exponentially small.

The existence of interior spike solutions depends highly on the geometry of the domain.
In [73] and [74], the author first constructed a single interior spike solution. To state the
result, we need to introduce some notations. Let

dμP0(z)= lim
ε→0

e−
2|z−P0|

ε dz∫
∂Ω
e−

2|z−P0|
ε dz

. (3.12)

It is easy to see that the support of dμP0(z) is contained in B̄d(P0,∂Ω)(P0)∩ ∂Ω .
A point P0 is called “nondegenerate peak point” if the followings hold: there exists

a ∈RN such that∫
∂Ω

e〈z−P0,a〉(z− P0) dμP0(z)= 0 (H1)

and (∫
∂Ω

e〈z−P0,a〉(z− P0)i(z− P0)j dμP0(z)

)
:=Gi(P0) is nonsingular. (H2)

Such a vector a is unique. Moreover, Gi(P0) is a positive definite matrix. A geometric
characterization of a nondegenerate peak point P0 is the following:

P0 ∈ interior (convex hull of support
(
dμP0(z)

)
.

For a proof of the above facts, see Theorem 5.1 of [73].
In [74] and [73], the author proved the following theorem.

THEOREM 3.4. Suppose that P0 is a nondegenerate peak point. Then for ε # 1, there
exists a single interior spike solution uε concentrating at P0. Furthermore, uε is locally
unique. Namely, if there are two families of single interior spike solutions uε,1 and uε,2 of
(2.4) such that P 1

ε → P0,P
2
ε → P0 where

uε,1
(
P 1
ε

)=max
P∈Ω̄

uε(P ), uε,2
(
P 2
ε

)=max
P∈Ω̄

uε,2(P ),

then P 1
ε = P 2

ε , uε,1 = uε,2. Moreover,

P 1
ε = P 2

ε = P0 + ε
(

1

2
d(P0, ∂Ω)a + o(1)

)
as ε→ 0.
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Let wε,P and ϕε,P be defined as in Section 2.3. (It was proved in [74] and [73] that
−ε log[−ϕε,P (P )]→ 2d(P, ∂Ω) as ε→ 0.)

Similarly, we obtain the following eigenvalue estimates for uε

THEOREM 3.5. The following eigenvalue problem

ε2�φ − φ + pup−1
ε φ = τ εφ in Ω,

∂φ

∂ν
= 0 on ∂Ω (3.13)

admits the following set of eigenvalues:

τ ε1 = μ1 + o(1), τ εj =
(
c0 + o(1)

)
ϕε,P0(P0)λj−1, j = 2, . . . ,N + 1,

τ εl = μl + o(1), l �N + 2,

where λj , j = 1, . . . ,N , are the eigenvalues of Gi(P0) and

c0 = 2d−2(P0, ∂Ω)

∫
RN
pwp−1w′u′∗(r)∫
RN
( ∂w
∂y1
)2 dy

< 0, (3.14)

where u∗(r) is the unique radial solution of the following problem

�u− u= 0, u(0)= 1, u= u(r) in RN. (3.15)

Furthermore, the eigenfunction (suitably normalized) corresponding to τ εj , j = 2, . . . ,
N + 1, is given by the following:

φεj =
N∑
l=1

(
aj−1,l + o(1)

)
ε
∂wε,P

∂Pl

∣∣∣∣
P=Pε

, (3.16)

where �aj = (aj,1, . . . , aj,N )t is the eigenvector corresponding to λj , namely

Gi(P0)�aj = λj �aj , j = 1, . . . ,N.

3.2. A reduction lemma

Let αε be an eigenvalue of (3.3). Then the following holds. (The proof of it is routine. See
Appendix of [76].)

LEMMA A.
(1) αε = o(1) if and only if αε = (1+ o(1))τ εj for some j = 2, . . . ,N + 1, where τ εj is

given by Theorem 3.3 or Theorem 3.5.
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(2) If αε→ α0 �= 0. Then α0 is an eigenvalue of the following eigenvalue problem

�φ − φ + pwp−1φ − qr

s + 1+ τα0

∫
RN
wr−1φ∫

RN
wr

wp = α0φ,

φ ∈H 2(RN ). (3.17)

A direct application of Theorem 3.5 is the following corollary.

COROLLARY 3.6. For ε# 1, (aε, ξε) is unstable with respect to the shadow system (2.2).

3.3. Large eigenvalues: NLEP method

This section is devoted to the study of the nonlocal eigenvalue problem (3.17). By [76] and
[77], if problem (3.17) admits an eigenvalue λ with positive real part, then all single point-
condensation solutions are unstable, while if all eigenvalues of problem (3.17) have neg-
ative real part, then all single point-condensation solutions are either stable or metastable.
(Here we say that a solution is metastable if the eigenvalues of the associated linearized
operator either are exponentially small or have strictly negative real parts.) Therefore it is
vital to study problem (3.17).

We first consider the simple case when τ = 0. Namely, we study the following NLEP:

�φ − φ + pwp−1φ − γ (p− 1)

∫
RN
wr−1φ∫

RN
wr

wp = λφ, φ ∈H 2(RN ), (3.18)

where

γ := qr

(s + 1)(p− 1)
,

λ ∈ C, λ �= 0, φ(x)= φ(|x|). (3.19)

For problem (3.18), it is known that when γ = 0, there exists an eigenvalue λ= μ1 > 0
(Lemma 3.2). An important property of (3.18) is that nonlocal term can push the eigenval-
ues of problem (3.18) to become negative so that the point-condensation solutions of the
Gierer–Meinhardt system become stable or metastable.

A major difficulty in studying problem (3.18) is that the left-hand side operator is not
self-adjoint if r �= p+ 1. (In the classical Gierer–Meinhardt system, r = 2,p = 2.) There-
fore it may have complex eigenvalues or Hopf bifurcations. Many traditional techniques
do not work here.

In [77] and [76], the eigenvalues of problem (3.18) in the following two cases

r = 2, or r = p+ 1

are studied and the following results are proved.
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THEOREM 3.7.
(1) If (p, q, r, s) satisfies

(A) γ = qr

(s + 1)(p− 1)
> 1,

and

(B) r = 2, 1<p � 1+ 4

N
or r = p+ 1, 1<p <

(
N + 2

N − 2

)
+
,

where (N+2
N−2 )+ = N+2

N−2 when N � 3 and (N+2
N−2 )+ =+∞ when N = 1,2.

Then Re(λ) <−c1 < 0 for some c1 > 0, where λ �= 0 is an eigenvalue of problem
(3.18).

(2) If γ < 1, problem (3.18) has an eigenvalue λ1 > 0.
(3) If

(C) r = 2, p > 1+ 4

N
and 1< γ < 1+ c0,

for some c0 > 0. Then problem (3.18) has an eigenvalue λ1 > 0.

We give a complete proof of Theorem 3.7 since this is the key element in all the stability
result later on.

The proof of Theorem 3.7 is based on the following important inequalities which are
new and interesting.

LEMMA 3.8. Let w be the unique solution to (2.8).
(1) If 1<p < 1+ 4

N
, then there exists a positive constant a1 > 0 such that∫

RN

(|∇φ|2 + φ2 − pwp−1φ2)+ 2(p− 1)
∫

RN
wφ

∫
RN
wpφ∫

RN
w2

−(p− 1)

∫
RN
wp+1

(
∫

RN
w2)2

(∫
RN

wφ

)2

� a1d
2
L2(RN)

(φ,X1), (3.20)

for all φ ∈H 1(RN), where X1 := span{w, ∂w
∂yj
, j = 1, . . . ,N}.

(2) If p = 1+ 4
N

, then there exists a positive constant a2 > 0 such that∫
RN

(|∇φ|2 + φ2 − pwp−1φ2)+ 2(p− 1)
∫

RN
wφ

∫
RN
wpφ∫

RN
w2

− (p− 1)

∫
RN
wp+1

(
∫

RN
w2)2

(∫
RN

wφ

)2
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� a2d
2
L2(RN)

(φ,X2), (3.21)

for all φ ∈H 1(RN), whereX2 := span{w, 1
p−1w+ 1

2y∇w(y), ∂w
∂yj
, j = 1, . . . ,N}.

(3) There exists a positive constant a3 > 0 such that∫
RN

(|∇φ|2 + φ2 − pwp−1φ2)+ (p− 1)(
∫

RN
wpφ)2∫

RN
wp+1

� a3d
2
L2(RN)

(φ,X1), ∀φ ∈H 1(RN ). (3.22)

PROOF OF LEMMA 3.8. To this end, we first introduce some notations and make some
preparations. Set

Lφ := L0φ − γ (p− 1)

∫
RN
wr−1φ∫

RN
wr

wp, φ ∈H 2(RN )
where γ = qr

(p−1)(s+1) andL0 :=�−1+pwp−1. Note thatL is not selfadjoint if r �= p+1.
Let

X0 := kernel(L0)= span

{
∂w

∂yj

∣∣∣ j = 1, . . . ,N

}
.

Then

L0w = (p− 1)wp, L0

(
1

p− 1
w+ 1

2
x∇w

)
=w (3.23)

and

∫
RN

(
L−1

0 w
)
w =

∫
RN

w

(
1

p− 1
w+ 1

2
x∇w

)
=
(

1

p− 1
− N

4

)∫
RN

w2,

(3.24)

∫
RN

(
L−1

0 w
)
wp =

∫
RN

wp
(

1

p− 1
w+ 1

2
x∇w

)
=
∫

RN

(
L−1

0 w
) 1

p− 1
L0w = 1

p− 1

∫
RN

w2. (3.25)

Since L is not selfadjoint, we introduce a new operator as follows:

L1φ := L0φ − (p− 1)

∫
RN
wφ∫

RN
w2

wp − (p− 1)

∫
RN
wpφ∫

RN
w2

w

+ (p− 1)

∫
RN
wp+1

∫
RN
wφ

(
∫

RN
w2)2

w. (3.26)
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By (3.26), L1 is selfadjoint. Next we compute the kernel of L1. It is easy to see that
w, ∂w

∂yj
, j = 1, . . . ,N,∈ kernel(L1). On the other hand, if φ ∈ kernel(L1), then by (3.23)

L0φ = c1(φ)w+ c2(φ)w
p

= c1(φ)L0

(
1

p− 1
w+ 1

2
x∇w

)
+ c2(φ)L0

(
w

p− 1

)
where

c1(φ)= (p− 1)

∫
RN
wpφ∫

RN
w2

− (p− 1)

∫
RN
wp+1

∫
RN
wφ

(
∫
RN
w2)2

,

c2(φ)= (p− 1)

∫
RN
wφ∫

RN
w2

.

Hence

φ − c1(φ)

(
1

p− 1
w+ 1

2
x∇w

)
− c2(φ)

1

p− 1
w ∈ kernel(L0). (3.27)

Note that

c1(φ) = (p− 1)c1(φ)

∫
RN
wp( 1

p−1w+ 1
2x∇w)∫

RN
w2

− (p− 1)c1(φ)

∫
RN
wp+1

∫
RN
w( 1

p−1w+ 1
2x∇w)

(
∫

RN
w2)2

= c1(φ)− c1(φ)

(
1

p− 1
− N

4

)∫
RN
wp+1∫

RN
w2

by (3.24) and (3.25). This implies that c1(φ) = 0. By (3.27) and Lemma 3.2, this shows
that the kernel of L1 is exactly X1.

Now we prove (3.20). Suppose (3.20) is not true, then there exists (α,φ) such that (i) α
is real and positive, (ii) φ ⊥w, φ ⊥ ∂w

∂yj
, j = 1, . . . ,N , and (iii) L1φ = αφ.

We show that this is impossible. From (ii) and (iii), we have

(L0 − α)φ = (p− 1)

∫
RN
wpφ∫

RN
w2

w. (3.28)

We first claim that
∫

RN
wpφ �= 0. In fact if

∫
RN
wpφ = 0, then α > 0 is an eigenvalue of

L0. By Lemma 3.2, α = μ1 and φ has constant sign. This contradicts with the fact that
φ ⊥w. Therefore α �= μ1,0, and hence L0 − α is invertible in X⊥0 . So (3.28) implies

φ = (p− 1)

∫
RN
wpφ∫

RN
w2

(L0 − α)−1w.
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Thus ∫
RN

wpφ = (p− 1)

∫
RN
wpφ∫

RN
w2

∫
RN

(
(L0 − α)−1w

)
wp,∫

RN

w2 = (p− 1)
∫

RN

(
(L0 − α)−1w

)
wp,∫

RN

w2 =
∫

RN

(
(L0 − α)−1w

)(
(L0 − α)w+ αw

)
,

0=
∫

RN

(
(L0 − α)−1w

)
w. (3.29)

Let h1(α)=
∫

RN
((L0 − α)−1w)w, then

h1(0) =
∫

RN

(
L−1

0 w
)
w =

∫
RN

(
1

p− 1
w+ 1

2
x · ∇w

)
w

=
(

1

p− 1
− N

4

)∫
RN

w2 > 0

since 1<p < 1+ 4
N

. Moreover

h′1(α)=
∫

RN

((
L0 − α

)−2
w
)
w =

∫
RN

(
(L0 − α)−1w

)2
> 0.

This implies h1(α) > 0 for all α ∈ (0,μ1). Clearly, also h1(α) < 0 for α ∈ (μ1,∞) (since
limα→+∞ h1(α)= 0). This is a contradiction to (3.29)!

This proves the inequality (3.20).
The proof of (3.21) is similar. In this case we have∫

RN

(
L−1

0 w
)
w =

∫
RN

w

(
1

p− 1
w+ 1

2
x∇w

)
= 0. (3.30)

Thus the kernel of L1 is X2. The rest of the proof is exactly the same as before.
To prove (3.22), we introduce

L3φ := L0φ − (p− 1)

∫
RN
wpφ∫

RN
wp+1

wp. (3.31)

Similar as before, the kernel of L3 is exactly X1.
Suppose (3.22) is not true, then there exists (α,φ) such that (a) α is real and positive,

(b) φ ⊥w,φ ⊥ ∂w
∂yj

, j = 1, . . . ,N , and (c) L3φ = αφ.
We show that this is impossible. From (a) and (c), we have

(L0 − α)φ = (p− 1)
∫

RN
wpφ∫

RN
wp+1

wp. (3.32)
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Similar to the proof of (3.20), we have that
∫

RN
wpφ �= 0, α �= μ1,0, and hence L0 − α is

invertible in X⊥0 . So (3.32) implies

φ = (p− 1)
∫

RN
wpφ∫

RN
wp+1

(L0 − α)−1wp.

Thus ∫
RN

wpφ = (p− 1)

∫
RN
wpφ∫

RN
wp+1

∫
RN

(
(L0 − α)−1wp

)
wp,∫

RN

wp+1 = (p− 1)
∫

RN

(
(L0 − α)−1wp

)
wp. (3.33)

Let

h3(α)= (p− 1)
∫

RN

(
(L0 − α)−1wp

)
wp −

∫
RN

wp+1,

then

h3(0)= (p− 1)
∫

RN

(L−1
0 wp)wp −

∫
RN

wp+1 = 0.

Moreover

h′3(α)= (p− 1)
∫

RN

(
(L0 − α)−2wp

)
wp = (p− 1)

∫
RN

(
(L0 − α)−1wp

)2
> 0.

This implies h3(α) > 0 for all α ∈ (0,μ1). Clearly, also h3(α) < 0 for α ∈ (μ1,∞). A con-
tradiction to (3.33)! �

Using Lemma 3.8, we can prove Theorem 3.7(i).

PROOF OF THEOREM 3.7(I). We divide the proof into three cases.

CASE 1. r = 2, 1<p < 1+ 4
N

.

Let α0 = αR + iαI and φ = φR + iφI . Since α0 �= 0, we can choose φ ⊥ kernel(L0).
Then we obtain two equations

L0φR − (p− 1)γ

∫
RN
wφR∫

RN
w2

wp = αRφR − αIφI , (3.34)

L0φI − (p− 1)γ

∫
RN
wφI∫

RN
w2

wp = αRφI + αIφR. (3.35)
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Multiplying (3.34) by φR and (3.35) by φI and adding them together, we obtain

−αR
∫

RN

(
φ2
R + φ2

I

)
= L1(φR,φR)+L1(φI ,φI )

+ (p− 1)(γ − 2)

∫
RN
wφR

∫
RN
wpφR +

∫
RN
wφI

∫
RN
wpφI∫

RN
w2

+ (p− 1)

∫
RN
wp+1

(
∫

RN
w2)2

[(∫
RN

wφR

)2

+
(∫

RN

wφI

)2]
.

Multiplying (3.34) by w and (3.35) by w we obtain

(p− 1)
∫

RN

wpφR − γ (p− 1)

∫
RN
wφR∫

RN
w2

∫
RN

wp+1

= αR
∫

RN

wφR − αI
∫

RN

wφI , (3.36)

(p− 1)
∫

RN

wpφI − γ (p− 1)

∫
RN
wφI∫

RN
w2

∫
RN

wp+1

= αR
∫

RN

wφI + αI
∫

RN

wφR. (3.37)

Multiplying (3.36) by
∫

RN
wφR and (3.37) by

∫
RN
wφI and adding them together, we ob-

tain

(p− 1)
∫

RN

wφR

∫
RN

wpφR + (p− 1)
∫

RN

wφI

∫
RN

wpφI

=
(
αR + γ (p− 1)

∫
RN
wp+1∫

RN
w2

)((∫
RN

wφR

)2

+
(∫

RN

wφI

)2)
.

Therefore we have

−αR
∫

RN

(
φ2
R + φ2

I

)
= L1(φR,φR)+L1(φI ,φI )

+ (p− 1)(γ − 2)

(
1

p− 1
αR + γ

∫
RN
wp+1∫

RN
w2

)
(
∫

RN
wφR)

2 + (∫
RN
wφI )

2∫
RN
w2

+ (p− 1)

∫
RN
wp+1

(
∫

RN
w2)2

[(∫
RN

wφR

)2

+
(∫

RN

wφI

)2]
.
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Set

φR = cRw+ φ⊥R ,φ⊥R ⊥X1, φI = cIw+ φ⊥I , φ⊥I ⊥X1.

Then ∫
RN

wφR = cR
∫

RN

w2,

∫
RN

wφI = cI
∫

RN

w2,

d2
L2(RN)

(φR,X1)=
∥∥φ⊥R ∥∥2

L2 , d2
L2(RN)

(φI ,X1)=
∥∥φ⊥I ∥∥2

L2 .

By some simple computations we have

L1(φR,φR)+L1(φI ,φI )

+ (γ − 1)αR
(
c2
R + c2

I

)∫
RN

w2 + (p− 1)(γ − 1)2
(
c2
R + c2

I

)∫
RN

wp+1

+ αR
(∥∥φ⊥R ∥∥2

L2 +
∥∥φ⊥I ∥∥2

L2

)= 0.

By Lemma 3.8 (1)

(γ − 1)αR
(
c2
R + c2

I

)∫
RN

w2

+ (p− 1)(γ − 1)2
(
c2
R + c2

I

)∫
RN

wp+1

+ (αR + a1)
(∥∥φ⊥R ∥∥2

L2 +
∥∥φ⊥I ∥∥2

L2

)
� 0.

Since γ > 1, we must have αR < 0, which proves Theorem 3.7 in Case 1.

CASE 2. r = 2, p = 1+ 4
N

.

Set

w0 = 1

p− 1
w+ 1

2
x∇w. (3.38)

We just need to take care of w0.
Suppose that α0 �= 0 is an eigenvalue of L. Let α0 = αR + iαI and φ = φR + iφI . Since

α0 �= 0, we can choose φ ⊥ kernel(L0). Then similar to Case 1, we obtain two equations
(3.34) and (3.35). We now decompose

φR = cRw+ bRw0 + φ⊥R , φ⊥R ⊥X1,

φI = cIw+ bIw0 + φ⊥I , φ⊥I ⊥X1.
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Similar to Case 1, we obtain

L1(φR,φR)+L1(φI ,φI )

+ (γ − 1)αR
(
c2
R + c2

I

)∫
RN

w2 + (p− 1)(γ − 1)2
(
c2
R + c2

I

)∫
RN

wp+1

+ αR
(
b2
R

(∫
RN

w2
0

)2

+ b2
I

(∫
RN

w2
0

)2

+ ∥∥φ⊥R ∥∥2
L2 +

∥∥φ⊥I ∥∥2
L2

)
� 0

By Lemma 3.8(2)

(γ − 1)αR
(
c2
R + c2

I

)∫
RN

w2 + (p− 1)(γ − 1)2
(
c2
R + c2

I

)∫
RN

wp+1

+ αR
(
b2
R

(∫
RN

w2
0

)2

+ b2
I

(∫
RN

w2
0

)2)
+ (αR + a2)

(∥∥φ⊥R ∥∥2
L2 +

∥∥φ⊥I ∥∥2
L2

)
� 0.

If αR � 0, then necessarily we have

cR = cI = 0, φ⊥R = 0, φ⊥I = 0.

Hence φR = bRw0, φI = bIw0. This implies that

bRL0w0 = (bR − bI )w0, bIL0w0 = (bR + bI )w0,

which is impossible unless bR = bI = 0. A contradiction!

CASE 3. r = p+ 1, 1<p < (N+2
N−2 )+.

Let r = p+ 1. L becomes

L= L0 − qr

s + 1

∫
RN
wp·∫

RN
wp+1

wp.

We will follow the proof of Case 1.
Let α0 = αR + iαI and φ = φR + iφI . Since α0 �= 0, we can choose φ ⊥ kernel(L0).

Then similarly we obtain two equations

L0φR − (p− 1)γ

∫
RN
wpφR∫

RN
wp+1

wp = αRφR − αIφI , (3.39)

L0φI − (p− 1)γ

∫
RN
wpφI∫

RN
wp+1

wp = αRφI + αIφR. (3.40)
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Multiplying (3.39) by φR and (3.40) by φI and adding them together, we obtain

−αR
∫

RN

(
φ2
R + φ2

I

) = L3(φR,φR)+L3(φI ,φI )

+ (p− 1)(γ − 1)
(
∫

RN
wpφR)

2 + (∫
RN
wpφI )

2∫
RN
wp+1

.

By Lemma 3.8(3)

αR

∫
RN

(
φ2
R + φ2

I

)+ a3d
2
L2(φ,X1)

+ (p− 1)(γ − 1)
(
∫

RN
wpφR)

2 + (∫
RN
wpφI )

2∫
RN
wp+1

� 0

which implies αR < 0 since γ > 1.
Theorem 3.7(i) in Case 3 is thus proved. �

PROOF OF THEOREM 3.7(II). Assume that γ < 1. To prove Theorem 3.7(ii), we introduce
the following function:

h4(λ) :=
∫

RN

wr − γ (p− 1)
∫

RN

(
(L0 − λ)−1wp

)
wr−1. (3.41)

Note that h4(λ) is well defined in (0,μ1), where μ1 is the unique positive eigenvalue of
L0. Let us denote the corresponding eigenfunction by Φ0. Since μ1 is a principal eigen-
value, we may assume that Φ0 > 0.

It is easy to see that to prove Theorem 3.7(ii), it is enough to find a positive zero of
h4(λ).

First we have

h4(0)=
∫

RN

wr − γ (p− 1)
∫

RN

L−1
0 wpwr−1 = (1− γ )

∫
RN

wr > 0. (3.42)

Set Φλ = (L0 − λ)−1wp . Then Φλ satisfies

(L0 − λ)Φλ =wp. (3.43)

Multiplying (3.43) by Φ0 and integrating by parts, we have

(μ1 − λ)
∫

RN

ΦλΦ0 =
∫

RN

Φ0w
p,

which implies that∫
RN

ΦλΦ0 = 1

μ1 − λ
∫

RN

Φ0w
p.
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Let

Φλ =
(

1

(μ1 − λ)
∫

RN
Φ2

0

∫
RN

Φ0w
p

)
Φ0 +Φ⊥λ , Φ⊥λ ⊥Φ0. (3.44)

Then as λ→ μ1, λ < μ1, we have that ‖Φ⊥λ ‖L2(RN) is uniformly bounded and by (3.44)∫
RN

Φλw
r−1 →+∞,

which implies that

h4(λ)→−∞ as λ→ μ1, λ < μ1. (3.45)

By (3.42) and (3.45), there is a λ0 ∈ (0,μ1) such that h4(λ0)= 0.
This proves (ii) of Theorem 3.7. �

PROOF OF THEOREM 3.7(III). Similarly, we just need to find a zero of

h5(λ) :=
∫

RN

w2 − γ (p− 1)
∫

RN

w(L0 − λ)−1wp. (3.46)

We write it as

h5(λ) = (1− γ )
∫

RN

w2 − γ (p− 1)λ
∫

RN

w
[
(L0 − λ)−1(w)

]
= (1− γ )

∫
RN

w2 − γ (p− 1)λ
∫

RN

wL−1
0 (w)+O(λ2).

Since
∫

RN
wL−1

0 (w) < 0, we see that for 0< γ − 1 small, there is a small λ0 > 0 such
that h5(λ0) > 0. �

For general r , the author in [79] proved the following:

THEOREM 3.9.
(1) If

D(r) := (p− 1)
∫

RN
L−1

0 wr−1wr−1
∫

RN
w2

(
∫

RN
wr)2

> 0 (3.47)

where L0 = � − 1 + pwp−1 (L−1
0 exists in H 2

r (R
N) = {u ∈ H 2(RN) | u(x) =

u(|x|)}) and

1+ 1√
1+ ρ0

< γ < 1+ 1√
1− ρ0

, (3.48)
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where ρ0 > 0 is given by

ρ0 :=
∫

RN
wp+1√∫

RN
w2p

∫
RN
w2

< 1. (3.49)

Then for any nonzero eigenvalue λ of problem (3.18), we have Re(λ) <−c1 < 0 for
some c1 > 0.

(2) If (p, q, r, s) satisfies

1+ 2r

N
< p <

(
N + 2

N − 2

)
+

and γ < 1+ c0, (3.50)

for some c0 > 0. Then problem (3.18) has a real eigenvalue λ1 > 0.

Generally speaking, D(r) is very difficult to compute. A recent result of the author and
L. Zhang partially solved this problem and moreover we obtained more general and explicit
result. For example the following result are proved [80].

THEOREM 3.10. Let

F(r)= 1− p− 1

2r
N.

Suppose 2< r < p+ 1, 1<p < 1+ 2r
N

and

F(r)� γ − 2

γ
F(p+ 1)+ |γ − 2|

γ

√
F(p+ 1)(F (p+ 1)− F(2)), (3.51)

then for any nonzero eigenvalue λ of problem (3.18), we have Re(λ) <−c1 < 0 for some
c1 > 0.

REMARK. Condition (3.51) holds if 2 < r < p + 1, F(r) � 0 (i.e., 1 < p � 1+ 2r
N

) and
1< γ � 2. Thus in this case we obtain the stability of the nonzero eigenvalues of (3.18).
This is the first explicit result for the case when r /∈ {2,p+ 1}. For γ > 2, we need

F(r)� γ − 2

γ

[
F(p+ 1)−√F(p+ 1)(F (p+ 1)− F(2))].

Going back to the shadow system case, the following result was proved in [76].

THEOREM 3.11. Assume that ε# 1 and τ is small. If (p, q, r, s) satisfy (A) and (B) in
Theorem 3.7, then

(1) single boundary spike solution at a nondegenerate local maximum point of mean
curvature is stable, and

(2) single interior spike solution is metastable.

Related work can also be found in [59] and [60].
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3.4. Uniqueness of Hopf bifurcations

In Section 3.3, we have discussed the NLEP (3.17) when τ = 0. It is easy to see that when
τ small, results in Theorem 3.7 still hold. On the other hand, for τ large, it is easy to see
that there is an unstable eigenvalue [8] to (3.17). (In fact, as τ →+∞, there is a positive
eigenvalue near μ1 > 0.) Therefore, as τ varies from 0 to ∞, Hopf bifurcation may occur.
In this section, we show that in some special cases, Hopf bifurcation is actually unique.

We consider the following nonlocal eigenvalue problem (putting r = p = 2, s = 0 in
(3.17))

Lφ :=�φ − φ + 2wφ − γ

1+ τλ0

∫
RN
wφ∫

R2 w2
w2 = λ0φ, φ ∈H 2(RN ). (3.52)

THEOREM 3.12. Let L be defined by (3.52). Assume that N � 3 and γ > 1. Then there
exists a unique τ = τ1 > 0 such that for τ < τ1, (3.52) admits a positive eigenvalue, and
for τ > τ1, all nonzero eigenvalues of problem (3.52) satisfy Re(λ) < 0. At τ = τ1, L has
a Hopf bifurcation.

PROOF OF THEOREM 3.12. Let γ > 1. As in [8], we may consider radially symmetric
functions only. By Theorem 1.4 of [76], for τ = 0 (and by perturbation, for τ small), all
eigenvalues lie on the left half plane. By [8], for τ large, there exist unstable eigenvalues.

Note that the eigenvalues will not cross through zero: in fact, if λ0 = 0, then we have

L0φ − γ
∫

RN
wφ∫

RN
w2

w2 = 0

which implies that

L0

(
φ − γ

∫
RN
wφ∫

RN
w2

w

)
= 0

and hence by Lemma 3.2

φ − γ
∫

RN
wφ∫

RN
w2

w ∈X0.

This is impossible since φ is radially symmetric and φ �= cw for all c ∈R.
Thus there must be a point τ1 at which L has a Hopf bifurcation, i.e., L has a purely

imaginary eigenvalue α =√−1αI . To prove Theorem 3.12, all we need to show is that τ1

is unique. That is

LEMMA 3.13. Let γ > 1. Then there exists a unique τ1 > 0 such that L has a Hopf bifur-
cation.
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PROOF. Let λ0 =
√−1αI be an eigenvalue of L. Without loss of generality, we may

assume that αI > 0. (Note that −√−1αI is also an eigenvalue of L.) Let φ0 = (L0 −√−1αI )−1w2. Then (3.52) becomes∫
RN
wφ0∫

RN
w2

= 1+ τ√−1αI
γ

. (3.53)

Let φ0 = φR0 +
√−1φI0 . Then from (3.53), we obtain the two equations∫

RN
wφR0∫

R2 wN
= 1

γ
, (3.54)∫

RN
wφI0∫

R2 wN
= ταI

γ
. (3.55)

Note that (3.54) is independent of τ .
Let us now compute

∫
RN
wφR0 . Observe that (φR0 , φ

I
0 ) satisfies

L0φ
R
0 =w2 − αIφI0 , L0φ

I
0 = αIφR0 .

So φR0 = α−1
I L0φ

I
0 and

φI0 = αI
(
L2

0 + α2
I

)−1
w2, φR0 = L0

(
L2

0 + α2
I

)−1
w2. (3.56)

Substituting (3.56) into (3.54) and (3.55), we obtain∫
RN
[wL0(L

2
0 + α2

I )
−1w2]∫

RN
w2

= 1

γ
, (3.57)∫

RN
[w(L2

0 + α2
I )
−1w2]∫

R2 w2
= τ

γ
. (3.58)

Let

h6(αI )=
∫

RN
wL0(L

2
0 + α2

I )
−1w2∫

R2 w2
.

Then integration by parts gives

h6(αI )=
∫

RN
w2(L2

0 + α2
I )
−1w2∫

RN
w2

.

Note that

h′6(αI )=−2αI

∫
RN
w2(L2

0 + α2
I )
−2w2∫

RN
w2

< 0.
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So since

h6(0)=
∫

RN
w(L−1

0 w2)∫
RN
w2

> 0,

h6(αI )→ 0 as αI →∞, and γ > 1, there exists a unique αI > 0 such that (3.57) holds.
Substituting this unique αI into (3.58), we obtain a unique τ = τ1 > 0.

Lemma 3.13 is thus proved. �

Theorem 3.12 now follows from Lemma 3.13. �

3.5. Finite ε case

In all the previous sections, it is always assumed that ε is small. However, in practical ap-
plications, it is vital to know how small ε should be. The finite ε case has been completely
characterized in one-dimensional case by Wei and Winter [88]. We summarize the results
here.

Without loss of generality, we may assume that Ω = (0,1). That is, we consider⎧⎪⎨⎪⎩
at = ε2axx − a + ap

ξq
, 0< x < 1, t > 0,

τξt =−ξ + ξ−s
∫ 1

0 a
r dx,

a > 0, ax(0, t)= ax(1, t)= 0.

(3.59)

The steady-state problem of (3.59) is equivalent to the following problem for the trans-

formed function uε given by uε(x)= ξ−
q
p−1 a(x):

ξ
1+s− qr

p−1 =
∫ 1

0
ur(x) dx

and

ε2uxx − u+ up = 0,

ux(x) < 0, 0< x < 1, ux(0)= ux(1)= 0. (3.60)

Letting

L := 1

ε
(3.61)

and rescaling u(x)=wL(y), where y = Lx, we see that wL satisfies the following ODE:

w′′L −wL +wpL = 0,

w′L(y) < 0, 0< y <L, w′L(0)=w′L(L)= 0. (3.62)
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Since (3.62) is an autonomous ODE, it is easy to see that a nontrivial solution exists if
and only if

ε <

√
p− 1

π

(
or L>

π√
p− 1

)
. (3.63)

The stability of steady-state solutions to (3.59) has been a subject of study in the last few
years. A recent result of [56] (see Theorem 1.1 of [56]) says that a stable solution to (3.59)
must be asymptotically monotone. More precisely, if (A(x, t), ξ(t)), t � 0 is a solution to
(3.59) that is linearly neutrally stable, then there is a t0 > 0 such that

ax(x, t0) �= 0 for all (x, t) ∈ (0,1)× [t0,+∞). (3.64)

Thus all nonmonotone steady-state solutions are linearly unstable. Therefore we focus our
attention on monotone solutions. There are two monotone solutions—the monotone in-
creasing one and the monotone decreasing one. Since these two solutions differ by reflec-
tion, we consider the monotone decreasing function only. This solution is then called uε
and it has the least energy among all positive solutions of (3.60), see [60]. If L � π√

p−1
,

then wL = 1. We also denote the corresponding solutions to (3.59) by

aL(x)= ξ
q
p−1
L wL(Lx), ξ

1+s− qr
p−1

L =
∫ 1

0
wrL(Lx)dx. (3.65)

Before stating our results, we first introduce some notation. Let I = (0,L) and φ ∈
H 2(I ). We define the following operator:

L[φ] = φ′′ − φ + pwp−1
L φ. (3.66)

It is proved [88] that L has the spectrum

λ1 > 0, λj < 0, j = 2,3, . . . . (3.67)

Hence for the map L from H 2(I ) to L2(I ) we know that L−1 exists, where L−1 is the
inverse of L. This implies that L−1wL is well defined.

Then we have the following theorem

THEOREM 3.14. Assume that L> π√
p−1

and either

r = 2,
∫ L

0
wLL−1wL dy > 0 (3.68)

or

r = p+ 1. (3.69)

Then (aL, ξL) (given by (3.65)) is a linearly stable steady state to (3.59) for τ small.
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This theorem reduces the issue of stability to the computation of the integral

∫ L

0
wLL−1wL dy.

This integral is quite difficult to compute for general L.
For τ finite, we have the following theorem.

THEOREM 3.15. Let (3.68) be true and L > π√
p−1

. Then there exists a unique τc > 0

such that for τ < τc, (aL, ξL) is stable and for τ > τc, (aL, ξL) is unstable. At τ = τc, there
exists a unique Hopf bifurcation. Furthermore, the Hopf bifurcation is transversal, namely,
we have

dλR

dτ

∣∣∣∣
τ=τc

> 0, (3.70)

where λR is the real part of the eigenvalue.

Using Weierstrass p(z) functions and Jacobi elliptic integrals, one can show that∫ L
0 wLL−1wL dy > 0 for all L > π in the cases r = 2, p = 2,3. The original Gierer–

Meinhardt system ((p, q, r, s)= (2,1,2,0)) falls into this class. Thus for the shadow sys-
tem of the original Gierer–Meinhardt system, we have a complete picture of the stability
of (aL, ξL) for any τ > 0 and any L> 0, by the following theorem

THEOREM 3.16. Assume that L> π√
p−1

and r = 2, p = 2 or 3. Then there exists a unique

τc > 0 such that for τ < τc, (aL, ξL) is stable and for τ > τc, (AL, ξL) is unstable. At
τ = τc, there exists a Hopf bifurcation. Furthermore, the Hopf bifurcation is transversal.

Theorem 3.16 gives a complete picture of the stability of nontrivial monotone solutions
in terms of L since for L � π√

p−1
we necessarily have wL ≡ 1. Combining this with the

results of [56], we have completely classified stability and instability of all steady-state
solutions for all ε > 0 for the shadow system of the original Gierer–Meinhardt system.

We do not know if the Hopf bifurcation in Theorem 3.15 is subcritical or super-
critical. This is related to another interesting question: is there time-periodic solution
(a(x, t), ξ(x, t)) to (3.59) at the Hopf bifurcation point τ = τc? If so, is it stable or un-
stable?

We can also extend this idea to general domains in RN,N � 2. Namely we consider⎧⎪⎪⎨⎪⎪⎩
at =�a − a + ap

ξq
, x ∈ΩL, t > 0,

τξt =−ξ + ξ−s 1
|ΩL|

∫
ΩL
ar ,

a > 0, ∂a
∂ν
= 0 on ∂ΩL,

(3.71)
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where we have scaled the ε into the domain through ΩL = 1
ε
Ω . In this case, let us assume

that ΩL ⊂ RN is a smooth and bounded domain, and the exponents (p, q, r, s) satisfy the
following condition

p > 1, q > 0, r > 0, s � 0, γ := qr

(p− 1)(s + 1)
> 1,

and p is subcritical:

1<p <
N + 2

N − 2
if N � 3; 1<p <+∞ if N = 2.

The steady state solution of (3.71) is given by

a = ξ q
p−1 u, ξ

1+s− qr
p−1 = 1

|ΩL|
∫
ΩL

ur (3.72)

where u is a solution of the following problem:{
�u− u+ up = 0, u > 0 in ΩL,
∂u
∂ν
= 0 on ∂ΩL.

(3.73)

We again consider the minimizer solution wL(x) which satisfies (3.73) and

E[wL] = inf
u∈H 1(ΩL), u �≡0

E[u] (3.74)

where

E[u] =
∫
ΩL
(|∇u|2 + u2)

(
∫
ΩL
up+1)

2
p+1

.

The corresponding steady-state solution to the shadow system (3.71) is denoted by

aL = ξ
q
p−1
L wL, ξ

1+s− qr
p−1

L = 1

|ΩL|
∫
ΩL

wrL. (3.75)

Let

L[φ] =�φ − φ + pwp−1
L φ.

Then we have the following lemma whose proof is similar to Lemma 3.2.

LEMMA 3.17. Consider the following eigenvalue problem{Lφ = λφ, in ΩL,
∂φ
∂ν
= 0 on ∂ΩL.

(3.76)
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Then λ1 > 0 and λ2 � 0.

We now put two important assumptions:
We first assume that

(A1) L−1 exists.

Under (A1), we assume that

(A2)
∫
ΩL

wL
(
L−1wL

)
> 0.

We can now state the following theorem

THEOREM 3.18. Assume that either

r = p+ 1, and (A1) holds,

or

r = 2, and (A1) and (A2) hold.

Then (aL, ξL) is linearly stable for τ small.
In the case of r = 2, there exists a unique τ = τc such that (aL, ξL) is stable for τ < τc,

unstable for τ > τc, and there is a Hopf bifurcation at τ = τc. Furthermore, the Hopf
bifurcation is transversal.

The proof of Theorem (3.18) is similar to the one-dimensional case.
It remains an interesting and difficult question as to verify (A1) and (A2) analytically. If

L is large, the assumption (A1) is verified in [75] and assumption (A2) holds true if

1<p < 1+ 4

N
. (3.77)

This recovers the results of [76].
It is difficult to verify (A1) and (A2) in general domains. One may ask: does (A1) hold

true for generic domains?

3.6. The stability of boundary spikes for the Robin boundary condition

The stability of least energy solution in the Robin boundary condition case is quite com-
plicated. We state the following result which deals with one-dimensional case only:
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THEOREM 3.19. (See [45].) Consider the following

⎧⎪⎪⎪⎨⎪⎪⎪⎩
at = ε2axx − a + ap

ξq
, 0< x < 1, t > 0,

τξt =−ξ + ξ−s
∫ 1

0 a
r dx,

a > 0, εax(0, t)+ λa(0, t)= εax(1, t)+ λa(1, t)= 0,

hx(0, t)= hx(1, t)= 0.

(3.78)

Assume that r = 2,1< p � 3 or r = p + 1,1< p <+∞. Then for each λ ∈ (0,1) the
least energy solution is stable for τ < τ1 and unstable for τ > τ1. At τ1, there is a Hopf
bifurcation.

The main idea of the proof is similar to that of Theorem 3.14. Here we have to study an
NLEP on a half line with Robin boundary condition:⎧⎨⎩φ′′ − φ + pwp−1

x0 φ − γ (p− 1)
∫∞

0 wx0φ∫∞
0 w2

x0

w
p
x0 = αφ, 0< y <+∞,

φ′(0)− λφ(0)= 0
(3.79)

where wx0 =w(y−x0) with w′(−x0)= λw(−x0). Let Lx0(φ)= φ′′ −φ+pwp−1
x0 φ. Then

we need to show that∫ ∞

0
wx0

[
L−1
x0
(wx0)

]
> 0. (3.80)

By some lengthy computations, we can show that the function
∫∞

0 wx0[L−1
x0
(wx0)] is an

increasing function in x0 when p < 3, and a constant when p = 3, and an decreasing
function when p > 3.

REMARK 3.6.1. An interesting phenomena is the case of 3 < p < 5. In this case, one
can show that there exists a a0 ∈ (0,1) such that the boundary spike is stable when a ∈
(0, a0) and unstable when a ∈ (a0,1). It is quite interesting to see that the Robin boundary
condition can also introduce some instability.

4. Full Gierer–Meinhardt system: One-dimensional case

In this section, we study the full Gierer–Meinhardt system in the one-dimensional case.
Unlike the shadow system case, where one can reduce the existence of solutions to a vari-
ational elliptic problem, there is no variational structure for the full Gierer–Meinhardt sys-
tem. This is the major problem, which is also the source of all interesting new phenomena.

We begin with the steady-state problem in the full space case.
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4.1. Bound states: the case of Ω =R1

Let Ω = R1. By a change of variables the steady-state problem for (GM) can be conve-
niently written as follows⎧⎪⎨⎪⎩

�a − a + ap

hq
= 0, a > 0 in R1,

�h− σ 2h+ ar

hs
= 0, h > 0 in R1,

a(x), h(x)→ 0 as |x| →+∞
(4.1)

where

σ 2 = ε2

D
# 1.

The existence of multiple spikes solutions to (4.1) is referred to as “symmetry-breaking”
phenomena. This was proved in [11] and [12] (by dynamical system techniques) and [7]
(by PDE methods). We will sketch the PDE methods in Section 5.1.

THEOREM 4.1. (See [7,12].) For each fixed positive integer k, there exists σk > 0 such
that problem (4.1) has a solution (aε, hε) with the following properties

aε(x)∼ ck

σ

(
k∑
j=1

w
(
x − ξσj

))
(4.2)

where ck > 0 is a generic constant and

ξσj =
(
j − k+ 1

2

)
log

1

σ
+O

(
log log

1

σ

)
, j = 1, . . . , k. (4.3)

4.2. The bounded domain case: existence of symmetric K-spikes

Without loss of generality, we may assume that Ω = (−1,1). We consider the following
elliptic system⎧⎪⎨⎪⎩

ε2a′′ − a + ap

hq
= 0, −1< x < 1,

Dh′′ − h+ ar

hs
= 0, −1< x < 1,

a′(±1)= h′(±1)= 0.

(4.4)

In this case, the existence of multiple-peaked solutions was first obtained by I. Takagi in
[67].

THEOREM 4.2. (See [67].) Fix any positive integer K . If ε√
D

sufficiently small, there ex-

ists a K-peaked solution (aε,K,hεK) to (4.4) such that (aε,K,hε,K) has exactly K local
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maximum points −1< x1 < x2 < · · ·< xK < 1 which are equally distributed. In fact, we
have

xj =−1+ 2j − 1

K
, j = 1, . . . ,K.

Takagi’s proof uses the symmetry of the problems: by reflection, one can reduce the
existence of multiple symmetric spikes solutions to studying the existence of one boundary
spike solution. Namely, we just need to study the following system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ε2a′′ − a + ap

hq
= 0, 0< x < 1

2K ,

Dh′′ − h+ ar

hs
= 0, 0< x < 1

2K ,

a(x)∼ ξ q
p−1w(x

ε
), h(0)= ξ,

a′(0)= a′( 1
2K )= h′(0)= h′( 1

2K )= 0.

(4.5)

For the one boundary spike solution, one can use the Implicit Function Theorem,
since the linearized operator is invertible in the space of functions with Neumann bound-
ary conditions. (The last statement follows from the fact that the kernel of the operator
�− 1+ pwp−1 consists exactly those of partial derivatives of w. See Lemma 3.2.)

4.3. The bounded domain case: existence of asymmetric K-spikes

In the bounded domain case, as D is getting smaller, more and more new solutions appear.
By using the same matched asymptotic analysis in [34], M. Ward and Wei in [70] discov-
ered that for D <DK , where DK is given by (4.67) below, problem (4.4) has asymmetric
K-peaked steady-state solutions. Such asymmetric solutions are generated by two types
of peaks-called type A and type B, respectively. Type A and type B peaks have different
heights. They can be arranged in any given order

ABAABBB...ABBBA...B

to form an K-peaked solution. The existence of such solutions is surprising. It shows that
the solution structure of (4.4) is much more complicated than one would expect. The sta-
bility of such asymmetric K-peaked solutions is also studied in [70], through a formal ap-
proach. We remark that asymmetric patterns can also be obtained for the Gierer–Meinhardt
system on the real line, see [12].

In this and next section, we present a rigorous and unified theoretic foundation for the
existence and stability of general K-peaked (symmetric or asymmetric) solutions. In par-
ticular, the results of [34] and [70] are rigorously established. Moreover, we show that if
the K peaks are separated, then they are generated by peaks of type A and type B, re-
spectively. This implies that there are only two kinds of K-peaked patterns: symmetric
K-peaked solutions constructed in [67] and asymmetric K-peaked patterns constructed in
[70].
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The existence proof is based on Lyapunov–Schmidt reduction. Stability is proved by
first separating the problem into the case of large eigenvalues which tend to a nonzero limit
and the case of small eigenvalues which tend to zero in the limit ε→ 0. Large eigenvalues
are then explored by studying nonlocal eigenvalue problems using results in Section 3.3
and employing an idea of Dancer [8]. Small eigenvalues are calculated explicitly by an
asymptotic analysis with rigorous error estimates.

In this section, we present the existence part.
Before we state our main results, we introduce some notation. LetGD(x, z) be the Green

function of{
DG′′D(x, z)−GD(x, z)+ δzi(x)= 0 in (−1,1),

G′D(−1, z)=G′D(1, z)= 0.
(4.6)

We can calculate explicitly

GD(x, z)=
{

θ
sinh(2θ) cosh[θ(1+ x)] cosh[θ(1− z)], −1< x < z,

θ
sinh(2θ) cosh[θ(1− x)] cosh[θ(1+ z)], z < x < 1

(4.7)

where

θ =D−1/2.

We set

KD
(|x − z|)= 1

2
√
D
e
− 1√

D
|x−z|

, (4.8)

to be the singular part of GD(x, z) and by GD =KD −HD we define the regular part HD
of GD . Note that HD is C∞ in both x and z.

Let −1 < t01 < · · · < t0j < · · · < t0K < 1 be K points in (−1,1) and w be the unique
solution of (2.8).

Put

ξε :=
(
ε

∫
R

wr(z) dz

) p−1
(p−1)(s+1)−qr

. (4.9)

We introduce several matrices for later use: For t= (t1, . . . , tK) ∈ (−1,1)K, let

GD(t)=
(
GD(ti, tj )

)
. (4.10)

Let us denote ∂
∂ti

as ∇ti . When i �= j , we can define ∇tiG(ti , tj ) in the classical way.

When i = j , KD(|ti − tj |)=KD(0)= 1
2
√
D

is a constant and we define

∇tiGD(ti , ti) := −
∂

∂x

∣∣∣∣
x=ti

H (x, ti).
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Similarly, we define

∇ti∇tj GD(ti , tj )=
{

∂
∂x

∣∣
x=ti

∂
∂y

∣∣
y=tiHD(x, y) if i = j ,

∇ti∇tj GD(ti , tj ) if i �= j .
(4.11)

Now the derivatives of G are defined as follows:

∇GD(t)=
(∇tiGD(ti , tj )), (4.12)

∇2GD(t)=
(∇ti∇tj GD(ti , tj )). (4.13)

We now have our first assumption:
(H1) There exists a solution (ξ̂0

1 , . . . , ξ̂
0
N) of the following equation

N∑
j=1

GD
(
t0i , t

0
j

)(
ξ̂0
j

) qr
p−1−s = ξ̂0

i , i = 1, . . . ,N. (4.14)

Next we introduce the following matrix

bij =GD
(
t0i , t

0
j

)(
ξ̂0
j

) qr
p−1−s−1

, B = (bij ). (4.15)

Our second assumption is the following:
(H2) It holds that

p− 1

qr − s(p− 1)
/∈ σ(B), (4.16)

where σ(B) is the set of eigenvalues of B.

REMARK 4.3.1. Since the matrix B is of the form GDD, where GD is symmetric and D is
a diagonal matrix, it is easy to see that the eigenvalues of B are real.

By the assumption (H2) and the implicit function theorem, for t = (t1, . . . , tK) near
t0 = (t01 , . . . , t0K), there exists a unique solution ξ̂ (t)= (ξ̂1(t), . . . , ξ̂K(t)) for the following
equation

K∑
j=1

GD(ti, tj )ξ̂j

qr
p−1−s = ξ̂i , i = 1, . . . ,K. (4.17)

Set

H(t)= (ξ̂i (t)δij ). (4.18)
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We define the following vector field:

F(t)= (F1(t), . . . ,FK(t)
)
,

where

Fi(t) =
K∑
l=1

∇tiGD(ti , tl)ξ̂
qr
p−1−s
l

= −∇tiHD(ti, ti )ξ̂
qr
p−1−s
i +

∑
l �=i
∇tiGD(ti, tl)ξ̂

qr
p−1−s
l ,

i = 1, . . . ,K. (4.19)

Set

M(t)= (ξ̂−1
i ∇tj Fi(t)

)
. (4.20)

Our final assumption concerns the vector field F(t).
(H3) We assume that at t0 = (t01 , . . . , t0K):

F(t0)= 0, (4.21)

det
(
M(t0)

) �= 0. (4.22)

Let us now calculate M(t0): Therefore we first compute the derivatives of ξ̂ . It is easy to
see that ξ̂ (t) is C1 in t. We can calculate:

∇tj ξ̂i =
(

qr

p− 1
− s

) K∑
l=1

GD(ti, tl)ξ̂

qr
p−1−s−1

l ∇tj ξ̂l

+
K∑
l=1

∂

∂tj

(
GD(ti, tl)

)
ξ̂

qr
p−1−s
l .

For i �= j , we have

∇tj ξ̂i =
(

qr

p− 1
− s

) N∑
l=1

GD(ti, tl)ξ̂

qr
p−1−s−1

l ∇tj ξ̂l +∇tj GD(ti , tj )ξ̂
qr
p−1−s
j .

For i = j , we have

∇tj ξ̂i =
(

qr

p− 1
− s

) K∑
l=1

GD(ti, tl)ξ̂

qr
p−1−s−1

l ∇ti ξ̂l +
K∑
l=1

∂

∂ti

(
GD(ti, tl)

)
ξ̂

qr
p−1−s
l
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=
(

qr

p− 1
− s

) K∑
l=1

GD(ti, tl)ξ̂

qr
p−1−s−1

l ∇ti ξ̂l +∇tiGD(ti, ti )ξ̂
qr
p−1−s
i

+
K∑
l=1

∇tiGD(ti , tl)ξ̂
qr
p−1−s
l ,

since ∂
∂ti
GD(ti, ti )= 2∇tiGD(ti , ti).

Note that(∇tj GD(ti , tj ))= (∇GD)T .
Therefore if we denote the matrix

∇ξ = (∇tj ξ̂i ) (4.23)

then we have

∇ξ(t) =
(
I −

(
qr

p− 1
− s

)
GDH

qr
p−1−s−1

)−1

(∇GD)TH
qr
p−1−s

+O
(

K∑
j=1

∣∣Fj (t)∣∣). (4.24)

We can compute M(t0) by using (4.24):

M
(
t0) =H−1∇2GDH

qr
p−1−s

+H−1
(

qr

p− 1
− s

)
∇GDH

qr
p−1−s−1

×
(
I −

(
qr

p− 1
− s

)
GDH

qr
p−1−s−1

)−1

(∇GD)TH
qr
p−1−s . (4.25)

The existence result is as follows

THEOREM 4.3. (See [83].) Assume that assumptions (H1), (H2) and (H3) are satisfied.
Then for ε# 1, problem (4.4) has an K-peaked solution which concentrates at tε1 , . . . , t

ε
K ,

or more precisely:

aε(x)∼
K∑
j=1

ξ

q
p−1
ε

(
ξ̂0
j

) q
p−1w

(
x − tεj
ε

)
, (4.26)

hε
(
tεi
)∼ ξε ξ̂0

i , i = 1, . . . ,K, (4.27)

t εi → t0i , i = 1, . . . ,K. (4.28)
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REMARK 4.3.2. In the case of symmetric K-peaked solutions, conditions (H2) and (H3)
are not needed, as in the construction of solutions one can restrict the function space to the
class of symmetric functions (see for example [67]). Note that for small ε (and not only in
the limit ε→ 0) the peaks are placed equidistantly.

REMARK 4.3.3. Our results here can be applied to give a rigorous proof for the existence
and stability of K-peaked solutions consisting of peaks with different heights.

In [70], by using matched asymptotic analysis, Ward and the first author constructed
such solutions and studied their stability. We now summarize their main ideas. First (4.4)
is solved in a small interval (−l, l):⎧⎪⎪⎪⎨⎪⎪⎪⎩

ε2a′′ − a + ap

hq
= 0 in (−l, l),

Dh′′ − h+ ar

hs
= 0 in (−l, l),

a(x) > 0, h(x) > 0 in (−l, l),
a′(−l)= a′(l)= h′(−l)= h′(l)= 0.

(4.29)

Then the single interior symmetric spike solution is considered which was constructed by
I. Takagi [67]. By some simple computations based on (4.6), we have that

h(l)∼ c(D)b
(

l√
D

)
, (4.30)

where c(D) is some positive constant depending on D only and the function b(z) is given
by

b(z) := tanhα(z)

cosh(z)
, α := (p− 1)

qr − (s + 1)(p− 1)
. (4.31)

The idea now is that we fix l and try to find another l̄ �= l such that the following holds

b

(
l√
D

)
= b

(
l̄√
D

)
, 0< l < l̄ < 1, (4.32)

which will imply that h(l) = h(l̄). This shows that if there exists a solution to (4.32), we
may match up h(l) and h(l̄). In other words, we may match up solutions of (4.29) in
different intervals.

It turns out that forD small, (4.32) is always solvable. Now (4.32) has to be solved along
with the following interval constraint:

K1l +K2 l̄ = 1, K1 +K2 =K. (4.33)

For a solution l of (4.60) and (4.33) and j = 1, . . . ,K we define

lj = l or lj = l̄ (4.34)
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where the number of j ’s such that lj = l is K1 (and consequently the number of j ’s such
that lj = l̄ is K2). We call the small spike with lj = l type A and the large spike with lj = l̄
type B.

Then we choose t0j such that∣∣t0j − t0j+1

∣∣= lj + lj−1, j = 0, . . . ,K,

where t00 =−1, t0K+1 = 1.
By using matched asymptotics, we now have K1 type A and K2 type B peaks. This ends

the short review of the ideas in [70]. Let us now use Theorem 4.3 to give a rigorous proof
of results of [70]. In order to apply Theorem 4.3, we have to check the three assumptions
(H1), (H2) and (H3).

To this end, let us set

ξ̂0
j = (2

√
D) tanh(θj ), j = 1, . . . ,K, (4.35)

where

θj = lj√
D
. (4.36)

It is difficult to check (H1) directly. Instead we note that G−1
D is a tridiagonal matrix.

(See [34] and [70].) More precisely, we calculate

G−1
D = (aij )= 2

√
D

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γ1 β1 0
. . .

. . . 0

β1 γ2 β2
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . βj−1 γj βj 0

. . .
. . .

. . .
. . .

. . .
. . .

0
. . .

. . . 0 βN−1 γN

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where

γ1 = coth(θ1 + θ2)+ tanh(θ1),

γj = coth(θj−1 + θj )+ coth(θj + θj+1), j = 2, . . . ,K − 1,

γK = coth(θK−1 + θK)+ tanh(θK),

βj =− csch(θj + θj+1), j = 1, . . . ,N − 1

and θj was defined in (4.36). Note that

aij = 2
√
D(βj δi(j−1) + γj δij + βj+1δi(j+1)). (4.37)
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Verifying (4.14) amounts to checking the following identity

N∑
j=1

aij ξ̂
0
j =

(
ξ̂0
i

) qr
p−1−s , (4.38)

which is an easy exercise.
It remains to verify (H2) and (H3).
To this end, we need to know the eigenvalues of B and M. In the same way as for the

matrix GD , one can show that B−1 is a tridiagonal matrix. However, it is almost impossible
to obtain an explicit formula for the eigenvalues. Numerical software for solving eigen-
value problems of large matrices is indispensable. Then (H2) has to be checked explicitly.
Numerical computations in [70] do suggest that assumption (H3) is always satisfied.

4.4. Classification of asymmetric patterns

A natural question is the following: Are all K-peaked solution generated by two types of
peaks as the solutions which were constructed in [70]?

Our next theorem gives an affirmative answer. It completely classifies all K-peaked
solutions, provided that the K peaks are separated.

THEOREM 4.4. (See [83].) Suppose that for ε sufficiently small, there are solutions
(aε, hε) of (4.4) such that

aε(x)∼
K∑
j=1

ξ

q
p−1
ε

(
ξ̂ εj
) q
p−1w

(
x − tεj
ε

)
, (4.39)

and

hε
(
tεi
)∼ ξε ξ̂ εi , i = 1, . . . ,K, (4.40)

where ξε is given by (4.9),

ξ̂ εi → ξ̂0
i > 0, tεi → t0i , t0i �= t0j , i �= j, i, j = 1, . . . ,K. (4.41)

Then necessarily, we have

li := t0i − t0i−1 ∈ {l, l̄}, i = 1, . . . ,K, (4.42)

where t00 =−1, l and l̄ satisfy (4.32) and (4.33) with K1 being the number of i’s for which
li = l and K2 being the number of i’s for which li = l̄ (hence K1 +K2 =K).

Theorem 4.4 shows that an K-peaked solution must be generated by exactly two types
of peaks—type A with shorter length l and type B with larger length l̄. This shows that the
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solutions constructed in [70] (through a formal approach) exhaust all possible separated
K-peaked solutions. In particular, it shows that there are at most 2K K-peaked solutions.
If the assumptions (H1)–(H3) are met, then there are exactly 2K K-peaked solutions.

PROOF OF THEOREM 4.4. First we make the following scaling

aε = ξ
q
p−1
ε âε, hε = ξεĥε

where ξε is defined at (4.9). Hence (âε, ĥε) satisfies⎧⎨⎩ ε
2�âε − âε + â

p
ε

ĥ
q
ε

= 0, −1< x < 1,

D�ĥε − ĥε + cε â
r
ε

ĥsε
= 0, −1< x < 1,

(4.43)

where cε is defined as cε = (ε
∫
R
wr)−1.

Now (4.39) and (4.40) imply that

âε ∼
K∑
j=1

(
ξ̂ εj
) q
p−1w

(
x − tεj
ε

)
, ĥε

(
tεj
)= ξ̂ εj . (4.44)

Letting ε→ 0, we assume that

ξ̂ εj → ξ̂0
j , tεj → t0j , j = 1, . . . ,K.

We see that ĥε→ h0(x) where h0(x) satisfies{
D�h0 − h0 +∑K

j=1(ξ̂
0
j )

qr
p−1−sδ(x − t0j )= 0, −1< x < 1,

h′0(−1)= h′0(1)= 0.
(4.45)

In other words, we have

h0(x)=
K∑
j=1

(
ξ̂0
j

) qr
p−1−sGD

(
x, t0j

)
. (4.46)

Since h0(t
0
j ) = ξ̂0

j , j = 1, . . . ,K , we have from (4.46) that (ξ̂0
1 , . . . , ξ̂

0
K) must satisfy the

following identity:

K∑
j=1

GD
(
t0i , t

0
j

)(
ξ̂0
j

) qr
p−1−s = ξ̂0

i , i = 1, . . . ,K. (4.47)

This is the same as (4.14).



Existence and stability of spikes 553

Define

ãε,j = âεχ
(
x − t0j
r̃0

)
where r̃0 is a very small number. Then ãε,j is supported in the interval I εj = (−r̃0+ tεj , r̃0+
tεj ). We may choose r̃0 so small that I εi ∩ I εj = ∅ for i �= j . Then

âε =
K∑
j=1

ãε,j + e.s.t.

Now we multiply the first equation in (4.43) by ã′ε,j and integrate over (−1,1). We
obtain

0 =
∫ 1

−1

[(
âε
p

ĥε
q

)
ã′ε,j −

(
â
p
ε

ĥ
q
ε

)′
ãε,j

]

= −2
∫
I εj

(
â
p
ε

ĥ
q
ε

)′
âε + e.s.t.

= −2
∫
I εj

[
pâ

p
ε â
′
ε

ĥ
q
ε

− qâ
p+1
ε ĥ′ε
ĥ
q+1
ε

]
+ e.s.t.

= q(p+ 2)

p+ 1

∫
I εj

â
p+1
ε

ĥ
q+1
ε

ĥ′ε + e.s.t. (4.48)

By the equation for ĥε , we have that

ĥε(x)= cε
∫ 1

−1
GD(x, z)

ârε

ĥsε

and thus for x ∈ I εj ,

ĥε(x)=
K∑
k=1

GD
(
x, tεk

)(
ξ̂ εk
) qr
p−1−s +O(ε)

and

Ĥ ′
ε

(
tεj
)= K∑

k=1

∇tεj GD
(
tεj , t

ε
k

)(
ξ̂ εk
) qr
p−1−s +O(ε). (4.49)
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Substituting (4.49) into (4.48) and using (4.44), we obtain the following identity

K∑
k=1

∇tεj GD
(
tεj , t

ε
k

)(
ξ̂ εk
) qr
p−1−s = o(1) (4.50)

and hence

K∑
k=1

∇t0j GD
(
t0j , t

0
k

)(
ξ̂0
k

) qr
p−1−s = 0, j = 1, . . . ,K, (4.51)

which is the same as (4.21).
Note that by the expression for h0 in (4.46), (4.51) is equivalent to the following

h′0
(
t0j+

)+ h′0(t0j−)= 0, j = 1, . . . ,K, (4.52)

where h′0(t
0
j+) is the right-hand derivative of h0 at t0j and h′0(t

0
j−) is the left-hand deriva-

tive of h0 at t0j . On the other hand, from the equation for h0, we have that

D
(
h′0
(
t0j+

)− h′0(t0j−))=−(ξ̂0
j

) qr
p−1−s , j = 1, . . . ,K. (4.53)

Solving (4.52) and (4.53), we have that

h′0
(
t0j+

)=−h′0(t0j−)=− 1

2D

(
ξ̂0
j

) qr
p−1−s < 0, j = 1, . . . ,K. (4.54)

Since h0 satisfies Dh′′0 = h0 > 0 in each interval (t0j−1, t
0
j ), j = 2, . . . ,K , we see that

there exists a unique point sj−1 ∈ (t0j−1, t
0
j ) such that h′0(sj−1)= 0. Since h′0(−1)= 0, by

using symmetry, we see that

sj−1 + sj
2

= t0j , j = 1, . . . ,K, (4.55)

where we take s0 =−1, sK = 1. Let 2lj = sj − sj−1, j = 1, . . . ,K .
Note that on each interval (−lj + t0j , lj + t0j ), h0 satisfies

D�h0 − h0 +
(
ξ̂0
j

) qr
p−1−sδ

(
t − t0j

)= 0

with Neumann boundary conditions at both ends. Thus from (4.6) it is easy to see that

(
ξ̂0
j

) qr
p−1−s−1 = 2

√
D tanh

(
lj√
D

)
, j = 1, . . . ,K, (4.56)

h0(lj )=
ξ̂0
j

cosh(
lj√
D
)
. (4.57)
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Since h0 is continuous on (−1,1), we have

h0(l1)= h0(l2)= · · · = h0(lK). (4.58)

Using (4.56) and (4.57), we see that (4.58) is equivalent to

b

(
l1√
D

)
= b

(
l2√
D

)
= · · · = b

(
lK√
D

)
, (4.59)

where the function b was defined in (4.31). Suppose without loss of generality that l1 � l2,
then we take l1 = l and (4.59) implies that l2 ∈ {l, l̄} and that lj ∈ {l, l̄} for j = 2, . . . ,K .
Thus l must satisfy (4.60) and (4.33).

This finishes the proof of Theorem 4.4. �

4.5. The stability of symmetric and asymmetric K-spikes

In this section, we present the stability of the K-peaked solutions constructed in Theorem
4.3.

To this end, we need to study the following linearized eigenvalue problem

Lε
(
φε

ψε

)
=
(
ε2�φε − φε + p a

p−1
ε

H
q
ε
φε − q a

p
ε

h
q+1
ε

ψε,

1
τ

(
D�ψε −ψε + r a

r−1
ε

hsε
φε − s arε

hs+1
ε

ψε
))= λε( φε

ψε

)
, (4.60)

where (aε, hε) is the solution constructed in Theorem 4.3 and λε ∈ C—the set of complex
numbers.

We say that (aε, hε) is linearly stable if the spectrum σ(Lε) of Lε lies in the left half
plane {λ ∈ C: Re(λ) < 0}. (aε, hε) is called linearly unstable if there exists an eigenvalue
λε of Lε with Re(λε) > 0. (From now on, we use the notations linearly stable and linearly
unstable as defined above.)

THEOREM 4.5. Let (aε, hε) be the solutions constructed in Theorem 4.3. Assume that
ε# 1.

(1) (Stability) If

r = 2, < p < 5 or r = p+ 1, < p <+∞ (4.61)

and furthermore(
qr

p− 1
− s

)
min

σ∈σ(B)
σ > 1 (4.62)

and

σ(M)⊆ {σ ∣∣ Re(σ ) > 0
}
, (4.63)
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there exists τ0 > 0 such that (aε, hε) is linearly stable for 0 � τ < τ0.
(2) (Instability) If(

qr

p− 1
− s

)
min

σ∈σ(B)
σ < 1, (4.64)

there exists τ0 > 0 such that (aε, hε) is linearly unstable for 0 � τ < τ0.
(3) (Instability) If there exists

σ ∈ σ(M), Re(σ ) < 0, (4.65)

then (aε, hε) is linearly unstable for all τ > 0.

REMARK 4.5.1. In the original Gierer–Meinhardt model, (p, q, r, s) = (2,1,2,0) or
(p, q, r, s)= (2,4,2,0). This means that condition (4.61) is satisfied.

REMARK 4.5.2. By Theorems 4.3 and 4.5, the existence and stability of K-peaked so-
lutions are completely determined by the two matrices B and M. They are related to the
asymptotic behavior of large eigenvalues which tend to a nonzero limit and small eigenval-
ues which tend to zero as ε→ 0, respectively. The computations of these two matrices are
by no means easy. We refer to [34] and [70] for exact computations and numerics. Com-
bining the results here and the computations in [34], the stability of symmetric K-peaked
solutions is completely characterized and the following result is established rigorously.

THEOREM 4.6. (See [34,83].) Let (aε,K,hε,K) be the symmetric K-peaked solutions con-
structed in [67]. Assume that ε# 1.

(a) (Stability) Assume that 0< τ < τ0 for some τ0 small and that

r = 2, 1<p < 5 or r = p+ 1, 1<p <+∞ (4.66)

and

D <DK := 1

K2(log(
√
α+√α + 1))2

, (4.67)

where α is given by (4.31), then the symmetric K-peaked solution is linearly stable.
(b) (Instability) If

D >DK, (4.68)

where DK is given by (4.67), then the symmetric K-peaked solution is linearly un-
stable for all τ > 0.
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The proof of Theorem 4.5 consists of two parts: we have to compute both small and
large eigenvalues. For large eigenvalues, we will arrive at the following system of nonlocal
eigenvalue problems (NLEPs)

Φ ′′ −Φ + pwp−1Φ

− qr(I + sB)−1B
(∫

R

wr−1Φ

)(∫
R

wr
)−1

wp = λΦ (4.69)

where B is given by (4.15) and

Φ =

⎛⎜⎜⎜⎝
φ1
φ2
...

φK

⎞⎟⎟⎟⎠ ∈ (H 2(R)
)K
.

By diagonalization, we may reduce it to K NLEPs of the form (3.17). Using the results
of Theorem 3.7, we obtain the stability (or instability) of large eigenvalues.

For the study of small eigenvalues, we need to expand the eigenfunction up to the order
O(ε2) term. This computation is quite involved. In the end, the matrix B and M will
appear.

A similar stability analysis for the Schnakenberg model has been carried out in [35].

5. The full Gierer–Meinhardt system: Two-dimensional case

Let us now consider the Gierer–Meinhardt system in a two-dimensional domain. The re-
sults are more complicated. To reduce the complexity and grasp the essential difficulties,
we assume that (p, q, r, s)= (2,1,2,0) in this section.

We start with the bound states.

5.1. Bound states: spikes on polygons

We first consider the case when Ω =R2:⎧⎪⎨⎪⎩
�a − a + a2

h
= 0, a > 0 in R2,

�h− σ 2h+ a2 = 0, h > 0 in R2,

a(x),h(x)→ 0 as |x| →+∞.

(5.1)

As we will see, a notable feature of this ground-state problem in the plane is the pres-
ence of solutions with any prescribed number of bumps in the activator as the parameter σ
gets smaller. These bumps are separated from each other at a distance O(| log logσ |) and
approach a single universal profile given by the unique radial solution of (2.8). The multi-
bump solutions correspond respectively to bumps arranged at the vertices of a k-regular
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polygon and at those of two concentric regular polygons. These arrangements with one ex-
tra bump at the origin are also considered. This unveils a new side of the rich and complex
structure of the solution set of the Gierer–Meinhardt system in the plane and gives rise to
a number of questions.

Let us set

τσ =
(
k

2π
log

1

σ

∫
R2
w2(y) dy

)−1

. (5.2)

THEOREM 5.1. (See [17].) Let k � 1 be a fixed positive integer. There exists σk > 0 such
that, for each 0< σ < σk , problem (5.1) admits a solution (a,h) with the following prop-
erty:

lim
σ→0

∣∣∣∣∣τσ aσ (x)−
k∑
i=1

w(x − ξi)
∣∣∣∣∣= 0, (5.3)

uniformly in x ∈ R2. Here the points ξi correspond to the vertices of a regular polygon
centered at the origin, with sides of equal length lσ satisfying

lσ = log log
1

σ
+O

(
log log log

1

σ

)
. (5.4)

Finally, for each 1 � j � k we have

lim
σ→0

∣∣τσ hσ (ξj + y)− 1
∣∣= 0,

uniformly on compact sets in y.

Our second result gives existence of a solution with bumps at vertices of two concentric
polygons.

THEOREM 5.2. (See [17].) Let k � 1 be a fixed positive integer. There exists σk > 0 such
that, for each 0< σ < σk , problem (5.1) admits a solution (a,h) with the following prop-
erty:

lim
σ→0

∣∣∣∣∣τσ aσ (x)−
k∑
i=1

[
w(x − ξi)+w(x − ξ∗i )

]∣∣∣∣∣= 0, (5.5)

uniformly in x ∈ R2. Here the points ξi and ξ∗i are the vertices of two concentric regular
polygons. They satisfy

ξj = ρσ e 2jπ
k
i , ξ∗j = ρ∗σ e

2πj
k
i , j = 1, . . . , k,
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where

ρσ = 1

|1− e 2πi
k |

log log
1

σ
+O

(
log log log

1

σ

)
,

and

ρ∗σ =
(

1+ 1

|1− e 2πi
k |

)
log log

1

σ
+O

(
log log log

1

σ

)
.

A similar assertion to (5.4) holds for hσ , around each of the ξi and the ξ∗i ’s.

THEOREM 5.3. (See [17].) Let k � 1 be given. Then there exists solutions which are ex-
actly as those in Theorems 5.1 and 5.2 but with an additional bump at the origin. More
precisely, with w(x) added to

∑k
i=1w(x − ξi) in (5.3) and added to

∑k
i=1[w(x − ξi)+

w(x − ξ∗i )] in (5.5).

The method employed in the proof of the above results consists of a Lyapunov–Schmidt
type reduction. The basic idea of solving the second equation in (5.1) for h first and then
working with a nonlocal elliptic PDE rather than directly with the system. Let T (a2) be
the unique solution of the equation

�h− σ 2h+ a2 = 0 in R2,

h(x)→ 0 as |x| →+∞, (5.6)

for a2 ∈ L2(R2). Equation (5.3) can be solved via sub-super-solution method. Solving the
second equation for h in (5.1) we get h= T (a2), which leads to the nonlocal PDE for a

�a − a + a2

T (a2)
= 0. (5.7)

Fixing m points which satisfy the constraints

2

3
log log

1

σ
� |ξj − ξi |� 2 log log

1

σ
, for all i �= j.

We look for solutions to (5.7) of the form

a(x)= 1

τσ
(W + φ), where W =

K∑
j=1

w(x − ξj ). (5.8)

By using finite-dimensional reduction method, we first solve an auxiliary problem⎧⎨⎩�(W + φ)− (W + φ)+ (W+φ)2
T ( 1

τσ
(W+φ)2) =

∑
i,α ciα

∂W
∂ξi,α∫

R2 φ
∂W
∂ξi,α

= 0, i = 1, . . . ,m, α = 1,2.
(5.9)
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Solutions satisfying the required conditions in Theorems 5.1–5.3 will be precisely those
satisfying a nonlinear system of equations of the form

ciα(ξ1, ξ2, . . . , ξm)= 0, i = 1, . . . ,m, α = 1,2,

where for such a class of points the functions ciα satisfy

ciα(ξ1, . . . , ξk)= ∂

∂ξiα

[∑
i �=j

F
(|ξj − ξi |)]+ εiα, (5.10)

function F :R+ →R is of the form

F(r)= c7 log r

log 1
σ

+ c8w(r),

c7 and c8 are universal constants and

εiα =O
(

1

(log 1
σ
)1+γ

)
,

for some γ > 0. Although (5.10) does not have a variational structure, solutions of the
problem ciα = 0 are close to critical points of the functional

∑
i �=j F (|ξj − ξi |). In spite

of the simple form of this functional, its critical points are highly degenerate because of
the invariance under rotations and translations of the problem. Thus, to get solutions using
degree theoretical arguments, we need to restrict ourselves to classes of points enjoying
symmetry constraints. This is how Theorems 5.1–5.3 are established. On the other hand,
we believe strongly that finer analysis may yield existence of more complex patterns, such
as honey-comb patterns, or lattice patterns.

REMARK 5.1.1. Similar method can also be used to prove Theorem 4.1. In that case, we
have

ci(ξ1, . . . , ξk)= ∂

∂ξi

[∑
i �=j

F1
(|ξj − ξi |)]+O(σ 1+γ ), (5.11)

function F1 :R+ →R is of the form

F1(r)= c9σr + c10w(r),

c9 and c10 are universal constants. It is easy to see that the critical points of
∑

i �=j F1(|ξi −
ξj |) is nondegenerate (in the class of points with

∑K
j=1 ξj = 0).
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5.2. Existence of symmetric K-spots

We look for solutions to the stationary GM on a two-dimensional domain with the follow-
ing form

aε(x)∼
K∑
j=1

ξε,jw

(
x − Pj
ε

)
(5.12)

where Pj are the locations of the K-spikes and ξε,j is the height of the spike at Pj .
If all the heights are asymptotically equal, i.e.

lim
ε→0

ξε,i

ξε,j
= 1, for i �= j, (5.13)

such solutions are called symmetric K-spots. Otherwise, they are called asymmetric
K-spots.

In this section, we discuss the existence of symmetric K-spots. It turns out in two-
dimensional case, we have to discuss two cases: the strong coupling case, D ∼O(1), and
the weak coupling case, D$ 1.

We first have the following existence result in the strong coupling case

THEOREM 5.4. (See [84] and [85].) Let Ω ⊂ R2 be a bounded smooth domain and D be
a fixed positive constant. Let GD(x, y) be the Green function of −D� + 1 in Ω (with
Neumann boundary condition). Let HD(x, y) be the regular part of GD(x, y) and set
hD(P )=HD(P,P ).

Set

FD(P1, . . . ,PK)=
K∑
i=1

HD(Pi,Pi)−
∑
j �=l

GD(Pj ,Pl).

Assume that (P1, . . . ,PK) ∈ΩK is a nondegenerate critical point of FD(P1, . . . ,PK).
Then for ε sufficiently small, problem (GM) has a steady state solution (aε, hε) with the
following properties:

(1) aε(x)= ξε(∑K
j=1w(

x−P εj
ε
)+ o(1)) uniformly for x ∈ Ω̄ , P εj → P 0

j , j = 1, . . . ,K ,
as ε→ 0, and w is the unique solution of the problem (2.8).

(2) hε(x)= ξε(1+O( 1
| log ε| )) uniformly for x ∈ Ω̄ , where

(3) ξ−1
ε = ( 1

2π + o(1))ε2 log 1
ε

∫
R2 w

2.

REMARK 5.2.1. Theorem 5.4 shows that interior peaks solutions are related to the Green
function (contrast to shadow system case). Thus in the strong coupling case, the peaks are
produced by a different mechanism. It seems that the equation for h controls everything.

REMARK 5.2.2. In a general domain, the function FD(P) always has a global maximum
point P0 in Ω × · · · ×Ω . (A proof of this fact can be found in the Appendix of [85].)
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The proof of Theorem 5.4 depends on fine estimates in the finite-dimensional reduction:
the major problem is to sum up the errors of powers in terms of 1

log 1
ε

.

Next, we discuss the weak coupling case. We assume that limε→0D = +∞. We first
introduce a Green function G0 which we need to formulate our main results.

Let G0(x, ξ) be the Green function given by

⎧⎪⎨⎪⎩
�G0(x, ξ)− 1

|Ω| + δξ (x)= 0 in Ω ,∫
Ω
G0(x, ξ) dx = 0,

∂G0(x,ξ)
∂ν

= 0 on ∂Ω

(5.14)

and let

H0(x, ξ)= 1

2π
log

1

|x − ξ | −G0(x, ξ) (5.15)

be the regular part of G0(x, ξ).
Denote P ∈ΩK , where P is arranged such that

P= (P1,P2, . . . ,PK)

with

Pi = (Pi,1,Pi,2) for i = 1,2, . . . ,K.

For P ∈ΩK we define

F0(P)=
K∑
k=1

H0(Pk,Pk)−
∑

i,j=1,...,K, i �=j
G0(Pi,Pj ) (5.16)

and

M0(P)=
(∇2

PF0(P)
)
. (5.17)

Here M0(P) is a (2K)× (2K) matrix with components ∂2F(P)
∂Pi,j ∂Pk,l

, i, k = 1, . . . ,K , j, l =
1,2 (recall that Pi,j is the j th component of Pi ).

Set

D = 1

β2
, ηε := β2|Ω|

2π
log

1

ε
. (5.18)

Then D→+∞ is equivalent to β→ 0.
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The stationary system for (GM) is the following system of elliptic equations:⎧⎪⎨⎪⎩
ε2�a − a + a2

h
= 0, a > 0 in Ω ,

�h− β2h+ β2a2 = 0, h > 0 in Ω ,
∂a
∂ν
= ∂h

∂ν
= 0 on ∂Ω .

(5.19)

The following concerns the existence of symmetric K-peaked solutions in a two-
dimensional domain which generalizes the one-dimensional result Theorem 4.2.

THEOREM 5.5. (See [86].) Let P0 = (P 0
1 ,P

0
2 , . . . ,P

0
K) be a nondegenerate critical point

of F0(P) (defined by (5.16)). Moreover, we assume that the following technical condition
holds

if K > 1, then lim
ε→0

ηε �=K, (5.20)

where ηε is defined by (5.18).
Then for ε sufficiently small andD = 1

β2 sufficiently large, problem (5.19) has a solution

(aε, hε) with the following properties:

(1) aε(x) = ξε(
∑K

j=1w(
x−P εj
ε
) + O(k(ε,β))) uniformly for x ∈ Ω̄ . Here w is the

unique solution of (2.8) and

ξε =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
K

|Ω|
ε2
∫
R2 w

2(y) dy
if ηε→ 0,

1
ηε

|Ω|
ε2
∫
R2 w

2(y) dy
if ηε→∞,

1
K+η0

|Ω|
ε2
∫
R2 w

2(y) dy
if ηε→ η0,

(5.21)

and

k(ε,β) := ε2ξεβ
2. (5.22)

(By (5.21), k(ε,β)=O(min{ 1
log 1

ε

, β2}).)
Furthermore, P εj → P 0

j as ε→ 0 for j = 1, . . . ,K .

(2) hε(x)= ξε(1+O(k(ε,β))) uniformly for x ∈ Ω̄ .

5.3. Existence of multiple asymmetric spots

Similar to the on dimensional case, there are also multiple asymmetric spots in a two-
dimensional domain. But the existence of such patterns is only restricted when

lim
ε→0

D

log 1
ε

<+∞. (5.23)



564 J. Wei

We first derive the algebraic equations for the heights (ξε,1, . . . , ξε,K).
For β > 0 let Gβ(x, ξ) be the Green function given by{

�Gβ − β2Gβ + δξ = 0 in Ω ,
∂Gβ
∂ν
= 0 on ∂Ω .

(5.24)

Recall that β2 = 1
D

and therefore β ∼ 1√
log 1

ε

. Let G0(x, ξ) be the Green function defined

in (5.14).
In Section 2 of [86] a relation between G0 and Gβ is derived as follows

Gβ(x, ξ)= β−2

|Ω| +G0(x, ξ)+O
(
β2) (5.25)

in the operator norm ofL2Ω)→H 2(Ω). (Note that the embedding ofH 2(Ω) intoL∞(Ω)
is compact.)

We define cut-off functions as follows: Let P ∈ΩK . Introduce

χε,Pj (x)= χ
(
x − Pj
δ

)
, x ∈Ω, j = 1, . . . ,K, (5.26)

where χ is a smooth cut-off function which is equal to 1 in B1(0) and equal to 0 in R2 \
B2(0).

Let us assume the following ansatz for a multiple-spike solution (aε, hε) of (GM):{
aε ∼∑K

i=1 ξε,iw(
x−P εi
ε
)χε,Pi (x),

hε(P
ε
i )∼ ξε,i ,

(5.27)

where w is the unique solution of (2.8), ξε,i , i = 1, . . . ,K , are the heights of the peaks, to
be determined later, and Pε = (P ε1 , . . . ,P εK) are the locations of K peaks.

Then we can make the following calculations, which can be made rigorous with error
terms of the order O( 1

log 1
ε

) in H 2(Ω).

From the equation for hε ,

�hε − β2hε + β2a2
ε = 0,

we get, using (5.25),

hε
(
P εi
) = ∫

Ω

Gβ
(
P εi , ξ

)
β2a2

ε (ξ) dξ

=
∫
Ω

(
β−2

|Ω| +G0
(
P εi , ξ

)+O(β2))β2
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×
(

K∑
j=1

ξ2
ε,jw

2
(
ξ − P εj
ε

)
χε,Pj (ξ)

)
dξ

=
∫
Ω

(
1

|Ω| + β
2G0

(
P εi , ξ

)+O(β4))

×
(

K∑
j=1

ξ2
ε,jw

2
(
ξ − P εj
ε

)
χε,Pj (ξ)

)
dξ.

Thus

ξε,i = ξ2
ε,i

ε2

|Ω|
∫

R2
w2(y) dy + ξ2

ε,iβ
2
∫
Ω

G0
(
P εi , ξ

)
w2
(
ξ − P εi
ε

)
χε,Pi (ξ) dξ

+
∑
j �=i

(
1

|Ω| + β
2G0

(
P εi ,P

ε
j

))
ξ2
ε,j ε

2
∫

R2
w2(y) dy

+
K∑
j=1

ξ2
ε,j

(
O
(
β2ε4)+O(β4ε2)). (5.28)

Here we have used that for j �= i
∫
Ω

G0
(
P εi , ξ

)
w2
(
ξ − P εj
ε

)
χε,Pj (ξ) dξ

= ε2
∫

R2
G0
(
P εi , εy + P εj

)
w2(y) dy + e.s.t.

= ε2G0
(
P εi ,P

ε
j

)∫
R2
w2(y) dy

+ ε3
K∑
l=1

∂G0(P
ε
i ,P

ε
j )

∂P εj,l

∫
R2
w2(y)yl dy +O

(
ε4)

= ε2G0
(
P εi ,P

ε
j

)∫
R2
w2(y) dy +O(ε4).

(Note that we have set y = ξ−P εj
ε

and we have used the relation

∫
R2
w2(y)yl dy = 0

which holds since w is radially symmetric.)
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Using (5.15) in (5.28) gives

ξε,i = ξ2
ε,i

ε2

|Ω|
∫

R2
w2(y) dy

+ ξ2
ε,iβ

2
∫
Ω

(
1

2π
log

1

|P εi − ξ |
−H0

(
P εi , ξ

))
w2
(
ξ − P εi
ε

)
χε,P εi (ξ) dξ

+
∑
j �=i

(
1

|Ω| + β
2G0

(
P εi ,P

ε
j

))
ξ2
ε,j ε

2
∫

R2
w2(y) dy

+
K∑
j=1

ξ2
ε,j

(
O
(
β2ε4)+O(β4ε2))

= ξ2
ε,i

ε2

|Ω|
∫

R2
w2(y) dy + ξ2

ε,i

β2

2π
ε2 log

1

ε

∫
R2
w2(y) dy

+ ξ2
ε,i

β2

2π

(
ε2
∫

R2
w2(y) log

1

|y| dy − ε
2H0

(
P εi ,P

ε
i

)∫
R2
w2(y) dy

)
+
∑
j �=i

(
1

|Ω| + β
2G0

(
P εi ,P

ε
j

))
ξ2
ε,j ε

2
∫

R2
w2(y) dy

+
K∑
j=1

ξ2
ε,j

(
O
(
β2ε4)+O(β4ε2)). (5.29)

Recall that H0 ∈ C2(Ω̄ ×Ω).
Considering only the leading terms in (5.29) we get following

ξε,i =
K∑
j=1

ξ2
ε,j

ε2

|Ω|
∫

R2
w2(y) dy + ξ2

ε,i

β2

2π
ε2 log

1

ε

∫
R2
w2(y) dy

+
K∑
j=1

ξ2
ε,jO

(
β2ε2). (5.30)

Let us rescale

ξε,i = ξε ξ̂ε,i , where ξε = |Ω|
ε2
∫

R2 w2
. (5.31)

Then from (5.30) we get

ξε,i =
(

1

|Ω| +
ηε

|Ω|
)
ξ2
ε,iε

2
∫

R2
w2(y) dy
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+
∑
j �=i

ξ2
ε,j

ε2

|Ω|
∫

R2
w2(y) dy +

K∑
j=1

ξ2
ε,jO

(
β2ε2),

where ηε was introduced in (5.18). Assuming that

ξ̂ε,i→ ξ̂i , ηε→ η0, (5.32)

we obtain the following system of algebraic equations

ξ̂ε,i =
K∑
j=1

ξ̂2
ε,j + ξ̂2

ε,iη0, i = 1, . . . ,K, (5.33)

which can be determined completely.
In fact, let

ρ(t)= t − η0t
2. (5.34)

Then (5.33) is equivalent to

ρ(ξ̂i)=
K∑
j=1

ξ̂2
j , i = 1, . . . ,K, (5.35)

which implies that

ρ(ξ̂i)= ρ(ξ̂j ) for i �= j. (5.36)

That is

(ξ̂i − ξ̂j )
(
1− η0(ξ̂i + ξ̂j )

)= 0. (5.37)

Hence for i �= j we have

ξ̂i − ξ̂j = 0 or ξ̂i + ξ̂j = 1

η0
. (5.38)

The case of symmetric solutions (ξ̂i = ξ̂1, i = 2, . . . ,N) has been studied in [85] and
[86]. Let us now consider asymmetric solutions, i.e., we assume that there exists an
i ∈ {2, . . . ,N} such that ξ̂i �= ξ̂1. Without loss of generality, let us assume that

ξ̂2 �= ξ̂1,

which implies that

ξ̂1 + ξ̂2 = 1

η0
. (5.39)
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Let us calculate ξ̂j , j = 3, . . . ,K . If ξ̂j �= ξ̂1, then by (5.38), ξ̂j + ξ̂1 = 1
η0

, which implies

that ξ̂j = ξ̂2.
Thus for j � 3, we have either ξ̂j = ξ̂1 or ξ̂j = ξ̂2.
Let k1 be the number of ξ̂1’s in {ξ̂1, . . . , ξ̂K} and k2 be the number of ξ̂2’s in {ξ̂1, . . . , ξ̂K}.

Then we have k1 � 1, k2 � 1, k1 + k2 =K .
This gives

ξ̂1 − η0ξ̂
2
1 =

K∑
j=1

ξ̂2
j = k1ξ̂

2
1 + k2ξ̂

2
2 , (5.40)

ξ̂2 = 1

η0
− ξ̂1. (5.41)

Substituting (5.41) into (5.40), we obtain

ξ̂1 − η0ξ̂
2
1 = k1ξ̂

2
1 + k2

(
1

η0
− ξ̂1

)2

and therefore

(k1 + k2 + η0)ξ̂
2
1 −

2k2 + η0

η0
ξ̂1 + k2

η2
0

= 0. (5.42)

Equation (5.42) has a solution if and only if

(2k2 + η0)
2

η2
0

� 4
k2

η2
0

(k1 + k2 + η0). (5.43)

The strict inequality of (5.43) is equivalent to

η0 > 2
√
k1k2. (5.44)

It is easy to see that if (5.44) holds, then there are two different solutions to (5.42) which
are given by (ρ±, η±).

Therefore we arrive at the following conclusion.

LEMMA 5.6. Let η0 � 2
√
k1k2. Then the solutions of (5.33) are given by (ξ̂1, . . . , ξ̂N ) ∈

({ρ±, η±})K where the number of ρ±’s is k1 and the number of η±’s is k2.
If η0 > 2

√
k1k2, there exist two solutions (ρ±, η±).

If η0 = 2
√
k1k2, there exists one solution (ρ±, ρ±).

If η0 < 2
√
k1k2, there are no solutions (ρ±, ρ±).



Existence and stability of spikes 569

Let η0 > 2
√
k1k2 where k1+ k2 =K,k1, k2 � 1. By Lemma 5.6, there are two solutions

to (5.33). In fact, we can solve

ρ+ =
2k2 + η0 +

√
η2

0 − 4k1k2

2η0(η0 +K) , ρ− =
2k2 + η0 −

√
η2

0 − 4k1k2

2η0(η0 +K) , (5.45)

η+ =
2k1 + η0 −

√
η2

0 − 4k1k2

2η0(η0 +K) , η− =
2k1 + η0 +

√
η2

0 − 4k1k2

2η0(η0 +K) . (5.46)

Note that

ρ+ + η+ = 1

η0
, ρ− + η− = 1

η0
. (5.47)

Let (ρ, η)= (ρ+, η+) or (ρ, η)= (ρ−, η−). We drop “±” if there is no confusion.
Let (ξ̂1, . . . , ξ̂K) ∈RK+ be such that

ξ̂j ∈ {ρ,η}, and the number of ρ’s in (ξ̂1, . . . , ξ̂K) is k1. (5.48)

Then there are k2 η’s in (ξ̂1, . . . , ξ̂K).
Let P= (P1, . . . ,PK) ∈ΩK , where P is arranged such that

P= (P1,P2, . . . ,PK)

with

Pi = (Pi,1,Pi,2) for i = 1,2, . . . ,K.

For P ∈ΩK we define

F̂0(P)=
K∑
k=1

H0(Pk,Pk)ξ̂
4
k −

∑
i,j,=1,...,K, i �=j

G0(Pi,Pj )ξ̂
2
i ξ̂

2
j (5.49)

and

M̂0(P)=∇2
PF̃0(P). (5.50)

Then we have the following theorem, which is on the existence of asymmetricK-peaked
solutions.

THEOREM 5.7. (See [87].) Let K � 2 be a positive integer. Let k1, k2 � 1 be two integers
such that k1 + k2 =K . Let

β2 = 1

D
, ηε = β2|Ω|

2π
log

√|Ω|
ε

,
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where |Ω| denotes the area of Ω , Assume that η0 = limε→0 ηε > 2
√
k1k2,

(T1) η0 �=K

and that

(T2) P0 = (P 0
1 ,P

0
2 , . . . ,P

0
K

)
is a nondegenerate critical point of F̂0(P)

(defined by (5.49)).
Then for ε sufficiently small the stationary (GM) has a solution (aε, hε) with the follow-

ing properties:

(1) aε(x)=∑K
j=1 ξε,j (w(

x−P εj
ε
)+O( 1

D
)) uniformly for x ∈ Ω̄ , where w is the unique

solution of (2.8) and

ξε,j = ξε ξ̂ε,j , ξε = |Ω|
ε2
∫

R2 w2
. (5.51)

Further, (ξ̂ε,1, . . . , ξ̂ε,K)→ (ξ̂1, . . . , ξ̂K) which is given by (5.48).
(2) hε(P εj )= ξε,j (1+ 1

D
) in H 2(Ω), j = 1, . . . ,K .

(3) P εj → P 0
j as ε→ 0 for j = 1, . . . ,K .

5.4. Stability of symmetric K-spots

Next we study the stability and instability of the symmetricK-peaked solutions constructed
in Theorems 5.4 and 5.5.

In the strong coupling case, it turns out all solutions are stable:

THEOREM 5.8. (See [85].) SupposeD =O(1). Let P0 and (aε, hε) be defined as in Theo-
rem 5.4. Then for ε and τ sufficiently small (aε, hε) is stable if all eigenvalues of the matrix
MD(P0)= (∇2

P0
FD(P0)) are negative. (aε, hε) is unstable if one of the eigenvalues of the

matrix MD(P0) is positive.

In the weak coupling case, the stability of symmetric K-peaked solutions in a bounded
two-dimensional domain can be summarized as follows.

THEOREM 5.9. (See [86].) Let P0 be a nondegenerate critical point of F0(P) and for
ε sufficiently small and D = 1

β2 sufficiently large let (aε, hε) be the K-peaked solutions

constructed in Theorem 5.5 whose peaks approach P0.
Assume (5.20) holds and further that

(∗) P0 is a nondegenerate local maximum point of F0(P).

Then we have
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CASE 1. ηε→ 0 (i.e., 2πD
|Ω| $ log 1

ε
).

IfK = 1 then there exists a unique τ1 > 0 such that for τ < τ1, (aε, hε) is linearly stable,
while for τ > τ1, (aε, hε) is linearly unstable.

If K > 1, (aε, hε) is linearly unstable for any τ � 0.

CASE 2. ηε→+∞ (i.e., 2πD
|Ω| # log 1

ε
).

(aε, hε) is linearly stable for any τ > 0.

CASE 3. ηε→ η0 ∈ (0,+∞) (i.e., 2πD
|Ω| ∼ 1

η0
log 1

ε
).

If K > 1 and η0 <K , then (aε, hε) is linearly unstable for any τ > 0.
If η0 > K , then there exist 0 < τ2 � τ3 such that (aε, hε) is linearly stable for τ < τ2

and τ > τ3.
If K = 1, η0 < 1, then there exist 0 < τ4 � τ5 such that (aε, hε) is linearly stable for

τ < τ4 and linearly unstable for τ > τ5.

The statement of Theorem 5.9 is rather long. Let us therefore explain the results by the
following remarks.

REMARK 5.4.1. Assuming that condition (∗) holds, then for ε small the stability behavior
of (aε, hε) can be summarized in Table 1.

REMARK 5.4.2. The condition (∗) on the locations P0 arises in the study of small (o(1))
eigenvalues. For any bounded smooth domain Ω , the functional F0(P), defined by (5.16),
always admits a global maximum at some P0 ∈ΩK . The proof of this fact is similar to the
Appendix in [86]. We believe that in generic domains, this global maximum point P0 is
nondegenerate.

It is an interesting open question to numerically compute the critical points of F0(P) and
link them explicitly to the geometry of the domain Ω .

We believe that for other types of critical points of F0(P), such as saddle points, the
solution constructed in Theorem 5.5 should be linearly unstable. We are not able to prove
this at the moment, since the operator Lε is not self-adjoint.

Table 1

Case 1 Case 2 Case 3 (η0 <K) Case 3 (η0 >K)

K = 1, τ small stable stable stable stable
K = 1, τ finite ? stable ? ?
K = 1, τ large unstable stable unstable stable
K > 1, τ small unstable stable unstable stable
K > 1, τ finite unstable stable unstable ?
K > 1, τ large unstable stable unstable stable
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REMARK 5.4.3. Case 1 and Case 3 with η0 <K resemble the shadow system and Case 2
and Case 3 with η0 >K are similar to the strong coupling case.

From Case 2 and Case 3 of Theorem 5.9, we see that for multiple spikes (K > 1 ) large τ
may increase stability, provided that η0 >K . This is a new phenomenon in R2. It is known
that in R1, large τ implies linear instability for multiple spikes [8,34,59,60].

REMARK 5.4.4. We conjecture that in Case 3, τ2 = τ3. This will imply that for any τ � 0
and η0 > K , multiple spikes are stable, provided condition (∗) is satisfied. (It is possible
to obtain explicit values for τ2 and τ3.)

REMARK 5.4.5. Roughly speaking, assuming that condition (∗) holds and that τ is small,
then for ε # 1, DK(ε) = |Ω|

2πK log 1
ε

is the critical threshold for the asymptotic behavior
of the diffusion coefficient of the inhibitor which determines the stability of K-peaked
solutions.

The proof of Theorem 5.9 is again divided by two parts: large eigenvalues and small eigen-
values. For small eigenvalues, we relate them to the functional F(P). For large eigenvalues,
we obtain a system of NLEPs:

�φi − φi + 2wφi

− 2[(1+ η0(1+ τλ0))
∫

R2 wφi +∑j �=i
∫

R2 wφj ]
(K + η0)(1+ τλ0)

∫
R2 w2

w2 = λ0φi,

i = 1, . . . ,K. (5.52)

By diagonalization, we obtain two NELPs:

�φ − φ + 2wφ − 2η0

(K + η0)
∫

R2 w2

[∫
R2
w(y)φ(y)dy

]
w2 = λφ, (5.53)

and

�φ − φ + 2wφ − 2(K + η0(1+ τλ0))

(K + η0)(1+ τλ0)

∫
R2 wφ∫
R2 w2

w2 = λ0φ,

φ ∈H 2(R2), (5.54)

where 0< η0 <+∞ and 0 � τ <+∞.
Problem (5.53) is the same as (3.7). For problem (5.54), we have the following result

THEOREM 5.10.
(1) If η0 <K , then for τ small problem (5.54) is stable while for τ large it is unstable.
(2) If η0 >K , then there exists 0< τ2 � τ3 such that problem (5.54) is stable for τ < τ2

or τ > τ3.



Existence and stability of spikes 573

PROOF. Let us set

f (τλ)= 2(K + η0(1+ τλ))
(K + η0)(1+ τλ) . (5.55)

We note that

lim
τλ→+∞f (τλ)=

2η0

K + η0
=: f∞.

If η0 <K , then by Theorem 3.12(2), problem (3.52) with μ= f∞ has a positive eigenvalue
α1. Now by perturbation arguments (similar to those in [8]), for τ large, problem (5.54)
has an eigenvalue near α1 > 0. This implies that for τ large, problem (5.54) is unstable.

Now we show that problem (5.54) has no nonzero eigenvalues with nonnegative real
part, provided that either τ is small or η0 >K and τ is large. (It is immediately seen that
f (τλ)→ 2 as τλ→ 0 and f (τλ)→ 2η0

η0+K > 1 as τλ→+∞ if η0 >K . Then Theorem
3.12 should apply. The problem is that we do not have control on τλ. Here we provide a
rigorous proof.)

We apply the following inequality (Lemma 3.8(1)): for any (real-valued function) φ ∈
H 2
r (R

2), we have∫
R2

(|∇φ|2 + φ2 − 2wφ2)+ 2

∫
R2 wφ

∫
R2 w

2φ∫
R2 w2

−
∫

R2 w
3

(
∫

R2 w2)2

(∫
R2
wφ

)2

� 0, (5.56)

where equality holds if and only if φ is a multiple of w.
Now let λ0 = λR +

√−1λI , φ = φR +
√−1φI satisfy (5.54). Then we have

L0φ − f (τλ0)

∫
R2 wφ∫
R2 w2

w2 = λ0φ. (5.57)

Multiplying (5.57) by φ̄—the conjugate function of φ—and integrating over R2, we obtain
that ∫

R2

(|∇φ|2 + |φ|2 − 2w|φ|2)
=−λ0

∫
R2
|φ|2 − f (τλ0)

∫
R2 wφ∫
R2 w2

∫
R2
w2φ̄. (5.58)

Multiplying (5.57) by w and integrating over R2, we obtain that∫
R2
w2φ =

(
λ0 + f (τλ0)

∫
R2 w

3∫
R2 w2

)∫
R2
wφ. (5.59)
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Taking the conjugate of (5.59) we have∫
R2
w2φ̄ =

(
λ̄0 + f (τ λ̄0)

∫
R2 w

3∫
R2 w2

)∫
R2
wφ̄. (5.60)

Substituting (5.60) into (5.58), we have that∫
R2

(|∇φ|2 + |φ|2 − 2w|φ|2)
=−λ0

∫
R2
|φ|2 − f (τλ0)

(
λ̄0 + f (τ λ̄0)

∫
R2 w

3∫
R2 w2

) | ∫
R2 wφ|2∫
R2 w2

. (5.61)

We just need to consider the real part of (5.61). Now applying the inequality (5.56) and
using (5.60) we arrive at

−λR � Re

(
f (τλ0)

(
λ̄0 + f (τ λ̄0)

∫
R2 w

3∫
R2 w2

))

− 2 Re

(
λ̄0 + f (τ λ̄0)

∫
R2 w

3∫
R2 w2

)
+
∫

R2 w
3∫

R2 w2
,

where we recall λ0 = λR +
√−1λI with λR, λI ∈R.

Assuming that λR � 0, then we have∫
R2 w

3∫
R2 w2

∣∣f (τλ0)− 1
∣∣2 +Re

(
λ̄0
(
f (τλ0)− 1

))
� 0. (5.62)

By the usual Pohozaev’s identity for (2.8) (multiplying (2.8) by y ·∇w(y) and integrating
by parts), we obtain that∫

R2
w3 = 3

2

∫
R2
w2. (5.63)

Substituting (5.63) and the expression (5.55) for f (τλ) into (5.62), we have

3

2

∣∣η0 +K + (η0 −K)τλ
∣∣2 +Re

(
(η0 +K)(1+ τ λ̄0)

(
(η0 +K)λ̄0

+ (η0 −K)τ |λ0|2
))

� 0

which is equivalent to

3

2
(1+μ0τλR)

2 + λR +
(
μ0τ + τ +μ0τ

2|λ0|2
)
λR

+
(

3

2
μ2

0τ
2 +μ0τ − τ

)
λ2
I � 0 (5.64)
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where we have introduced μ0 := η0−K
η0+K .

If η0 >K (i.e., μ0 > 0) and τ is large, then

3

2
μ2

0τ
2 +μ0τ − τ � 0. (5.65)

So (5.64) does not hold for λR � 0.
To consider the case when τ is small, we have to obtain an upper bound for λI .
From (5.58), we have

λI

∫
R2
|φ|2 = Im

(
−f (τλ0)

∫
R2 wφ∫
R2 w2

∫
R2
w2φ̄

)
.

Hence

|λI |�
∣∣f (τλ0)

∣∣√∫R2 w4∫
R2 w2

� C (5.66)

where C is independent of λ0.
Substituting (5.66) into (5.64), we see that (5.64) cannot hold for λR � 0, if τ is small. �

5.5. Stability of asymmetric K-spots

Finally we study the stability or instability of the asymmetric K-peaked solutions con-
structed in Theorem 5.7.

THEOREM 5.11. Let (aε, hε) be the K-peaked solutions constructed in Theorem 5.7 for ε
sufficiently small, whose peaks are located near P0. Further assume that

(∗) P0 is a nondegenerate local maximum point of F̂ (P).

Then we have:
(a) (Stability)

Assume that

2
√
k1k2 < η0 <K (5.67)

and

k1 > k2, (ρ, η)= (ρ+, η+).

Then, for τ small enough, (aε, hε) is stable.
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(b) (Instability)
Assume that either

η0 >K

or

τ is large enough.

Then (aε, hε) is linearly unstable.

A consequence of Theorem 5.11 is stable asymmetric patterns can exist in a two-
dimensional domain for a very narrow range of D, namely for

1

2πK
log

√|Ω|
ε

<
D

|Ω| <
1

4π
√
k1k2

log

√|Ω|
ε

(5.68)

and ε small enough, where k1 and k2 are two integers satisfying k1+ k2 =K,k1 � 1, k2 �
1. In most cases, asymmetric patterns are unstable.

6. High-dimensional case:N � 3N � 3N � 3

When N � 3, there are very few results on the full Gierer–Meinhardt system. The differ-
ence between N � 3 and N � 2 lies on the behavior of the Green function: when N � 2,
the Green function is locally constant (when N = 2, it is locally∞). The limiting problem
is still a single equation (2.8). But when N � 3, the Green function is like 1

|x−y|N−2 . The
limiting problem when N � 3 becomes⎧⎪⎨⎪⎩

�a − a + ap

hq
= 0 in RN ,

�h+ ar

hs
= 0 in RN ,

a,h > 0, a,h→ 0 as |y| →+∞.

(6.1)

Problem (6.1) seems out of reach at this moment. We believe that there should a radially
symmetric solution to (6.1) which is also stable.

As far as the author knows, the only result in higher-dimensional case is the existence of
radially symmetric layer solutions [62].

Let Ω = BR be a ball of radius R in RN . By scaling, we may take D = 1 and obtain
formally the following elliptic system⎧⎪⎪⎪⎨⎪⎪⎪⎩

ε2�a − a + ap

hq
= 0 in BR ,

�h− h+ am

hs
= 0 in BR

vsa > 0, h > 0 in BR ,
∂a
∂ν
= ∂a

∂ν
= 0 on BR ,

(6.2)
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where (p, q,m, s) satisfies

p > 1, q > 0, m > 0, s � 0,
qm

(p− 1)(s + 1)
> 1. (6.3)

(The case of the whole RN is also included here, by taking R =+∞.)
Note that in (6.2), we have replaced ar by am since we will use r = |x| to denote the

radial variable.
We first define two functions, to be used later: let J1(r) be the radially symmetric solu-

tions of the following problem

J ′′1 +
N − 1

r
J ′1 − J1 = 0, J ′(0)= 0, J1(0)= 1, J1 > 0. (6.4)

The second function, called J2(r), satisfies

J ′′2 +
N − 1

r
J ′2 − J2 + δ0 = 0, J2 > 0, J2(+∞)= 0, (6.5)

where δ0 is the Dirac measure at 0.
The functions J1(r) and J2(r) can be written in terms of modified Bessel’s functions. In

fact

J1(r)= c1r
2−N

2 Iν(r), J2(r)= c2r
2−N

2 Kν(r), ν = N − 2

2
(6.6)

where c1, c2 are two positive constants and Iν,Kν are modified Bessel functions of order ν.
In the case of N = 3, J1, J2 can be computed explicitly:

J1 = sinh r

r
, J2(r)= e−r

4πr
. (6.7)

Letw(y) be the unique solution for ODE 2.103. Let R > 0 be a fixed constant. We define

J2,R(r)= J2(r)− J ′2(R)
J ′1(R)

J1(r) (6.8)

and a Green function GR(r; r ′)

G′′R +
N − 1

r
G′R −GR + δr ′ = 0, G′R(0; r ′)= 0, G′R(R; r ′)= 0. (6.9)

Note that

J ′2,R(R)= 0, lim
R→+∞J2,R(r)= J2(r). (6.10)
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For t ∈ (0,R), set

MR(t) := (N − 1)(p− 1)

qt
+ J ′1(t)
J1(t)

+ J ′2,R(t)
J2,R(t)

. (6.11)

When R =+∞, J2,+∞(r)= J2(r). We denote G+∞(r; r ′) as G(r; r ′) and M+∞(t) as
M(t). That is,

G(r; r ′)= c0(r
′)N−1

{
J2(r

′)J1(r), for r < r ′,
J1(r

′)J2(r), for r > r ′,
(6.12)

M(t) := (N − 1)(p− 1)

qt
+ J ′1(t)
J1(t)

+ J ′2(t)
J2(t)

. (6.13)

Then we have the following existence result on layered solutions.

THEOREM 6.1. (See [62].) Let N � 2. Assume that there exist two radii 0< r1 < r2 <R
such that

MR(r1)MR(r2) < 0. (6.14)

Then for ε sufficiently small, problem (6.2) has a solution (aε,R,hε,R) with the following
properties:

(1) aε,R,hε,R are radially symmetric,

(2) aε,R(r)= ξ
q
p−1
ε,R w(

r−tε
ε
)(1+ o(1)),

(3) aε,R(r) = ξε,R(GR(tε; tε))−1GR(r; tε)(1 + o(1)), where GR(r; tε) satisfies (6.9),
ξε,R is defined by the following

ξε,R =
(
ε

(∫
R

wm
)
GR(tε; tε)

) (1+s)(p−1)−qm
qm

(6.15)

and tε ∈ (r1, r2) satisfies limε→0MR(tε)= 0.

It remains to check condition (6.14), which can be verified numerically. Under some
conditions on p,q , we can obtain the following corollary.

COROLLARY 6.2. Assume that the following condition holds:

(N − 2)q

N − 1
+ 1<p < q + 1. (6.16)

Then there exists an R0 > 0 such that for R >R0 and ε sufficiently small, problem (6.2)
has two radially symmetric solutions (aiε,R,h

i
ε,R) concentrating on sphere {r = ti} with

MR(ti)= 0, i = 1,2, and 0< t1 < t2 <R, i = 1,2.
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We remark that Corollary 6.2 is the first rigorous result on the existence to (6.2) of
positive solutions in dimension N � 3. Next we consider the existence of bound states.
That is, we consider the following elliptic system in RN :

⎧⎪⎨⎪⎩
ε2�a − a + ap

hq
= 0 in RN ,

�h− h+ am

hs
= 0 in RN ,

a,h > 0, a,h→ 0 as |x| →+∞.

(6.17)

We have the following result.

THEOREM 6.3. (See [62].) Let N � 2. Assume that there exist two radii 0 < r1 < r2 <

+∞ such that

M(r1)M(r2) < 0. (6.18)

Then for ε sufficiently small, problem (6.17) has a solution (aε, hε) with the following
properties:

(1) aε,hε are radially symmetric,

(2) aε(r)= ξ
q
p−1
ε w( r−rε

ε
)(1+ o(1)),

(3) hε(r)= ξε(G(rε; rε))−1G(r; rε)(1+ o(1)), where ξε is defined at the following

ξε =
(
ε

(∫
R

wm
)
G(rε; rε)

) (1+s)(p−1)−qm
qm

(6.19)

and rε ∈ (r1, r2) satisfying limε→0M(rε)= 0.

Similarly we have the following corollary.

COROLLARY 6.4. Assume that N � 2 and that the condition (6.16) holds. Then for ε
sufficiently small, problem (6.2) has a radially symmetric bound state solution (aε, hε)
which concentrates on a sphere {r = t0} where M(t0)= 0.

By using the same method, it is not difficult to generalize the results of Theorem 6.1 to
other symmetric domains, such as annulus or the exterior of a ball. We omit the details.

Several interesting questions are left open. First, can multiple layered solutions to (6.2)
exist? Second, it would be an interesting question to study the stability of these “ring-like”
solutions. Numerical computations in two dimension indicate that the “ring-like” solutions
constructed in Theorem 6.1 are unstable and will break into several spots due to angular
fluctuations. Third, if we vary R from 0 to +∞, what is the relation between the layered
solution constructed in [52] for the single equation (2.4) and the solutions in Theorem 6.1?
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7. Conclusions and remarks

In this chapter, I have surveyed the most recent results on the study of Gierer–Meinhardt
system.

First, we consider the caseD =+∞. In this case, the state-state problem becomes a sin-
gularly perturbed elliptic Neumann problem (2.4). Using the LEM, we established various
existence results on concentrating solutions. In particular, Theorem 2.5 gives a lower bound
on the number of solutions to (2.4). Several interesting questions are associated with (2.4).
First, is there a lower bound on the number of boundary spikes? What is the optimal bound
on the number of solutions to (2.4)? The followings are just some related conjectures

CONJECTURE 1. Suppose the mean curvature functionH(P ) has l local minimum points.
Then there is at least

C

εl(N−1)

number of boundary spikes to (2.4).

CONJECTURE 2. Suppose the distance function d(P, ∂Ω) has l local maximum points.
Then there is at least

C

εNl

number of interior spikes to (2.4).

CONJECTURE 3. Suppose we have the energy bound Jε[uε] � Cεm for some m � N .
Assume that the concentration set Γε = {uε > 1

2 } is connected. Then the limiting set Γ =
limε→0 Γε has Hausdorff dimension N −m.

Second, we consider the stability of spike solutions to the shadow system (2.2). By
studying both small and large eigenvalues, we have completely characterized the stability
(or instability) in the case of r = 2,1< p < 1+ 4

N
or r = p + 1. The study of the NLEP

(3.52) is not complete yet. Many interesting questions are still open: the case of general r ,
the case of large τ , the uniqueness of Hopf bifurcation, etc. The nonlinear metastability of
interior spike solutions is studied in [6]. The stability of boundary spikes is studied in [32],
through a formal approach. It can be proved that when D > D0(ε)$ 1, the full Gierer–
Meinhardt system converges to the shadow system [59,60,76,77]. However, the critical
threshold D0(ε) seems unknown.

Third, we consider the one- and two-dimensional Gierer–Meinhardt systems. For steady
states, we established the existence of symmetric and asymmetric K-peaked spikes. In 1D,
the bifurcation of asymmetric K-spikes occur when D < DK . In 2D, the bifurcation of
asymmetric K-spikes occur when D ∼ log 1

ε
. We also obtain critical thresholds for the

stability of K-peaked solutions: If ε# 1 there are stability thresholds

D1(ε) > D2(ε) > D3(ε) > · · ·>DK(ε) > · · ·
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such that if

lim
ε→0

DK(ε)

D
> 1

then the K-peaked solution is stable, and if

lim
ε→0

DK(ε)

D
< 1

then the K-peaked solution is unstable. In 1D, the critical threshold is DK ∼ 1
K2 . In 2D,

the critical threshold is
log

√|Ω|
ε

2πK . In 1D, the small eigenvalues determine the critical thresh-
olds, while in 2D, the large eigenvalues give the critical thresholds. An interesting ques-
tion is to obtain the next order term in the critical threshold for 2D (which should be
O(1) and location-dependent). The dynamics of multiple spikes in 1D and 2D is com-
pletely open. In 1D, the dynamical equation for the positions of the spikes is a system of
algebraic-differential-equations (ADE). A matched asymptotic analysis is given in [33]. In
2D, the dynamics of two well-separated spots is studied in [20] and it is shown that the two
spots will repel each other, provided that the initial distance between the two spots is large
enough. In a general two-dimensional domain, the dynamics of multiple spots should be
governed by ∇FD(P) or ∇F0(P).

Finally, it is almost completely open as regards to three-dimensional Gierer–Meinhardt
system. The main difficulty is the study of the coupled system (6.1) which requires some
new insights. A layered bound state is constructed, but most likely it is unstable. An inter-
esting question is to generalize Theorem 6.1 to general domains.

Although the analysis in this chapter was carried out for the Gierer–Meinhardt system,
the results can certainly be generalized to a much wide class of nonlocal reaction diffusion
systems that have localized spike solutions.
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